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ABSTRACT Liveness is very important for resource allocation systems (RASs) as it means that no deadlock
can arise in the system operation. By applying the approach of allocating resources, this paper focuses
on enforcing the liveness of RASs that allow for the general resource allocation and flexible routs. These
considered RASs can be modeled by a subcalss of systems of sequential systems with shared resources,
named as S*PRs. Deadlocks in S*PR can be characterized by the saturation of a kind of activity-circuits.
Based on these circuits, we study the relationship between the number of initial tokens or marking of
resource place and the non-saturation of some involved activity-circuits. Further, a liveness condition for
S*PR is derived which is associated with the numbers of initial tokens or markings of all resource places.
An algorithm is proposed to allocate the initial number of resources so that the considered S*PR is live.

Finally the proposed method is illustrated by examples.

INDEX TERMS Resource allocation systems (RASs), Petri nets, activity-circuits, liveness-enforcing.

I. INTRODUCTION

Resource allocation systems (RASs) [1] can model well a
majority of contemporary applications such as automated
manufacturing systems, transport systems, and workflow
management systems. All these systems involve a set of
concurrent processes and a finite set of resources, where each
process competes to use limited resources to complete its exe-
cution. Owing to the competition of limited resources, RAS
may enter deadlock states, where a set of process instances
require resources held by another instances in the same set,
i.e., the resource circuit-waiting pattern is created [2]-[5].
In a deadlock state, the whole or part of RAS is permanently
blocked and hence some processes cannot be performed.
Thus, it is imperative to prevent deadlocks from happening
in RAS:s.

Petri net (PN) is a powerful mathematical tool for RAS
modeling and analysis. Many existing PNs modelling RASs
are process-oriented [6], [7], where i) a type of resources
is modelled by a (resource) place with finite tokens, and
ii) a strongly connected state machine is used to model
the execution plan of a process type. This paper studies
a class of process-oriented PNs, namely system of simple
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sequential process with multiple resources (S4PR) [8], [31].
In fact, S*PRs can model well the disjunctive/conjunctive
(D/C) RASs [9], in which each stage of a process may require
multiple units of multiple types of resources to execute. The
well-known PNs S?PR [10], [30] and WS3PR [11] are both
proper subclasses of S*PRs.

Liveness is an important property of S*PR as it implies
that the operation of being-modelled D/C-RAS is deadlock-
free [10], [12]. To deal with the liveness issue, two structural
objects siphons and perfect activity-circuits (PA-circuits)
are used to characterize deadlocks in S*PR. Generally
speaking, so far there are two approaches dealing with
liveness-enforcement problem in S*PR: supervisory control
and initial marking configuration. The former is to add
“external” supervisors to the original system to ensure that
the controlled system is live. Many existing works fall into
this category [2], [10]-[19]. In particular, Ezpeleta et al. [10]
show that the liveness of S3PR, a subclass of S*PR, is related
with the absence of empty siphons, and they further pro-
pose a siphon-based supervisor for S*PRs. Xing et al. [20]
develop an optimal liveness supervisor for a class of
S3PRs. Based on PA-circuits, our previous work [3] pro-
poses the necessary and sufficient condition associated
with the liveness of S*PR, and we also propose an algo-
rithm to compute all saturable PA-circuits. In addition,
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other robust liveness-enforcing supervisors can be found
in [17], [21], [22].

The study can be traced back to 1990s [16], [23]-[25]
that designing initial marking configuration for enforcing
the liveness of RASs. In particular, Zhou and DiCesare [24]
consider the PN plants whose initial marking of various
resources is fixed. They configure an initial marking for
places that model the number of parts in the manufactur-
ing system so as to enforce the system liveness. Compared
with supervisory control, the initial marking configuration
methods have the major benefit that no supervisors are
added, and hence the control cost is saved. It is well-known
that deadlock in RAS is caused by improper allocation of
resources.

The works [26]-[28] devote to the problem of liveness
enforcement in PN models by allocating resources, i.e., set-
ting up appropriate initial markings for resource places.
Specifically, Liu et al. [26] compute an initial resource mark-
ing to ensure the liveness of WS3PR. The authors in [27]
propose a resource configuration approach for configuring
initial resources to ensure the liveness of S3PRs. Recently,
for WS3PRs modeling RASs in which the number of parts to
be processed is given, You et al. [28] present an algorithm for
working out an initial resource marking that can enforce the
liveness of WS3PRs.

Recapitulating the above discussion, we know that there
is no work in the literation can guarantee the liveness
of S*PR through resource allocation approach. Motivated
by this fact and the PA-circuit-based deadlock character-
ization in S*PR [3], this paper focuses on the liveness
enforcement problem for S*PR by allocating resources.
We summarize the main contributions of this work as
follows.

1) Based on the saturation of PA-circuits that would lead
to deadlock in S*PR [3], the relation between the initial
markings of a resource place and the non-saturation of
involved PA-circuits is established. This is the founda-
tion of this work.

2) By using the proposed relation associated with the
initial markings of some resources, we develop a suffi-
cient liveness condition for S*PR.

3) An algorithm is developed to compute an initial
resource marking to guarantee the liveness of the con-
sidered S*PR with the initial marking of idle places
given only.

The remainder of this work is summarized as fol-
lows. Section II discusses the preliminaries for PN,
S*PRs, and the PA-circuit-based deadlock characterization of
S*PRs. Section III first shows the relation between the initial
resource marking and the non-saturation of some involved
PA-circuits, and then develops an algorithm to compute initial
resource marking for enforcing the liveness of S*PR. Also,
an example is given for illustrating the proposed method.
Section IV concludes this work.
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Il. PRELIMINARY

A. PETRI NETS

A generalized PN is a 4-tuple N = (P, T, F, W), where T
and P are sets of transitions and places, respectively, F C
(T x P) U (P x T)collects arcs between transitions and
places. W : F — Z assigns the weights to arcs such that
W(x,y) = 0if (x,y) ¢ F, otherwise W(x,y) > 0, where
Z =1{0,1,2,...}. Moreover, if V(x,y) € F, W(x,y) = I, N
is called an ordinary net.

