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ABSTRACT This paper investigates the application of non-orthogonal multiple access (NOMA) in a
coordinated direct and relay transmission (CDRT) system,where the base station (BS) directly communicates
with the near (i.e., cell-centric) user, while it requires the help of a dedicated full duplex (FD) relay to
communicate with the far (i.e., cell-edge) user. For the considered NOMA-FD-CDRT system, we derive
closed-form expressions for the outage probabilities and ergodic rates experienced by the downlink users,
under the realistic assumptions of imperfect channel state information (I-CSI) and imperfect successive
interference cancellation (I-SIC). Expressions for system outage probability and ergodic sum rate are also
presented. The links are assumed to experience independent, non-identically distributed Nakagami-m fading.
The analysis of outage probabilities are carried out for both integer and non-integer values of the fading
severity index. Extensive simulation results are described to validate the accuracy of analytical results, and
to illustrate the performance gain of the considered system, as compared to NOMA-HD-CDRT system
and the orthogonal multiple access (OMA) based CDRT system. Our results show that, both channel
estimation error variance and I-SIC factor have significant impact on the performance of the considered
NOMA-FD/HD-CDRT system. Further, to ensure fairness in terms of outage, we numerically determine
the power allocation coefficient at the BS that provides equal outage performance for both the near and
the far users in the presence of I-CSI and I-SIC. Furthermore, we derive closed-form expression for the
optimal power allocation (OPA) coefficient at the BS that minimizes the system outage probability of the
NOMA-FD/HD-CDRT network under I-CSI. With the help of numerical and simulation investigations,
we establish that the proposed OPA significantly reduces the system outage probability, as compared to
random (i.e., non-optimal) power allocation at the BS.

INDEX TERMS Channel state information, coordinated direct relay transmission, full/half duplex, non
orthogonal multiple access, successive interference cancellation.

I. INTRODUCTION
Recently non-orthogonal multiple access (NOMA) technique
has been proposed for improving the efficiency of chan-
nel access in the fifth generation (5G) wireless networks.
In power domain NOMA, multiple users can coexist and
share the same time-frequency resource block by employ-
ing power domain multiplexing [1], [2], i.e., the transmitter
will use superposition coding for combining multiple user’s
information signals with distinct power levels; the receiver
will use successive interference cancellation (SIC) to decode
the message. To enhance the reliability of weak or cell-edge
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users, cooperative NOMA has been proposed, where either
strong users (i.e., users experiencing better channel condi-
tions) or dedicated nodes are configured to act as cooperative
relays [3].

In NOMA based coordinated direct and relay transmis-
sion (CDRT) system, the base station (BS) directly commu-
nicates with the near (i.e., cell-centric) user while it requires
the help of a dedicated relay to communicate with the far
(i.e., cell-edge) user [4]. Since the BS can transmit the
messages intended for the two downlink users in the same
time-frequency resource, the spectral efficiency of the result-
ing NOMA-CDRT system is higher than the conventional
orthogonal multiple access (OMA) based CDRT system.
Further, in NOMA-CDRT system, the relay node can be
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operated in two distinct modes: (i) half duplex (HD) or (ii) full
duplex (FD). When the relay node operates in HD mode, two
distinct time slots (i.e., orthogonal resources) are needed to
complete the transmission of message from the BS to the far
user via the relay node. In the first time slot, the BS will
send the NOMA signal carrying messages for both the near
as well as the far user. According to the NOMA principle,
the near user will first decode the intendedmessage for the far
user and then will apply SIC to decode its own message [3].
Meanwhile, the relay will decode the message corresponding
to the far user and will forward the re-encoded message to
the far user in the second time slot. Finally, the far user will
decode the message at the end of the second time slot.

Operating the relay node in the FDmode enables it to carry
out simultaneous reception and transmission [5]. Thus, when
the NOMA signal is transmitted by the BS, the relay node
implements reception and re-transmission of the re-encoded
message in the same time slot. Accordingly, the transmission
of the message to the far user can be completed within
the duration of one time slot itself (i.e., assuming that the
processing delay at the FD relay is negligible). Thus, use of
FD relaying further improves the spectral efficiency of the
NOMA-CDRT system. However, the resulting NOMA-FD-
CDRT system suffers from strong self-interference (SI) at
the relay node, which is induced from the relay’s transmitter
to its receiver section [5]. Even though, the effect of SI
can be mitigated by sophisticated interference suppression
techniques, the relay node will still be affected by the residual
self-interference (RSI), which proportionally grows with the
transmit power used at the relay [6]. The focus of the current
work is on performance analysis of NOMA-FD/HD-CDRT
systems.

A. LITERATURE SURVEY
The performance of HD based cooperative NOMA (i.e.,
C-NOMA) system has been extensively studied in the litera-
ture (e.g., [7]–[11] and references therein). The performance
of HD based NOMA-CDRT (i.e., NOMA-HD-CDRT) sys-
tem has also been studied in the literature [4], [12]–[14].
In [4], the authors have analyzed the outage and ergodic
sum rate performance of downlink NOMA-HD-CDRT sys-
tem. In [12], the authors have considered uplink NOMA
in HD-CDRT system, where the ergodic sum capacity has
been analyzed under both perfect and imperfect SIC. In [13],
the authors have analyzed the outage and ergodic rate per-
formance of the near and the far user in NOMA-HD-CDRT
system, where an energy harvesting (EH) relay has been
employed to assist the BS for delivering message to the
far user. The authors of [14] have considered NOMA in
HD-CDRT system with two cell-centric users (CCUs) and
a cell-edge user (CEU), which is assisted by a relay. How-
ever, operating the relay in HD mode leads to spectral effi-
ciency degradation owing to the requirement for orthogonal
resources to carry out reception and transmission at the relay
node in C-NOMA system. The current work aims to address
this research gap by focusing on the performance analysis of

NOMA-FD-CDRT system. Use of in-band FD relaying can
improve the spectral efficiency of the CDRT system; however
the presence of RSI in FD system reduces the effective signal-
to-interference plus noise ratio (SINR) and consequently,
there exists a trade-off between the gain in spectral efficiency
and performance degradation due to RSI. Accordingly, there
is a need to revisit the performance evaluation of NOMA-FD-
CDRT system in realistic fading channels.

Recently, NOMA-FD-CDRT system has been considered
in [15], where the authors have analyzed the outage and
ergodic rate performance assuming perfect channel state
information (P-CSI); however due to the existence of the
channel estimation errors, such an assumption is too idealistic
and does not provide clear insight on the performance of
practical networks [16]. The impact of imperfect CSI (I-CSI)
on conventional NOMA system has been extensively ana-
lyzed, (e.g., [17]–[20] and references therein). The results
have shown that I-CSI leads to significant degradation of the
performance of NOMA systems. From the detailed literature
survey, it has been observed that the analysis of NOMA-FD-
CDRT system under the influence of I-CSI has not appeared
in the literature so far.

In this paper, we consider a downlink NOMA-FD-CDRT
system where user 1 (U1) is the near user and user 2 (U2)
is the far user. While the BS has direct communication link
to U1, a dedicated FD based relay (R) is used to deliver
messages toU2. According to the NOMAprotocol, the strong
(near) user has to first decode the symbol intended for the
weak (far) user; then use SIC to cancel the signal corre-
sponding to the far user from the received signal, before
decoding its own symbol. Now SIC is said to be perfect
if the near user has perfect estimate of the symbols corre-
sponding to the far user, which leads to perfect cancella-
tion of the corresponding interference term at the near user.
In the presence of imperfect channel estimates, ideal SIC
condition cannot be ensured [21]. Thus, we need to consider
the residual interference generated at the near user due to
imperfect SIC (I-SIC). Accordingly, in this paper, we inves-
tigate the impact of I-CSI and I-SIC on the performance
of NOMA-FD/HD-CDRT system. Specifically, we focus on
the minimummean square error (MMSE) channel estimation
error model reported in [22].We derive analytical expressions
for the outage probabilities experienced by both the near as
well as the far users in NOMA-FD/HD-CDRT system under
I-CSI and I-SIC. We obtain expression for the system outage
probability as well as ergodic sum rate in the presence of
I-CSI and I-SIC. Further, we investigate the optimal power
allocation (OPA) coefficient at the BS that minimizes the
system outage in the presence of I-CSI. To the best of our
knowledge, this is the first paper that considers the impact of
I-CSI and I-SIC together, on the outage and ergodic rate per-
formance of NOMA-FD/HD-CDRT system, in the presence
of RSI.

The performance of FD based C-NOMA system has been
investigated extensively in the literature [15], [23]–[33].
In [15], the authors have analyzed the outage and ergodic rate
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performance of FDC-NOMAsystem assuming P-CSI/P-SIC.
The outage probability, ergodic rate and energy efficiency
of FD C-NOMA system has been investigated in [23] under
P-CSI/P-SIC. In [24], the authors have analyzed the out-
age probabilities and ergodic rates of the users in an EH
based FD C-NOMA system, assuming P-CSI/P-SIC. In [25],
the authors have analyzed the outage and the ergodic sum
rate performance of FD C-NOMA system. The OPA factor
at the BS to minimize the system outage has been inves-
tigated under P-CSI/P-SIC. The outage and ergodic sum
rate of NOMA-FD-CDRT system has been analyzed in [26],
in Nakagami fading channels under P-CSI/P-SIC. To simplify
the analysis, the RSI at the relay node has been modeled
as a Gaussian random variable in [26]. Apart from these
papers, the performance analysis of FD C-NOMA systems
reported in research works [27]–[30] have assumed P-CSI/P-
SIC conditions.

The outage performance of FD C-NOMA system has been
analyzed in [31] as well, considering Nakagami fading chan-
nels under I-SIC; however evaluation of ergodic rates and
the ergodic sum rate have been ignored. In [32], the outage
and the ergodic sum rate of FD C-NOMA system has been
analyzed under I-SIC and I-Q imbalance, in Rayleigh fading
channels, ignoring channel estimation errors. The outage per-
formance of FD C-NOMA system has been analyzed in [33]
as well under I-SIC; however evaluation of ergodic rates and
ergodic sum rate have been ignored. Notice that, none of
the above papers consider the impact of I-CSI and I-SIC
jointly. Further, the evaluation of system outage probability
and the investigation of OPA at the BS to minimize the
system outage under I-CSI have been ignored in these papers.
Recently, the authors of [34] have investigated the joint
effects of residual hardware impairments, channel estimation
errors and I-SIC on the outage and ergodic rate performance
of EH based C-NOMA system, assuming Nakagami fading
channels. The impacts of residual hardware impairments and
channel estimation errors on the outage performance of EH
based C-NOMA system has been investigated in [35], assum-
ing Weibull fading channels. However, the works in [34],
[35] consider HD relaying, which leads to spectral efficiency
degradation. In [35], the authors have considered P-SIC in
their analysis, while the evaluation of the ergodic rate has
been ignored. Moreover, the authors of [34], [35] do not
consider the evaluation of the system outage probability of
the network and the investigation of OPA that minimizes the
system outage probability.

B. MAJOR CONTRIBUTIONS
The major contributions of the paper can be stated as
follows:

• We consider NOMA-FD/HD-CDRT system under the
realistic assumptions of I-CSI and I-SIC. We consider
the channel corresponding to the RSI link at the relay in
NOMA-FD-CDRT system to experience Nakagami-m
fading.

• We derive closed-form expressions for the outage prob-
abilities experienced by the users and system outage
probability in NOMA-FD/HD-CDRT system in the
presence of I-CSI and I-SIC, assuming Nakagami-m
fading. Approximate closed-form expressions for the
ergodic rates of the users are also derived under the
influence of I-CSI and I-SIC. We provide expressions
for the outage probabilities considering the fact that
the fading severity index m can take both integer and
non-integer values.

• Extensive evaluations of the impact of I-CSI and I-SIC
on the outage and ergodic rate performance of the users
are presented. Furthermore, results for the system outage
probability and ergodic sum rate are also presented. The
performance gain of the considered NOMA-FD-CDRT
system has been compared against that of NOMA-
HD-CDRT system and the conventional OMA based
CDRT system. Analytical results are corroborated by
Monte-Carlo based extensive simulation studies.

• It is observed that default selection of NOMA power
allocation coefficient at the BS leads to higher outage
probability for the near user as compared to the far users.
To ensure fairness in terms of outage, we numerically
determine the NOMA power allocation coefficient that
provides equal outage performance for both the near
and the far users in the presence of I-CSI and I-SIC.
Analytical expression for the OPA coefficient at the
BS that minimizes the system outage probability of
NOMA-FD/HD-CDRT network in the presence of I-CSI
has been obtained. We evaluate the percentage reduc-
tion in system outage probability under the proposed
OPA as compared to the random power allocation at the
BS. With the help of numerical and simulation investi-
gations, we establish that the system outage improves
significantly under the proposed OPA strategy.

The rest of the paper is organized as follows. Section II
describes the system model while the derivation of outage
probabilities is presented in section III. Section IV describes
analytical models for ergodic rates considering I-CSI and
I-SIC. Section V considers system outage probability mini-
mization under I-CSI. The results are described in section VI,
while section VII describes conclusions.

