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ABSTRACT Avoiding obstacle during path planning is a crucial issue in redundant manipulators. In this
study, the obstacle avoidance of redundant manipulators, which is investigated at acceleration level, is
presented. Specifically, a new acceleration-level inequality is designed and formulated, which is proven
to be capable of avoiding obstacle. By combining the end-effector planning requirement (formulated as
equality constraint) and incorporating the physical limits (formulated as bound constraints), the acceleration-
level obstacle avoidance (ALOA) scheme for redundant manipulators is proposed. Such scheme is trans-
formed into a quadratic program and is computed by a numerical algorithm. Simulation results under the
PA10 manipulator with different obstacles further validate the effective performance of the proposed ALOA
scheme.

INDEX TERMS Acceleration-level obstacle avoidance, redundant manipulators, quadratic program.
I. INTRODUCTION
Recently, as one fundamental issue in the study of robotics,
the path planning (or say, kinematic control) of redundant
manipulators has attracted considerable attention and has
been widely investigated [1]–[6]. In addition, during the path
planning, how to make the manipulator effectively avoid
environmental obstacle is a crucial issue. This is because the
collision between the manipulator and obstacle would cause
the failure of path planning, and may further cause the dam-
age to the manipulator (and obstacle). Numerous studies have
been reported and presented to realize the obstacle avoidance
of redundant manipulators [1]–[3], [7]–[9].

One well-known obstacle-avoidance approach is based
on the pseudoinverse formulation, wherein the schemes
are depicted in the summation of minimum-norm and
homogeneous solutions [1], [10]–[15]. For example,
in [11], an obstacle-avoidance scheme with Jacobian trans-
pose for redundant manipulators is presented. In [13],
a pseudoinverse-based scheme with multi-objective achieve-
ment for avoiding obstacle is investigated. In [15], an
obstacle-avoidance scheme with noise tolerance for redun-
dant manipulators is developed. Another well-known
obstacle-avoidance approach is the one aided with the
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artificial potential field, wherein the expected position is rep-
resented as an attractive pole and the obstacle is represented
by a repulsive surface. See, e.g., [16]–[20].

Different from the aforementioned two approaches, the
approach based on the quadratic program (QP) has also been
studied for the obstacle avoidance of redundant manipulators
[21]–[26]. For instance, Tang et al. [22] provided an equality
for avoiding obstacle and developed the resulting QP-based
scheme. Zhang and Wang [23] designed an inequal-
ity to avoid obstacle and investigated the corresponding
QP-based scheme. Hu et al. [24] constructed another inequal-
ity for obstacle avoidance and formulated the resultant
QP-based scheme. Although success has been realized using
the QP-based approach [21]–[26], the existing literature
mainly focuses on the study of obstacle avoidance at the level
of joint velocity.

In general, the velocity-level obstacle-avoidance schemes
may introduce the discontinuity issue in joint velocity [25],
[27], [28]. This phenomenon is undesirable and unaccepted
in practical applications. Thus, an effective acceleration-
level scheme, which can prevent the discontinuity, is worth
designing and investigating for the obstacle avoidance of
redundant manipulators. In [27], the obstacle avoidance at
acceleration level was presented for the first time. Then, the
acceleration-level obstacle avoidance of redundant manipula-
tors was further investigated in [28] and [29]. Except the three
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works [27]–[29], nearly no research result on investigating
the acceleration-level obstacle avoidance exists to date. That
is, the study of acceleration-level obstacle avoidance is rare
despite its importance in the path planning of redundant
manipulators.

In this study, motivated by the existing literature
[27]–[29], we provide and formulate another acceleration-
level obstacle-avoidance (ALOA) scheme for redundant
manipulators. Specifically, a new acceleration-level inequal-
ity that is proven to be capable of avoiding obstacle is
designed and formulated. To the best of our knowledge,
such an inequality has not been reported in the existing
literature. Then, the ALOA scheme is proposed by combining
the end-effector planning requirement formulated as equality
constraint and incorporating the physical limits formulated as
bound constraints. The proposed scheme is transformed into a
QP and is computed by a numerical algorithm [27]. Under the
PA10 manipulator with different obstacles, simulation results
are illustrated to further validate the effective performance of
the proposed ALOA scheme.

The remainder of this study is organized as follows.
Section II presents the acceleration-level inequality and
describes the ALOA scheme. Section III shows the QP refor-
mulation and its solver. Section IV provides the simulation
results obtained using the proposedALOA scheme. SectionV
concludes this study and presents the final remarks.

