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ABSTRACT In this study, a model predictive path tracking control method based on the prediction of
tire state stiffness is proposed to improve the path tracking performance at the limit of vehicle dynamics.
Considering the influence of the nonlinear properties of tire force on vehicle dynamics, a nonlinear UniTire
model is established, based on which a state stiffness 3D look-up table is designed to linearize the nonlinear
tire model. The tire state stiffness in the prediction horizon is predicted by the vehicle motion model using
the reference path information. A new linear time-varying path tracking control model in the prediction
horizon is designed based on the predicted tire state stiffness. A nonlinear model predictive controller
and a traditional linear time-varying model predictive controller are also designed and compared with the
proposed method to verify the effectiveness and advantage of the latter. Results clearly show an improved
control performance of the proposed method compared with the traditional method under the limit condition.
Moreover, the calculation speed of the proposed method is faster than that of the nonlinear model predictive
control method.

INDEX TERMS Path tracking, vehicle dynamics, model predictive control, UniTire model, state stiffness
prediction.

I. INTRODUCTION
Human errors are identified as the primary reason for fatal
driving accidents, with approximately 75 % of traffic acci-
dents related to driver failures [1]. To further improve road
traffic safety, the intelligent vehicle safety technology repre-
sented by advanced driver assistance systems (ADAS) has
been paid increasing attention and development in recent
years [2]. ADAS uses sensors to observe the environment,
analyzes the risk level of the current driving environment on
the basis of the perceived environmental information, and
then decides whether an active intervention has to be per-
formed to avoid or mitigate the accident [3]. Existing driver
assistance systems primarily avoid collisions by emergency
braking, but in some situations (e.g., sudden appearances
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of pedestrians and obstacles, high-speed driving conditions,
etc.), collisions cannot be avoided even at full brake. Active
steering intervention provides a new solution for emergency
collision avoidance control in limit conditions. The advan-
tage of steering control is that only a small lateral offset is
required to avoid collisions. And the steering-based collision
avoidance can be divided into shared steering control [4] and
autonomous steering control. Themain task of the former is to
assist the driver to steering better and maintain the stability of
the vehicle. The task of the latter is to plan a reasonable colli-
sion avoidance path and track the pathwell. Typical path plan-
ning methods for steering-based obstacle avoidance include
clothoid and sigmoid functions [5], [6]. However, the path
tracking control faces enormous challenges due to the nonlin-
earity of vehicle dynamics. The traditional control methods
of path tracking control (robust control, fuzzy control, and
sliding mode control [7]–[9]) simply depend on the current
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environmental information and encounter difficulties in con-
sidering the dynamic constraints of vehicles [10]. Therefore,
model predictive control (MPC) is increasingly being applied
to the field of vehicle control [11]–[13]. The rolling optimiza-
tion strategy of MPC can compensate, to a certain extent, for
the uncertainties caused by model mismatch, distortion, and
disturbance. Nevertheless, a large model error will seriously
affects the system stability. In an emergency, the vehicle may
bemaneuvered to its handling limit to avoid collision. In these
conditions, the accuracy of the model becomes critical to
ensure vehicle stability.

