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ABSTRACT A nonlinear robust and adaptive backstepping control strategy is hierarchically proposed to
solve the trajectory tracking problem of hexacopter UAVs. Due to the under-actuated and coupled properties
of the hexacopter dynamics, the nominal backstepping control approach is fully designed as the main
controller. Considering the model uncertainties and external disturbances perturbing the system stability,
a robust 2nd -order linear extended state observer (LESO) with more reliable velocity feedback is devised to
observe and suppress the instabilities, and peaking phenomena in the observation are removed. Usually, large
observer gains are selected to reduce the tracking errors but will amplify the measurement noise. To further
enhance the system robustness, an adaptive switching function based compensator is introduced to eliminate
the observation errors, through which the requirement on large observer gains is relaxed, and high gain
behaviors of the LESO are avoided. Stability analysis proves that the nonlinear control scheme can ensure
the hexacopter UAV asymptotic tracking along the designated trajectory. Comparative simulations under
different controllers are carried out to demonstrate the efficiency and superiority of the proposed control
scheme.

INDEX TERMS Hexacopter UAV, trajectory tracking, robust backstepping control, 2nd -order LESO,
hierarchical compensators.

I. INTRODUCTION
In the last decades, the Unmanned Aerial Vehicles (UAVs)
have achieved significant development. Various types of
UAVs with different structures, favorable performances, and
wide applications keep emerging. The multi-rotor UAV has
attracted great attention recently because of its prominent
advantages in hovering capability, high maneuverability, sim-
ple structure, and reduced costs [1]–[3]. The most representa-
tive one is the quadrotor UAV, which is widely applied in the
aerial photograph, inspection, rescue, cargo transportation,
and precision agriculture, etc., [4], [5]. Note that only four
rotors are mounted in the quadrotor UAV, and limited power
can be provided, which limits its application, especially for
cargo delivery. Nowadays, the design of multi-rotor UAV
with more rotors (e.g., the hexacopter and octocopter UAV) is
fast-growing, and the advantages appear in terms of more lift
and more time on the fly [6]–[8]. However, more rotors bring
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bigger size and higher costs. So the hexacopter UAV appears
to be a compromise, and it is most widely used in the specific
occasions [9]. Nevertheless, it is still a challenge to design
an effective controller ensuring the multi-rotor UAV robust
flight capabilities due to following major reasons [10]–[13]:
(1) The multi-rotor UAV is a typical under-actuated sys-
tem with 6-DOF (degree of freedom) but only four control
inputs; (2) it is a complicated system with strong nonlinear-
ity and coupling characters, where the translational subsys-
tem dynamics and the rotational one interact on each other;
(3) there always exist parameter uncertainties, un-modeled
dynamics and external disturbances degrading the system
stability and control performances. These problems have
attracted special attention from many researchers.

To address the above problems, plentiful control methods
have been presented. Initially, some linear control methods,
including PID [14], LQR [15], and H∞ control [16] have
been adopted for the fundamental flight capabilities of the
multi-rotor UAV. However, these linear approaches are sensi-
tive to the nonlinearities, and the flight performance will be
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degraded when the disturbances occur. In order to improve
the robust control performance, more efforts have been made
on the nonlinear control approaches, such as backstepping
control [17], sliding mode control (SMC) [18], active distur-
bance rejection control (ADRC) [19], fuzzy control and other
intelligent control methods [20]–[22]. The SMC method
is insensitive to the disturbances and is widely applied for
the nonlinear systems [23], [24]. However, the chattering
phenomenon always exists in the control system and brings
challenges for the actuators. The extended SMC methods
have been developed to suppress the chattering. The bound-
ary layer based SMC method is commonly used by intro-
ducing boundary layer into control system to replace the
sign function [25]. The thickness of the boundary layer
contributes to trade-off relationships between the control
accuracy and chattering suppression, and it demonstrates a
limited effect in chattering reduction of SMC method for
the nonlinear under-actuated systems. The other extended
SMC approaches, such as high order SMC [26] and terminal
SMC [27], [28] were extensively applied in the quadrotor
UAV system to overcome the deficiency of chattering phe-
nomenon in SMC. It is noted that the design of the nonlinear
sliding surface in the high order or terminal SMC is cum-
bersome, and the calculation of the coefficients is compli-
cated. Recently, the model-free intelligent control approaches
including the fuzzy control system and the neural networks
have been increasingly used for the multi-rotor UAV to coun-
teract the disturbances and accommodate the control efforts
to the parameter changes [29]–[33]. However, the complex
fuzzy rules and tedious learning process existing in the intel-
ligent control system always require larger computational
efforts.

