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ABSTRACT The deformation compatibility relationship of the general contact object under external normal
force and the single secondary internal gear pairs of involute RV reducer under a load torque is derived.
By transforming the deformation coordination relationship into a linear programming form, a mathematical
model for the analysis of the single secondary internal gear pairs with the tooth surface contact of the involute
RV reducer is established. An improved simplex method is used to solve the linear programming problem.
The calculation results are compared with the ANSYS simulation values from the three aspects of contact
tooth pairs, gear tooth load and tooth surface contact force. The results show that the values obtained by the
two methods are almost the same on the contact tooth pairs and the tooth load. In terms of tooth surface
contact force, the contact area calculated using the finite element linear programming method is slightly
smaller than the ANSYS results, but most of the errors are below 12%, indicating that the tooth surface
contact conditions obtained using the two calculation methods are consistent. The accuracy and effectiveness
of the finite element-linear programming method are thus verified.

INDEX TERMS Dynamic analysis, gear, finite element, contact, involute rotate vector reducer.

I. INTRODUCTION
A. MOTIVATION AND CHALLENGE
The precision reducer is one of the core components of
industrial robots. Precision reducers mainly include harmonic
reducers and rotate vector (RV) reducers. Compared with
harmonic reducers, RV reducers have the advantages of no
flexible wheel deformation, high rigidity and stable backlash
accuracy [1]–[3]. In advanced high-speed and heavy-duty
robots, RV reducers are gradually replacing harmonic reduc-
ers, but the cycloidal gear processing and assembly require-
ments are high. With the increased research on the involute
transmission with small tooth number differences and the
improvement of manufacturing processes, the performance of
involute small tooth number difference planetary reducers has
reached that of cycloidal pin gear reducers, which makes the
development of involute RV reducers possible [4]–[6]. Com-
pared with cycloidal RV reducers, involute RV reducers have
the advantages of convenient gear processing, low material
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requirements, insensitivity to the center distance, and small
contact stress [7], [8].

Researchers often use profile modification techniques to
improve the performance of RV reducers, but the tooth back-
lash generated after profile modification directly affects the
contact condition of the gear pair, which has a significant
influence on the transmission performance of RV reducers.
However, Transmission clearance is an important index that
affects transmission performance of reducer. By using the
finite element analysis method, the transmission clearance
is adjusted manually, and the quantitative mapping rela-
tionship between transmission clearance and transmission
performance cannot be established accurately. The finite
element-linear programming methods can be used to deal
with the problem., the transmission clearance is a design
variable, which can not only accurately establish the quan-
titative mapping relationship between transmission clearance
and transmission performance, but also give the optimal value
of transmission clearance under the condition of given opti-
mization objective function.
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B. LITERATURE REVIEW
Yang [9] deduced the calculation formula of the normal clear-
ance value of any tooth pair by unifying the instantaneous
position of each tooth pair, and provided a clearance diagram.
Under the premise that the stiffness of each tooth pair is the
same, the number of the actual meshing teeth with a two-
dimensional small tooth number difference and the normal
load of each tooth pair were derived, and experimental ver-
ification was carried out using a photoelastic and a strain
experiment. Shu [10] carried out regression analysis on mul-
tiple sets of models obtained through the orthogonal design
method, and obtained an empirical formula of the flexibility
coefficient of tooth bending deformation. Based on the com-
prehensive consideration of the elastic deformation and man-
ufacturing error of the gear teeth, the mathematical model of
two-dimensional small tooth number difference contact was
derived. Zhu et al. [11]–[13] performed multiple regression
analysis on the base pitch deviation, tooth profile deviation
and tooth pitch deviation, which significantly influence the
tooth profile clearance. It is considered that the base pitch
deviation is the main factor which affects the meshing clear-
ance of small tooth number difference, and the contact tooth
number and load distribution of the SHQ40 offset three-ring
reducer were calculated using a two-dimensional small tooth
number difference contact mathematical model considering
elastic deformation, tooth side clearance and manufacturing
error. Lu and Ye [14] deduced the mechanical equations of
contact problems through the principle of virtual work, and
used a set of algebraic equations to represent the constraints,
thus obtaining a set of nonlinear algebraic equations describ-
ing mechanical equilibrium and constraints. The contact con-
dition and stress distribution of planetary gears with small
tooth number difference were analyzed using these equations.
Song et al. [15] analyzed the operation and stress characteris-
tics of the three-ring reducer. According to the bearing force
characteristics, a bearing unit with equivalent stiffness was
used to restrain the bearing hole. The internal gear plate finite
element model was established in ANSYS, and an elastic
dynamic model of the ring reducer considering the bending
deformation, meshing stiffness, bearing stiffness and eccen-
tric sleeve error of the input and support shafts was derived.
The finite element analysis and the elastic dynamics model of
the ring reducer were used to calculate the force of each com-
ponent in the reducer. Based on linear programming method
that was proposed by Conry, Li derived the mathematical
model of the small tooth number difference transmission con-
tact problem under the condition of internal gear pair mesh,
taking into account the pin and bearing effects [16], [17]. The
compliance matrix and the initial clearance were obtained
using the finite element method. The finite element-linear
programming method was used to calculate the number of
the contact tooth pairs of the small tooth number difference
gear pairs, the tooth surface load distribution, the pin shaft
and the bearing ball force. Liu et al. [18] used the finite
element method to analyze the change of the tooth surface