For node u € T U P, the post set of uis u® = {v € PU
T|(u,v) € F},the presetof uis®*u ={ve PUT|(v,u) € F}.
Furthermore, for U € PU T, we define *U = U,cy *u and
U® = U,cyu®. An ordinary PN is a state machine if |*t| =
[t*| =1,VteT.

A state or marking of N is a mapping M : P — Z.
For p € P, M(p) is the token number in p at marking M.
For § € P, the sum of the token numbers in S at mark-
ing M is M(S) = ZpeSM(p). The incidence matrix of
PN N is a |P| x |T| matrix [N] where [N;] = [N;i]T —
[NjI™. INjlI~ = Wi 1), and [NgI* = W(;.p;). PN N
with initial marking (IM) My is called as a marked PN,
denoted by (N, My).

A P-vector is a mapping [ : P — Z.If P-vector ] > Ois a
P-semiflow if I x[N] = 0. The support of P-vector [ is a place
set||I|| = {s € P|I(s) # 0}. A P-semiflow [ is minimal if ||I||
does not contain the support of any other P-semiflow. For the
sake of convenience, notation X;cpl(s)s(resp., XsecpM (5)s) is
used to denote P-semiflow / (resp., marking M).

For marking M, transition ¢t € T is enabled at M, denoted
by M[t>,if Vpe®t, M(p) > W(p, 1). If an enabled transition
t at M can fire and results a new making M’, denoted by
M[t > M’, where M'(p) = M(p) — W(p,1), Vp €°t \ t°;
M'(p) = M(p) + W(t,p), Vp € t*\*t; M'(p) = M(p),Vp €
P\ (°t \ t*) U (¢*\°*t). For a positive integer k, let Z; =
{1,2,..., k}. A transition sequence 6 = #1?7 . .., is enabled
at M if M;[t; > Mjy1,j € Zi, where My = M and Mj is a
marking reachable from M. Let R(N, My) denote the set of
markings reachable from My. Meanwhile, My[§ > M implies
that M = My + [N] = Y, where the i-th entry of vector Y is
the occurrence number of ¢ in §.

Transitiont € T is liveif VM € R(N, My),IM’ € R(N, M)
such that M'[t > ., 1 is dead at M if t is not enabled at any
marking in R(N, M). PN (N, My) is live if all its transitions
are live.

For aset X C PUT, the subnet generated by X is a subnet
N[X] = (Px,Tx, Fx, Wx), where Py =X NP, Tx =XNT,
Fx =FNX x X),and Wx(f) = W(f),Vf € Fx.For M €
R(N, My), let M| be a marking of N[X] which is a restrictions
of M to X, this is denoted by M| = M |n[x), where M;(p) =
M(p),Vp e XNP.

A string @ = x1xp...x; is a path if x; € T U P, and
(xi, xiy1) € F fori € Zy_1.1f the nodes of a path are different
from each other, it is called elementary. Path w = x1x5 ... Xk
is a circuit if x| = xi.
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B. S*PRs AND ITS LIVENESS CONDITIONS

Definition 1 [4]: An S*PR is a PN (N, M) = (Po U P4 U
Pgr,T,F, W, My) such that

1) Pg, Pg and Py, respectively, collect all idle, resource,
and activity places, where i) Py = {poili € Zn};
i) Po = Uz, Pai, T = Uz, T;, where Vi €
L, Pai 75 @, T; 75 @’VZ’] € L, i #j’PAijAi =
0, ; NT; = @;iil) PR = {rj € Z,}; and iv)
Pr N (P4 UPy =40.

2) Subnet N; = N[T;U{pjo} U P4;] is a strongly connected
state machine and pjy is contained in each circuit of Nj,
where j € Zy,.

3) There is a unique minimal P-semiflow, denoted as I,
for each resource place r € Pg such that Pr N ||| =
{rl, PANO NI # 9, 1,(r) = 1, and Po N || || = 0.

4) Pa = Urepp(IIr |1\ {r}).

Definition 2 [4]: Let My is an initial marking of S*PR N.
My is acceptable if My(s) > 0, Vs € Poy; (2) Mo(p) = O,
Vp € Pa; 3)Mo(r) = max{L(p)lp € 11,11}, Vr € .

An S*PR with an acceptable initial marking is called well-
marked. The state machine N; in S*PR (N, M) represents
the complete machining process of i-th type patrts, its initial
marking is Moy(pjp), the number of i-th type parts in the
system. While M(r) is the capacity of type-r resources.

According to the structure of S*PR N, its initial marking
M can be denoted by Mo = [Moo, Moa, Mor], where My =
Mo|po, Moa = Moy|pa, and Mog = My|pg are the initial idle,
activity, and resource markings Py, P4, and Pg, respectively.

The set of input and output resource places of transition ¢ €
T is denoted as ®r and r®, respectively. The set of output
and input activity places of t is ) and Wr, respectively.
We can apply those notations to a set, e.g., we define K® =
Urex {t®Y for K C T.

For r € Pr, H(r) = ||I]| \ {r} is the holder of r. We define
the set of resources that p € P4 requires as I'(p) = {r €
Prlp € H(r)}.