II. INEQUALITY AND SCHEME FORMULATIONS
In this section, the path planning preliminary for redundant
manipulators is firstly presented. Then, the acceleration-
level inequality designed for avoiding obstacle is formulated.
On the basis of such an inequality, the ALOA scheme for
redundant manipulators is thus proposed.

A. PRELIMINARY
Mathematically, the path planning of redundant manipulators
can be formulated as the online solution of the following
kinematic equation [1]:

ϕ(θ ) = rd, (1)

where θ ∈ Rn denotes the joint angle, rd ∈ Rm denotes the
end-effector desired path, and ϕ(·) : Rn → Rm denotes the
nonlinear mapping [1]. Simply put, given rd, we need to solve
for θ . With regard to a redundant manipulator, m < n in (1),
which means that an infinite number of θ are possible for
a specified rd. Moreover, because of the nonlinearity, it is
generally difficult to realize the path planning by directly
solving (1).

As presented in the existing literature [1]–[3], [27]–[31],
the path planning of redundant manipulators can be studied
at velocity level:

J θ̇ = ṙd, (2)

or at acceleration level:

J θ̈ = r̈d − J̇ θ̇ , (3)

where θ̇ and θ̈ denote respectively the joint velocity and joint
acceleration, J denotes the manipulator Jacobian matrix [32]
with J̇ as its derivative, and ṙd denotes the derivative of rd with
r̈d as its derivative. Notably, (2) and (3) are underdetermined
owing to m < n. By solving (2) and (3) properly, the path
planning with additional characteristics (e.g., repeatability
and performance optimization) can be realized for redundant
manipulators [30], [31].

In particular, with regard to obstacle avoidance, the schemes
in [1], [10]–[15], [21]–[26] are developed on the basis of (2)
(i.e., at velocity level), whereas the schemes in [27]–[29] are
constructed on the basis of (3) (i.e., at acceleration level).
In this study, we design a new inequality on the basis of (3)
for obstacle avoidance, and propose the ALOA scheme for
redundant manipulators.

B. NEW INEQUALITY FOR OBSTACLE AVOIDANCE
In general, the following two steps are required to realize the
obstacle avoidance of redundant manipulators [27]–[29].
1) Calculate the distance between the manipulator’s link L

and obstacle point O to locate critical point C on link L.
2) Assign an additional velocity ṙC or an additional acceler-

ation r̈C at point C to make link L leave pointO, thereby
enabling obstacle avoidance.

The velocity-level equality and inequality that can gen-
erate additional velocity are presented in [22]–[26], while
the acceleration-level inequality that can generate additional
acceleration and velocity is shown in [27] and [28]. In this
study, we design a new acceleration-level inequality to realize
the obstacle avoidance, which is formulated as follows:

Aθ̈ 6 Bθ̇ . (4)

In (4), coefficient matrices A and B are obtained respectively
by A = −

−→r JC and B =
−→r J̇C , where JC denotes

the Jacobian matrix at point C , with J̇C as its derivative.
Considering in the general 3-D space, the direction vector−→r
is given by

−→r = [xC − xO, yC − yO, zC − zO],

where (xC , yC , zC ) and (xO, yO, zO) denote respectively the
X-, Y- and Z-axis coordinates at points C and O.

With regard to the acceleration-level inequality (4), the
derivation is presented in the Appendix, which indicates
that (4) can generate an additional acceleration with variable
magnitude and be capable of avoiding obstacle. Moreover,
the procedure for generating (4) is similar to that provided in
[28], and is thus omitted in this study.

There are two general methods to obtain the effective
obstacle point and the corresponding critical point. One
is the sensor-based method and the other is the model-
based method. In this study, the latter is used, of which
the detail is presented in [26]. Suppose there are % pairs
of obstacle and critical points. Then, A ∈ R%×n and B ∈
R%×n. Furthermore, the acceleration-level inequality (4) is
reformulated as follows:

Aθ̈ 6 b, (5)
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where b = Bθ̇ ∈ R%. The superiority of the acceleration-
level inequality (5) over the one provided in [27] and [28] is
described by the following remark.
Remark 1: In the existing literature [27], [28], an

acceleration-level inequality has been developed and inves-
tigated, which is formulated as JGθ̈ 6 bG, with JG ∈ R3%×n

and bG ∈ R3% in the 3-D space. This means that each pair
of the obstacle and critical points leads to three inequalities.
By contrast, each pair results in only one inequality in (5).
Evidently, with a large % value, the number of inequalities in
JGθ̈ 6 bG would be much more than that in (5). Notably,
in the next section, (5) is incorporated into the scheme for-
mulation as an inequality constraint. It is obvious that less
inequalities in the formulation imply a less complex scheme.
Therefore, the acceleration-level inequality (5) (and/or (4)) is
advantageous over the inequality provided in [27] and [28].