II. SYSTEM MODEL
We consider a downlink cooperative NOMA-FD-CDRT sys-
tem as shown in FIGURE 1, where U1 is the near user
and U2 is the far user. The BS has direct communication
link to U1, while due to heavy shadowing, the direct link
between BS and U2 is absent. Accordingly, the BS employs
a dedicated decode-and-forward (DF), full duplex (FD) relay
(R) to deliver the messages to U2. Notice that the message
delivery forU1 happens directly from the BS without the help
of the relay node. This model can be applied to a general
relay assisted transmission scenario and the related investiga-
tions can provide the theoretical foundation for the design of
NOMA assisted cooperative networks for future diversified
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FIGURE 1. Full duplex based NOMA-CDRT system.

applications. Let {hij, i ∈ (s, r), j ∈ (r, 1, 2)} represent
the fading coefficients corresponding to the links between
nodes i and j, which are assumed to experience independent,
non-identically distributed (i.n.i.d) Nakagami-m fading with
shape parameter mij and mean power E[|hij|2] = πij. The
assumption of Nakagami-m fading model for all the links
in the network makes the analysis more general. This is
because, Nakagami fading can represent variety of realistic
fading scenarios, which include both Rayleigh as well as
Rician fading. Under I-CSI, hij = ĥij + εij [22], where
ĥij denotes the estimated channel coefficient; the probability
density function (PDF) of |ĥij| is assumed as Nakagami-m
with shape parameter |m̂ij| and E[|ĥij|2] = π̂ij. Further, εij is
the estimation error, which is assumed as complex Gaussian,
i.e., εij ∼ CN (0, σ 2

ij ) [22]. Assuming that |ĥij|2 and |εij|2 are
statistically independent, E[|ĥij|2] = E[|hij|2]−E[|εij|2]. Let
E[|hij|2] = πij = (dij/d0)−n so that E[|ĥij|2] = (dij/d0)−n −
σ 2
ij where n is the path loss exponent; dij is the distance of the

link connecting nodes i and j; and d0 is the reference distance.
Notice that |ĥij|2 have Gamma PDF with shape parameter

m̂ij and scale parameter β̂ij = π̂ij/m̂ij. The PDF of |ĥij| is
given by [36]:

f
|ĥij|

(x) =
(
m̂ij
π̂ij

)m̂ij (2x)m̂ij−1
0(m̂ij)

e
−
m̂ij
π̂ij
x2

(1)

where 0(.) is the gamma function. The PDF of |ĥij|2 is given
by [36]:

f
|ĥij|2

(y) = (β̂ij)−m̂ij
ym̂ij−1

0(m̂ij)
e
−

y
β̂ij (2)

The cumulative distribution function (CDF) of |ĥij|2 is
given by

F
|ĥij|2

(y) =
γ (m̂ij,

y
β̂ij
)

0(m̂ij)

=



1− e−y/β̂ij
∑m̂ij−1

k=0

(y/β̂ij)k

k!
,

positive integer m̂ij

e
−

y
β̂ij
∑∞

n=0

1
0(m̂ij + n+ 1)

( y
β̂ij

)(m̂ij+n),
real m̂ij > 1

2

(3)

where γ (a, b) is the incomplete gamma function. Further,
frequency flat block fading has been assumed throughout,
and all the nodes in the network experience additive white
Gaussian noise of equal variance σ 2.

A. SINR CALCULATIONS IN NOMA-FD-CDRT
SYSTEM UNDER I-CSI AND I-SIC
The BS applies superposition coding to generate the power
domain NOMA signal x(t), which is given by

x(t) =
√
Psa1x1(t)+

√
Psa2x2(t) (4)

where Ps is the total transmit power of the BS; x1(t) and x2(t)
are the signals for U1 and U2 respectively with E[|x1(t)|2] =
E[|x2(t)|2] = 1. Here a1 and a2 are the power allocation
coefficients such that a1 + a2 = 1 and a1 < a2. Thus at the
BS, U2 is allocated higher power as compared to U1. Higher
power allocation for the weak user, i.e., U2 is according to
the conventional NOMA principle [3], [4]. When the BS
transmits x(t), both R and U1 will receive the signal in the
same time slot. Since R operates in FD mode, it will imple-
ment simultaneous reception and transmission, i.e., from the
received signal, R decodes the symbol x2 and forwards it
to U2, after re encoding, in the same time slot. Finally, U2
decodes x2 from the received signal. Meanwhile, the near
user U1 will implement SIC to decode x1 in the same time
slot. Assuming that the processing delay at R, U1 and U2 are
negligible, successful delivery of symbols x1 and x2 can be
ensured within the duration of the considered time slot itself.

However since R operates in FD mode, it suffers from
strong SI, which is the loop back interference induced from
its transmitter to the receiver. Since directional antennas
can considerably reduce the SI [37], we assume that R
employs two directional antennas for implementing simul-
taneous transmission and reception (STR), while all other
nodes in FIGURE 1 use single antenna each. Several other
techniques have been proposed for mitigating the SI effects
in FD systems [38]–[40]. Inspite of all these developments,
researchers have reported that FD nodes suffer from RSI,
which is directly proportional to the transmit power used at
the FD relay nodes [5], [6]. Further, several experimental
studies have reported that the RSI channel can be modeled
as a fading channel [40]. Experimental results in [40], [41]
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have reported that the RSI channel can be modeled as either
Rician or Rayleigh. As a generalization, we assume the RSI
fading channel coefficient |hrr | to follow Nakagami-m fading
with parameters mrr and mean RSI power E[|hrr |2] = k2πrr ,
where k2 (0 ≤ k2 ≤ 1) denotes the level of SI cancellation,
i.e., k2 = 0 implies that RSI is absent in the system.
The received signal at R is given by

yr (t) = (ĥsr + εsr )(
√
Psa1x1(t)+

√
Psa2x2(t))

+

√
Prhrrx2(t − τ )+ nr (t) (5)

In (5), the term
√
Prhrrx2(t−τ ) is the RSI, which is indepen-

dent of the received signal from BS; Pr is the transmit power
of R; τ is the processing delay at R and nr (t) is the AWGN
component at R, i.e., nr (t) ∼ CN (0, σ 2). When R attempts to
decode x2, the SINR over the BS-R link is given by

0FDr2 =
|ĥsr |2Psa2

|ĥsr |2Psa1 + σ 2
srPs + |hrr |2Pr + σ 2

=
|ĥsr |2ρsa2

|ĥsr |2ρsa1 + |hrr |2ρr + σ 2
srρs + 1

=
|ĥsr |2ρsa2

|ĥsr |2ρsa1 + |hrr |2ρr + δ1
(6)

where δ1 = σ 2
srρs + 1, ρs = Ps/σ 2 and ρr = Pr/σ 2. After

decoding x2, R forwards its re-encoded version to U2 with
power Pr . The received signal at U2 is

y2(t) = (ĥr2 + εr2)
√
Prx2(t)+ n2(t) (7)

where n2(t) is the AWGN atU2. The SINR atU2 correspond-
ing to the decoding of x2 is

0FD22 =
|ĥr2|2ρr
σ 2
r2ρr + 1

=
|ĥr2|2ρr
δ2

(8)

where δ2 = σ 2
r2ρr + 1. Meanwhile, the received signal at U1

is given by

y1(t) = (ĥs1 + εs1)[
√
Psa1x1(t)+

√
Psa2x2(t)]

+

√
Pr (ĥr1 + εr1)x2(t − τ )+ n1(t) (9)

Notice that y1(t) includes the received signal from BS and
the interference generated at U1 due to the transmission of
the symbol x2 from R to U2. From the received signal, U1
decodes x2 first and then apply SIC to decode x1. The SINR
corresponding to the decoding of x2 at U1 is given by

0FD12 =
|ĥs1|2ρsa2

|ĥs1|2ρsa1+|ĥr1|2ρr+σ 2
s1ρs(a1 + a2)+ σ

2
r1ρr + 1

=
|ĥs1|2ρsa2

|ĥs1|2ρsa1 + |ĥr1|2ρr + σ 2
s1ρs + σ

2
r1ρr + 1

=
|ĥs1|2ρsa2

|ĥs1|2ρsa1 + |ĥr1|2ρr + δ3
(10)

where δ3 = σ 2
s1ρs + σ

2
r1ρr + 1 and E[|ĥr1|2] = k1πr1 with

0 ≤ k1 ≤ 1. When k1 = 0, the residual interference at U1
due to transmission by U2 becomes zero. With 0 < k1 ≤ 0,

the interference is non-zero. Notice that U1 can successfully
decode x2 if and only if 0FD12 > uFD2 where uFD2 is the target
SINR corresponding to the decoding of symbol x2.

After decoding x2, U1 will try to decode x1 using SIC.
In this case, x2 must be subtracted from y1(t) before the
decoding of x1 is carried out. If x2 is decoded successfully,
it can be completely subtracted from the received signal,
i.e., SIC will be perfect. Otherwise decoding of x1 will be
carried out in the presence of residual interference due to
I-SIC. Thus SINR corresponding to the decoding of x1 at U1
in the presence of I-CSI and I-SIC is given by

0FD11

=
|ĥs1|2ρsa1

σ 2
s1ρsa1+|ĥs1|

2βρsa2+|ĥr1|2ρr+σ 2
s1βρsa2+σ

2
r1ρr+1

=
|ĥs1|2ρsa1

|ĥs1|2βρsa2+|ĥr1|2ρr+σ 2
s1ρs(a1+βa2)+σ

2
r1ρr+1

=
|ĥs1|2ρsa1

βa2ρs|ĥs1|2+|ĥr1|2ρr+δ4
(11)

where δ4 = σ 2
s1ρs(a1 + βa2)+ σ

2
r1ρr + 1 and β is the factor

representing the residual interference arising due to I-SIC,
where 0 ≤ β ≤ 1; i.e., β = 0 means P-SIC and 0 < β ≤ 1
implies I-SIC.

B. SINR CALCULATIONS IN NOMA-HD-CDRT SYSTEM
UNDER I-CSI AND I-SIC
In NOMA-HD-CDRT system, during time slot 1, the BS
transmits the NOMA signal. From the received signal, R
decodes the symbol x2 by treating the signal component
corresponding to x1, as interference. The SINR at R corre-
sponding to the decoding of x2, 0HDr2 can be written similar
to (6), with the exception that the RSI component is absent.
Thus 0HDr2 is given by

0HDr2 =
|ĥsr |2ρsa2
|ĥsr |2ρsa1+δ1

(12)

In the second time slot, R forwards the re-encoded version of
x2 to U2, where the decoding of x2 happens. The SINR at U2
corresponding to the decoding of x2 is similar to (8) and is
given by

0HD22 =
|ĥr2|2ρr
δ2

(13)

Meanwhile, U1 receives the NOMA signal in the first time
slot itself. Since BS allocates higher power for x2, the signal
component corresponding to x2 in the received signal at U1
has higher power. Thus U1 decodes the far user’s symbol
x2 firstly and then use SIC to decode its own symbol x1.
Notice that, since R operates in HD mode, transmission from
R happens in the second time slot only. However, decoding of
symbols x2 and x1 at U1 happens in the first time slot itself.
Thus, unlike the FD case, the decoding of symbols atU1 is not
affected by R’s transmission to U2. Accordingly, the SINR
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corresponding to the decoding of x2 and x1 at U1 in the
NOMA-HD-CDRT system (i.e., 0HD12 and 0HD11 respectively)
can be written similar to (10) and (11) respectively, with the
exception that the term |ĥr1|2ρr is absent in these expressions.
The corresponding equations are given by

0HD12 =
|ĥs1|2ρsa2
|ĥs1|2ρsa1 + δ3

(14)

0HD11 =
|ĥs1|2ρsa1

βa2ρs|ĥs1|2 + δ4
(15)

III. ANALYSIS OF OUTAGE PROBABILITY
UNDER I-CSI AND I-SIC
In this section, we describe analytical models to find the
outage probabilities experienced by U1 and U2 as well as
the system outage probability under I-CSI and I-SIC. Let
r1 and r2 be the target rates (expressed in bits per channel
use, bpcu) for the successful decoding of symbols x1 and x2
respectively. Further, let uFD1 = 2r1 − 1 and uFD2 = 2r2 − 1 be
the corresponding target SINR values.

A. OUTAGE PROBABILITY EXPERIENCED BY U1 IN
NOMA-FD/HD-CDRT NETWORK
As described earlier, U1 has to decode the symbol x2 first
and then x1 by using SIC. Thus the probability that U1 will
experience outage in NOMA-FD-CDRT network is given by

PFDout,1 = 1− Pr {0FD12 ≥ u
FD
2 , 0FD11 ≥ u

FD
1 } (16)

Case (i): Positive integer values of m̂ij
Proposition 1(a): When uFD2 < a2

a1
, uFD1 < a1

βa2
,

β1 > β2, α2 > α1 and k1 6= 0, the outage probabil-
ity of U1 under the effect of I-CSI and I-SIC is given by
(17), as shown at the bottom of this page, where α1 =

uFD2 ρr

ρs(a2−uFD2 a1)
, β1 =

uFD2 δ3

ρs(a2−uFD2 a1)
, α2 =

uFD1 ρr

ρs(a1−βuFD1 a2)
,

β2 =
uFD1 δ4

ρs(a1−βuFD1 a2)
and kCj = k!

j!(k−j)! . Further, γ (., .) and
0(., .) are the lower and upper incomplete gamma functions
respectively.
Remark 1(a): When uFD2 < a2

a1
, uFD1 < a1

βa2
and k1 = 0,

the outage probability of U1 under the effect of I-CSI and
I-SIC is given by

PFDout,1 = 1− e
−

1
φFDρsβ̂s1

m̂s1−1∑
j=0

1
j!

(
1

φFDρsβ̂s1

)j
(18)

where φFD = min
{
a2−uFD2 a1
uFD2 δ3

,
a1−βa2 uFD1

uFD1 δ4

}
. Further, when

uFD2 ≥
a2
a1

or when uFD1 ≥
a1
βa2

, PFDout,1 becomes unity.
Case (ii): Positive non-integer values of m̂ij
Proposition 1(b): When uFD2 < a2

a1
, uFD1 < a1

βa2
, β1 >

β2, α2 > α1 and k1 6= 0, the outage probability of U1
under the effect of I-CSI and I-SIC for positive non-integer
values of m̂ij is given by (19), as shown at the bottom of this
page.
Remark 1(b): When uFD2 < a2

a1
, uFD1 < a1

βa2
and k1 = 0,

the outage probability of U1 under the effect of I-CSI and

PFDout,1 = 1−
[[
e
−
β1
β̂s1

m̂s1−1∑
k=0

1
k!

(
α1

β̂s1

)k (k1β̂r1)−m̂r1
0(m̂r1)

k∑
j=0

kCj

(
β1

α1

)k−j(
α1

β̂s1
+

1

k1β̂r1

)−j−m̂r1

×γ

(
j+ m̂r1,

(
α1

β̂s1
+

1

k1β̂r1

)(
β1 − β2

α2 − α1

))]
+

[
e
−
β2
β̂s1

m̂s1−1∑
l=0

1
l!