Example 1: Consider an S*PR (N, My) shown in Figure. 1,
where Po = {p1, p¢}, Pr = {r1—r3}, PA = {p2—p5, p7—P11}
and T = {f; — t11}. The initial marking My = 6p; +
6pg + 6r1 + ra + 3r3 4 2r4 is acceptable for N, and thereby
(N, Myp) is well-marked. Apparently, Moo = 6p1 + 6pe,
Mos = 0, and Mog = 2ry + r2 + 3r3 + 2r4. Note that N
has two types of processes, which are modeled by the state
machines generated by {p1} U {po — ps} U {#1 — t5} and
{p6} U{p7 —p11} U {t6 — t11}, respectively. The P-semiflows
related with all resources in Py are: I, = 4p2+6p3+po+r1,
I, = pio+pu+rly = 2ps + pg + p9 + 13, and
I, = p>+p7+pg+rs. Moreover, the set of holders of resource
place r1 is H(r1) = {p2, p3, po} and the set of resource places
that activity place pg requires is I'(pg) = {r3, r4}.

Following our previous work [3], we know that deadlocks
in S*PR can be characterized by a kind of structure objects,
namely PA-circuits. Based on this, the liveness necessary and
sufficient condition for S*PR can be derived. For the sake of
completeness, we first briefly review some concepts about
PA-circuits in [3].
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FIGURE 1. An marked of S*PR (N, M,).

Definition 3 [3]: A single activity-path (SA-path) in S*PR
is a path o = ptr wherep € Py andt € T. Letr € I'(p), then
we say that SA-path « = pt is with respect to
(w.r.t.) resource r.

Let a1 = p1t) and oy = patr be SA-paths w.r.t. r; and 77,
respectively. If rp € ®)¢,, then « is reachable from oy, or an
can reach o, this is denoted as o] <.

Definition 4 [3]: A sequence of SA-paths 8 = a1 ...y,
is called activity-chain if «; = p;t; is a SA-path w.r.t.
resource 7, Vi € Zy, and oj < aji1, i.e., @; is reachable
from a1, Vj € Zy—1. Let R(O) = {riloy is wrt. 7y, i € Zy}.
We call 6 as an activity-chain w.r.t. resource set N(6). Then
the set of transitions and activity places of 6 are denoted by
(@) = {ti|t; is in 8} and (@) = {p; € Palp; is in 6},
respectively.

Definition 5 [3]: Let 0 = aja ...« be an activity-chain
w.r.t. resource set R. If o can reach «,, i.e., o, < «y, then
0 is a called an activity-circuit w.r.t. R, or A-circuit for short.
Any A-circuit 6 is perfect if (J(6))® = J(0). Let © be the
set of all perfect A-circuits (PA-circuits for short) in an S*PR
(N, Mp).

Example 2: Consider S*PR (N, Mp) shown in Figure. 1.
Since r1 € TI'(py) and ry e®ty ) = patr is a SA-path
w.r.t. r1, and can reach itself, i.e.,ocy < o1 and 6] = oo
is an activity-chain as well as an A-circuit w.r.t. resource set
{r1}. Moreover, for SA-paths oy = p3t3 w.r.t. r; and oz =
psts w.r.t. r3, since r3 €®r3 and r; e®rg, ap and 3 can reach
each other, i.e., ap < a3 and a3 < ap. Hence, 0 = ara3
is an A-circuit w.r.t. resource set {ry, r3}. In addition, since
(@I6)))* = 3(0)) and (D3(62))* = J(6), 6; and 6, are
both PA-circuits.

By the definition of P-semiflow I, of r, I,.(p) is the number
of type-r resources that are used by a token (or a part) in p €
H(r). Thenfor S € Pa, Zpesl,(p)M (p) is the total number of
type-r resources used by parts or tokens in S at marking M,
denoted as My, (S), i.e. M} (S) = Xpesl(p)M (D).

Definition 6 [3]: A PA-circuit & € & is saturated at a
state M, if M(p) > 1, Vp € P(0); and min{W(r,t)|t €
r* NY(0)} > Mo(r) — M (P(6) N H(r)), Vr € R(D).
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Example 3: Consider S*PR (N, Mp) in Figure. 1, M =
4p1 + p3 + 4pe + 2pg + r2 + r3 + ra is one of its reachable
markings. For PA-circuit 6, = apa3 where oy = p3t3 wr.t.
r1 and a3 = pgtg W.r.t. r3, we have J(62) = {13, 13}, (62) =
{p3,ps}, and N(B) = {r,r3}. Since M(p3) = 1 > O,
M(ps) = 2 > 0, Mo(r)) — My, (H(r) N 9(6)) = 0 <
min{W(ry, 1)l € r} N3I(62)} = 1, and Mo(r3) — M, (H(r3)N
£02)) = 1 < min{W(r3, )|t € r; N 3I(B2)} = 2, we know
that 6, is saturated at M.

The relationship between the deadlock of S*PR and the
PA-circuit saturation is as follows [3].

Theorem 1 [3]: A marked S*PR (N, My) is live if and only
if VO € ® and VM € R(N, My), 0 is not saturated at M .

In order to describe and compute all PA-circuits in an easy
and understandable way, our previous paper [3] defines a
kind of modified S*PRs and some of their special structural
objects.

Definition 7 [3]: For a given S*PR N = (Py U Pg U
Pu, T, F, W), its modified S4PR(MS4PR), N*, is defined by
adding an auxiliary arc (¢, r) with weight 1 for t € T and
r e Prif @t € H(r) and (r,r) ¢ F, shown by dotted arc
in PN graph. Let F* be the set of auxiliary arcs. Then the
obtained MS*PR N* = (Pg U PrU P4, T, F UF*, W).