C. ALOA SCHEME
Let us recall the kinematic equations at three levels,
i.e., (1), (2), and (3). Considering the feedback introduc-
tion, we have the following formulation for the end-effector
planning requirement at acceleration level:

J θ̈ = r̈d − J̇ θ̇ − α(J θ̇ − ṙd)− β(ϕ(θ )− rd),

which is rewritten as

J θ̈ = d, (6)

where d = r̈d−J̇ θ̇−α(J θ̇−ṙd)−β(ϕ(θ )−rd) with α > 0 ∈ R
and β > 0 ∈ R being the feedback gains.

On the basis of (5) and (6), and by incorporating the
physical limits, the following ALOA scheme for redundant
manipulators is thus proposed in this study:

minimize ‖θ̈‖22/2 (7)

subject to J θ̈ = d, (8)

Aθ̈ 6 b, (9)

θ− 6 θ 6 θ+, (10)

θ̇− 6 θ̇ 6 θ̇+, (11)

θ̈− 6 θ̈ 6 θ̈+, (12)

where symbol ‖ · ‖2 denotes the two norm operator, and
θ±, θ̇±, and θ̈± denote the physical limits of θ , θ̇ , and θ̈ ,
respectively.
Remark 2: The following differences between the existing

literature [27]–[29] and this study on the acceleration-level
obstacle avoidance are addressed.
1) In [27] and [28], an inequality for avoiding obstacle

at acceleration level is developed, and the resultant
obstacle-avoidance scheme is investigated.

2) In [29], an acceleration-level performance index for
avoiding obstacle is constructed, and the optimization-
based obstacle avoidance scheme is discussed.

3) In this study, the new inequality (5) for avoiding obstacle
is designed, which differs from the one in [27] and
[28] (see also Remark 1). The resultant ALOA scheme
(7)–(12) for redundant manipulators is proposed.

FIGURE 1. Block diagram of the acceleration-level path-planning system
for redundant manipulators by combining the proposed ALOA
scheme (7)–(12) and the numerical algorithm (19).

TABLE 1. Joint-physical limits utilized for the PA10 manipulator.

As demonstrated in [27]–[29] and Section IV of this study,
these obstacle avoidance schemes are applicable to redun-
dant manipulators. Thus, this study, together with [27]–[29],
has presented different acceleration-level methods for realiz-
ing the obstacle avoidance. These findings provide insights
into the research for the obstacle avoidance of redundant
manipulators at acceleration level.

III. QP REFORMULATION AND SOLVER
This section reformulates the proposed ALOA scheme
(7)–(12) as a QP that is computed by a numerical
algorithm [27].

First, the bound constraints (10)–(12) are combined into
one expression as follows (see [33] for details about the
combination):

η− 6 θ̈ 6 η+, (13)

with the ith elements of η+ and η− being given by

η+i = min{κp(θ
+

i − ϑ − θi), κv(θ̇
+

i − θ̇i), θ̈
+

i },

η−i = max{κp(θ
−

i + ϑ − θi), κv(θ̇
−

i − θ̇i), θ̈
−

i },

where ϑ > 0 ∈ R, κp > 0 ∈ R, and κv > 0 ∈ R are utilized
in consideration of inertia movement [31].

Then, defining x = θ̈ yields the following QP reformula-
tion of the proposed ALOA scheme (7)–(12):

minimize xTQx/2+ pTx (14)

subject to Jx = d, (15)

Ax 6 b, (16)

η− 6 x 6 η+, (17)

where Q = I ∈ Rn×n (i.e., the identity matrix), p = 0 ∈ Rn,
and superscript T denotes the transpose operator.
Finally, according to the bridge theorems in [27], the

optimal solution of the QP (14)–(17) can be determined by
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FIGURE 2. Simulation results of using the MAN scheme for the PA10 manipulator tracking the circular path in the presence of window-shaped obstacle.

computing the piecewise-linear equation as follows:

y− P�(y− (Wy+ q)) = 0, (18)

where y = [xT, µT, νT]T ∈ Rn+m+% with µ ∈ Rm and ν ∈ R%

denoting respectively the dual decision vectors of (15) and
(16). Moreover, P�(·) denotes the projection operator, and
W ∈ R(n+m+%)×(n+m+%) and q ∈ Rn+m+% are given by

W =

 Q −JT AT

J 0 0
−A 0 0

 , q =

pd
b.