(
α2

β̂s1

)l (k1β̂r1)−m̂r1
0(m̂r1)

×

l∑
i=0

lCi

(
β2

α2

)l−i(
α2

β̂s1
+

1

k1β̂r1

)−i−m̂r1
0

(
i+ m̂r1,

(
α2

β̂s1
+

1

k1β̂r1

)(
β1 − β2

α2 − α1

))]]
(17)

PFDout,1 = 1−
[[γ (m̂r1, ( 1

k1β̂r1
)(β1−β2
α2−α1

))

0(m̂r1)
−

(k1 ˆβr1)−m̂r1

0(m̂r1)

∞∑
g=0

1
0(m̂s1 + g+ 1)

(
1

β̂s1

)m̂s1+g

×e
−
β1
β̂s1

∞∑
k=0

m̂s1+gCk

(
β1

α1

)k
α
m̂s1+g
1

γ

(
m̂s1 + m̂r1 + g− k,

(
α1
β̂s1
+

1
k1β̂r1

)(β1−β2
α2−α1

))
(
α1
β̂s1
+

1
k1β̂r1

)m̂s1+m̂r1+g−k
]

+

[0(m̂r1, ( 1
k1β̂r1

)(β1−β2
α2−α1

))

0(m̂r1)
−

(k1 ˆβr1)−m̂r1

0(m̂r1)

∞∑
i=0

1
0(m̂s1 + i+ 1)

(
1

β̂s1

)m̂s1+i
e
−
β1
β̂s1

×

∞∑
l=0

m̂s1+iCl

(
β1

α1

)l
α
m̂s1+i
1

0

(
m̂s1 + m̂r1 + i− l,

(
α1
β̂s1
+

1
k1β̂r1

)(β1−β2
α2−α1

))
(
α1
β̂s1
+

1
k1β̂r1

)m̂s1+m̂r1+i−l
]]

(19)
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I-SIC with non-integer values of m̂ij is given by

PFDout,1 = e
−

1
φFDρs ˆβs1

[ ∞∑
g=0

1
0(m̂s1 + g+ 1)

×

(
1

φFDρsβ̂s1

)m̂s1+g]
(20)

Proof: Refer Appendix A.
Corollary 1: To find the outage of U1 in the equivalent

NOMA-HD-CDRT system (PHDout,1), we consider the target
SINRs for the decoding of x1 and x2 as uHD1 = 22r1 − 1
and uHD2 = 22r2 − 1. However, as described in section II,
successful decoding of symbols at U1 is not influenced by
the RSI present at R and the residual interference caused by
|ĥr1|2. Thus PHDout,1 can be written similar to PFDout,1 given in
(18), with necessary modifications:

For positive integer values of m̂ij, PHDout,1 is given by

PHDout,1 = 1− e
−

1
φHDρsβ̂s1

m̂s1−1∑
j=0

1
j!

(
1

φHDρsβ̂s1

)j
(21)

For positive non-integer values of m̂ij, PHDout,1 is given by

PHDout,1=e
−

1
φHDρs ˆβs1

[ ∞∑
g=0

1
0(m̂s1+g+1)

(
1

φHDρsβ̂s1

)m̂s1+g]
(22)

where φHD = min
{
a2−uHD2 a1
uHD2 δ3

,
a1−βa2 uHD1

uHD1 δ4

}
; uHD2 < a2

a1
;

uHD1 < a1
βa2

.

B. OUTAGE PROBABILITY EXPERIENCED BY U2 IN
NOMA-FD/HD-CDRT NETWORK
To ensure reliable delivery of symbol x2 at U2, it must be
decoded successfully at R and U2. Thus the outage prob-
ability experienced by U2 in NOMA-FD-CDRT system is
calculated as follows:

PFDout,2 = 1− Pr {0FDr2 ≥ u
FD
2 ;0

FD
22 ≥ u

FD
2 } (23)

Case (i): Positive integer values of m̂ij
Proposition 2(a):When uFD2 < a2

a1
, the outage probability

of U2 is given by

PFDout,2 = 1−
[
e
−

δ1
ρsψFDβ̂sr

(k2βrr )−mrr

0(mrr )

m̂sr−1∑
j=0

1
j!

×

(
ρr

ρsψFDβ̂sr

)j j∑
l=0

jCl

(
δ1

ρr

)j−l
(l + mrr − 1)!

×

(
ρr

ρsψFDβ̂sr
+

1
k2βrr

)−l−mrr
× e
−
uFD2 δ2
ρr ˆβr2

m̂r2−1∑
i=0

1
i!

(
uFD2 δ2

ρr ˆβr2

)i]
(24)

where ψFD
=

a2−uFD2 a1
uFD2

. Further, PFDout,2 becomes unity when

uFD2 ≥
a2
a1
.

Case (ii): Positive non-integer values of m̂ij
Proposition 2(b):When uFD2 < a2

a1
, the outage probability

of U2 with positive non-integer values of m̂ij is given by

PFDout,2

= 1−
[(

1−
(k2β̂rr )−m̂rr

0(m̂rr )

∞∑
h=0

1
0(m̂sr + h+ 1)

×

(
1

ρsψFDβ̂sr

)m̂sr+h
e
−

δ1
ρsψFDβ̂sr (ρr )m̂sr+h

×

∞∑
k=0

m̂sr+hCk

(
δ1

ρr

)k
0(m̂sr + m̂rr + h− k)(
ρr

ρsψFDβ̂sr
+

1
k2β̂rr

)m̂sr+m̂rr+h−k
)

×

(
1− e

−
uFD2 δ2
ρr ˆβr2

∞∑
g=0

1
0(m̂r2 + g+ 1)

(
uFD2 δ2

ρr ˆβr2

)m̂r2+g)]
(25)

Proof: Refer Appendix B.
Corollary 2: The outage of U2 in NOMA-HD-CDRT

system (PHDout,2) can be determined starting from (23) and
by following the steps outlined in Appendix B. How-
ever, for the HD case, 0HDr2 is given by (12) and 0HD22 is
given by (13). Thus the final expression for PHDout,2 can be
obtained.

For positive integer values of m̂ij PHDout,2 is given by

PHDout,2 = 1−
[
e
−

δ1
ρsψHDβ̂sr

m̂sr−1∑
j=0

1
j!

(
δ1

ρsψHDβ̂sr

)j

×e
−
uHD2 δ2
ρr β̂r2

m̂r2−1∑
l=0

1
l!

(
uHD2 δ2

ρr ˆβr2

)l]
(26)

For positive non-integer values of m̂ij, PHDout,2 is given by

PHDout,2 = 1−
[(

1− e
−

δ1
ψHDρs ˆβsr

∞∑
g=0

1
0(m̂sr + g+ 1)

×

(
δ1

ψHDρsβ̂sr

)m̂sr+g)
×

(
1− e

−
uHD2 δ2
ρr ˆβr2

×

∞∑
h=0

1
0(m̂r2 + h+ 1)

(
uHD2 δ2

ρr ˆβr2

)m̂r2+h)]
(27)

where ψHD
=

a2−uHD2 a1
uHD2

and uHD2 < a2
a1
.

C. SYSTEM OUTAGE PROBABILITY OF
NOMA-FD/HD-CDRT NETWORK
Define the system outage probability of the FD-CDRT net-
work as the probability of the event that either any one of the
user or both the users suffer outage, i.e.,

PFDout,sys = 1− Pr {0FD12 ≥ u
FD
2 , 0FD11 ≥ u

FD
1 , 0FDr2 ≥ u

FD
2 ,

0FD22 ≥ u
FD
2 } (28)
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Case (i): Positive integer values of m̂ij
Proposition 3(a): When uFD2 < a2

a1
, uFD1 < a1

βa2
, β1 > β2,

α2 > α1 and k1 6= 0, the closed-form expression for PFDout,sys
under I-CSI/I-SIC is given by (29), as shown at the bottom of
this page.
Remark 2(a): When uFD2 < a2

a1
, uFD1 < a1

βa2
and k1 = 0,

the closed-form expression for PFDout,sys under I-CSI/I-SIC is
given by:

PFDout,sys

= 1−
[
e
−

1
φFDρsβ̂s1

m̂s1−1∑
j=0

1
j!
×

(
1

φFDρsβ̂s1

)j
×e
−

δ1
ρsψFDβ̂sr

(k2βrr )−mrr

0(mrr )

m̂sr−1∑
k=0

(
ρr

ρsψFDβ̂sr

)k k∑
l=0

kCl

×

(
δ1

ρr

)k−l
(l + mrr − 1)!

(
ρr

ρsψFDβ̂sr
+

1
k2βrr

)−l−mrr
×e
−
uFD2 δ2
ρr ˆβr2

m̂r2−1∑
i=0

1
i!

(
uFD2 δ2

ρr ˆβr2

)i]
(30)

where φFD = min
{
a2−uFD2 a1
uFD2 δ3

,
a1−βa2 uFD1

uFD1 δ4

}
and ψFD

=

a2−uFD2 a1
uFD2

. Further, if either uFD2 ≥
a2
a1

or uFD1 ≥
a1
βa2

, PFDout,sys
becomes unity.
Case (ii): Positive non-integer values of m̂ij
Proposition 3(b): When uFD2 < a2

a1
, uFD1 < a1

βa2
, β1 > β2,

α2 > α1 and k1 6= 0, the closed-form expression for PFDout,sys
under I-CSI/I-SIC with positive non-integer values of m̂ij is
given by (31), as shown at the bottom of the next page.
Remark 2(b): When uFD2 < a2

a1
, uFD1 < a1

βa2
and k1 = 0,

the closed-form expression for PFDout,sys under I-CSI/I-SIC
with positive non-integer values of m̂ij is given by

PFDout,sys

= 1−
[(

1− e
−

1
φFDρs ˆβs1

∞∑
h=0

1
0(m̂s1 + h+ 1)

×

(
1

φFDρsβ̂s1

)m̂s1+h)(
1−

(k2β̂rr )−m̂rr

0(m̂rr )

×

∞∑
g=0

1
0(m̂sr + g+ 1)

(
1

ρsψFDβ̂sr

)m̂sr+g
×e
−

δ1
ρsψFDβ̂sr (ρr )m̂sr+g

∞∑
k=0

m̂sr+gCk

(
δ1

ρr

)k
×

0(m̂sr + m̂rr + g− k)(
ρr

ρsψFDβ̂sr
+

1
k2β̂rr

)m̂sr+m̂rr+g−k
)

×

(
1− e

−
uFD2 δ2
ρr ˆβr2

∞∑
i=0

1
0(m̂r2 + i+ 1)

(
uFD2 δ2

ρr ˆβr2

)m̂r2+i)]
(32)

Proof: Refer Appendix C.
Corollary 3:With HD relaying,0HDr2 is given by (12);0HD22 ,

0HD12 and 0HD11 are given by (13), (14) and (15) respectively.
Thus system outage of NOMA-HD-CDRT (PHDout,sys) can be
determined by following the steps outlined in Appendix C
and for positive integer values of m̂ij, PHDout,sys is given by

PHDout,sys = 1−
[
e
−

1
φHDρsβ̂s1

m̂s1−1∑
j=0

1
j!

(
1

φHDρsβ̂s1

)j
×e
−

δ1
ρsψHDβ̂sr

m̂sr−1∑
k=0

1
k!

(
δ1

ρsψHDβ̂sr

)k
×e
−
uHD2 δ2
ρr β̂r2

m̂r2−1∑
i=0

1
i!

(
uHD2 δ2

ρr ˆβr2

)i]
(33)

For positive non-integer values of m̂ij, PHDout,sys is given by
the following equation:

PHDout,sys

= 1−
[(

1− e
−

1
φHDρs ˆβs1

∞∑
g=0

1
0(m̂s1 + g+ 1)

×

(
1

φHDρsβ̂s1

)m̂s1+g)(
1− e

−
δ1

ψHDρs ˆβsr

×

∞∑
h=0

1
0(m̂sr + h+ 1)

(
δ1

ψHDρsβ̂sr

)m̂sr+h)

×

(
1−e

−
uHD2 δ2
ρr ˆβr2

∞∑
i=0

1
0(m̂r2+i+1)

(
uHD2 δ2

ρr ˆβr2

)m̂r2+i)]
(34)

PFDout,sys = 1−
[[[

e
−
β1
β̂s1

m̂s1−1∑
k=0

1
k!

(
α1

β̂s1

)k (k1β̂r1)−m̂r1
0(m̂r1)

k∑
j=0

kCj

(
β1

α1

)k−j(
α1

β̂s1
+

1

k1β̂r1

)−j−m̂r1

×γ

(
j+ m̂r1,

(
α1

β̂s1
+

1

k1β̂r1

)(
β1 − β2

α2 − α1

))]
+

[
e
−
β2
β̂s1

m̂s1−1∑
l=0

1
l!

(
α2

β̂s1

)l (k1β̂r1)−m̂r1
0(m̂r1)

l∑
p=0

lCp

(
β2

α2

)l−p

×

(
α2

β̂s1
+

1

k1β̂r1

)−p−m̂r1
0

(
p+ m̂r1,

(
α2

β̂s1
+

1

k1β̂r1

)(
β1 − β2

α2 − α1

))]]
e
−

δ1
ρsψFDβ̂sr

(k2βrr )−mrr

0(mrr )

m̂sr−1∑
x=0

(
ρr

ρsψFDβ̂sr

)x

×

x∑
y=0

xCy

(
δ1

ρr

)x−y
(y+ mrr − 1)!

(
ρr

ρsψFDβ̂sr
+

1
k2βrr

)−y−mrr
e
−
uFD2 δ2
ρr ˆβr2

m̂r2−1∑
i=0

1
i!

(
uFD2 δ2

ρr ˆβr2

)i]
(29)
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where φHD = min
{
a2−uHD2 a1
uHD2 δ3

,
a1−βa2 uHD1

uHD1 δ4

}
, ψHD

=

a2−uHD2 a1
uHD2

, uHD2 < a2
a1

and uHD1 < a1
βa2

.

IV. ANALYSIS OF ERGODIC RATE
Here we present analytical models to evaluate ergodic rates
over the BS-U1 and BS-U2 links.

A. ERGODIC RATE OF U1
IN NOMA-FD/HD-CDRT NETWORK
The ergodic rate achieved by U1 in NOMA-FD-CDRT net-
work (E[RFD1 ]) is determined as follows:

E[RFD1 ] = E[log2(1+ 0FD11 )]

=

∫
∞

0
log2(1+ x)f0FD11 (x)dx

=
1
ln2

∫
∞

0

1− F0FD11 (x)

1+ x
dx (35)

where f0FD11 (x) and F0FD11 (x) respectively are the PDF and CDF

of 0FD11 .
Proposition 4:When k1 6= 0, an approximate closed-form

expression for E[RFD1 ] in the presence of I-CSI/I-SIC
obtained by using Gaussian-Chebyshev quadrature is given
by:

E[RFD1 ] ∼=
π

Nln2
(k1β̂r1)−m̂r1

0(m̂r1)

m̂s1−1∑
k=0

1
k!

k∑
i=0

kCi

(
δ4

ρr

)k−i
× (i+ m̂r1 − 1)!

N∑
n=1

anpn
bn

e−cn (36)

where

an =
(

(φn + 1)ρr
a2βρs(1− φn)β̂s1

)k√
(1− φ2n ),

bn = 2 a2β + a1(φn + 1),

cn =
(

(φn + 1)δ4
a2βρs(1− φn)β̂s1

)
,

pn =
(

(φn + 1)ρr
a2βρs(1− φn)β̂s1

+
1

k1β̂r1

)−k−m̂r1
,

φn = cos
( (2n− 1)π

2N

)
and N is the complexity-accuracy trade-off parameter.
Remark 3: When k1 = 0, an approximate closed-form

expression for E[RFD1 ] in the presence of I-CSI/I-SIC
obtained by using Gaussian-Chebyshev quadrature is given
by:

E[RFD1 ] ∼=
π

Nln2

m̂s1−1∑
j=0

1
j!