contact state, contact pressure and sliding distance with time
in the whole process of NN-type small tooth number differ-
ence reducer from mesh in to mesh out. Huang et al. [19]
established a finite element model of a new involute planetary
gear reducer using a finite element method, obtained the
equivalent stress distribution diagram of the gear pair, and
calculated the change curve of the overall stiffness of the
internal gear pair with time. Zhang et al. [20] integrated
gear pairs, bearing elastic deformation and torsional defor-
mation of the shaft, established the deformation coordination
conditions of each motion pair of the small tooth number
difference reducer, and established an elastic static equation
of the planetary gear reducer with small tooth difference using
the substructure synthesis method. Huang [21] extended the
external meshing single tooth stiffness calculation equation
to the internal meshing field, and obtained the equation of
the internal meshing single tooth stiffness, considering the
main and driven gear stiffness as equivalent to a series spring
to obtain internal meshing single tooth stiffness. Liu [22]
established a mathematical model of load distribution with
a small tooth number difference considering the base pitch
error and combined it with a Monte Carlo method to generate
the base pitch error randomly. He then analyzed the influence
of the base pitch error on the mesh of the gears with small
tooth number difference. Zhou et al. [23] established a force-
coupling mode for the involute 2K-V reducer considering
sliding friction in ABAQUS.

C. ORIGINAL CONTRIBUTIONS
There are three original contributions that clearly distinguish
this research from the aforementioned studies:

1) The deformation coordination relationship of the two-
stage internal gear pair of the involute RV reducer under a
load torque under the premise of linear elasticity is derived.
By transforming the deformation coordination relationship
into a linear programming form, a mathematical model for
studying the contact problem of the two-stage internal gear
pair is obtained.

2) Combined the graphing method and the two-
dimensional calculation method of the number of internal
meshing teeth of small tooth number difference, and con-
cluded that the contact area of the single secondary internal
gear pairs reduces the calculation scale of compliance matrix
and linear programming problem.

3)The differences between the finite element-linear pro-
gramming method and the ANSYS simulation are compared
from the aspects of contact tooth pairs, gear tooth load and
tooth surface contact force, and the accuracy and effec-
tiveness of the proposed finite element linear programming
method are verified.

D. OUTLINE OF THIS PAPER
The rest of the paper is organized as follows. The mathemat-
ical model of two-stage internal meshing contact of involute
RV reducer is introduced in section II. How to determine
the contact area in section III. The calculation method
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of compliance matrix and initial clearance is described in
section IV. Calculation and simulation of two-stage internal
mesh contact force of involute RV reducer are performed in
section V. Finally, conclusions are summarized in Section VI.