In this study, the following numerical algorithm [27] is used
to compute (18) for determining the solution of (14)–(17):

yk+1 = P�
(
yk − ρ(yk )φ(yk )

)
,

ρ(yk ) = ‖e(yk )‖22/‖(W
T
+ I )e(yk )‖22,

φ(yk ) = WTe(yk )+Wyk + q,

(19)

where the computing error e(yk ) is obtained by e(yk ) = yk −
P�(yk − (Wyk + q)).

Taken together, the block diagram of the acceleration-level
path-planning system for redundant manipulators, which
incorporates the proposed ALOA scheme (7)–(12) and the
numerical algorithm (19), is presented in Fig. 1.

IV. SIMULATION COMPARISON AND VALIDATION
In this section, under the PA10 manipulator with different
obstacles (i.e., window-shaped and point obstacles),
comparative simulation results are presented to validate
the effective performance of the proposed ALOA scheme
(7)–(12). In the simulations, the PA10 manipulator is
equipped with a tool [23], and its initial state is set as
θ (0) = [0,−π/4, 0, π/2, 0,−π/4, 0,−π/4]T rad. In addi-
tion, only the PA10 end-effector position is considered in the
simulations. Table 1 presents the joint-physical limits of this
manipulator, and the coefficients involved in (13) are set as
ϑ = 0.1 and κp = κv = 25. The feedback gains involved
in (8) are set as α = β = 1.75. Besides, in accordance with
[27], the inner and outer thresholds for safety are set as 0.05 m
and 0.12 m, respectively.

A. WINDOW-SHAPED OBSTACLE AVOIDANCE
In this subsection, with the window-shaped obstacle,
we simulate the proposed ALOA scheme (7)–(12) for the
PA10 manipulator to track the circular and tricuspid paths.
The obstacle is given by four vertices at (0.35, 0.09, 1.42) m,
(0.35, 0.09, 0.58) m, (−0.65, 0.09, 0.58) m, and
(−0.65, 0.09, 1.42) m in the 3-D space. For comparison,
the minimum acceleration norm (MAN) scheme is simu-
lated, which is obtained by the proposed scheme without
incorporating the inequality and bound constraints (9)–(12).

1) CIRCULAR PATH PLANNING EXAMPLE
By simulating the MAN scheme, Fig. 2 presents the related
results, where the end-effector planning error is computed by
ε = ϕ(θ ) − rd ∈ R3. As presented in Fig. 2(a) and (b), the
PA10 end-effector effectively moves along the desired circu-
lar path, where the maximal planning error is about 3.851 ×
10−4 m. However, as presented in Fig. 2(c), at the initial time
instant, the minimal link-obstacle distance denoted as dm is
larger than 0.05m but smaller than 0.12m. Such phenomenon
indicates that the obstacle affects the PA10 manipulator.
Moreover, as time evolves, the value of dm decreases, and is
less than 0.05 m during time t ∈ [2.52, 3.84] s. This close
distance (i.e., dm < 0.05 m) denotes that a collision exists
[27], [28] and may damage the PA10manipulator. These sim-
ulation results indicate that the MAN scheme cannot achieve
the obstacle avoidance. Thus, an effective scheme, e.g., the
proposed scheme (7)–(12), is worth developing and applying
to the PA10 manipulator.

By simulating the proposed ALOA scheme (7)–(12),
Fig. 3 presents the corresponding results. As presented
in Fig. 3(a) and (b), the PA10 end-effector trajectory and the
desired path are close to each other, with their maximal error
being about 3.814×10−4 m. In addition, during the PA10 path
planning, the value of dm is always larger than 0.05 m,
as presented in Fig. 3(c). This is because the inequality
constraint (9) in the proposed scheme is activated when the
obstacle is detected and is considered to be effective in the
crucial region (i.e., dm < 0.12 m) [27], [28]. It follows from
the appendix that (9) can generate an additional acceleration
and the corresponding velocity. Such acceleration/velocity
can make the PA10 joint configuration change accordingly.
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FIGURE 3. Simulation results of using the proposed ALOA scheme (7)–(12) for the PA10 manipulator tracking the circular path in the presence of
window-shaped obstacle.