N∑
n=1

on
bn
e−cn (37)

where on =
(

(φn+1)δ4
a2βρs(1−φn) ˆβs1

)k√
(1− φ2n ). Further bn, cn, φn

and N are defined as above.
Proof: Refer Appendix D.

Corollary 4:With HD relaying, 0HD11 is given by (15). Thus
ergodic rate of U1 in NOMA-HD-CDRT system (E[RHD1 ])
under I-CSI/I-SIC is given by:

E[RHD1 ] ∼=
π

N (2ln2)

m̂s1−1∑
j=0

1
j!

N∑
n=1

on
bn
e−cn (38)

B. ERGODIC RATE OF U2 IN NOMA-FD/HD-CDRT
NETWORK
The ergodic rate of U2 (E[RHD1 ]) in NOMA-FD/HD-CDRT
system is determined as follows:

E[RFD2 ] = E[log2(1+ min{0FD12 , 0
FD
r2 , 0

FD
22 })]

= E[log2(1+ Y )]

=
1
ln2

∫
∞

0

1− FY (y)
1+ y

dy (39)

where FY (y) is the CDF of Y = min{0FD12 , 0
FD
r2 , 0

FD
22 }.

PFDout,sys = 1−
[[[(γ (m̂r1, ( 1

k1β̂r1
)(β1−β2
α2−α1

))

0(m̂r1)
−

(k1 ˆβr1)−m̂r1

0(m̂r1)

∞∑
g=0

1
0(m̂s1 + g+ 1)

(
1

β̂s1

)m̂s1+g
e
−
β1
β̂s1

×

∞∑
k=0

m̂s1+gCk

(
β1

α1

)k
α
m̂s1+g
1

γ

(
m̂s1 + m̂r1 + g− k,

(
α1
β̂s1
+

1
k1β̂r1

)(β1−β2
α2−α1

))
(
α1
β̂s1
+

1
k1β̂r1

)m̂s1+m̂r1+g−k
)]

+

[(0(m̂r1, ( 1
k1β̂r1

)(β1−β2
α2−α1

))

0(m̂r1)
−

(k1 ˆβr1)−m̂r1

0(m̂r1)

∞∑
h=0

1
0(m̂s1 + h+ 1)

(
1

β̂s1

)m̂s1+h
e
−
β1
β̂s1

×

∞∑
m=0

m̂s1+hCm

(
β1

α1

)m
α
m̂s1+h
1

0

(
m̂s1 + m̂r1 + h− m,

(
α1
β̂s1
+

1
k1β̂r1

)(β1−β2
α2−α1

))
(
α1
β̂s1
+

1
k1β̂r1

)m̂s1+m̂r1+h−m
)]]

×

[(
1−

(k2β̂rr )−m̂rr

0(m̂rr )

∞∑
i=0

1
0(m̂sr + i+ 1)

(
1

ρsψFDβ̂sr

)m̂sr+i
e
−

δ1
ρsψFDβ̂sr (ρr )m̂sr+i

∞∑
n=0

m̂sr+iCn

(
δ1

ρr

)n
×

0(m̂sr + m̂rr + i− n)(
ρr

ρsψFDβ̂sr
+

1
k2β̂rr

)m̂sr+m̂rr+i−n
)
×

(
1− e

−
uFD2 δ2
ρr ˆβr2

∞∑
l=0

1
0(m̂r2 + l + 1)

(
uFD2 δ2

ρr ˆβr2

)m̂r2+l)]]
(31)

VOLUME 7, 2019 179969



V. Aswathi, A. V. Babu: FD/HD Cooperative NOMA Under I-SIC and Channel State Estimation Errors

Proposition 5: With k1 6= 0, an approximate
closed-form expression for E[RFD2 ] obtained by using
Gaussian-Chebyshev quadrature is given by

E[RFD2 ] ∼=
(k2βrr )−mrr

0(mrr )
(k1β̂r1)−m̂r1

0(m̂r1)

m̂s1−1∑
j=0

1
j!

j∑
i=0

jCi

×

(
δ4

ρr

)j−i
(i+ m̂r1 − 1)!

m̂sr−1∑
l=0

1
l!

(
1
ρr

)l

×

l∑
k=0

lCk

(
δ1

ρr

)l−k
(mrr + k − 1)!

m̂r2−1∑
q=0

1
q!

π

Nln2

×

N∑
n=1

dnenfngnqn
rn

e−sne−tne−vn (40)

where

dn = (
a2(φn + 1)ρr

a2(1− φn)ρsβ̂s1
)j
√
1− φ2n ,

en = (
a2(φn + 1)ρr
a2(1− φn)ρsβ̂sr

)l,

fn =
(
ρra2(1+ φn)

a2(1− φn)ρsβ̂sr
+

1
k2βrr

)−mrr−k
,

gn = (
δ2 a2(φn + 1)

2 a1ρr β̂r2
)q,

qn =
(
ρra2(1+ φn)

a2(1− φn)ρsβ̂s1
+

1

k1β̂r1

)−m̂r1−j
,

sn = (
a2(φn + 1)ρr
a2(1− φn)ρsβ̂sr

), tn = (
a2(φn + 1)δ3

a2(1− φn)ρsβ̂s1
),

vn =
δ2 a2(φn + 1)

2 a1ρr β̂r2
, rn =

2 a1 + a2(φn + 1)
2 a1

,

φn = cos
( (2n− 1)π

2N

)
and N is the complexity accuracy trade-off parameter.
Remark 4: With k1 = 0, an approximate closed-form

expression for E[RFD2 ] obtained by using Gaussian-
Chebyshev quadrature is given by

E[RFD2 ] ∼=
(k2βrr )−mrr

0(mrr )

m̂s1−1∑
j=0

1
j!

m̂sr−1∑
l=0

1
l!

(
1
ρr

)l l∑
k=0

lCk

×

(
δ1

ρr

)l−k
(mrr + k − 1)!

m̂r2−1∑
q=0

1
q!

×
π

Nln2

N∑
n=1

wnenfngn
rn

e−sne−tne−vn (41)

where wn = ( a2(φn+1)δ3
a2(1−φn)ρs ˆβs1

)j
√
1− φ2n . Further, en, fn, gn, rn,

sn, tn, vn, φn and N are defined as above.
Proof: Refer Appendix E.

Corollary 5: Following the procedure detailed in
Appendix E, ergodic rate of U2 in NOMA-HD-CDRT can

be determined by utilizing the expressions for 0HD12 , 0HDr2 and
0HD22 given by (14), (12) and (13) respectively. Thus E[RHD2 ]
can be approximated as follows:

E[RHD2 ] ∼=
m̂sr−1∑
l=0

1
l!

m̂r2−1∑
q=0

1
q!

π

N (2ln2)

N∑
n=1

engn
rn

e−sne−vn (42)

V. SYSTEM OUTAGE PROBABILITY
MINIMIZATION UNDER I-CSI
In this section, our aim is to find the optimal power alloca-
tion (OPA) factor aFD/HD1,opt that minimizes the system outage
probability in the considered network. For the analysis of
OPA, we ignore the interference generated atU1 by R’s trans-
mission to U2 (i.e., we set k1 = 0). Thus the minimization
problem can be defined as follows:

min
a1

PFD/HDout,sys

s.t. a1 + a2 = 1 (43)

where PFDout,sys and P
HD
out,sys are given by (30) and (33) respec-

tively.
Proposition 6: The OPA coefficient aFD1,opt that minimizes

PFDout,sys of NOMA-FD-CDRT network under I-CSI is given
by

aFD1,opt =
−B−

√
B2 − 4AC
2A

(44)

where A = −uFD1 σ 2
s1ρs − uFD1 σ 2

s1ρsu
FD
2 , B = uFD1 σ 2

s1ρs −

uFD1 − u
FD
1 uFD2 − u

FD
2 δ3 and C = uFD1 .

Proof: From (30), PFDout,sys , 1− (A0 × B0 × C0) where
A0, B0 and C0 are given as:

A0 = e
−

1
φFDρsβ̂s1

m̂s1−1∑
j=0

1
j!

(
1

φFDρsβ̂s1

)j
(45a)

B0 = e
−

δ1
ρsψFDβ̂sr

(k2βrr )−mrr

0(mrr )

m̂sr−1∑
k=0

(
ρr

ρsψFDβ̂sr

)k

×

k∑
l=0

kCl

(
δ1

ρr

)k−l
(l + mrr − 1)!

×

(
ρr

ρsψFDβ̂sr
+

1
k2βrr

)−l−mrr
(45b)

C0 = e
−
uFD2 δ2
ρr ˆβr2

m̂r2−1∑
i=0

1
i!

(
uFD2 δ2

ρr ˆβr2

)i
(45c)

In (45b), ψFD
=

a2−uFD2 a1
uFD2

> 0 which implies a2 >

a1uFD2 . Since a2 = 1 − a1, this implies a1 < 1
1+uFD2

.

Now consider A0, where φFD = min
{
a2−uFD2 a1
uFD2 δ3

,
a1−βa2 uFD1

uFD1 δ4

}
.

Let us assume β = 0 (i.e., P-SIC) which implies φFD =

min
{
a2−uFD2 a1
uFD2 δ3

, a1
uFD1 δ4

}
. This gives rise to two distinct cases

as given below:
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Case(i):
a2−uFD2 a1
uFD2 δ3

< a1
uFD1 δ4

while a1 < 1
1+uFD2

. Since

a2 = 1− a1, this implies that a1 < 1

1+uFD2 +
uFD2 δ3
uFD1 δ4

where δ3 =

σ 2
s1ρs + 1 and δ4 = σ 2

s1ρsa1 + 1. Substituting for δ4, the fol-

lowing condition can be imposed on a1, i.e.,
−B−
√
B2−4AC
2A <

a1 < 1
1+uFD2

, where A = −uFD1 σ 2
s1ρs − uFD1 σ 2

s1ρsu
FD
2 , B =

uFD1 σ 2
s1ρs − u

FD
1 − u

FD
1 uFD2 − u

FD
2 δ3 and C = uFD1 . Thus we

write PFDout,sys as P
FD
out,sys(a1) = 1 − [A0(a1) × B0(a1) × C0]

where A0(a1) and B0(a1) are given by

A0(a1)

= e
−

uFD2 δ3
(1−a1−u

FD
2 a1)ρsβ̂s1

m̂s1−1∑
j=0

1
j!
×

(
uFD2 δ3

(1− a1 − uFD2 a1)ρsβ̂s1

)j
(46a)

B0(a1)

= e
−

δ1u
FD
2

ρs(1−a1−a1u
FD
2 )β̂sr

(k2βrr )−mrr

0(mrr )

×

m̂sr−1∑
j=0

(
ρruFD2

ρs(1− a1 − a1uFD2 )β̂sr

)j j∑
l=0

jCl

(
δ1

ρr

)j−l
×(l + mrr − 1)!

(
ρruFD2

ρs(1− a1 − a1uFD2 )β̂sr
+

1
k2βrr

)−l−mrr
(46b)

Notice that A0(a1) and B0(a1) are obtained as above by

substituting φFD =
1−a1−uFD2 a1

uFD2 δ3
and ψFD

=
1−a1−a1uFD2

uFD2
in (45a) and (45b) respectively. The first order derivative of
[PFDout,sys(a1)] with respect to a1 is given by

[PFDout,sys(a1)]
′
= −C0([A0(a1)]′B0(a1)+ A0(a1)[B0(a1)]′)

(47)

where [A0(a1)]′ and [B0(a1)]′ are the first derivative of A0(a1)
and B0(a1) respectively. Now [A0(a1)]′ = x(a1) + y(a1)
where x(a1) and y(a1) are given by

x(a1) = −

uFD2 δ3

ρsβ̂s1
(1+ uFD2 )e

uFD2 δ3
ρsβ̂s1

(uFD2 a1+a1−1)

(−uFD2 a1 − a1 + 1)2

×

m̂s1−1∑
j=0

1
j!

(
uFD2 δ3

(1− a1 − uFD2 a1)ρsβ̂s1

)j
(48a)

y(a1) = e
−

uFD2 δ3
(1−a1−u

FD
2 a1)ρsβ̂s1

m̂s1−1∑
j=0

1
j!

×

−uFD2 δ3

ρsβ̂s1
(−uFD2 − 1)j

(
uFD2 δ3

ρsβ̂s1(−uFD2 a1−a1+1)

)j−1
(−uFD2 a1 − a1 + 1)2

(48b)

Similarly, [B0(a1)]′ = f (a1) + g(a1) + h(a1) where f (a1),
g(a1) and h(a1) are given by equations (49a), (49b) and (49c)

With the help of numerical investigations, it is observed
that [PFDout,sys(a1)]

′ > 0 for the range of a1 considered.
Thus we conclude that PFDout,sys is a monotonically increasing

function of a1 in the interval −B−
√
B2−4AC
2A < a1 < 1

1+uFD2
.

Case(ii): a1
uFD1 δ4

<
a2−uFD2 a1
uFD2 δ3

. Since a2 = 1 − a1 and

δ4 = σ
2
s1ρsa1+1, the above implies 0 < a1 <

−B−
√
B2−4AC
2A .

In this case, let PFDout,sys = 1 − [A1(a1) × B0(a1) × C0]
where B0(a1) is given by (46b) while A1(a1) is obtained by
substituting φFD = a1

uFD1 (σ 2s1ρsa1+1)
in the expression for A0

given by (45a), as:

A1(a1)=e
−
uFD1 (σ2s1ρsa1+1)

ρsβ̂s1a1

m̂s1−1∑
j=0

1
j!