Tire force is the primary nonlinear element for vehicle
dynamics. Some studies in path tracking control often assume
that the tire slip angle is small and the tire model is sim-
plified to a linear tire model [14]–[16]. However, under a
limit condition, the control effect of this method is limited.
Therefore, using a nonlinear tire model to design the predic-
tion model of the path tracking controller is necessary. How-
ever, the optimal solution of the nonlinear model predictive
controller (NMPC) requires a complex numerical solution
method, which will increase the computational burden of the
controller and affect the real-time performance of the system.
Therefore, designing a linear time-varying MPC (LTV-MPC)
controller by linearizing the nonlinear model is a simple and
effective method to balance the nonlinearity and real time
of the system before the hardware processing capability is
significantly improved. Previous studies [17]–[19] generally
used the current vehicle state to linearize tire models and
achieve a desired control effect. However, the tire force
expression obtained by this linearization method remains
constant in the prediction horizon. This method of tire force
linearization becomes less accurate when the vehicle is near
the dynamic limit. Therefore, Li et al. [20] proposed a vehicle
stability control method based on LTV-MPC considering the
changing trend of tire force in the prediction horizon, and
the control effect is compared with the NMPC and traditional
LTV-MPC methods under limit conditions. The results show
that the control performance of the proposed method is obvi-
ously improved compared with the traditional method, and
the real-time performance is much better than that of NMPC.
In the field of path tracking control, Brown et al. [21] used the
tire slip angle sequence solved by the previous step to succes-
sively linearize the tire force in the current prediction horizon
and designed a path planning and tracking integrated MPC
controller. The tracking control of various driving scenarios
is realized on the actual vehicle. A similar approach was
also used in [22]. This study introduces a control framework
that combines path tracking, vehicle stability, and collision
avoidance. Experimental results show that the controller can
ensure the vehicle drives safely at the handling limit and avoid
obstacles that suddenly appear in the turn. However, the above
methods require the length of the control horizon to be equal
to the prediction horizon, which makes the dimension of
the control input to be solved increase, resulting in heavy
computational burden on the solver. Moreover, these stud-
ies mainly focus on the low and medium speed conditions,

and the control problems under the limit conditions such as
high speed and low friction coefficient have not yet been
discussed.

Therefore, this study proposes a new linear time-varying
path tracking control method to improve the tracking per-
formance under the limit conditions and reduce the com-
putational burden of the controller. The method uses the
reference path data to predict the tire state stiffness and then
applies the predicted tire state stiffness to the linearization
expression of the nonlinear tire model in the prediction hori-
zon. To compare the control performance, the NMPC and
the traditional LTV-MPC path tracking controller, in which
the tire force is invariant in the prediction horizon, are also
designed in this study. The effectiveness of the proposed
method is verified by experiments on the Matlab and Car-
Sim co-simulation platforms. For convenience of description,
in this study, we record the traditional LTV-MPC as LTI-MPC
and the proposed method as LTV-MPC.

The paper is organized as follows. Section II establishes
the vehicle and tire model. Section III designs the controllers,
including NMPC, LTI-MPC, and LTV-MPC. Section IV
presents the results. SectionV summarizes the conclusion and
future work.

II. MODELING
A. VEHICLE MODEL
The vehicle model used in this study is shown in Fig. 1. In the
figure, xoy is the vehicle body coordinate, the coordinate
origin o is at the vehicle center of mass, x axis points to the
forward direction of the vehicle, y axis is perpendicular to the
x axis and points to the left side of the driver, and XOY is
the geodetic coordinate. Table 1 presents the notations used
in the vehicle model. To simplify the design of the controller,
we make the following assumptions [20]:

• Ignore the influence of the steering system and directly
take the front steering angle as the input.

• Ignore the effect of longitudinal dynamics, and it is
considered that the longitudinal speed of the vehicle is
constant and the road is flat.

• Ignore the effect of suspension.
• Ignore the effect of aerodynamic.

FIGURE 1. Vehicle model.
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TABLE 1. Vehicle model notations.

The yaw and lateral motion of a vehicle in geodetic coor-
dinates can be expressed as

Izγ̇ = lf Fy,f − lrFy,r
mÿ = −mẋγ + Fy,f + Fy,r
ϕ̇ = γ

Ẏ = ẋ sinϕ + ẏ cosϕ (1)

where ϕ is the vehicle yaw angle in geodetic coordinates, m
denotes the vehicle mass, and Iz represents the yaw moment
of inertia, Fy,f and Fy,r are the lateral tire force at the front
and rear axles, respectively, and Fy,f = Fy,fl + Fy,fr , Fy,r =
Fy,rl + Fy,rr .

B. TIRE MODEL
Tire force is the main external force source for vehicle
motion, which directly affects the vehicle stability at the han-
dling limit. Therefore, a nonlinear tire model should be uti-
lized to design the path tracking controller. The widely used
tire models are Magic Formula, Fiala tire model, and UniTire
model. UniTire model is proposed by Guo and Lu [23]. It is
a nonlinear tire model for vehicle dynamic simulation and
control, and it can describe tire properties accurately under
complex conditions. Therefore, the UniTire model is used in
this study.