FIGURE 4. Simulation results of using the MAN scheme for the PA10 manipulator tracking the tricuspid path in the presence of window-shaped obstacle.

As time evolves, the value of dm increases, and eventually
is larger than 0.12 m. This phenomenon denotes that
the PA10 manipulator has been away from the obsta-
cle. In another words, the proposed ALOA scheme
(7)–(12) effectively enables the obstacle avoidance of the
PA10manipulator. Besides, the solutions of θ and θ̇ presented
in Fig. 3(d) and (e) are smooth and have not undergone
abrupt changes. This phenomenon shows that the proposed
acceleration-level scheme does not encounter the disconti-
nuity issue of θ̇ that may arise in the velocity-level scheme
[25], [27]. Furthermore, in Fig. 3(f), the solution of θ̈4 reaches
(but does not exceed) its upper limit, and the solutions
of θ̈6 and θ̈8 nearly reach their lower limits. In summary,

because of the consideration and handle of physical limits for
the PA10 manipulator, all the θ , θ̇ , and θ̈ solutions computed
by (7)–(12) maintain within their limits. Evidently, the sim-
ulation results in Fig. 3 validate the effective performance of
the proposed ALOA scheme (7)–(12).

2) TRICUSPID PATH PLANNING EXAMPLE
By simulating the MAN scheme, Fig. 4 presents the related
results. In Fig. 4, although the PA10 end-effector effectively
moves along the desired tricuspid path with a small plan-
ning error (i.e., in the order of 10−4 m), the minimal link-
obstacle distance dm is smaller than 0.05 m during time
t ∈ [3.35, 4.36] s. This statement means that the collision
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FIGURE 5. Simulation results of using the proposed ALOA scheme (7)–(12) for the PA10 manipulator tracking the tricuspid path in the presence of
window-shaped obstacle.

FIGURE 6. Simulation results of using the MAN scheme for the PA10 manipulator tracking the circular path in the presence of point obstacle.

exists in the tricuspid path planning of the PA10 manipu-
lator. By contrast, Fig. 5 presents the corresponding results
by simulating the proposed ALOA scheme (7)–(12). In
Fig. 5(a)–(c), during the path planing execution, the value
of dm is always larger than 0.05 m, thereby indicating that
(7)–(12) effectively enables the PA10 manipulator to avoid
the obstacle. In Fig. 5(d)–(f), the θ and θ̇ solutions are
smooth without abrupt change, and there does not exist
the θ̇ discontinuity issue. Moreover, all the θ , θ̇ , and θ̈

solutions computed by (7)–(12) are kept within their lim-
its, though the solutions of some joint accelerations reach
the limits. In summary, these (comparative) simulation
results verify that the proposed ALOA scheme (7)–(12)
is effective in achieving the obstacle avoidance of the
PA10 manipulator.

B. POINT OBSTACLE AVOIDANCE
In this subsection, we simulate the proposed ALOA
scheme (7)–(12) for the PA10 manipulator to track three
different paths (i.e., the circular, tricuspid, and Rhodonea
paths) in the presence of point obstacle, where the obstacle
point is at (−0.35,−0.08, 0.32) m in the 3-D space.
By simulating theMAN scheme, Fig. 6 presents the related

results, where the expected PA10 end-effector path is the
circle. As presented in Fig. 6(a) and (b), the PA10 manip-
ulator effectively conducts the circular path planning task,
where the maximal end-effector planning error is about
3.942×10−4 m. However, as presented in Fig. 6(c), the min-
imal link-obstacle distance dm is smaller than 0.05 m during
time t ∈ [4.77, 6.03] s, which means that the collision
between the PA10 manipulator and point obstacle exists.
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FIGURE 7. Simulation results of using the proposed ALOA scheme (7)–(12) for the PA10 manipulator tracking the circular path in the presence of point
obstacle.

FIGURE 8. Simulation results of using the proposed ALOA scheme (7)–(12) for the PA10 manipulator tracking the tricuspid path in the presence of point
obstacle.