II. MATHEMATICAL MODEL OF TWO-STAGE INTERNAL
MESHING CONTACT OF INVOLUTE RV REDUCER
Li [16] and Liu and Yu [24] extended the finite element linear
programming method to deal with the tooth surface contact
problem based on the work of CONRY [17]. All potential
contact points on the gear pair contact surface satisfy the
deformation coordination relationship shown in Equations (1)
and (2):

n∑
j=1

(χkj + χk ′j′ )Fj + εk − δ − Yk = 0 (1)

where n is the total number of contact points, χkj and χk ′j′ are
the compliance coefficients, Fj is the j−j’ point normal force,
εk is the initial clearance, δ is the rigid displacement, and Yk
is the slack variable.

n∑
j=1

Fj = P (2)

where P is the external load.
By adding artificial variables and formulating objective

functions, the problem is formulated as a linear programming
problem to find the optimal value [16], [17], [24], as shown
below:

minU = {C} {U} (3)

where U is objective function.

s.t.− [S] {F} + δ {e} + [I ] {Y } + [I ]
{
U
}
= {ε}

{e}T {F} + Un+n+1 = P

Fk ≥ 0, Yk ≥ 0, δ ≥ 0, εk ≥ 0(k = 1, 2, · · · , n)

Un+l ≥ 0(l = 1, 2, · · · , n+ 1)

Yk = 0 or Fk = 0 (4)

where {C} = (1)1×(n+1) is a (n+1)-dimensional row vec-
tor, {F} = [F1,F2, · · · ,Fn]T, {ε} = [ε1, ε2, · · · , εn]T,
{U} = [Un+1,Un+2, · · · ,Un+n+1]T, [S] =

(
Sij
)
n×n =(

χij + χi′j′
)
n×n i = 1, 2, · · · , nj = 1, 2, · · · , n. {e} = (1)n×1

is a n-dimensional column vector, and [I ] is the identity
matrix. Here,

{
U
}
= [Un+1,Un+2, · · · ,Un+n]T, {Y } =

[Y1,Y2, · · · ,Yn]T.
The working principle of the involute RV reducer is the

same as that of the common cycloidal pin RV reducer, except
that the two-stage cycloidal pinwheel drive is replaced by an
involute internal meshing gear pair. The Schematic diagram
of transmission is shown in Fig. 1. Internal gear 6 is fixed to
the frame, and the output disk transmits power. During oper-
ation, the motor drives input shaft 1 to rotate, thereby driving
input gear shaft 2, which is fixed to the input shaft. Input gear
shaft 2 drives the rotation of planetary gear 3 through external

FIGURE 1. Schematic diagram of Involute RV reducer
transmission.1-input shaft 2- input gear shaft 3- planet gear 4-crank shaft
5-external gear 6- internal gear 7- output disk.

mesh. Crankshaft 4 is fixed to planetary gear 3 and is moved
to external gear 5 through the bearing output to perform a co-
rotating motion about the axis of the input shaft. Internal gear
6 causes the external gear to rotate in the reverse direction
through the internal meshing action with external gear 5, and
outputs the rotation motion to output disk 7 using crankshaft
4 as a medium.

Since the two external gears have the same structural
dimensions andwe ignoremanufacturing and assembly errors
and the influence of the elastic deformation of the sup-
port on the meshing of the gear pair, it can be assumed
that the meshing state of the two external gears and the
internal gear are exactly the same, and respectively bear
half of the output torque [25]. Therefore, if the friction
between the contact faces is ignored, it is only necessary
to perform single-pair two-stage internal gear pair contact
analysis.

For the two-stage internal gear pair of the RV reducer, the
contact teeth will deform elastically under the load torque,
and the external gear will rotate about its center by an addi-
tional angle [25]–[27]. Since the initial clearance between the
internal gear pairs is small, the displacement caused by the
elastic deformation will cancel the smaller initial clearance,
causing the original non-contact teeth to enter the mesh,
resulting in a multi-tooth meshing effect.