The lateral forces given by the UniTire model are as fol-
lows [23]–[25]:

Fy = F̄
φy

φn
µyFz. (2)

F̄ = 1− exp
(
−φ − Eφ2 −

(
E2
+

1
12

))
φ3. (3)

E =

√(
Ex
φx

φ

)2

+

(
Ey
φy

φ

)2

. (4)

φn =

√(
(λφx)

2
+ φy

)2
. (5)

φ =

√(
(φx)

2
+ φy

)2
. (6)

λ =
1+ Ky

Kx
·

(
φ
φc

)η
1+

(
φ
φc

)η . (7)

TABLE 2. Unitire model notations.

φx =
KxSx
µxFz

; φy =
KySy
µyFz

. (8)

µx = pu1 + pu2 · Fzn + pu3 · F2
zn

µy = su1 + su2 · Fzn + su3 · F2
zn

}
. (9)

Ex =
1(

2+ pe12 · exp (−Fzn · pe2)
)

Ey =
1(

2+ se12 · exp (−Fzn · se2)
)
 . (10)

Kx =
Fz(

pk1 + pk2 · Fzn + pk3 · F2
zn
)

Ky =
Fz(

sk1 + sk2 · Fzn + sk3 · F2
zn
)
 . (11)

Sx =
ωRe − Vx
ωRe

=
κ

1+ κ

Sy =
−Vy
ωRe
= − (1− Sx) · tanα

 . (12)

Fzn =
Fz
Fz0

. (13)

Table 2 gives the notations used in the UniTire model,
and Table 3 provides the parameters of the UniTire model.
These parameters were obtained through our experiments and
referenced to the study of Zhou [26].

The slip angle and vertical load for each tire are defined as

αfl = αfr =
ẏ+ γ · lf

ẋ
− δf

αrl = αrr =
ẏ− γ · lr

ẋ
, (14)
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FIGURE 2. The overall structure of MPC path tracking controller.

TABLE 3. Unitire model parameters.

Fz,fl =
mg
2Lc

(
lr −

hgẍ
g
−

2lrhgẋγ
gw

)
Fz,fr =

mg
2Lc

(
lr −

hgẍ
g
+

2lrhgẋγ
gw

)
Fz,rl =

mg
2Lc

(
lf +

hgẍ
g
−

2lrhgẋγ
gw

)
Fz,rr =

mg
2Lc

(
lf +

hgẍ
g
+

2lrhgẋγ
gw

)
, (15)

where hg is the height from the center of vehicle mass to the
ground.

III. CONTROLLER DESIGN
Fig. 2 shows the overall structure of the controller, including
tire model, tire state stiffness prediction, tire model lineariza-
tion andMPC controller. In this study, it is considered that the
collision avoidance path has been planned, and the design of
path planning is not discussed here. In this section, the NMPC
and LTI-MPC are first designed, and then the LTV-MPC
based on tire state stiffness prediction proposed in this study
is described in detail. In addition, the prediction method of
state stiffness and linearization method of tire force based on
state stiffness are introduced.

A. NMPC DESIGN
With (1)-(15), the prediction model of NMPC can be
expressed as:

ξ̇ = fu(t) (ξ (t) , u (t))

ζ = h (ξ (t)) , (16)

where the state vector, control input and output are ξ =
[ẏ, γ, ϕ,Y ]T , u = δf and ζ = [ϕ,Y ]T respectively, and the
output map is given as

h (ξ) =
[
0 0 1 0
0 0 0 1

]
· ξ

Equation (16) is discretized by the fourth-order Runge-
Kutta method, and the incremental discrete-time model is
obtained as follows:

ξ (k + 1) = f1u(t) (ξ (k) , η (1u (k)))

ζ (k) = h (ξ (k))

η (1u (k)) = u (k)− u (k − 1) , (17)

where the sampling time is Ts = 0.01.
According toMPC theory, the predictive output and control

input sequence are obtained as follows:

ζ (k + 1) = [ζ (k + 1) · · · ζ (k + P)]TP×1 , (18)

1U(k) = [1u(k) · · ·1u(k +M − 1)]TM×1 , (19)

where P is the prediction horizon and M is the control hori-
zon. The subscripts P× 1 andM × 1 of the matrix represent
the number of vectors or sub-matrices in the matrix and do
not represent the dimensions of the matrix.