(
uFD1 (σ 2

s1ρsa1 + 1)

ρsβ̂s1a1

)j
(50)

The first order derivative of PFDout,sys can be computed as
[PFDout,sys(a1)]

′
= −C0([A1(a1)]′B0(a1) + A1(a1)[B0(a1)]′)

where [B0(a1)]′ has been determined under case (i) above,
which is obtained by combining (49a)-(49c), as shown at the
bottom of the next page. Now [A1(a1)]′ can be written as
A1[(a1)]′ = u(a1) + v(a1) where u(a1) and v(a1) are given
by

u(a1) =
uFD1 e

−
uFD1 (σ2s1ρsa1+1)

ρsβ̂s1a1

ρsβ̂s1a21

m̂s1−1∑
j=0

1
j!
×

(
uFD1 (σ 2

s1ρsa1 + 1)

ρsβ̂s1a1

)j
(51a)

v(a1) = e
−
uFD1 (σ2s1ρsa1+1)

ρsβ̂s1a1

m̂s1−1∑
j=0

1
j!
×

−uFD1 j
(
uFD1 (σ 2s1ρsa1+1)

ρsβ̂s1a1

)j−1
ρsβ̂s1a21

(51b)
Through numerical investigations, we observe that
[PFDout,sys(a1)]

′ < 0 for the range of a1 considered. Thus
PFDout,sys is a decreasing function of a1 for 0 < a1 <

−B−
√
B2−4AC
2A . Accordingly, PFDout,sys is a monotonically

decreasing function of a1 for 0 < a1 <
−B−
√
B2−4AC
2A and

monotonically increasing function of a1 for
−B−
√
B2−4AC
2A <

a1 < 1
1+uFD2

. Hence the OPA coefficient aFD1,opt that minimizes

the system outage is obtained as aFD1,opt =
−B−
√
B2−4AC
2A .

Proposition 6 is thus proved.
Corollary 6: As a continuation of proposition 6, the OPA

coefficient aHD1,opt that minimizes the system outage of
NOMA-HD-CDRT network under the influence of I-CSI
can also be determined. For this, we write PHDout,sys
given by (33) as PHDout,sys = 1 − (P0 × Q0 × R0),

where P0 = e
−

1
φHDρsβ̂s1

∑m̂s1−1
j=0

1
j!

(
1

φHDρsβ̂s1

)j
, Q0 =

e
−

δ1
ρsψHD ˆβsr

∑m̂sr−1
k=0

1
k!

(
δ1

ρsψHD ˆβsr

)k
and R0 = e

−
uHD2 δ2
ρr ˆβr2 ×∑m̂r2−1

i=0
1
i!

(
uHD2 δ2

ρr ˆβr2

)i
. Adopting the procedure outlined above,
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aHD1,opt can be obtained as:

aHD1,opt =
−E −

√
E2 − 4DF
2D

(52)

where D = −uHD1 σ 2
s1ρs − uHD1 σ 2

s1ρsu
HD
2 , E = uHD1 σ 2

s1ρs −

uHD1 − u
HD
1 uHD2 − u

HD
2 δ3 and F = uHD1 .

VI. NUMERICAL AND SIMULATION RESULTS
Here we describe the results of our investigations. The ana-
lytical results are validated by Monte-Carlo simulations con-
sidering a set of 105 channel realizations. We consider a
2-D topology for the network with (xi; yi) representing the
coordinates of node i. Unless specified otherwise, we assume
BS, R, U2 and U1 to be placed at (0,0); (0.25,0); (0.5,0); and
(0.25,1) respectively, so that the distances between the nodes
are: ds1 = 1.03d0, dsr = 0.5d0, dr2 = 0.5d0, where d0 (i.e.,
reference distance) = 1 km. Further, we set r1 = 0.3 bpcu,
r2 = 0.3 bpcu, a1 = 0.3, m̂ij = 2, σ 2

s1 = σ 2
sr = σ 2

r2 =

σ 2
e = 0.001, β = 0.3, n = 3 and we set ρr = ρs = ρ.

In the figures ‘Sim’ represents the result of Monte-Carlo
simulations, while ‘Ana’ represents the results obtained from
the analytical model.

A. EVALUATION OF OUTAGE PROBABILITIES
OF U1 AND U2
FIGURE 2 compares the outage experienced by U1 and
U2 (in NOMA-FD-CDRT network) under I-CSI/I-SIC
and P-CSI/P-SIC. Notice that, here we assume residual

interference from R to U1 to be zero (i.e., k1 = 0). Results
show that Pout of U1 and U2 become significantly higher
under I-CSI/I-SIC.When transmit power (ρ) becomes higher,
U2 suffers outage floor under both P-CSI/P-SIC as well
as I-CSI/I-SIC. For larger ρ, the mean RSI power (πrr )
increases, which leads to outage floor for U2. Successful
decoding of x1 at U1 is not affected by RSI; thus under P-
CSI/P-SIC,U1 does not experience outage floor in the high ρ
region. However, U1 suffers outage floor under I-CSI/I-SIC,
since larger ρ increases the residual interference generated
by I-SIC at U1. For the entire range of ρ considered in FIG-
URE 2,PFDout,1 > PFDout,2, since the power allocation coefficient
at BS (a1) has been chosen arbitrarily, i.e., symbol x2 has
been allocated higher power at BS. The Pout of U1 and U2
under OMA are also shown in FIGURE 2. Under OMA,
BS transmits x1 to U1 in time slot #1, which is decoded in
the same time slot. In time slot #2, BS transmits x2 and the
DF relay (R) simultaneously forwards x2 to U2. Since OMA
requires two time slots, the achievable rate gets halved. For
outage comparison, both OMA and NOMA have to achieve
the same target rates; thus the threshold SINR is higher for
OMA, which makes the Pout ofU1 andU2 to be higher under
OMA, as compared to NOMA.
FIGURE 3 compares the Pout of U1 and U2 in FD/HD

systems under P-CSI/P-SIC and I-CSI/I-SIC. The outage
probabilities of U1 and U2 are observed to be higher in
NOMA-HD-CDRT system, in the low transmit power region,
as compared to that observed in NOMA-FD-CDRT system.

f (a1) = −

uFD2 δ1

ρsβ̂sr
(1+ uFD2 )e

uFD2 δ1
ρsβ̂sr

(uFD2 a1+a1−1)

(−uFD2 a1 − a1 + 1)2
(k2βrr )−mrr

0(mrr )

×

m̂sr−1∑
j=0

(
ρruFD2

ρs(1− a1 − a1uFD2 )β̂sr

)j j∑
l=0

jCl

(
δ1

ρr

)j−l
×(l + mrr − 1)!

(
ρruFD2

ρs(1−a1−a1uFD2 )β̂sr
+

1
k2βrr

)−l−mrr
(49a)

g(a1) = e
−

δ1u
FD
2

ρs(1−a1−a1u
FD
2 )β̂sr

(k2βrr )−mrr

0(mrr )

×

m̂sr−1∑
j=0

−uFD2 ρr

ρsβ̂sr
(−uFD2 − 1)j

(
uFD2 ρr

ρsβ̂sr (−uFD2 a1−a1+a)

)j−1
(−uFD2 a1 − a1 + 1)2

×

j∑
l=0

jCl

(
δ1

ρr

)j−l
(l + mrr − 1)!

(
ρruFD2

ρs(1− a1 − a1uFD2 )β̂sr
+

1
k2βrr

)−l−mrr
(49b)

h(a1) = e
−

δ1u
FD
2

ρs(1−a1−a1u
FD
2 )β̂sr

(k2βrr )−mrr

0(mrr )

×

m̂sr−1∑
j=0

(
ρruFD2

ρs(1− a1 − a1uFD2 )β̂sr

)j j∑
l=0

jCl

(
δ1

ρr

)j−l

×(l + mrr − 1)! ×

ρruFD2
ρsβ̂sr

(−uFD2 − 1)(l + mrr )
(

ρruFD2
ρsβ̂sr (−uFD2 a1−a1+1)

+
1

k2βrr

)−l−mrr−1
−uFD2 a1 − a1 + 1

(49c)
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FIGURE 2. Outage probability of U1 and U2 in NOMA-FD-CDRT network
v/s ρ (β = 0.3, σ2

e = 0.009, r1 = 0.3, r2 = 0.3, RSI = −3 dB, k1 = 0,
a1 = 0.3).

FIGURE 3. Outage probability of U1 and U2 in NOMA-FD/HD-CDRT
network v/s ρ (β = 0.3, σ2

e = 0.009, r1 = 0.3, r2 = 0.3, RSI = −3 dB,
k1 = 10−2, a1 = 0.4648).

When R operates in HD mode, two time slots are needed to
complete the transmission of x1 and x2 in the system. For
outage comparison, both HD and FD systems have to achieve
the same target rates; thus the threshold SINR requirement is
higher for HD systems, which makes Pout of U1 and U2 to
be higher in NOMA-HD-CDRT system. For very large ρ,
both U1 and U2 suffers an outage floor in NOMA-FD-CDRT
network under both P-CSI/P-SIC as well as I-CSI/I-SIC.
Here U2 suffers outage floor, owing to the higher level of
interference created by RSI and I-SIC. The near user U1 suf-
fers outage floor under P-CSI/P-SIC due to the interference
generated at U1 by R’s transmission to U2, which becomes
very high when ρ is increased. It suffers outage floor under I-
CSI/I-SIC as well due to the combined effect of residual inter-
ference and I-SIC. In NOMA-HD-CDRT network,U1 andU2
suffer from outage floor under I-CSI/I-SIC alone, i.e., outage
floor is absent under P-CSI/P-SIC since HD networks do not
suffer from RSI, and other interference effects.

Now, FIGURE 4 shows the outage probabilities user 1 and
user 2, with non-integer values for m̂ij. Here we assume
m̂ij∀i, j to be equal. The results show that the outage improves
significantly, when m̂ij is increased. FIGURE 5 shows the
outage results which are obtained by changing the locations
of U2 and U1, i.e., for distinct values of dr2 and ds1. As dr2

FIGURE 4. Outage probability of U1 and U2 in NOMA-FD/HD-CDRT
network v/s ρ: for non-integer values of m̂ij (β = 0.3, σ2

e = 0.009,
r1 = 0.3, r2 = 0.3, RSI = −3 dB, k1 = 10−2, a1 = 0.4648).

FIGURE 5. Outage probability of U1 and U2 in NOMA-FD/HD-CDRT
network v/s ρ: Distinct distances (β = 0.3, σ2

e = 0.009, r1 = 0.3, r2 = 0.3,
RSI = −3 dB, k1 = 10−2, a1 = 0.4648).

is increased, Pout,2 becomes higher, while increase of ds1
makes Pout,1 to become higher. The results thus show that
the analytical model can be applied to find the outage and
other metrics when the position of the nodes are changed.
FIGURE 6 and FIGURE 7 respectively show the impact of
channel estimation error variance (σ 2

e ) and I-SIC factor (β) on
the Pout of U1 and U2 in NOMA-FD-CDRT network. As σ 2

e
increases from 0.001 to 0.005, PFDout,1 increases by 82%, while
PFDout,2 increases by 67%. As β increases, residual interference
due to I-SIC increases PFDout,1; however β does not influence
PFDout,2 sinceU2 does not suffer from interference due to I-SIC.
For ρ = 20 dB, increase of β from 0.2 to 0.4 makes PFDout,1
to increase by 97%. Results in FIGURE 7 further show that
higher mean RSI power (πrr ) increases PFDout,2 significantly
owing to the SINR degradation over the BS-R link. With
ρ = 30 dB, increase of πrr from −15 dB to −3 dB makes
PFDout,2 to increase by 90%.
FIGURE 8 and FIGURE 9 show Pout of U1 and U2 (in

NOMA-FD-CDRT network) against a1 for various values of
σ 2
e , β, r1, r2 and πrr . As a1 increases, P

FD
out,1 decreases, while

PFDout,2 becomes higher owing to the larger power allocation at
the BS for the symbol x1. However, PFDout,1 tends to unity when
uFD2 > a2/a1 or when uFD1 > a1/βa2 while PFDout,2 becomes
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FIGURE 6. Outage probability of U1 and U2 under I-CSI/I-SIC in
NOMA-FD-CDRT system v/s σ2

e (ρ = 30dB, β = 0.3, r1 = 0.5, r2 = 0.5,
k1 = 0).

FIGURE 7. Outage probability in NOMA-FD-CDRT system v/s ρ for distinct
β (r1 = 1, r2 = 1, σ2

e = 0.001, k1 = 0).

FIGURE 8. Outage probability in NOMA-FD-CDRT system v/s a1
(ρ = 30 dB, RSI = -3 dB, r1 = 0.5, r2 = 0.5, k1 = 0).

unity when uFD2 > a2/a1. For certain values of a1 (i.e.,
aFD1,fair ), Pout of U1 and U2 can be made equal, (i.e., PFDout,1 =
PFDout,2) and these values are listed in Tables 1(a) and 1(b).
When the I-SIC factor β increases, PFDout,1 becomes higher; to
satisfy the equal outage criterion, aFD1,fair shall be increased.
Further, increase of πrr makes PFDout,2 to be higher; thus to
satisfy the equal outage criterion, aFD2,fair shall be increased.
Increase of target rate r1 (keeping r2 constant) makes PFDout,1
to be higher. To ensure the equal outage criterion, aFD1,fair

FIGURE 9. Outage probability in NOMA-FD-CDRT system v/s a1
(ρ = 30 dB, σ2

e = 0.001, β = 0.3, k1 = 0).

FIGURE 10. Outage probability with a1 = aFD
1,fair v/s ρ (β = 0.3).

shall be increased. FIGURE 10 shows Pout of U1 and U2
by choosing a1 = aFD1,fair according to Table 1. Selection of
a1 = aFD1,fair ensures P

FD
out,1 = PFDout,2, over the entire range of

ρ considered; thus fairness in terms of Pout can be ensured
under I-CSI/I-SIC.

B. EVALUATION OF ERGODIC RATES
FIGURE 11 and FIGURE 12 respectively show the ergodic
rates and the ergodic sum rate in NOMA-FD/HD-CDRT net-
work. In FIGURE 11, ergodic rates E[RFD1 ] and E[RFD2 ] are
plotted for distinct values of σ 2

e and β. As σ 2
e increases, both

E[RFD1 ] and E[RFD2 ] decreases. When β is increased, E[RFD1 ]
decreases owing to the interference generated by I-SIC, while
E[RFD2 ] does not depend β. The ergodic rate achieved by the
users in the FD system is higher than the equivalent HD sys-
tem, where additional time slots are needed to complete the
transmission of symbols. The ergodic sum rate results shown
in FIGURE 12 are observed to be sensitive to the changes in
σ 2
e and β. When ρ becomes higher, NOMA-FD/HD-CDRT

systems will become interference limited due to higher inter-
ference generated by RSI and I-SIC in FD systems and due to
I-SIC in HD systems, which leads to saturation behavior for
the ergodic rate plots. Moreover, it can be seen that non-zero
values for k1 introduce residual interference at U1 (due to
transmission from R). This effectively reduces the ergodic
rates of the users and the ergodic sum rate as well.
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TABLE 1. (a) aFD
1,fair that ensures PFD

out,1 = PFD
out,2 (ρ = 30dB, RSI = −3 dB, r1 = r2 = 0.5). (b) aFD

1,fair that ensures PFD
out,1 = PFD

out,2 (ρ = 30dB, β = 0.3,

σ2
e = 0.001).