Moreover, since the internal and external gear tooth pro-
files have a similar radius of curvature and are in the same
direction, the gear contact area becomes large, and the line
contact becomes surface contact. Therefore, the direction
of the contact force of different teeth is different, and the
direction of the force between the contact points of differ-
ent positions of the same tooth is also different, as shown
in Fig. 3.
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FIGURE 2. Involute multi-teeth internal meshing with small tooth number
difference. (e)-external gear (i)-internal gear.

Since the gear contact deformation is small, the shape of
the tooth profile after deformation is still an ideal involute.
According to the involute tooth profile property, the direction
of the contact point force is tangent to the base circle, so the
relation of the sum of potential contact points of the two-
stage internal meshing gear pair can be obtained similarly to
equation (3):

n∑
i=1

Fi = T/
rb1 (5)

where T is the load torque experienced by a single external
gear in the internal gear pair, while rb1 is the base circle radius
of the external gear.

It is assumed that the contact pair i-i’ in Fig. 2 is in contact
under the action of the additional corner θ , and the point i(i′)
is elastically deformed in the normal direction of the contact
point byωi(ωi′ ). Then, the sum of the total elastic deformation
amount (ωi + ωi′ ) between the contact points and the initial
normal clearance εi between the contact points is equal to
the displacement δi of the i-th point in the direction of the
contact force. For the non-contact point, the sum of the nor-
mal elastic deformation amount ωi and the initial εi normal
clearance between the contact points should be smaller than
the displacement δi of the i-th point in the direction of the
contact force.

ωi + ωi′ + εi − δi ≥ 0 (6)

where i = 1, 2, · · · , n.
The displacement of the i-th point in the direction of the

contact force δi is [28]:

δi = rciθ cos αi = rb1θ (7)

where rci is the radius of the contact point i on the external
gear tooth profile, θ is the additional corner arc value of the
external gear rotation, and αi is the external gear’s i-th point
pressure angle.

The slack variable Yi is introduced, and equation (7)
is substituted into equation (6). The deformation amount
is expressed by the sum of the flexibility coefficient and
the force product, and equation (6) can be converted

FIGURE 3. Internal gear contact force.

into:

n∑
j=1

(χij + χi′j′ )Fj + εi − rb1θ − Yi = 0 (8)

Equation (8) is the same as Equation (1), as are Equa-
tion (5) and Equation (2), so the same linear programming
approach can be used.

III. DETERMINATION OF THE CONTACT AREA
A. TWO-DIMENSIONAL SMALL TOOTH NUMBER
DIFFERENCE INTERNAL MESHING CONTACT
MATHEMATICAL MODEL
When finite element-linear programming is used to deal with
the tooth surface contact problem, the number of teeth that
are in contact is not known beforehand. If the overall model
of the gear pair is established, a large amount of time will be
required when the number of teeth is large. To shorten the
calculation time of the compliance matrix and improve the
solution efficiency, the contact area of the two-stage internal
gear pair is preliminarily determined through the graphing
method and the two-dimensional calculation method of the
number of internal meshing teeth with small tooth number
difference. The two-dimensional calculation model of the
number of internal meshing teeth with small tooth number
difference derived from [29], [30] is as follows:

1 1 1 · · · 1
1
k0

−
1
k1
1
k1

−
1
k2
. . .

. . .

1
kn−1

1
kn




F0

F1

F2
...

Fn



=


T/rb

Brb (ϕ1 − ϕ0)
Brb (ϕ2 − ϕ1)

...

Brb (ϕn − ϕn−1)

 (9)
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TABLE 1. Main parameters of two-stage internal gear pair and machining
tool.

FIGURE 4. Single two-stage internal gear pair.

Since the number of meshing pairs is unknown, the mesh-
ing pairs n = 1, 2, 3, · · · is taken and substituted in (9), until
the maximum meshing number where negative elements do
not appear in the solution vector [F0 F1 F2 . . .Fn ]T gives
the gear meshing pairs. The gear tooth stiffness is calculated
according to equation (10), and the elastic deformation is
calculated by the material mechanics method [31], [32].

ki =
F i
Bωi

(10)

where F i is the contact force of the i-th pair of teeth, ki is the
meshing stiffness of the i-th pair of teeth, and B is the gear
meshing width.