The reference output sequence for controller tracking is
defined as follows:

R (k + 1) = [r (k + 1) · · · r (k + P)]TP×1 , (20)

VOLUME 7, 2019 179661



S. Li et al.: Tire State Stiffness Prediction for Improving Path Tracking Control

FIGURE 3. Lateral tire state stiffness.

where r =
[
ϕref ,Yref

]T , ϕref and Yref are refer to the
reference yaw angle and lateral position, respectively.

B. LTI-MPC DESIGN
1) TIRE MODEL LINEARIZATION
In previous studies [19], [20], the first-order Taylor expansion
was used to linearize the tire force. However, this method
introduces a residual lateral force [18], which increases the
complexity of themodel. Therefore, the state stiffnessmethod
is used to linearize the tire force in the current study. The con-
cept of state stiffness is proposed by Guo [24], who defined
lateral state stiffness as the ratio of lateral force to slip ratio
at each lateral slip ratio, i.e., Kys = Fy/Sy. A more detailed
introduction can be found in [27].

According to the actual requirements of the control system
design, in this study, lateral state stiffness is defined as the
ratio of lateral force to tire slip angle at each tire slip angle,
as shown in Fig. 3. The expression is as follows:

C =
Fy
α
. (21)

The linearized expressions of the lateral forces of each tire
can then be obtained as follows:

Fy,ij = Cij · αij, (22)

where subscript ij = fl, fr, rl and rr .
Therefore, for LTI-MPC, the tire force can be expressed

as long as the lateral stiffness is obtained at the current tire
slip angle and vertical load. In this study, a 3D look-up table
of state stiffness is designed based on the nonlinear UniTire
model. As shown in Fig. 4, the map of the state stiffness with
the friction coefficient of 0.3 is given.

2) PREDICTION MODEL
Substituting (22) into (1), and assuming sinϕ ≈ ϕ and
cosϕ ≈ 1, can obtain the prediction model of LTI-MPC as
follows:

mÿ = −mẋγ + Cf

(
ẏ+ γ · lf

ẋ
− δf

)
+ Cr

(
ẏ− γ · lr

ẋ

)
Izγ̇ = lf Cf

(
ẏ+ γ · lf

ẋ
− δf

)
− lrCr

(
ẏ− γ · lr

ẋ

)

FIGURE 4. 3D map of state stiffness.

ϕ̇ = γ

Ẏ = ẋϕ + ẏ, (23)

where Cf and Cr are the lateral state stiffness at the front and
rear axles, respectively, and Cf = Cfl +Cfr , Cr = Crl +Crr .

Equation (23) is written as a standard state space equation
as follows:

ξ̇ = A · ξ + B · u

ζ = h · ξ, (24)

where

A =



Cf + Cr
mẋ

lf Cf − lrCr
mẋ

− ẋ 0 0

lf Cf − lrCr
Izẋ

l2f Cf + l
2
rCr

Izẋ
0 0

0 1 0 0
1 0 ẋ 0

 ,

B =
[
−
Cf
m
,−

lf Cf
Iz
, 0, 0

]T
,

h =
[
0 0 1 0
0 0 0 1

]
.

Then, the incremental discrete model is obtained as
follows:

1ξ (k + 1) = Ad ·1ξ (k)+ Bd ·1u (k)

ζ (k) = h ·1ξ (k)+ ζ (k − 1) . (25)

3) PREDICTION EQUATION
On the basis of (25), the predicted output at time k can be
expressed as

ζ (k + 1|k) = Sξ ·1ξ (k)+ I · ζ (k)+ Su1U(k), (26)

where

Sξ =


hAd
...
P∑
i=1

hAi
d


P×1

, I =

 Inζ
...

Inζ


P×1

,
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Su =


hBd
...

0
...

0
...

P∑
i=1

hAi−1
d Bd · · ·

P+M−1∑
i=1

hAi−1
d Bd


P×M

.