Definition 8 [3]: Let w = try...t4r, be a circuit in
MS*PR N*. w is a resource-transition circuit (RT-circuit) if
ti € Tandr; € Pgrfori € Zy. Let J(w) = {t;,i € Zy}
and W) = {r;,i € Zi}. An RT-circuit @ is perfect if
(@X(w))* = I(w). Let IT collect all perfect RT-circuits
(PRT-circuits) in N*.

The following theorem establishes the corresponding rela-
tionship between PA-circuits in S*PR N and PRT-circuits in
MS*PR N* which is w.r.t. N.

Theorem 2 [3]: Let N be an S*PR. There exists a one-
to-one correspondence between PA-circuits in N (i.e.,®) and
PRT-circuits in N*(i.e., IT). Further, V6 € ©, there is unique
@ € I such that J(0) = J(w) and R(O) = R(w).

According to Theorem 2, to obtain all PA-circuit in
S*PR N, we can compute all PRT-circuits in its modified net
N* first. Since a PRT-circuit in N* is relevant only to resource
places and transitions, and its transitions belong to Pj NPg it
must be contained in N = N*[Pg U (Pj NPg)], which is a
subnet of N*.

A PRT-circuit in N* is a union of elementary circuits
in Ng. while all elementary circuits in N can be computed by
algorithm, Find-All-Elementary-Circuits proposed by John-
son et al. [32], which has the complexity O((v + e)(c + 1)) if
N* has v vertices e edges, and ¢ elementary circuits. Then an
algorithm for computing ® is stated as follows.

In Algorithm CP, Ny is constructed first. Its vertices
include all resource places of Pg and all transitions in PxN
*Pg. Then all elementary circuits of Nj are computed by
using Find-All-Elementary-Circuits. Note that [P N%Pg| <
|T'| and there are at most two arcs between a resource place
and a transition, including auxiliary arcs. Thus the com-
plexity of Step 2 is OQ|T||Pr| + (|Pr| + IT|))(c + 1) <
OQ|T||Prl)(c + 1). In Step 3, all PRT-circuits in N* are

185814

Algorithm CP (Computing all PA-Circuits in S*PR)

Input: An S*PR N:
Output: O;
Step 1. Construct Ny from N;
Step 2. Set [1 = ©® = @; Compute the set of elementary
circuits, E, by using Find-All-Elementary-Circuits(Nz).
Step 3. Obtain IT from = in a recursive manner
(1)
1) LetIT = E;
2) Foreachw | € Eand w; € I, if N 1) N N(w2) #
@, let o = w U w,. If o is perfect and not in IT,
add @ into II.
Step 4. For each @w € II, let 6 be its corresponding
PA-circuit in N. Add 0 into ®. By Theorem 2, we know
that 3(0) = (@), p(0) =DJ(w), and R(O) = R(w).
Step 5. Output ©.

computed in an iterative manner. Let C denote the number of
all different PRT-circles. The algorithm needs to compare any
two PRT-circles at most, so the maximum number of compar-
isons is C2, and hence, time complexity of step 3 is O(C?).
Each PRT-circuit in IT is converted into a PA-circuit based on
the results of Theorem 2 in Step 4. The time complexity in
Step 4 is O(C). Then the time complexity of Algorithm CP
is OG|T||Pgl)(c + 1) + O(C?) + O(C) < OG|T||Pg|C?).
According to [3], we thus have the following conclusion.

Theorem 3 [3]: Algorithm CP can correctly output all
PA-circuits of S*PR (N, Mp) with the time complexity
OQ@|T||PRIC?).

FIGURE 2. The MS*PR (N*, M) w.rt. S*PR (N, Mg) in FIGURE 1.

Example 4: Consider S*PR (N, My) shown in Figure. 1.
The corresponding MS*PR N* is illustrated in Figure. 2,
where (12, 1), (t10, 72), (23, 13), and (¢7, r4) are auxiliary arcs.
Correspondingly, Ni shown in Figure. 3, contains four
elementary circuits @) — @4 as described in Figure. 4.

VOLUME 7, 2019
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FIGURE 4. Four elementary circuits, w; — wj, of N; in FIGURE 3.

According to Algorithm CP, we have I1 = {@| —@w0},Where
w5 = w1 Uy, we = wr U, w7 = w3 Uy, mg =
w1 Uy Uz, mg = oy Uz Uy, o9 = @ U
o U3 U wy. According to the one-to-one correspondence
relation between ® and I1 in Theorem 2, we can obtain
all PA-circuits in N, i.e., ® = {6;|6; corresponds to wj,
i € Z1p}. Note that 6; and z; have the same set of transitions
and resources, respectively. Table 1 shows the details of all
PRT-circuits and PA-circuits.

lll. DESIGNING INITIAL MARKING FOR AN S*PR

TO ENSURE ITS LIVENESS

Given an S*PR N with its initial idle marking Moo, we intend
to establish an initial resource marking, Mog, such that
the resulting net (N, My) is well-marked and live, where
Mo = [Moo, Moa, Mor].

Note that all places of P4 must be emptied at the initial
marking according to Definition 2, that is, M40 = 0. Hence,
we just need to consider the initial marking for resource
places, Mog. By Theorem 1, the liveness of marked S*PR is
related to the non-saturation of PA-circuits in ®. In this paper,
we use this structural property to design the initial marking,
Mog, for the given initial markings Moo and M4, so that all
PA-circuits cannot be saturated during the system evolution,
and hence, will not lead to deadlock.