After finding the initial contact tooth pair number, the ini-
tial clearance angle and the gear meshing stiffness according
to the graphing method, the number of the contact teeth can
be obtained by substituting these values with the load torque
in equation (9).

B. CALCULATION RESULTS
The main parameters of the internal gear of the involute RV
reducer and its machining tool studied in this paper are shown
in Table 1. The external load makes the single pair of internal
gear pairs withstand 100N·m load torque. To facilitate the
description of the tooth pairs, the tooth pairs are numbered as
shown in Figs. 4 and 5. The starting number 1 is the tooth pair

FIGURE 5. Tooth pair number.

FIGURE 6. Initial contact tooth pair.

TABLE 2. Load of each tooth pair.

on the centerline, and the number increases in a clockwise
direction.

To formulate the internal and external gear tooth profile
curve and the base circle common tangent in MATLAB,
the tooth pair on the actual mesh line is taken as the initial
contact tooth pair, as shown in Fig. 6.

7 contact tooth pairs are obtained through the calculation,
where the teeth with indices 14-20 are involved in the contact.
The load of each tooth pair is shown in Table 2:
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FIGURE 7. Potential contact points.

TABLE 3. Potential contact surface mesh number of segments in the
tooth height direction.

IV. CALCULATION OF THE COMPLIANCE MATRIX AND
DETERMINATION OF INITIAL CLEARANCE
A. CYCLIC LOADING METHOD FOR COMPLIANCE MATRIX
OF GEAR PAIRS
The partial finite element model of the two-stage internal
gear pair of the involute RV reducer is shown in Fig. 7. The
external gear tooth width is divided into 13 segments, while

TABLE 4. Potential contact points of each tooth of internal and external
gears.

FIGURE 8. Gear compliance matrix calculation model.

FIGURE 9. Clearance of contact points.

the internal gear tooth width is divided into 28 segments. The
number of mesh segments of the potential contact surface in
the tooth height direction is shown in Table 3. During oper-
ation, the internal gear is fixed, and the external gear rotates
through a certain angle in the counterclockwise direction and
is subject to elastic deformation. The potential contact surface
is shown in Fig. 7, and the contact point is the node on
the contact surface. The number of potential contact points
on the tooth pair is shown in Table 4, the total of which
is 1274.
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FIGURE 10. External gear tooth surface contact force calculated using the finite element-linear programming method.

When calculating the compliance matrix [S], the internal
and external gear boundaries are fixed separately, as shown
in Fig. 8. The unit normal force is applied to the potential
contact point j of the tooth profile, and the statics solution is
performed. The displacements of the 1274 potential contact
points in the respective normal directions are respectively
obtained, and all the contact points are placed in a column
vector in a certain order. Repeating the above operation
for all 1274 points, the flexibility coefficient column vec-
tor under each unit force is obtained, and all the column
vectors are assembled to obtain the internal and external
gear flexibility matrices

[
χ ′
]
, and [χ ], with dimensions

1274 × 1274, respectively. Finally, the two flexibility

matrices are added to obtain the gear pair compliance
matrix [S].

B. INITIAL CLEARANCE
The x- and y-coordinate values of the nodes were obtained
in the global Cartesian coordinate system in ANSYS. The
initial distance of potential contact points was calculated,
and the initial distance was divided by the radius of the
corresponding external gear node. At this time, the initial
contact angles of the potential contact points were obtained,
and the initial clearance of the internal gear pair was also
obtained by multiplying by the radius of the base circle of
the gear.
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FIGURE 11. Internal gear tooth surface contact force calculated by finite element-linear programming method.