C. LTV-MPC DESIGN
1) TIRE STATE STIFFNESS PREDICTION
Emergency scenarios may necessitate vehicle maneuvers up
to their handling limits to avoid collisions [22]. In this con-
dition, the tire force linearization method in LTI-MPC will
produce a large error in the prediction horizon. As shown
in Fig. 5, at time k , LTI-MPC linearizes the tire force at αk ,
and as the prediction horizon rolls forward, the tire force error
increasingly becomes larger. For example, at αk+n, the tire
force Fk+ny,LTI seriously deviates from the actual value of Fk+ny .

Therefore, this study proposes a tire state stiffness predic-
tion method to predict and linearize the tire force in the pre-
diction horizon and solve the above problems. The expected
effect is shown in Fig. 6.

FIGURE 5. Tire force of LTI-MPC in the prediction horizon.

FIGURE 6. Tire force of LTV-MPC in the prediction horizon.

If the reference yaw angle and lateral position are known,
then the expression for the tire force can be derived from (1)
as follows:

γ̇ = κµ,γ̇ ϕ̈ref

ÿ = κµ,ÿ
Ÿref cosϕref − Ẏref sinϕref + ẋ

cos2ϕref

Fy,fpre = κµ,F ·
mÿlr + Izγ̇ + mẋγ lr(

lf + lr
)

Fy,rpre = κµ,F ·
mÿlf − Izγ̇ + mẋγ lf(

lf + lr
) , (27)

where Fy,fpre and Fy,fpre are the predicted tire force at the front
and rear axles, respectively; ϕref represents the reference yaw
angle; Yref refers to the reference lateral position; and κµ,γ̇ ,
κµ,ÿ, and κµ,F are adjustment factors that compensate for the
influence of the friction coefficient. The values of κµ,γ̇ and
κµ,ÿ are the current friction coefficient and the values of κµ,F
range from 0.5 to 0.8.

To avoid the tire force exceeding the adhesion limit, the tire
force is constrained as follows:∣∣Fy,ipre ∣∣ ≤ µFz,i, (28)

where subscript i = f , r refer to the front and rear axles.
Then the predicted tire slip angle can be obtained by the

inverse tire model:

αipre = f −1tire

(
Fy,ipre

)
, (29)

which is calculated offline and designed as a look-up table.
Since the tire model is non-monotonic, the inverse tire model
is represented by a piecewise function. As shown in Fig. 6,
the tire model is divided into two parts, with the tire slip angle
αk+ni as the boundary.
The predicted state stiffness can be obtained through the

state stiffness look-up table. At time k , the future state stiff-
ness can be expressed as

Ck+n
ipre = fC

(
Y k+nref , ϕ

k+n
ref

)
, (30)

where n = 1, 2,P; fC (·) represents (27)-(29)
Correspondingly, the increment of state stiffness can be

expressed as

1Ck+n
ipre = Ck+n

ipre − C
k+n−1
ipre . (31)

Finally, the state stiffness for linearization in the prediction
horizon is as follows:

Ck+n
i = Ck+n

iLp +

n∑
i=1

1Ck+n
ipre , (32)

where Ck+n
iLp is the state stiffness from the look-up table based

on the current tire slip angle and vertical load estimated
by (14) and (15).
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2) PREDICTION MODEL
Substituting (32) into (22) yields a linearized expression of
the lateral force of the tire in the prediction horizon as follows:

Fk+ny,i = Ck+n
i · αk+ni . (33)

Next, the prediction model of LTV-MPC can be obtained
by substituting (33) into (1) as follows:

1ξ (k + 1) = Adv ·1ξ (k)+ Bdv ·1u (k)

ζ (k) = h ·1ξ (k)+ ζ (k − 1) , (34)

where Adv and Bdv are time-varying in the prediction
horizon.