FIGURE 9. Simulation results of using the proposed ALOA scheme (7)–(12) for the PA10 manipulator tracking the Rhodonea path in the presence of point
obstacle.

Therefore, the MAN scheme is ineffective in the obsta-
cle avoidance despite enabling the PA10 end-effector path
tracking.

To realize the avoidance of point obstacle, the proposed
ALOA scheme (7)–(12) is simulated for the PA10 manipula-
tor, and Fig. 7 presents the corresponding results. Evidently,
Fig. 7 shows that the circular path planning task is success-
fully finished by the PA10 manipulator, with the maximal
end-effector planning error being about 6.210 × 10−4 m.
Moreover, because of activating the inequality constraint (9),
the value of dm is always larger than 0.05 m, thereby
indicating that the point obstacle is effectively avoided for the

PA10manipulator using (7)–(12). Notably, the related results,
which are omitted here owing to similarity, present that the
proposed scheme does not encounter the discontinuity issue
in the θ̇ solution, and maintains the solutions of θ , θ̇ , and θ̈
within their limits with smooth characteristics. These results
validate the effective performance of the proposed ALOA
scheme (7)–(12).

For further investigation, Figs. 8 and 9 present the results
by simulating the proposed ALOA scheme (7)–(12), where
the expected PA10 end-effector paths are the tricuspid
and Rhodonea paths. As presented in such two figures,
the PA10 manipulator effectively completes the desired
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path planning task with a small end-effector planning error
(i.e., in the order of 10−4 m), and the value of dm, during
the path planning execution, increases as time evolves, and
eventually is larger than 0.12 m. Thus, the point obstacle
avoidance is successfully realized for the PA10 manipulator
using (7)–(12).

In summary, the aforementioned simulation results verify
that the proposed ALOA scheme (7)–(12) effectively enables
redundant manipulators to avoid obstacle at acceleration
level.

V. CONCLUSION
In this study, the new acceleration-level inequality (4) that
is capable of avoiding obstacle is designed and formulated.
By combining the end-effector planning requirement and
incorporating the joint-physical limits, the ALOA scheme
(7)–(12) is proposed and investigated for redundant manip-
ulators. Such scheme is transformed into the QP (14)–(17)
and is computed by the numerical algorithm (19). Simulation
results under the PA10 manipulator with window-shaped and
point obstacles further validate the effective performance of
the proposed ALOA scheme (7)–(12).

One future research direction can be the study of
(7)–(12) for redundant manipulators with joint-torque limits
considered. Another is the design of a new obstacle avoid-
ance scheme with noise tolerance property for redundant
manipulators [15], [30].
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APPENDIX
In this appendix, the derivation of the new acceleration-level
inequality (4) for obstacle avoidance is presented.

Specifically, to realize the avoidance of obstacle for redun-
dant manipulators, an additional acceleration r̈C is used,
which has a variable magnitude ξ = [ξX, ξY, ξZ]T with
ξX > 0, ξY > 0, and ξZ > 0. This additional acceleration is
assigned at point C to make the manipulator leave obstacle.
Mathematically,

JC θ̈ + J̇C θ̇ = r̈C =

ξX(xC − xO)ξY(yC − yO)
ξZ(zC − zO)

 , (20)

where JC , J̇C , (xC , yC , zC ), and (xO, yO, zO) are defined the
same as those in Section II-B.

Let us recall the definition of−→r , i.e.,−→r = [xC−xO, yC−
yO, zC − zO]. Left multiplying −−→r in (20) yields

−
−→r (JC θ̈ + J̇C θ̇ ) = −

−→r

ξX(xC − xO)ξY(yC − yO)
ξZ(zC − zO)


= −ξX(xC − xO)2 − ξY(yC − yO)2

−ξZ(zC − zO)2.

Because of ξX, ξY, and ξZ being nonnegative, the following
result is further obtained:

−
−→r (JC θ̈ + J̇C θ̇ ) 6 0,

which is rewritten as

−
−→r JC θ̈ 6 −→r J̇C θ̇ . (21)

By defining A = −−→r JC and B = −→r J̇C , (21) becomes

Aθ̈ 6 Bθ̇ ,

which is exactly the new acceleration-level inequality (4) that
is designed in this study for realizing the obstacle avoidance
at acceleration level.

Thus, on the basis of the above derivation, the inequality
(4) can generate the additional acceleration with variable
magnitude and the related velocity to enable redundant
manipulators to avoid the obstacle at acceleration level.
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