V. CALCULATION AND SIMULATION OF TWO-STAGE
INTERNAL MESH CONTACT FORCE OF INVOLUTE RV
REDUCER
A. FINITE ELEMENT LINEAR PROGRAMMING METHOD
CALCULATION RESULTS
The finite element linear programming method shows that
14-19 teeth are in contact, i.e. a total of 6 pairs, which is one
pair less than the number obtained using the two-dimensional
contact algorithm. The teeth with indices 13, 20 and 21 are
not in contact, and therefore the contact force of the tooth
surface is zero. The external gear tooth surface contact force
distribution is as shown in Fig. 10, and the tooth width
coordinate axis origin is located at the left end surface shown
in Fig. 7(c).

In Fig. 10, the 17th tooth is the initial contact tooth, and its
load is the largest. Teeth 14-16 the mesh in teeth, and 18 and
19 are the mesh out teeth. The contact force distribution of
the tooth surface conforms to the clearance distribution law.
The finite element linear programming method considers the
force of the same pair of contact points as equal and opposite
in the calculation of the contact force. So, the internal gear
contact point force is the same as the external gear force
in Fig. 10, except that the position on the internal gear is
different, as shown in Fig. 11.

The tooth pair load andminimum clearance distribution are
shown in Fig. 12. It can be seen that the minimum clearance
on the left tooth pairs of the initial contact tooth pair 17 is
smaller than the minimum clearance on the right tooth pairs,
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FIGURE 12. Tooth pair load and clearance distribution.

FIGURE 13. Contact teeth calculated by ANSYS simulation.

so the tooth pair is more prone to contact at this meshing
position.

B. ANSYS STATIC SIMULATION
The contact algorithm selected the Lagrangian multiplier
method and eliminated the initial clearance, and the friction
coefficient was set to zero [33]. The internal gear boundary
node displacement degrees of freedom were fixed, the exter-
nal gear was subject to an additional rotation through the
establishment of a node in its center of rotation with the
MPC184 beam unit and the external gear inner ring node
connection, and limited the central node’s x, y and z directions
of movement and x-y direction of rotation freedom. A coun-
terclockwise load torque was added in the z direction of the
outer gear’s center node.

In Fig. 13, ‘‘Sliding’’ represents the contact area. The sim-
ulation results show that teeth 14-19 participate in the
contact, a total of 6 pairs, which is consistent with the
finite element linear programming method. The tooth sur-
face contact force distribution on teeth 14-19 is shown
in Figs. 14 and 15.

C. COMPARISON OF RESULTS
The finite element linear programming method and the
ANSYS simulation both show 6 pairs of contact teeth, namely

TABLE 5. Comparison of external gear tooth load under two calculation
methods.

TABLE 6. Comparison of internal gear tooth load under two calculation
methods.

for the tooth pair numbers 14-19. The load on each tooth
is shown in Tables 5 and 6 below. ‘‘–’’ indicates that the
tooth pair is not in contact. The error percentage in the table
is based on the ANSYS simulation values. The calculation
equation is shown in (11). From the error data in the table,
it can be seen that the two calculation methods are basically
consistent in the calculation of the contact pairs and the tooth
load distribution.

error = |FFELPM − FFEM |
/
FFEM (11)

where FFELPM is the load calculated using the finite element
linear programming method and FFEM is the load calculated
using ANSYS.

The error of the contact force of the tooth surface was
calculated according to (11), and the error values were ana-
lyzed statistically to obtain the points which touch on the
teeth of 14-19, with a total number 556 points. The horizontal
coordinate scale in the error graph is statistically distributed in
increments of 10%. The error range indicated by each legend
of ‘‘Number’’ is [x, x+10%), that is the starting scale of the
error range is a closed interval, and the ending scale an open
interval. ‘‘Number’’ indicates the number within the error
range, and ‘‘Percentage’’ indicates the ratio of the number
within the error range to the total contact point.