First, we study the relation between the non-saturation
of PA-circuit 6 and the initial marking of resource place
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TABLE 1. PA-circuits in S*PR in Figure. 1.

w/6 R(w) or R(H) S(w) or I(0)
w1 /61 1 to
w02 T173 t3tg
w3 /03 T2 T3 tg t1o
w4/04 T3y tyty
ws /05 T1T3 tatsts
we /06 T1T2T3 t3tgtgtio
w7 /b7 T2T3TY tatrtgtio
wsg/bs riTeT3 tatstglg tio
@y /b TIT2T3 Ty tytytrtgtotio

@10/010 r1TaT3TY tatstytrtgtotio

r € N(O). Further, an algorithm is proposed to design an
initial resource marking, Mog, for S*PR where only Moo and
Moy are given.

A. RELATIONS BETWEEN THE NON-SATURATION OF
PA-CIRCUITS AND THE INITIAL MARKING OF AN
INVOLVED RESOURCE PLACE
For a positive number y, let | y| represent the maximal integer
less than y, for instance, |2.3] = 2.

Definition 9: For well-marked S*PR (N, M), let § € ©
and r € N(O). We define

MO, 1) = Zperrnpe)lr(p), and

w@,r) = {k € Zyo.r-1lmingeo1... (k/p)tk —
EpeHrnp@) - (P)xp € Z} = min{W(r, )|t € I(O) Nr*}}.

In the above definition, A(6, r) represents the sum of 7, (p)
forp € H(r)Ng(0); while w(0, r) collects the positive integer
k < A(@, r) which satisfies minxp {k—Zpermnp@)lr(P)xp} >
min{W(r, t)|t € I(0) N r®} wherex, € {0, 1, ..., [k/I,(p)]}
for p € H(r) N o). Since the net is finite, u =
max{\(@, r)|6 € O, r € R(B)} is a finite constant.

By the following Algorithm EE, all elements of w(6, ) can
be enumerated.

Algorithm EE(Enumerating all Elements in w(6, r))

Input: 6 € ® and r € NR(H);
Output: w8, r);
1: Compute A0, r); set w(@,r) =@
2: If(A(@, r) = D{ output w(0, r); exits;} .
3: for (i€ ZA(G,r)—l){
4: solve the following ILP, obtain
ILPy:  G™(i) = min{i — Zperrnp@)ipl-(p)}
st. x, €{0,1,..., [i/I;(p)]},Yp € H(r) N p(6);
i— 2:peH(r)rngo(e)prr(P) > 0;
5: if (G"P > min{W(r, )|t € J(0) N r*});
6: w@,r)=w@,r)Ul{i;
7.}
8:Output w(8, r).

GllP
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Note that in ILP, of Algorithm EE, for the given 6 and r,
MO, 1) < u, and x, and p have [i/I.(p)](< i) and [p(0) N
H(r)|(< |P4)|) different values, respectively. Solving ILP, for
a given i is equivalent to calculate the minimum of up to i *
|P4| different values. Hence, the complexity of ILP2 for i will
not exceed O(i x |P4|), and the computational complexity of
Algorithm EE is O(u1? % |P4)).

Example 5: Reconsider S*PR in Figure. 1 as well as
PA-circuit 84 € ©. From Table 1 we know that N(64) =
{r3, ra}, S(04) = {14, t7}, and ©(04) = {p4, p7}. Then for
r3 € N(By), we have p(O4) N H(3) = {pa}, A(04,73) =
YpeHr)NeOIs(P) = Ir;(pa) = 2, and Zy @, ;-1 = {1}.
Then the ILP; is as follows.

G"™(1) = min {1 = x,,1,(p4)}
s.t. xp, € {0};
1 —xp,1(p4) = 0

The above ILP is simple and has the unique solution
Xp, = 0, and GP(1) = 1. Thus, w(6s, r3) = {1}.

Lemma 1: Let (N, My) be a well-marked S*PR, 6 € O,
and r € N(O). If Mo(r) < A0, r), thenatany M € R(N, M),
6 cannot be saturated.

Proof: We assume that PA-circuit 6 is saturated at M.
Then M(p) > 0 for p € o(0) N H(r). Hence, M; (9(6) N
H()) > Ypep@narl(p) = A0, r). On the other hand,
as all places in (@) N H(r) use resource r, we have
M (p0) N H(r)) < My(r), and hence Mo(r) > A0, r).
This contradicts with the condition in this lemma. Therefore,
6 cannot be saturated at M. &

Lemma 2: Let (N, My) be a well-marked S*PR, 6 € O,
r € NO), and w(d, r) £ A. If My(r) = 1O, r) + k, where
k € w(0, r), then 6 cannot be saturated at any M € R(N, M).

Proof: Assume that 6 is saturated at M. Then we have
Mo(r) — M; (H(r) N p(0)) <min{W(r,1)|t € r* N J(0)}
according to Definition 6. That is,

Mo(r) <min{W(r, )|t €I(0) N r*}+M;, (H(r) N £(6))
(H
Note that My(r) = A@,r) + k, where k € w(8,r).
By combing this equation and (1), we have
MO, r)+k <min{W(r, )|t € IO)Nr*}+M;, (H(r)Ngp(H))
(2
However, recall that A(0,7) = Xpegnpe)l-(p), and
according to Definition 6, for place p € (0) N H(r),
we have M(p) > 1. Hence, we have M (H(r) N
£0)) = Zpernp@)Ir ()M (P) — 1) + Lpep@)na @ Ir(p) =
EpeHrnpo) )M (p)—1)+A(6, r). By combing this equa-
tion into (2), we have
k — Zpeponarl )M @p) —1)
<min{W(r, )|t € IO)Nr*} (3)

For each p € ©(0) N H(r), we know that M (p) > 1, that
means, at least Xpep6)nH ) (p) =A(0, ) units of resource r
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have been occupied in g (0)NH (7). Thus, M (p) < I4+-[(Mo(r)—
A0, 1)/ (p)] = 1+ k/I-(p)], and further we obtain M (p)—
1<|k/I,(p)]. Thatis, M(p) — 1 € Zx1,(»)|- However, since
k € w(8, r), (3) is impossible by Definition 9. Thus, 6 cannot
be saturated at M. &

Next, we denote the set of PA-circuits associated with
r € PRby ©®(r) = {§ € Olr € 95(O)} and further
define A(r) = Ugea)(9(0) N H(r)). For example, consider
S*PR in Figure. 1, from Table 1 we know that ®(r;) =
{01, 62, 05, 06, 63, 09, 010}, and A(r;) = Ugecoau)(®@) N
H(r1)) = {p2, p3, po}.