The predicted output of LTV-MPC can be obtained as:

ζ (k + 1|k) = Sξv ·1ξ (k)+ I · ζ (k)+ Suv1U(k), (35)

where,

Sξv =


hAk

dv
hAk

dv + hAk
dvA

k+1
dv

...

hAk
dv + · · · +

(
hAk

dvA
k+1
dv · · · hA

k
dvA

k+P
dv

)

P×1

,

Suv = [Suv1 ,Suv2, · · · ,SuvM ] ,

Suv1 =


hBkdv

hBkdv + hAk
dvB

k
dv

...

hBkdv + · · · +
(
hAk

dv · · ·A
k+P−1
dv Bkdv

)

P×1

,

Suv2 =


0

hBk+1dv
...

hBk+1dv + · · · +
(
hAk+1

dv · · ·A
k+P−2
dv Bk+1dv

)

P×1

,

SuvM =


0
0
...

hBk+Mdv +· · ·+
(
hAk+1

dv · · ·A
k+P−M
dv Bk+Mdv

)

P×1

.

D. COST FUNCTION DESIGN AND OPTIMIZATION
PROBLEM SOLVING
The control objectives of this study are to 1) track the refer-
ence lateral position and yaw angle and 2) keep the steering
input smooth. Therefore, the cost function is designed based
on a weighted combination of the error of lateral position and
yaw angle, and control input rate:

J =
∥∥0ζ (ζ (k + 1)− R (k + 1))

∥∥2 + ‖0u1U (k)‖2

=

P∑
n=1

[(
ϕ (k + n|k)− ϕref (k + n)

)2
· τϕ

]
+

P∑
n=1

[(
Y (k + n|k)− Yref (k + n)

)2
· τy

]

+

M∑
n=1

[(
1δf (k + n− 1)2

)
· τu

]
, (36)

where 0ζ = diag
([
τϕ, τy

]T)
P×P

, 0u = diag(τu)M×M ; τy,
τϕ , and τu are the weighting factors for tracking the lateral
position, yaw angle, and rate of control input, respectively.

To avoid saturation of the mechanical system, the steering
angle and steering range rate should be constrained:

−δf max ≤ δf ≤ δf max

−1δf max ≤ 1δf ≤ 1δf max. (37)

The MPC based optimization problem for path tracking
control can be defined as follows:

min
1U (k)

J (ζ (k + 1) ,1U (k) ,P,M)

s.t. 1ξ (k + 1) = Adv ·1ξ (k)+ Bdv ·1u (k)

ζ (k) = h ·1ξ (k)+ ζ (k − 1)

δf min ≤ δf (k + n) ≤ δf max

1δf min ≤ 1δf (k + n) ≤ 1δf max

n = 0, 1 · · ·M . (38)

For NMPC, the nonlinear optimization problem is solved
by the ‘‘Fmincon’’ function provided by the MATLAB opti-
mization toolbox, and the sequence quadratic program algo-
rithm is selected.
For LTI-MPC and LTV-MPC, the above constrained opti-

mization problems are transformed into quadratic program-
ming (QP):

min
x

xTHx− gT x

C̃x < b̃, (39)

where x = 1U(k), H is the Hessian matrix, g is the gradient
vector, and C̃ and b̃ are the constraint matrices, defined as
follows:

H = 2
(
STu0

T
ζ 0ζSu + 0u0u

)
g = −2STu0

T
ζ 0ζEP

EP = R (k + 1)− Sξ1x (k)− I · ζ (k)

C̃ = [IT ,−IT ,LT ,−LT ]T

L =

 Inu
...

0
...

0
...

Inu · · · Inu


M×M

b̃ =


1U(k)max
−1U(k)min

Umax (k)− u (k − 1)× ones (M , 1)
u (k − 1)× ones (M , 1)− Umin (k)


4M×1

In this study, the interior point method is used to solve the
aforementioned QP problem.
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FIGURE 7. Comparison of tire force between UniTire model and CarSim.

IV. SIMULATION RESULTS
The simulation experiments are based on MATLAB and
the CarSim co-simulation environment. The section includes
three parts: the first validates the tire model, the second
validates the prediction method of state stiffness, and the
third verifies the effectiveness of the proposed LTV-MPC
path tracking controller through the lane change and double
lane change tests.

A. TIRE MODEL VERIFICATION
For nonlinear MPC, the precision of tire model directly
affects its control effect. For LTI-MPC and LTV-MPC,
the precision of tire model affects the accuracy of lineariza-
tion and the final control effect. Therefore, we match the tire
model with CarSim.