FIGURE 11. Ergodic rate of U1 and U2 v/s ρ in NOMA-FD/HD-CDRT
network.

FIGURE 12. Ergodic sum rate of NOMA-FD/HD-CDRT network v/s ρ.

C. EVALUATION OF SYSTEM OUTAGE PROBABILITY
The system outage probability (Pout,sys) results are shown in
FIGURE 13 for NOMA-FD/HD-CDRT networks. When ρ
is increased, Pout,sys reduces; further, I-CSI/I-SIC leads to
significant increase of Pout,sys, as compared to P-CSI/P-SIC.
As seen earlier, HD network suffers from higher Pout,sys as
compared to FD network, owing to the requirement of higher
threshold SINR for the latter. For very large ρ, NOMA-
FD-CDRT network suffers from outage floor under both
P-CSI/P-SIC and I-CSI/I-SIC, due to the combined effects
of RSI and I-SIC. However, NOMA-HD-CDRT network
suffers from outage floor under I-CSI/I-SIC alone, due to
the interference generated by I-SIC, while outage floor is
not observed under P-CSI/P-SIC (since RSI is absent in HD

FIGURE 13. System outage probability of NOMA-FD/HD-CDRT network
v/s ρ (β = 0.3, σ2

e = 0.009, r1 = 0.3, r2 = 0.3).

FIGURE 14. System outage probability in NOMA-FD/HD-CDRT network
v/s ρ: non-integer values of m̂ij (β = 0.3, σ2

e = 0.009, r1 = 0.3, r2 = 0.3,
RSI = −3 dB, k1 = 10−2, a1 = 0.4648).

case). Now, FIGURE 14 shows system outage probability,
with non-integer values for m̂ij. FIGURE 15 shows PFDout,sys
versus a1, for distinct target rates r1 and r2. Notice that
PFDout,sys becomes higher either when a1 is low or when a1
becomes higher. When a1 is low, U1 will experience higher
Pout whereas for higher values of a1, U2 suffers higher Pout ;
both these events lead to higher PFDout,sys. Further, an optimal

a1 (aFD1,opt ) exists that minimizes PFDout,sys. Table 2 lists a
FD/HD
1,opt

that minimizes PFD/HDout,sys and the corresponding Popt,FD/HDout,sys .
When r1 is higher (with r2 fixed), a

FD/HD
1,opt shall be increased

to minimize Popt,FD/HDout,sys . Likewise, when r2 is higher, (with
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TABLE 2. Optimal a1 that minimizes Pout,sys in NOMA-FD/HD-CDRT network (ρ = 30 dB, RSI = −3 dB).

FIGURE 15. System outage probability of NOMA-FD-CDRT network v/s a1
(σ2

e = 0.001, r1 = 0.5, r2 = 0.5, ρ = 30 dB).

FIGURE 16. System outage probability of NOMA-FD-CDRT network v/s ρ
optimal and non-optimal (r1 = 1, r2 = 1).

r1 fixed), aFD/HD1,opt shall be reduced (i.e., aFD/HD2,opt shall be
increased). FIGURE 16 and FIGURE 17 show PFDout,sys for
optimal/non-optimal cases, where the non-optimal values for
PFDout,sys are obtained by setting arbitrary values for a1 (we call
this as random power allocation). From FIGURE 16, PFDout,sys
improves by 78% over the non-optimal case (a1 = 0.4, ρ =
30 dB, σ 2

e = 0.001, r1 = r2 = 1). With the proposed aFD1,opt ,
the improvement in PFDout,sys is found to be higher under I-CSI
as compared to P-CSI, as can be seen in FIGURE 17. In the
above investigations (i.e., FIGURES 14-17), we have kept
ρs = ρr = ρ. In FIGURE 18, we set ρs = 30 dB and choose
distinct values for ρr . The system outage is determined for
distinct values of ρr . It is observed that increase of ρr reduces
the system outage for both optimal as well as non-optimal

FIGURE 17. System outage probability of NOMA-FD-CDRT network v/s
r1 = r2 = r : optimal and non-optimal.

FIGURE 18. System outage probability of NOMA-FD-CDRT network v/s ρr :
optimal and non-optimal (ρs = 30 dB).

cases. At the same time, the analytical and simulation results
shows that aHD/FD1,opt does not depend on ρr . This is evident
from (44) as well as (52). Overall, our investigations have
revealed that PFDout,sys can be minimized by setting a1 =

aFD/HD1,opt in NOMA-FD/HD-CDRT system.

VII. CONCLUSION
The objective of this paper was to investigate the applica-
tion of NOMA in a coordinated direct and relay transmis-
sion (CDRT) system, where the BS serves two geographically
separated users, i.e., a near user and a far (cell edge) user, over
the downlink; the far user being servedwith the assistance of a
dedicated FD relay node. Realistic assumptions of imperfect
channel state information (I-CSI) and imperfect successive
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interference cancellation (I-SIC) were taken into account
for the investigations. Exact closed-form expressions for the
outage probability and approximate closed-form expressions
for the ergodic rates of the users were derived, under the
influence of I-CSI and I-SIC. Extensive simulations were
conducted to validate the accuracy of analytical results.
The performance gains of the considered NOMA-FD-CDRT
system were illustrated by comparing against NOMA-HD-
CDRT system and conventional OMA system. Further, ana-
lytical expressions for the optimal power allocation (OPA)
coefficient at the BS that minimizes the system outage prob-
ability of NOMA-FD/HD-CDRT were derived, considering
I-CSI. Through extensive numerical and simulation investi-
gations, it was established that selection of OPA coefficient
according to the criterion given in the paper can significantly
improve the system outage performance of the considered
NOMA-FD/HD-CDRT network.

APPENDIXES
APPENDIX A
(i) Derivation of (17) and (18):

Substituting the expressions for 0FD12 and 0FD11 in the defi-
nition for PFDout,1 in (16),

PFDout,1

= 1− Pr

{
|ĥs1|2ρsa2

|ĥs1|2ρsa1 + |ĥr1|2ρr + δ3
≥ uFD2 ;

|ĥs1|2ρsa1
βa2ρs|ĥs1|2 + |ĥr1|2ρr + δ4

≥ uFD1

}
= 1− Pr {|ĥs1|2ρs(a2 − uFD2 a1) ≥ uFD2 (|ĥr1|2ρr + δ3);

|ĥs1|2ρs(a1 − βuFD1 a2) ≥ uFD1 (|ĥr1|2ρr + δ4)}

= 1− Pr

{
|ĥs1|2ρs ≥

uFD2
(a2 − uFD2 a1)

(|ĥr1|2ρr + δ3);

|ĥs1|2ρs ≥
uFD1

(a1 − βuFD1 a2)
(|ĥr1|2ρr + δ4)

}
= 1−

{
Pr

{
|ĥs1|2 ≥ α1|ĥr1|2 + β1; |ĥr1|2 <

β1 − β2

α2 − α1

}
+Pr

{
|ĥs1|2 ≥ α2|ĥr1|2 + β2; |ĥr1|2 >

β1 − β2

α2 − α1

}}
, 1− (Z0 + Z1) (53)

where α1 =
uFD2 ρr

ρs(a2−uFD2 a1)
, β1 =

uFD2 δ3

ρs(a2−uFD2 a1)
, α2 =

uFD1 ρr

ρs(a1−βuFD1 a2)
and β2 =

uFD1 δ4

ρs(a1−βuFD1 a2)
. To determine Z0 and

Z1 in (53), we use the expressions for the PDF and the CDF
of |hij|2 given in (2) and (3) respectively. Further, we assume
uFD2 < a2

a1
, uFD1 < a1

a2β
, β1 > β2 and α2 > α1. Thus Z0 and

Z1 are obtained as follows:

Z0 = Pr

{
|ĥs1|2 ≥ α1|hr1|2 + β1; |ĥr1|2 <

β1 − β2

α2 − α1

}
=

∫ β1−β2
α2−α1

x=0
e
−
α1x+β1
β̂s1

m̂s1−1∑
k=0

1
k!

(
α1x + β1
β̂s1

)k
f
|ĥr1|2

(x) dx

=

∫ β1−β2
α2−α1

x=0
e
−
α1x+β1
β̂s1

m̂s1−1∑
k=0

1
k!

(
α1x + β1
β̂s1

)k (k1β̂r1)−m̂r1
0(m̂r1)

×e
−

x
k1β̂r1 xm̂r1−1dx

= e
−
β1
β̂s1

m̂s1−1∑
k=0

1
k!

(
1

β̂s1

)k (k1β̂r1)−m̂r1
0(m̂r1)

×

∫ β1−β2
α2−α1

x=0
e
−
α1
ˆβs1
x
(α1x + β1)ke

−
x

k1β̂r1 xm̂r1−1dx (54)

Invoking Binomial expansion of the term (x + β1
α1
)k in (54),

we get

Z0 = e
−
β1
β̂s1

m̂s1−1∑
k=0

1
k!

(
α1

β̂s1

)k (k1β̂r1)−m̂r1
0(m̂r1)

k∑
j=0

kCj

×

(
β1

α1

)k−j ∫ β1−β2
α2−α1

x=0
e
−

(
α1
ˆβs1
+

1
k1β̂r1

)
x
x j+m̂r1−1dx (55)

To evaluate the integral in (55), we use the result from [42]
(3.351.1). Accordingly, we get the following expression
for Z0:

Z0 = e
−
β1
β̂s1

m̂s1−1∑
k=0

1
k!

(
α1

β̂s1

)k (k1β̂r1)−m̂r1
0(m̂r1)

k∑
j=0

kCj

×

(
β1

α1

)k−j(
α1

β̂s1
+

1

k1β̂r1

)−j−m̂r1
×γ

(
j+ m̂r1,

(
α1

β̂s1
+

1

k1β̂r1

)(
β1 − β2

α2 − α1

))
(56)

In (56), γ (., .) is the lower incomplete Gamma function [42].
Notice that Z1 in (53) is similar to Z0. Following the
approach used for the evaluation of Z0, Z1 can be obtained as
follows:

Z1 = e
−
β2
β̂s1

m̂s1−1∑
l=0

1
l!

(
α2

β̂s1

)l (k1β̂r1)−m̂r1
0(m̂r1)

l∑
i=0

lCi

×

(
β2

α2

)l−i(
α2

β̂s1
+

1

k1β̂r1

)−i−m̂r1
×0

(
i+ m̂r1,

(
α2

β̂s1
+

1

k1β̂r1

)(
β1 − β2

α2 − α1

))
(57)

In (57), 0(., .) is the upper incomplete Gamma function [42].
By combining (56) and (57) and substituting in (53), we will
get (17). In the absence of residual interference at U1 (i.e.,
when k1 = 0), the outage probability of user 1, i.e., PFDout,1
can be derived as follows:

PFDout,1 = 1− Pr

{
|ĥs1|2ρsa2
|ĥs1|2ρsa1 + δ3

≥ uFD2 ;

|ĥs1|2ρsa1
βa2ρs|ĥs1|2 + δ4

≥ uFD1

}
= 1− Pr {|ĥs1|2ρs(a2 − uFD2 a1) ≥ uFD2 δ3;

|ĥs1|2ρs(a1 − βuFD1 a2) ≥ uFD1 δ4} (58a)
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= 1− Pr

{
|ĥs1|2ρs ≥

uFD2 δ3

(a2 − uFD2 a1)
;

|ĥs1|2ρs ≥
uFD1 δ4

(a1 − βuFD1 a2)

}
= 1− Pr

{
|ĥs1|2 ≥

1
φFDρs

}
(58b)

where φFD = min
{
a2−uFD2 a1
uFD2 δ3

,
a1−βa2 uFD1

uFD1 δ4

}
. Assume that

uFD2 < a2
a1

and uFD1 < a1
βa2

. From (3), Pr (|ĥs1|2 ≥ x) =

e
−

x
β̂s1
∑m̂s1−1

j=0

( x
β̂s1

)j

j! . Substituting this relation in (58b) and
after effecting suitable change of variables, PFDout,1 is obtained
as in (18). From (58a), it is apparent that, when either uFD2 ≥a2
a1

or uFD1 ≥
a1
βa2

, PFDout,1 becomes unity.
(ii) Derivation of (19) and (20):
To derive (19), we start from (53). For non-integer values

of m̂ij, Z0 and Z1 are determined as follows:

Z0 = Pr

{
|ĥs1|2 ≥ α1|ĥr1|2 + β1; |ĥr1|2 <

β1 − β2

α2 − α1

}
=

∫ β1−β2
α2−α1

x=0

(
1−

∞∑
g=0

1
0(m̂s1 + g+ 1)

e
−

(α1x+β1)
β̂s1

×

(
(α1x + β1)

β̂s1

)m̂s1+g) (k1 ˆβr1)−m̂r1
0(m̂r1)

e
−

x
k1β̂r1 xm̂r1−1dx

=
(k1 ˆβr1)−m̂r1

0(m̂r1)

∫ β1−β2
α2−α1

x=0
e
−

x
k1β̂r1 xm̂r1−1dx

−
(k1 ˆβr1)−m̂r1

0(m̂r1)

∞∑
g=0

1
0(m̂s1 + g+ 1)

(
1

β̂s1

)m̂s1+g
e
−
β1
β̂s1

×

∫ β1−β2
α2−α1

x=0
e
−

(
α1
β̂s1
+

1
k1β̂r1

)
x
(α1x + β1)m̂s1+gxm̂r1−1dx

(59)

Using Binomial expansion for the term (1 + β1
α1 x

)m̂s1+g for
non integer values of (m̂s1 + g) in (59), we get

Z0 =
(k1 ˆβr1)−m̂r1

0(m̂r1)

γ (m̂r1, ( 1
k1β̂r1

)(β1−β2
α2−α1

))

( 1
k1β̂r1

)m̂r1

−
(k1 ˆβr1)−m̂r1

0(m̂r1)

∞∑
g=0

1
0(m̂s1 + g+ 1)

(
1

β̂s1

)m̂s1+g
e
−
β1
β̂s1

×

∞∑
k=0

m̂s1+gCk

(
β1

α1

)k
α
m̂s1+g
1

∫ β1−β2
α2−α1

x=0
e
−

(
α1
β̂s1
+

1
k1β̂r1

)
x

×xm̂s1+m̂r1+g−k−1dx

=

γ (m̂r1, ( 1
k1β̂r1

)(β1−β2
α2−α1

))

0(m̂r1)

−
(k1 ˆβr1)−m̂r1

0(m̂r1)

∞∑
g=0

1
0(m̂s1 + g+ 1)

(
1

β̂s1

)m̂s1+g
e
−
β1
β̂s1

×

∞∑
k=0

m̂s1+gCk

(
β1

α1

)k
α
m̂s1+g
1

×

γ

(
m̂s1 + m̂r1 + g− k,

(
α1
β̂s1
+

1
k1β̂r1

))β1−β2
α2−α1(

α1
β̂s1
+

1
k1β̂r1

)m̂s1+m̂r1+g−k
(60)

For non-integer values of m̂ij, the quantity Z0 in (53) can be
determined by following a similar approach. Thus Z1 is given
by

Z1 =
0(m̂r1, ( 1

k1β̂r1
)(β1−β2
α2−α1

))

0(m̂r1)

−
(k1 ˆβr1)−m̂r1

0(m̂r1)

∞∑
i=0

1
0(m̂s1 + i+ 1)

(
1

β̂s1

)m̂s1+i
e
−
β1
β̂s1

×

∞∑
l=0

m̂s1+iCl

(
β1

α1

)l
α
m̂s1+i
1

0

(
m̂s1 + m̂r1 + i− l,

(
α1
β̂s1
+

1
k1β̂r1

))β1−β2
α2−α1(

α1
β̂s1
+

1
k1β̂r1

)m̂s1+m̂r1+i−l (61)

Combining (60) and (61) and substituting in (53), we will get
(19). In the absence of residual interference at U1 (i.e., when
k1 = 0) and non-integer values of m, the outage probability
of user 1 can be derived from (58b) and is given by

PFDout,1 = 1− Pr

{
|ĥs1|2 ≥

1
φFDρs

}
= 1− e

−
1

φFDρs ˆβs1

∞∑
g=0

1
0(m̂s1 + g+ 1)

×

(
1

φFDρsβ̂s1

)m̂s1+g
(62)

Propositions 1(a) and 1(b) are thus proved.