Definition 10: Let (N, Mo) be a well-marked S*PR, r € Pg,
and N; = (Pa; U {pio}, Tj, Fi), i € Zp, denote the i-th state
machine in N. We define

BN, r) = Mo(r) — Zijez,,max{l.(p)|p € A(r)Npai}Mo(pio)

Example 6: Consider S*PR (N, M) in Figure. 1. For
r1 € Pg, we have A(r1) = {p2, p3, po}. Note that there
are two state machines in N where p; and pg, represent the
corresponding idle places, respectively. We have My(p1) =
Mo(ps) = 6, Pao = {p2 — ps}, and Pa1 = {p7 — pui}.
we have B[N, ri] = 6 — Xz, max{l,(p)lp € A(r) N
paitMo(pio) = 6 — max{l; (p)lp € {p2,p3}Mo(p1) —
{1 (PP € {pohMo(ps) =6 —6 x 6 — 6 x 1 = —36.

Lemma 3: Given a well-marked S*PR (N, Myp)and r € Pg.
If BN, r] = min{W(r,t)|t € J(@)Nr®, 0 € O(r)}, then
each PA-circuits in ®(r) is not saturated at any marking in
R(N, My).

Proof: Assume that PA-circuit & € ©O(r) is saturated at
M € R(N, My). Since sets Py, i € Zy,, are disjoint and P4 =
Uiez,,Pai, We can get

M (H(r) N 90)) = Zicz, M, (Hr) N p@O) N Pa) (4)

Forp € p(0@)NH(r)N Pa;, we have I.(p) < max{l(p)|p €
A(r) N pai} since @) N H(r) N Pgi S A(r) N pa;. Thus,
we further obtain
M, (H(r) N (@) N Pa;)

< Xpep@nHrneaMP)max{l(p)|lp € A(r) Npai} (5)

Also, we have p(0) N H(r) N P4; € Py4;. Hence (5) can be
rewritten as

M;, (H(r) N o(0) N Pai)
= max{l,(p)lp € A(r) N pai}Epep,M(p) (6)

On the other hand, since N; is strongly connected and all
places in P4; U {pio} constitute a P-semiflow support, we have
YpepyM(p)+M(pio) = Mo(pio). That means, Xpep,,M(p) <
Moy(pio). By combing this and (6), we know that

M, (H(r) N p(0) N Pai)
< max{l,(p)lp € A(r) N paitMo(pio) (7)
After combing (7) and (4), we have
M, (H(r) N p(0))
< Yiez,max{l,(p)lp € A(r) N paitMo(pio) (8)
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It is assumed that 6 is saturated at M. Hence, My(r) —
M (H(r)Np@®) <min{W(r, )|t € J(0) N r®}. Note that
min{W(r, t)|t € JIO)Nr°} <min{W(r, )|t € r* N I(O),
01 € O(r)}. Thus, we have

Mo(r) — M, (H(r) N ©(0))
<min{W(r, )|t € I(O1)Nr®, 6, € OF)} (9)
In addition, from (8) we know that
B[N, r] = Mo(r) — Ziez, max{l;(p)lp € A(r)
N paitMo(pio) < Mo(r) — M, (H(r) N p(0))  (10)
By combing (10) and (9), we have
B[N, r] < min{W(r, )|t € IO1)Nr®, 0, € O(r)} (11)

This is impossible and hence Lemma 3 is proved. &

By combining Lemmas 1—3 and Theorem 1, we have a
new conclusion.

Theorem 4: Given a well-marked S*PR (N, My). Then
(N, My) is live if 6 € ©, Ir € NR(H), such that one of the
following is met

(1) A0, r) > Mo(r);
2) My(r) = A0, r) + k, where k € w(0, r); and
(3) BIN, rl=min{W(r, t)|t € I(O01) Nr®, 61 €O(r)}

B. COMPUTING INITIAL MARKING FOR S*PR

Recall that ®(r) = {6 € O|r € N(O)} for resource r. Then
for a given subset W C ©(r), the following algorithm is
developed to compute an initial marking for r such that all
PA-circuits in ¥ will never be saturated.

Algorithm CAR (Computing an Initial Marking for A
Resource Place

Input: r € Pg and ¥ C O(r);
Output: Mog(r), an
of r;

initial marking

1: By using Algorithm EE; compute (8, r), 6 € V;

2: K :=max{A(@,r)+n|0 € ¥,n € w, r) # 0};

3: Mor(r) =0

4:for (i =1,...,K){

5: Flag=0;

6: if (i =max{/,;(p)lp € H(r)}H){

7. for (0 € W){

8 if(A(8, r))<iand Fkew(d, r)s.t. i =k + 10, r)f
9:  Flag=1;

10: break;}

11:  }

12:  if(Flag =0){
13:  Mor(r) =1
14:  break;}
15:}}

16: output Mog(r);

Essentially, Algorithm CAR tries to compute an initial
marking for resource r based on the conclusions of Lem-
mas 1 and 2. In particular, Lemma 2 implies that a PA-circuit
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0 € W will never be saturated if Mor(r) = A(O,r) + n,
n € w(@,r). Thus, in Algorithm CAR we only check that
weather an integer in Zg could be the sought initial marking
of r. At the beginning, we compute w(f,r), # € V¥ and
set Mor(r) = 0. Due to the requirement of Mor to be an
acceptable initial marking, we are only considering integer
i € Zk and i > max{l,(p)|p € H(r)}. There are two steps in
the loop process for i:

Step 1 (Line 6—11): 1f 30 € W s.t. M@, r) < i and Pk €
(8, r)s.t.i = A(@, r)+k, then apparently, the initial marking
of r cannot be i because the conditions in Lemmas 1 and 2
are not met. That is, 6 may be saturated if Mog(r) is set to
be i. Thus, i is not the sought initial marking of ». We need to
continue looping i + 1.