Fig. 7 shows the tire force simulation results output by the
UniTire model and CarSim with sine maneuver. The speed is
80 km/h, and the friction coefficient is 0.3.

The tire force of CarSim in Fig. (a)-(b) basically remains
unchanged or slightly decreases at the crest and trough, while
the tire force in Fig. (c)-(d) shows a significant decrease at the
crest and trough. This finding indicates that the tire force is
saturated under this condition. Fig. (a)-(d) reveals that even
at this limit condition, the tire force of the UniTire model
is almost the same as that of CarSim. This similarity means
the established tire model is accurate enough to guarantee the
accuracy of the tire model’s linearization.

B. VERIFICATION OF STATE STIFFNESS PREDICTION
The comparison between actual and predicted values of state
stiffness in the lane change maneuver is given in Fig. 8 to
prove the feasibility and effectiveness of the proposed state
stiffness prediction method. The speed is 80 km/h, and the
friction coefficient is 0.3.

FIGURE 8. Comparison of tire state stiffness.

Fig. 8(a) shows that the predicted value of the state stiffness
of the front tire is slightly offset from the actual value at
the peak around 4.5 s and 5.5 s, and the maximum devi-
ation of 8929.05 N/rad occurs at 4.65 s. At other times,
the predicted value of it is basically the same as the actual
value. As can be seen in Fig. 8(b), the change in the state
stiffness of the rear tire is similar to the front tire, and the state
stiffness reach the peak at about 4.8 s and 5.2 s. Themaximum
deviation between the predicted value and the actual value is
3629.21 N/rad occurring at 4.79 s.
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TABLE 4. Parameters of simulation vehicle and controller.

FIGURE 9. Scenario of lane change to avoid collision.

Remark 1: The actual value of state stiffness is obtained
by inputting the tire slip angle and vertical load calculated in
real time by (14) and (15) into the state stiffness look-up table.
The predicted value of state stiffness is obtained by (32).
Remark 2:Only the curve of first value of the state stiffness

prediction sequence is drawn in the figure.

C. PATH TRACKING TEST
To verify the proposed method, the line change and dou-
ble line change path tracking tests have performed in this
section. The performance was compared and analyzed with
the LTI-MPC and NMPC tracking controller to evaluate the
effectiveness and feasibility of the proposed LTV-MPC track-
ing controller. It should be noted that the reference path for
line change is designed based on sigmoid function [6], and
the reference path for double line change test is derived from
the built-in driver model of CarSim. Table 4 gives the main
parameters of the simulation vehicle and controller.

1) LANE CHANGE TEST
In the test, the vehicle performs a lane change maneuver on
a road with a friction coefficient of 0.3 at a speed of 80 km/h
to avoid collision. The collision avoidance scenario is shown
in Fig. 9.

Fig. 10 shows the trajectory of the vehicle. The capability
of LTI-MPC, LTV-MPC and NMPC to control the vehicle to
track the reference lateral position is exhibited. The lateral
position of LTI-MPC- and LTV-MPC-controlled vehicles is

FIGURE 10. Vehicle trajectory.

FIGURE 11. Yaw angle.

FIGURE 12. Front steering angle.

only slightly different from that of the NMPC-controlled
vehicle from 80 m to 100 m. However, Fig. 11 shows that
the yaw angle of the LTI-MPC-controlled vehicle fluctuates
significantly when the vehicle is driving around 100 m. Over-
all, the path tracking effect of LTV-MPC is basically the same
as that of NMPC, and they are better than that of LTI-MPC.
Remark 3:The phenomenon of phase advance in the results

of lateral position and yaw angle is caused by the long predic-
tion horizon. However, if the length of the prediction horizon
is reduced, the controller will not be able to complete the
tracking control.