APPENDIX B
(i) Derivation of (24):

Substituting the expression for 0FDr2 and 0FD22 in the defini-
tion for PFDout,2 in (23), we get

PFDout,2

= 1− Pr

{
|ĥsr |2ρsa2

| ˆhsr |2ρsa1 + |hrr |2ρr + δ1
≥ uFD2 ;

|ĥr2|2ρr
δ2

≥ uFD2

}
(63a)

= 1− Pr

{
|ĥsr |2ρs(a2 − uFD2 a1) ≥ uFD2 (|hrr |2ρr + δ1);

|ĥr2|2 ≥
uFD2 δ2

ρr

}
(63b)
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= 1− Pr

{
|ĥsr |2 ≥

1
ρsψFD (|hrr |

2ρr + δ1)
}

×Pr

{
|ĥr2|2 ≥

uFD2 δ2

ρr

}
(63c)

, 1− (X0 × Y0) (63d)

were ψFD
=

a2−uFD2 a1
uFD2

. Here (63c) follows since

|ĥ2sr | and |ĥ
2
r2| are assumed to be independent. Further,

|ĥsr |2 ∼ Gamma(m̂sr , π̂sr ) and |ĥr2|2 ∼ Gamma(m̂r2, π̂r2).
For integer values of m̂sr and m̂r2, Pr (|ĥsr |2 ≥

x) = e
−

x
β̂sr
∑m̂sr−1

j=0

( x
β̂sr

)j

j! and Pr (|ĥr2|2 ≥ y) =

e
−

y
β̂r2
∑m̂r2−1

k=0

( y
β̂r2

)k

k! . Thus X0 and Y0 in (63d) are determined
as follows:

X0 = Pr

{
|ĥsr |2 ≥

1
ρsψFD (|hrr |

2ρr + δ1)
}

=

∫
∞

y=0
e
−

1
ρsψFDβ̂sr

(yρr+δ1)
m̂sr−1∑
j=0

1
j!

(
yρr + δ1
ψFDρsβ̂sr

)j
× f|hrr |2 (y)dy

=

∫
∞

0
e
−( yρr+δ1

ψFDρsβ̂sr
)
m̂sr−1∑
j=0

1
j!

(
yρr + δ1
ψFDρsβ̂sr

)j

× (k2βrr )−mrr
ymrr−1

0(mrr )
e−

y
βrr k2 dy

= e
−

δ1
ψFDρsβ̂sr

(k2βrr )−mrr

0(mrr )

m̂sr−1∑
j=0

1
j!

(
ρr

ψFDρsβ̂sr

)j
×

∫
∞

y=0
(y+δ1/ρr )jymrr−1e

−( ρr
ψFDρsβ̂sr

+
1

k2βrr
)y
dy (64a)

By using Binomial expansion of the term (y+ δ1
ρr
)j, (64a) can

be written as follows:

X0 = e
−

δ1
ψFDρsβ̂sr

(k2βrr )−mrr

0(mrr )

m̂sr−1∑
j=0

1
j!

(
ρr

ψFDρsβ̂sr

)j

×

j∑
l=0

jCl

(
δ1

ρr

)j−l
×

∫
∞

y=0

[
yl+mrr−1 × e

−( ρr
ψFDρsβ̂sr

+
1

k2βrr
)y
]
dy (64b)

To simplify (64b), we use the following result from [42]
(3.351.3): ∫

∞

0
xne−µxdx = n!µ−n−1 (65)

Thus the final expression for X0 is given by:

X0 = e
−

δ1
ρsψFDβ̂sr

(k2βrr )−mrr

0(mrr )

m̂sr−1∑
j=0

(
ρr

ρsψFDβ̂sr

)j

×

j∑
l=0

jCl

(
δ1

ρr

)j−l
(l + mrr − 1)!

×

(
ρr

ρsψFDβ̂sr
+

1
k2βrr

)−l−mrr
(66)

Next Y0 is determined as follows:

Y0 = Pr

{
|ĥr2|2 ≥

uFD2 δ2

ρr

}
= e
−
uFD2 δ2
ρr ˆβr2

m̂r2−1∑
i=0

1
i!

(
uFD2 δ2

ρr ˆβr2

)i
(67)

Using (66) and (67) in (63d), we get the final expression
for PFDout,2 as given in (24). Notice that (24) is valid if and
only if uFD2 < a2

a1
. From (63b), it is clear that if uFD2 ≥

a2
a1
,

the probability term on the RHS of (63b) becomes zero, which
makes PFDout,2 equal to unity.

(ii) Derivation of (25):
To derive (25), we start from (63d). For non-integer values

of m̂ij, X0 and Y0 are determined as follows:

X0 = Pr

{
|ĥsr |2 ≥

1
ρsψFD (|hrr |

2ρr + δ1)
}

=

∫
∞

x=0

(
1−

∞∑
h=0

1
0(m̂sr + h+ 1)

e
−

(xρr+δ1)
ρsψFDβ̂sr

×

(
(xρr + δ1)

ρsψFDβ̂sr

)m̂sr+h) (k2β̂rr )−m̂rr
0(m̂rr )

e
−

x
k2β̂rr xm̂rr−1dx

= 1−
(k2β̂rr )−m̂rr

0(m̂rr )

∞∑
h=0

1
0(m̂sr + h+ 1)

×

(
1

ρsψFDβ̂sr

)m̂sr+h
e
−

δ1
ρsψFDβ̂sr

×

∫
∞

x=0

[
e
−

(
ρr

ρsψFDβ̂sr
+

1
k2β̂rr

)
x
(ρrx+δ1)m̂sr+hxm̂rr−1

]
dx

(68)

Using Binomial expansion for the term (1+ δ1
ρr x

)m̂sr+h for non
integer values of (m̂s1 + h) in (68), we will get

X0

= 1−
(k2β̂rr )−m̂rr

0(m̂rr )

∞∑
h=0

1
0(m̂sr + h+ 1)

(
1

ρsψFDβ̂sr

)m̂sr+h
× e
−

δ1
ρsψFDβ̂sr (ρr )m̂sr+h

∞∑
k=0

m̂sr+hCk

(
δ1

ρr

)k
×

∫
∞

x=0
e
−

(
ρr

ρsψFDβ̂sr
+

1
k2β̂rr

)
x
xm̂sr+m̂rr+h−k−1dx

= 1−
(k2β̂rr )−m̂rr

0(m̂rr )

∞∑
h=0

1
0(m̂sr + h+ 1)

(
1

ρsψFDβ̂sr

)m̂sr+h
×e
−

δ1
ρsψFDβ̂sr (ρr )m̂sr+h

∞∑
k=0

m̂sr+hCk

(
δ1

ρr

)k
×

0(m̂sr + m̂rr + h− k)(
ρr

ρsψFDβ̂sr
+

1
k2β̂rr

)m̂sr+m̂rr+h−k (69)

VOLUME 7, 2019 179979



V. Aswathi, A. V. Babu: FD/HD Cooperative NOMA Under I-SIC and Channel State Estimation Errors

For non-integer values ofmij, Y0 in (63d) can be determined
by using (3) as follows:

Y0 = Pr

{
|ĥr2|2 ≥

uFD2 δ2

ρr

}
= 1− e

−
uFD2 δ2
ρr ˆβr2

∞∑
g=0

1
0(m̂r2 + g+ 1)

(
uFD2 δ2

ρr ˆβr2

)m̂r2+g
(70)

Substituting (69) and (70) in (63d) gives (25). The proposi-
tions 2(a) and 2(b) are thus proved.

APPENDIX C
(i) Derivation of (29) and (30)

Substituting the expressions for 0FD11 , 0FD12 , 0FDr2 and 0FD22
in (28), PFDout,sys becomes:

PFDout,sys

= 1− Pr

{
|ĥs1|2ρsa2

|ĥs1|2ρsa1 + |ĥr1|2ρr + δ3
≥ uFD2 ;

|ĥs1|2ρsa1
βa2ρs|ĥs1|2 + |ĥr1|2ρr + δ4

≥ uFD1 ,

|ĥsr |2ρsa2
| ˆhsr |2ρsa1 + |hrr |2ρr + δ1

≥ uFD2 ,
|ĥr2|2ρr
δ2

≥ uFD2

}
(71a)

= 1− Pr

{
|ĥs1|2ρs(a2 − uFD2 a1) ≥ uFD2 (|ĥr1|2ρr + δ3);

|ĥs1|2ρs(a1 − βuFD1 a2) ≥ uFD1 (|ĥr1|2ρr + δ4);

|ĥsr |2ρs(a2 − uFD2 a1) ≥ uFD2 (|hrr |2ρr + δ1),

|ĥr2|2ρr ≥ uFD2 δ2

}
(71b)

= 1−
[{
Pr

{
|ĥs1|2 ≥ α1|hr1|2 + β1; |ĥr1|2 <

β1 − β2

α2 − α1

}
+Pr

{
|ĥs1|2 ≥ α2|hr1|2 + β2; |ĥr1|2 >

β1 − β2

α2 − α1

}}
×

[
Pr

{
|ĥsr |2 ≥

1
ρsψFD (|hrr |

2ρr + δ1)
}

×Pr

{
|ĥr2|2 ≥

uFD2 δ2

ρr

}]]
(71c)

where β1, β2, α1, α2 and ψFD were defined earlier. Under
i.n.i.d fading, PFDout,sys becomes

PFDout,sys , 1− [(E0 + F0)× G0 × H0] (71d)

where the quantities E0 and F0 are equivalent to Z0 and Z1
respectively in Appendix A; further the quantities G0 and H0
are equivalent to X0 and Y0 respectively in Appendix B. Here
uFD2 < a2

a1
, uFD1 < a1

βa2
, β1 > β2 and α2 > α1. Accordingly,

we substitute Z0 and Z1 given by (56) and (57) for E0 and F0
in (71d). Further, we substitute X0 and Y0 given by (66) and
(67) for G0 and H0 in (71d). Thus PFDout,sys given by (29) can
be obtained.

In the absence of residual interference at U1 from R (i.e.,
k1 = 0), PFDout,sys can be determined as follows: when k1 = 0,

|hr1|2ρr term will be absent in the expressions for 0FD11 and
0FD12 . Accordingly, PFDout,sys becomes:

PFDout,sys

= 1− Pr

{
|ĥs1|2ρsa2
|ĥs1|2ρsa1 + δ3

≥ uFD2 ,

|ĥs1|2ρsa1
βa2ρs|ĥs1|2 + δ4

≥ uFD1 ,

|ĥsr |2ρsa2
| ˆhsr |2ρsa1 + |hrr |2ρr + δ1

≥ uFD2 ,
|ĥr2|2ρr
δ2

≥ uFD2

}
(72a)

= 1− Pr

{
|ĥs1|2ρs(a2 − uFD2 a1) ≥ uFD2 δ3,

|ĥs1|2ρs(a1 − βa2uFD1 ) ≥ uFD1 δ4,

|ĥsr |2ρs(a2 − uFD2 a1) ≥ uFD2 (|hrr |2ρr + δ1),

|ĥr2|2ρr ≥ uFD2 δ2

}
(72b)

= 1− Pr

{
|ĥs1|2 ≥

1
φFDρs

;

|ĥsr |2 ≥
1

ρsψFD (|hrr |
2ρr + δ1); |ĥr2|2 ≥

uFD2 δ2

ρr

}
(72c)

where φFD and ψFD were defined earlier in Appendix A
and Appendix B respectively. Under i.n.i.d fading, PFDout,sys
becomes

PFDout,sys = 1− Pr

{
|ĥs1|2 ≥

1
φFDρs

}
×Pr

{
|ĥsr |2 ≥

1
ρsψFD (|hrr |

2ρr + δ1)
}

×Pr

{
|ĥr2|2 ≥

uFD2 δ2

ρr

}
(72d)

, 1− (A0 × B0 × C0) (72e)

Here uFD2 < a2
a1

and uFD1 < a1
βa2

. The quantities A0, B0 and C0

are determined as follows: Since |ĥs1|2 ∼ Gamma(m̂s1, π̂s1),
for integer values of m̂s1, A0 is given by:

A0 = e
−

1
φFDρsβ̂s1

m̂s1−1∑
j=0

1
j!

(
1

φFDρsβ̂s1

)j
(73)

Now B0 in (72e) is same as X0 defined in (63d), thus final
expression for B0 is given by (66), i.e.,

B0 = e
−

δ1
ρsψFDβ̂sr

(k2βrr )−mrr

0(mrr )

m̂sr−1∑
k=0

(
ρr

ρsψFDβ̂sr

)k

×

k∑
l=0

kCl

(
δ1

ρr

)k−l
(l + mrr − 1)!