Step 2 (Line 12—16): If the value of Flag is not changed
and still 0, then for each PA-circuit & € W, there are two
sub-cases: i) A(0,r) > i, orii) i = AO,r) + k where
k € w(0,r). Apparently, the sub-case i) [resp. case ii)]
equates to the condition in Lemma 1 [resp. Lemma 2]. Hence,
we set Mor(r) = i and then 6 will never be saturated
according to the conclusion in Lemmas 1 and 2.

Note that to compute w(f, r) for 6 € W, Algorithm EE
is called |W| times, and the computational complexity is
O(u?|P4|W)); while in Algorithm CAR, the loop for i € Zg
and 6 € W is repeated up to K|W¥| times, and K < 2A
(0, r) < 2u since the maximum element in w(0, r) is
A0, r) — 1(< u — 1). So the complexity of Algorithm CAR
is O(*|Pa|W|) + OQu|W|) = O(1*|Pa| W)

From the above analysis, we can draw the following result.

Lemma 4: Let N be an S*PR, r € Pg, and ¥ C O(r).
If Mogr(r) > 1 output by using Algorithm CAR for inputs r
and W, then all PA-circuits in ¥ will never be saturated.

Given an S*PR N with initial idle and activity markings
Moo and Mp4, Algorithm CIR is proposed to compute Mg so
that all PA-circuits in ® will never be saturated.

Algorithm CIR (Computing an Initial Resource marking)
Input: S*PR N=(PoUPRUP,T ,F,W) with Mo,Mos=0;

Output: Mog, an initial resource marking
of N;
1: By using Algorithm CP, compute ©;

rset 2 = O;
: for (r € PR){
if ()N QL =0)

let Mog(r) =max{L,(p)lp € H(r))
else{

Mog(r) = Algorithm CAR(r, ©(r) N Q);

if (Mog(r) = 0);

Mor(r)=Zicz,,max{l,(p)| A(r)Npai}Mo(pio)
+min{W (r, 1)|teI(O)Nr®, 0eO(r)};

10: letQ = Q\ O);
11: 1}
12: }
13: output Mog;

Codansw®
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FIGURE 5. An example of S4PRs.

In Algorithm CIR, let 2 represent the set of PA-circuits
that might be saturated. Initially, we set Q = . For
r € Pg,if O(r) N Q = @, then the initial marking of r
will not affect the saturation of any PA-circuit in 2. Hence
we directly set Mog(r) = max{l.(p)|p € H(r)} so as to save
resources. On the contrary, if ®(r) # @, we let Mog(r) be
the output of Algorithm CAR with r and ®(r) N 2 being
its input, i.e., Mogr(r) = Algorithm CAR(r, O(r) N Q).
If Mor(r) > 0, we know that all PA-circuits in ®(r) will
never be saturated according to Lemma 4; otherwise, we set
Mor(r) = min{fW(r, 0|t € JIO) Nre, 6 € O@)} +
Yiez,,max{l,(p)|A(r) N pai}Mo(pio), and the corresponding
BIN,r] = min{W(r, )|t € r* N JO), 6 € O(r)} by
Definition 10, and further all PA-circuits in ®(r) will never be
saturated according to Lemma 3. Therefore, Mg, the output
of Algorithm CIR can ensures that all PA-circuits in € will
never be saturated.

To compute ®, Algorithm CP is called. For each r in Pg,
the algorithm loops once, in which Algorithm CAR is called.
So the complexity of the loop process is O(1?|P4]|®]) +
0Q2u|®|) = O(?|PA|C)+0Q2uC) < O(1u*|P4|C) where C
is the number of all different PRT-circles in ®. Then the com-
plexity of Algorithm CIR is O(3|T||Pg|C?) + O(u?|P4|C).

Thus, we obtain the following conclusion.

Theorem 5: Let N be an S*PR with Mgy and
Mos = 0. Mog is an initial resource marking computed by
Algorithm CIR. Then (N, My) is well-marked and live, where
Mo = [Myo, Moa, Mor].

Example 7: Consider S*PR N in Figure. 1 with Mgy =
6p1 + 6pg and Moy = O. Firstly, by using Algorithm CP,
we obtain ® = {#; — 019} as shown in Table 1. Then set
Q = 0. We will execute the loop process for each resource
place in Pg = {r; — r4}.

For rp, we have ®O(rp) N Q = {63, 8¢ — O10}. Note that
AOi, ) = 1, w0, ) = 0, Vi € {3,6,...,9}. By Algo-
rithm CIR, we can set Mog(r2) = min{W(r, t)|t € I(O@)Nr®,
0 € O} + Ziez,max{l,(p)|A(r) N pai}Mo(pio) = 1 +
6 = 7. Then, set Q2 := Q \ O(r) = {61, 62, 04, 05}.