As shown in Fig. 16, under the two calculation methods the
contact force error value of most external gear tooth surface
nodes is small, located in [0%, 10%), accounting for 88.8%.
When the error range is expanded to [0%, 20%), the number
of errors in this range accounts for 94.4%, while most of the
points (24 in total) in [10%, 20%) have an error of 10%-12%.
The ratio to the total contact point number is 4.3%, so the
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FIGURE 14. External gear tooth surface contact force calculated by ANSYS.

number of points with an error of less than 12% is 93.2%. For
points with an error of more than 50%, the contact force at the
corresponding contact point is generally small. Table 7 shows
the force calculated using ANSYS in 27 contact points with
external gear contact point force error above 50% and the
maximum contact force ratio on the corresponding gear
teeth. The contact point position is represented by the three
parameters contained in the brackets. The first parameter
represents the tooth pair number, the second represents the
contact point tooth width coordinate, and the third represents
the radius of the contact point node. It can be concluded
from Table 7 that the contact points with larger errors have
smaller contact forces, all of which are below 0.23N, and the

ratio of the maximum contact force on the corresponding gear
teeth is below 3.9%, which has little effect on the analysis
of the tooth surface. The 8 points with an error of 100%
indicate that the ANSYS simulation results indicate contact
at this point, and the finite element linear programming
method shows no contact, indicating that the contact area
calculated by the finite element linear programming method
is slightly smaller than the ANSYS calculation result. Under
the two calculation methods, most of the contact point force
errors are small. The ratio of larger error point is small and
its contact force value is small, which has little effect on
the tooth surface analysis. Therefore, it can be considered
that the two calculation methods are consistent in determin-
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FIGURE 15. Internal gear tooth surface contact force calculated by ANSYS.

FIGURE 16. External gear tooth surface contact force error statistical
chart.

ing the contact force distribution of the external gear tooth
surface.

The analysis for the distribution of the internal gear tooth
surface contact force under the two calculation methods was
performed, and the error distribution of Fig. 17 is the same as

FIGURE 17. Internal gear tooth surface contact force error statistical
chart.

Fig. 16. The error is 88.8% in the range of [0%, 10%), 93.2%
in the range of [0%, 12%], and 94.4% in the range [0%, 20%).
The number of error points with an error of more than 50% is
27, accounting for 4.9%. It can be seen from Table 8 that 8 of
the larger error points have an error value of 100%, indicating
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TABLE 7. ANSYS simulation values of contact points of external gear with
more than 50% error.

that the contact area calculated by the finite element linear
programming method is smaller than the ANSYS calculation
result. The contact force of the larger error contact point is
less than 0.23N, and the ratio of the maximum load of the
corresponding gear teeth is less than 3.8%. Similarly, the two
calculation methods for the contact force distribution of the
internal gear tooth surface are consistent.

In summary, for the three aspects of contact pairs, tooth
load distribution and tooth surface contact force distribution,
the finite element linear programming method and ANSYS
produce almost the same results in the contact tooth pairs and
the tooth load distribution.When calculating the contact force
of the tooth surface, the contact area calculated by the finite
element-linear programming method is slightly smaller than
the values calculated using ANSYS. There are a few points
with large error value, but the contact force value is smaller,
which has less influence on the tooth surface contact analysis.
Most of the contact point errors are below 12%. Therefore,
the results of the two calculation methods are consistent when
analyzing the tooth surface contact conditions, which verifies
the accuracy and effectiveness of the finite element linear
programming method.

TABLE 8. ANSYS simulation value of contact points of internal gear with
more than 50% error.

VI. CONCLUSION
In this paper, the finite element-linear programming method
is used to deal with the contact problem of the two-stage inter-
nal gears of the involute RV reducer. Its principle, method
and procedure are introduced. The deformation coordination
relationship between contact points of single-pair two-stage
internal meshing gear pair is deduced and transformed into
a linear programming problem, and finally a mathematical
model describing the two-stage internal meshing contact
problem of the involute RV reducer is obtained. The improved
simplex method is used to calculate the solution and obtain
the number of contact teeth, gear tooth load distribution and
tooth surface contact force distribution. A finite element sim-
ulationmodel is established in ANSYS, and the finite element
linear programming method is compared with the ANSYS
simulation values to verify the accuracy and effectiveness of
the finite element linear programming method.
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