×

(
ρr

ρsψFDβ̂sr
+

1
k2βrr

)−l−mrr
(74)
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Finally C0 is same as Y0 in (63d) and is given by (67). Thus
PFDout,sys is determined by combining (73), (74) and (67) with
(72e) and is given by (30). Notice that, when either uFD2 ≥
a2
a1

or uFD1 ≥
a1
a2β

, the probability term on the RHS of (72c)
becomes zero so that PFDout,sys becomes unity. Proposition 3(a)
is thus proved.

(ii) Derivation of (31) and (32)
For non-integer values of m̂ij, PFDout,sys given by (31) and

(32) can be obtained by following the above approach and
by utilizing (3). For this, we start with (71d). When m̂ij takes
non-integer values, the quantities E0 and F0 are derived in
Appendix A. These are given by Z0 and Z1 in Appendix A in
(60) and (61) respectively. Similarly, for non-integer values of
m̂ij, G0 and H0 in (71d) are same as X0 and Y0 in Appendix B
given by (69) and (70) respectively. Thus utilizing (60), (61),
(69) and (70) in (71d), we get (31). The proposition 4 is thus
proved.

APPENDIX D
DERIVATION OF (36) AND (37)
To find E[RFD1 ] using (35), we need F0FD11 (x), which is deter-
mined as follows:

F0FD11 (x)

= 1− Pr

(
|ĥs1|2ρsa1

βa2ρs|ĥs1|2 + |ĥr1|2ρr + δ4
> x

)
= 1− Pr

(
|ĥs1|2 >

x(|ĥr1|2ρr + δ4)
ρs(a1 − xβa2)

)
(75)

= 1−
[
(k1β̂r1)−m̂r1

0(m̂r1)
e
−

xδ4
ρs(a1−xa2β)β̂s1

×

m̂s1−1∑
k=0

1
k!

(
xρr

ρs(a1 − xa2β)β̂s1

)k
×

∫
∞

z=0
e
−

(
xρr

ρs(a1−xa2β)β̂s1
+

1
k1β̂r1

)
z
(zρr + δ4)jzm̂r1−1dz

]
(76)

Notice that (76), is obtained by utilizing the PDF and CDF of
|hij|2 given in (2) and (3). By using Binomial expansion for
the term (z+ δ4

ρr
)j, (76) can be written as,

FFD011 (x)

= 1−
[
(k1β̂r1)−m̂r1

0(m̂r1)
e
−

xδ4
ρs(a1−xa2β)β̂s1

×

m̂s1−1∑
k=0

1
k!

(
xρr

ρs(a1 − xa2β)β̂s1

)k k∑
i=0

kCi

(
δ4

ρr

)k−i
×

∫
∞

z=0
e
−

(
xρr

ρs(a1−xa2β)β̂s1
+

1
k1β̂r1

)
z
zk+m̂r1−1dz

]
(77)

Using [42] (3.351.3), (77) can be written as

FFD011 (x)

= 1−
[
(k1β̂r1)−m̂r1

0(m̂r1)
e
−

xδ4
ρs(a1−xa2β)β̂s1

m̂s1−1∑
k=0

1
k!

×

(
xρr

ρs(a1 − xa2β)β̂s1

)k k∑
i=0

kCi

(
δ4

ρr

)k−i
(i+ m̂r1 − 1)!

×

(
xρr

ρs(a1 − xa2β)β̂s1
+

1

k1β̂r1

)−k−m̂r1]
(78)

Substituting (78) in (35), E[RFD1 ] is given by

E[RFD1 ]

=
1
ln2

(k1β̂r1)−m̂r1

0(m̂r1)

m̂s1−1∑
k=0

1
k!

k∑
i=0

kCi

(
δ4

ρr

)k−i
(i+ m̂r1 − 1)!

×

∫ a1
a2β

x=0

e
−

xδ4
ρs(a1−xa2β)β̂s1

1+ x

(
xδ4

ρs(a1 − xa2β)β̂s1

)k
×

(
xρr

ρs(a1 − xa2β)β̂s1
+

1

k1β̂r1

)−k−m̂r1
dx (79)

Notice that it is challenging to obtain a closed-form expres-
sion for E[RFD1 ]. Hence we use the Gaussian-Chebyshev
quadrature [43] to find an approximation for the inte-
gral term in (79). The basic approximation relation in
Gaussian-Chebyshev quadrature method is given by∫ 1

−1

f (x)√
(1− x2)

dx ≈
π

N

N∑
n=1

f
[
cos
(
(2n− 1)π

2N

)]
(80)

By substituting x = 1
2
a1
a2β

(1+φn) and using (80), the integral
in (79) becomes,∫ a1

a2β

x=0

e
−

xδ4
ρs(a1−xa2β)β̂s1

1+ x

(
xδ4

ρs(a1 − xa2β)β̂s1

)j
dx

∼=
π

N

N∑
n=1

anpn
bn

e−cn (81)

where

an =
(

(φn + 1)ρr
a2βρs(1− φn)β̂s1

)k√
(1− φ2n ),

bn = 2a2β + a1(φn + 1), cn =
(

(φn + 1)δ4
a2βρs(1− φn)β̂s1

)
,

pn =
(

(φn + 1)ρr
a2βρs(1− φn)β̂s1

+
1

k1β̂r1

)−k−m̂r1
,

φn = cos
( (2n− 1)π

2N

)
and N is the complexity-accuracy trade off parameter. Sub-
stituting (81) in (79) gives (37). Now, when k1 = 0, E[RFD1 ]
can be determined by finding FFD011 (x) and substituting in (35).
Accordingly,

FFD011 (x)

= 1− Pr

(
|ĥs1|2ρsa1

βa2ρs|ĥs1|2 + δ4
> x

)
= 1− Pr

(
|ĥs1|2 >

xδ4
ρs(a1 − xβa2)

)
(82)

= 1− e
−

xδ4
ρs(a1−xa2β)β̂s1

m̂s1−1∑
k=0

1
k!

(
xδ4

ρs(a1 − xa2β)β̂s1

)k
(83)
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Substituting (83) in (35), E[RFD1 ] is given by

E[RFD1 ] =
1
ln2

m̂s1−1∑
k=0

1
k!

∫ a1
a2β

x=0

e
−

xδ4
ρs(a1−xa2β)β̂s1

1+ x

×

(
xδ4

ρs(a1 − xa2β)β̂s1

)k
dx

∼=
π

Nln2

m̂s1−1∑
k=0

1
k!

N∑
n=1

on
bn
e−cn (84)

where on =
(

(φn+1)δ4
a2βρs(1−φn) ˆβs1

)k√
(1− φ2n ). Thus the proposi-

tion 4 is proved.

APPENDIX E
DERIVATION OF (40) AND (41)
To determine E[RFD2 ] using (39), we find the CDF of Y as
follows:

FY (y) = Pr {min(0FD12 , 0
FD
r2 , 0

FD
22 ≤ y)}

= 1− [Pr (0FD12 > y)× Pr (0FDr2 > y)× Pr (0FD22 > y)]

, 1− [A1 × A2 × A3] (85)

Now A1, A2 and A3 are determined as follows:

A1 = Pr (0FD12 > y) = Pr

(
|ĥs1|2ρsa2

|ĥs1|2ρsa1 + |ĥr1|2ρr + δ3
> y

)
= Pr

(
|ĥs1|2 >

y(|ĥr1|2ρr + δ3)
ρs(a2 − a1y)

)
=

(k1β̂r1)−m̂r1

0(m̂r1)
e
−

yδ3
ρs(a2−ya1)β̂s1

m̂s1−1∑
j=0

1
j!

(
yρr

ρs(a2 − ya1)β̂s1

)j
×

∫
∞

z=0
e
−

(
yρr

ρs(a2−ya1)β̂s1
+

1
k1β̂r1

)
z
(zρr + δ3)jzm̂r1−1dz

(86)
By using Binomial expansion, (86) can be written as,

A1 = 1−
[
(k1β̂r1)−m̂r1

0(m̂r1)
e
−

yδ3
ρs(a2−ya1)β̂s1

m̂s1−1∑
j=0

1
j!

×

(
yρr

ρs(a2 − ya1)β̂s1

)j j∑
i=0

jCi

(
δ3

ρr

)j−i
×

∫
∞

z=0
e
−

(
yρr

ρs(a2−ya1)β̂s1
+

1
k1β̂r1

)
z
zj+m̂r1−1dz

]
(87)

Using [42] (3.351.3), (87) can be written as

A1 = 1−
[
(k1β̂r1)−m̂r1

0(m̂r1)
e
−

yδ3
ρs(a2−ya1)β̂s1

m̂s1−1∑
j=0

1
j!

×

(
yρr

ρs(a2 − ya1)β̂s1

)j
×

j∑
i=0

jCi

(
δ3

ρr

)j−i
(i+ m̂r1 − 1)!

×

(
yρr

ρs(a2 − ya1)β̂s1
+

1

k1β̂r1

)−j−m̂r1]
(88)

A2 = Pr (0FDr2 > y) = Pr

(
|ĥsr |2ρsa2

| ˆhsr |2ρsa1 + |hrr |2ρr + δ1
> y

)
= Pr

{
|ĥsr |2 >

y(|hrr |2ρr + δ1)
ρs(a2 − a1y)

}
(89a)

Notice that (89a) is similar to the term X0 defined in (63d).
Thus A2 can be obtained similar to X0 given in (66) and is
given by

A2 = e
−

δ1y
ρs(a2−a1y)β̂sr

(k2βrr )−mrr

0(mrr )

m̂sr−1∑
l=0

1
l!

×

(
ρry

ρs(a2 − a1y)β̂sr

)l l∑
k=0

lCk

(
δ1

ρr

)l−k
(k+mrr−1)!

×

(
ρry

ρs(a2 − a1y)β̂sr
+

1
k2βrr

)−k−mrr
(89b)

Further, A3 is similar to Y0 in (63d) and (67); thus A3 is given
by

A3 = e
−

yδ2
ρr ˆβr2

m̂r2−1∑
q=0

1
q!

(
yδ2
ρr ˆβr2

)q
(90)

Substituting (86), (89b) and (90) in (85) gives FY (y). Using
FY (y) in (39) and rearranging, E[RFD2 ] becomes:

E[RFD2 ] =
(k2βrr )−mrr

0(mrr )

m̂s1−1∑
j=0

1
j!

m̂sr−1∑
l=0

1
l!

l∑
k=0

lCk

(
δ1

ρr

)l−k

×(mrr + k − 1)!
m̂r2−1∑
q=0

1
q!

1
ln2

×

∫ a2/a1

0
e
−

yδ1
(a2−a1y)ρsβ̂sr e

−
δ3y

ρs(a2−a1y)β̂s1

×

(
ρry

ρs(a2 − a1y)β̂s1

)j( yρr
ρs(a2 − a1y)β̂sr

)l
×

(
yρr

ρs(a2 − ya1)β̂s1
+

1

k1β̂r1

)−j−m̂r1
×

(
yρr

ρs(a2 − a1y)β̂sr
+

1
βrrk2

)−mrr−k
×e
−

δ2y
ρr β̂r2

(
δ2y

ρr β̂r2

)q 1
1+ y

dy (91)

Let the integral in (91) be represented as I1. Since I1
cannot be reduced to a closed-form expression, we use the
Gaussian-Chebyshev quadrature [43] to find an approxima-
tion for I1. By substituting y = 1

2
a2
a1
(1 + φn) and using (80),

I1 becomes,

I1 ∼=
π

N

N∑
n=1

dnenfngnqn
rn

e−sne−tne−vn (92)

where

dn = (
a2(φn + 1)ρr

a2(1− φn)ρsβ̂s1
)j
√
1− φ2n ,

en = (
a2(φn + 1)ρr
a2(1− φn)ρsβ̂sr

)l,
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fn =
(
ρra2(1+ φn)

a2(1− φn)ρsβ̂sr
+

1
k2βrr

)−mrr−k
,

gn = (
δ2 a2(φn + 1)

2 a1ρr β̂r2
)q,

qn =
(
ρra2(1+ φn)

a2(1− φn)ρsβ̂s1
+

1

k1β̂r1

)−m̂r1−j
,

sn = (
a2(φn + 1)ρr
a2(1− φn)ρsβ̂sr

),

tn = (
a2(φn + 1)δ3

a2(1− φn)ρsβ̂s1
), vn =

δ2 a2(φn + 1)

2 a1ρr β̂r2
,

rn =
2 a1 + a2(φn + 1)

2 a1
, φn = cos

( (2n− 1)π
2N

)
and N is the complexity-accuracy trade-off parameter [43].
Substituting (92) in (91) gives (40). Now, when k1 = 0, A1
can be obtained as:

A1 = Pr (012 > y)

= Pr

(
|ĥs1|2ρsa2
|ĥs1|2ρsa1 + δ3

> y
)

= Pr

(
|ĥs1|2 >

δ3y
ρs(a2 − a1y)

)
= e
−

δ3y
ρs(a2−a1y)β̂s1

m̂s1−1∑
j=0

1
j!

(
δ3y

ρs(a2 − a1y)β̂s1

)j
(93)

It can be seen that A2 and A3 are same as those expressions
obtained earlier, i.e., (89b) and (90) respectively. Substituting
A1, A2, A3 in (85), we get modified expression for FY (y) for
the case of k1 = 0. UtilizingFY (y) in (39), the new expression
for E[RFD2 ] is obtained as:

E[RFD2 ] =
(k2βrr )−mrr

0(mrr )

m̂s1−1∑
j=0

1
j!

m̂sr−1∑
l=0

1
l!

(
1
ρr

)l l∑
k=0

lCk

×

(
δ1

ρr

)l−k
(mrr + k − 1)!

m̂r2−1∑
q=0

1
q!

×
1
ln2

∫ a2/a1

0
e
−

yδ1
(a2−a1y)ρsβ̂sr e

−
δ3y

ρs(a2−a1y)β̂s1

×

(
δ3y

ρs(a2 − a1y)β̂s1

)j( yρr
ρs(a2 − a1y)β̂sr

)l
×

(
yρr

ρs(a2 − a1y)β̂sr
+

1
βrrk2

)−mrr−k
×e
−

δ2y
ρr β̂r2

(
δ2y

ρr β̂r2

)q 1
1+ y

dy (94)

Let the integral term in (94) be I2. Using, the Gaussian-
Chebyshev quadrature method [43], I2 can be simplified as

I2 ∼=
π

N

N∑
n=1

wnenfngn
rn

e−sne−tne−vn (95)

where wn = ( a2(φn+1)δ3
a2(1−φn)ρs ˆβs1

)j
√
1− φ2n . Further, en, fn, gn, sn,

tn, vn, rn, φn and N are defined as above. Substituting (95) in
(94) gives (41). Proposition 5 is thus proved.
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