For r;, we have ©(r))NQ = {61, 62, 05}. Then A(6, r1) =
4, w1, r1) = (2,3} AO2,11) = 6, w(br,r1) =
{1,2,3,4,5}; AM6s,r1) = 10, w(0s,r1) = {1,3,5,7,9}.

185818

According to Algorithm CAR, we have Mog(r1) = 7. In fact,
since 7 — A(01,r1) = 3 € w@i,r1), 7T — MOy, 1) =
1 € w(62, 1), 61 and 6, cannot be saturated by Lemma 2.
Meanwhile, since Mogr(r;) = 7 < A(6s, r1) = 10, 65 cannot
be saturated either by Lemma 1. Set Q := Q \ O(r1) = {64}.

For r3, we have O(r3) N 2 = {64}, A(04,73) = 2 and
w(63, rp) = {1}. By using Algorithm CAR, we set Mog(r2) =
A(O4, r3) + 1 = 3. Then, Set Q2 := Q \ O(r3)=0.

For r4, we have ©(r4) NQ2 = @, then directly let Mog(rs) =
max{l,,(p)lp € H(rs)} = 1.

Therefore, Algorithm CIR outputs Mog = 7r1 + 7r2 +
3r3 + r4. By combing Mg, we establish an initial marking
My = [Moo, Moa, Mog] for S*PR N in Figure. 1, where
Moo = 6p1 + 6ps, Mgo = 0. We can check that (N, Myp)
is well-marked S*PR and live.

Example 8: Let us consider S*PR N shown
in Figure. 5 whose initial marking for idle places and oper-
ation places are Moo = 4p1 + 8ps + Tp11 and Mpsx = 0,
respectively. By using CIR, we will design an initial marking
for resource places to enforce the liveness of this S*PR. First,
according to Algorithm CP, we obtain ® = {6 — 612} shown
in Table 2. Set 2 = ©.

TABLE 2. All PA-circuits of S*PR in Figure. 5.

0 R(0) 3(0)

01 T2 73 t2l3

02 r4Ts t11t14

03 576 tst1s

04 TIT3T4TS tetrtiotiats

05 r1T3T4TS tetztiot11t1at1s
O TIT2T3T4 TS tatstetrtiotiatis
07 TIT2T3T4TS tatstetrtioti1 t1atis
O T4T5 76 tgt11t1314

B9 TIT3T4T5Te tetrtstiotiztiatss

tetrtstiot11 t13t14t1s
totztgtrtstinotiz3tiatys
totztgtrtst1ot11 L1314 t15

Oi0 T1T3T4T5TE
011 T1T2T3TATETE
012 T1T2T3T4TETE

For ri, we have O(r;) N Q = {64 — 67,09 — 612}. Then
AOi,r) =1, w0, r1) =@,Vi € {4,5,6,7,9,10, 11, 12}.
By Algorithm CIR, we can set Mor(r1) = min{W(r, t)|t €
3(O)Nr*,0 € O+ Biez, max{L(p)| A NpaMo(pio) =
1+8x1=9.SetQ:=Q\ O(r)=1{61, 62, 63, 6g}.

For r4, we have ©O(ry) N Q2 = {62, 6g}. Then A(6;, r4) = 2,
w(8;, ry) = {1}, Vi € {2, 8}. According to Algorithm CAR,
we have Mogr(rs) = 3. Set Q := Q\O(r4) = {61, 62}.

For r5, we have O(r5) N 2 = {6}, and A(62,r5) = 3,
and w(62,rs) = {1, 2}. By using Algorithm CAR, we set
Mor(rs) = AM(02,175) + 1 =4. Set Q := Q2 \ O(rs) = {61}

For rp, we have ©(r) N Q = {61}, MO, ) = 3,
and w(01, ) = {1, 2}. By using Algorithm CAR, we set
Mogr(r2) =201, )+ 1=4.Set Q2 :=Q\ O(rn) = 0.
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For r3 and rg, we have ©(13) N Q = @, O(rg) N QL = 0,
then directly let Mogr(r3) = max{l,,(p)|p € H(r3)} = 1 and
Mor(re) = max{l,;(p)lp € H(r¢)} = 1.

Therefore, Mogr = 9r1 + 4ry + r3 + 3rq + 4rs + rg is the
output of Algorithm CIR. Further, we can establish an initial
marking My = [Moo, Moa, Mog] for S*PR N in Figure. 5,
where Moy = 4p1 + 8ps + Tp11, Mao = 0. It is checked
that(N, M) is a well-marked S*PR and live.

IV. CONCLUSION

This paper addresses the liveness enforcement problem for
a class of PN, S*PRs, which are able to model complex
RASs with the most general resource acquisition and flexible
routings. Our previous paper [3] points out that deadlocks in
S*PR are caused by saturated PA-circuit. Based on that struc-
tural property, first we investigate the relation between the
initial resource marking and the non-saturation of involved
PA-circuits. In other words, we try to establish some con-
dition for the initial marking of a resource place; if it is
hold some PA-circuits containing this resource will never be
saturated. Second, for a given S*PR, we develop its liveness
condition associated with the initial markings of all resource
places. Finally, for an S*PR where only the initial idle and
activity markings are given, an algorithm is proposed to
compute an initial resource marking so that S*PR with the
obtained initial marking is live.

So far, only the works [7], [22], [28] propose liveness-
enforcing approaches for PN models by configuring the ini-
tial resource marking. But their PN models are S’PR and
WS3PR, which are proper subclass of S*PR. Hence, their
method cannot be applied to S*PR but, on the contrary, ours
can enforce the liveness of S’PR and WS3PR.

In future, we intend to study the problem of liveness-
enforcing for S*PR by designing initial resource marking
with multiple objectives such as save resources and improve
permissiveness.
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