Fig. 12 shows the front steering angle calculated by LTI-
MPC, LTV-MPC, and NMPC controllers. Results show that
the front steering angle calculated byNMPC is the smoothest,
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FIGURE 13. Vehicle sideslip angle.

and its maximum and minimum values are 2.0◦ and −1.9◦,
respectively. The maximum and minimum values of the front
steering angle calculated by LTI-MPC reached 2.2◦ and
−2.7◦ at 4.4 s and 5.6 s, respectively. Furthermore, a very
serious jitter from 5 s to 7 s is also observed. The front
steering angle calculated by LTV-MPC fluctuated slightly
from 5 s to 7 s, with the maximum and minimum values
of 2.2◦ and −1.8◦, respectively. Due to the influence of the
front angle, the vehicle sideslip angle has a similar response.
Fig. 13 shows that the maximum and minimum values of
the sideslip angles of LTI-MPC- and LTV-MPC-controlled
vehicles are 0.73◦, −0.57◦, and 0.73◦, −0.59◦, respectively,
which are approximately three times the sideslip angle of the
NMPC-controlled vehicle. Fig. 13 presents that the stability
of vehicle controlled by NMPC is the best, that controlled by
LTI-MPC is the worst, and that controlled by LTV-MPC is
between the two.

Fig. 14 shows the computation time for the LTI-MPC, LTV-
MPC, and NMPC controllers. LTI-MPC consumes the least
computation time, NMPC consumes the most computation
time, and LTV-MPC saves about half of the computation
time relative to NMPC. Results show that LTV-MPC has evi-
dent advantages over NMPC in computing speed, but further
improvements are still needed compared with LTI-MPC.

2) DOUBLE LANE CHANGE TEST
The vehicle performs a double lane change maneuver on a
road with a friction coefficient of 0.5 at a speed of 110 km/h
to further verify the control effect of the proposed controller.
The collision avoidance scenario is shown in Fig. 15.
Figs. 16 and 17 illustrate that LTI-MPC-controlled vehicles

lose tracking at the limit condition. The loss of control occurs
when the vehicle travels to about 150 m. The reason can
be found in Fig. 18. From 4 s to 5 s, the front steering
angle calculated by LTI-MPC fluctuates violently, and then
the front steering angle rapidly increases and reaches the
limit 10◦. The front steering angle calculated by LTV-MPC
also shows some fluctuations but remains to ensure proper
tracking of the lateral position and yaw angle of the vehicle.
Even the tracking effect of yaw angle of LTV-MPC from 90m
to 120 m is better than that of NMPC.

FIGURE 14. Computation time.

FIGURE 15. Scenario of double lane change to avoid collision.

FIGURE 16. Vehicle trajectory.

Fig. 19 shows that the sideslip angle of the vehicle con-
trolled by LTI-MPC becomes very large due to the loss of
control of the vehicle. And the sideslip angle of the vehicle
controlled by NMPC reaches 2.35◦ at 3.5 s, which is larger
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FIGURE 17. Yaw angle.

FIGURE 18. Front steering angle.

FIGURE 19. Vehicle sideslip angle.

than that of the other two. This phenomenon is caused by
the increase in the front steering angle at around 3.5 s. The
change of the sideslip angle of LTV-MPC controlled vehicle
is the smallest, which indicates that the vehicle controlled by
LTV-MPC has best stability.

The computation time shown in Fig. 20 has similar char-
acteristics to the previous test result.

LTV-MPC can improve the control performance of the path
tracking controller under limit conditions due to the precise
linearization of the tire force. The control performance and
calculation speed are improved compared with LTI-MPC
and NMPC, respectively, and the desired control effect is
achieved.

FIGURE 20. Computation time.

V. CONCLUSION
This study proposes a new LTV model predictive path track-
ing controller that considers the nonlinear trend of tire force
in the prediction horizon. A state stiffness prediction method
is designed to predict and linearize the tire model in the pre-
diction horizon. Collision avoidance path tracking tests are
carried out at different speeds on the wet road. Results show
that the proposed path tracking controller can effectively
improve vehicle path tracking ability and stability under the
limit condition.

In this study, we find that improvements to vehicle’s path
tracking ability under the limit condition of only by steering
are still limited. Therefore, in the next research, the path
tracking performance and stability of the vehicle under the
limit condition will be further improved by combining differ-
ential braking. The calculation speed of LTV-MPC needs to
be further improved as well.
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