Backstepping control is an acclaimed nonlinear con-
trol strategy and has received great attention from many
researchers [34]–[36]. Owing to the systematic and recur-
sive design methodology based on Lyapunov theorem, the
backstepping control scheme is well suited for the cou-
pled and under-actuated system with nonlinearities, espe-
cially for the multi-rotor UAV [37]. In [38], the backstep-
ping strategy was applied for the payload dropping control
of a quadrotor helicopter, and the roll angle fluctuated at
the moment of payload dropping. In [39], the backstep-
ping controller was used to force the hexacopter UAV sys-
tem to follow a reference trajectory. Despite the popular-
ity and advantage of the backstepping method, it is sensi-
tive to the disturbances, and control performances will be
degraded when the parameter uncertainties and external per-
turbations occur. To overcome the drawback of the sensitiv-
ity to the uncertainties, further efforts have been made on
the enhanced backstepping approaches [40]–[45], among
which the observers based one has been extensively used.
The robustness of the observers based control stems from the
satisfactory performances of the observer in estimating and
compensating uncertainties and disturbances [46], [47]. Var-
ious forms of disturbance observers have been applied in the
back-stepping and other control schemes. In [48], a sliding

mode observer based backstepping control was proposed for
the hexacopter to estimate and compensate for the effect of
wind parameters. In [49], an adaptive back-stepping sliding
mode control was developed for the attitude control of a
humanoid robot dual manipulator, and excessive chattering
was avoided by introducing a nonlinear disturbance observer
(NDO) to compensate for uncertainties. In [50], [51], neural
networks(NN)-based observers were applied in the backstep-
ping approach to approximate the uncertainties existing in
the system dynamics. Among the disturbance observers, the
nonlinear extended stated observer originally proposed by
Han [52] is an active way to estimate not only the external
disturbance but also the plant dynamics, through which the
requirement on the accurate model can be relaxed. To make
the ESO more practical to implement, Gao [53] modified it
into a linear version [54]. In [55], a linear ESOwas developed
to estimate total uncertainty, and the robust LESO based
output-feedback control was built for the path-following of
the autonomous underwater vehicles. Noting that, (1) most
of the disturbance observers mentioned above were thor-
oughly developed on the position feedback, which is com-
monly obtained by integrating the velocity information of the
system, especially for the multi-rotor UAVs. The long-time
integration errors will influence the position information,
which further degrades estimation accuracy of the observers.
(2) Besides, the observers were thoroughly developed based
on assumptions that the disturbances or the derivative of one
are bounded, and the observation errors are closely related
to the bounds of the disturbances or the derivatives. Indeed,
the relative large observation errors will be induced when the
disturbance changes, which will degrade the robust flight per-
formances of the multi-rotor UAV. To decrease the observa-
tion errors, large control gains are generally selected, but the
measurement noise will be magnified and peaking phenom-
ena will be induced. The high gain behaviors will degrade the
control performance and even deteriorate the system stability.
It is worth mentioning that the adaptive scheme is an efficient
method for motion control [56]–[58], and it exhibits superior
performances in handling bounded uncertainties.

Motivated by the aforementioned works, this paper pro-
poses a nonlinear robust and adaptive backstepping control
scheme for the hexacopter system. The nonlinear control
scheme is hierarchically developed. The nominal backstep-
ping control is fully designed as the main controller to
achieve a fundamental flight performance. Next, the robust
compensator based on the 2nd -order linear extended state
observer with velocity feedback (LESO-VF) is employed in
the backstepping control scheme to estimate and compensate
the uncertainties and external disturbances, throughwhich the
effect of instabilities is suppressed and robust flight capa-
bility is guaranteed. Also, to avoid high gain behaviors of
the LESO, an adaptive switching term based compensator is
introduced to counteract observation errors, and the enhanced
robustness is achieved.

The main contributions can be summarized as
follows:
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(1) Compared with the neural networks (NN)-based
observers [30]–[33], [50], [51] and the nonlinear
ESO [59]–[62] requiring the multiple states informa-
tion and complex nonlinear coefficients, the LESO
employed in the control scheme is intuitively designed
based on the state feedback, and the tuning operation
is rather simple since linear observer parameters are
utilized.

(2) Rather than the nonlinear disturbances obser-
vers [45]–[49], [64]–[67] and other ESO [59]–[63]
based on the position feedback, the 2nd -order LESO
with velocity feedback is developed. In practice,
the velocity information is easily acquired, which
is more accurate and reliable, especially for the
multi-rotor UAVs. Besides, the initial velocities of the
hexacopter UAV are zero, which are equal to the initial
state values of observers set to be zero without loss
of generality. The peaking phenomenon caused by the
initial errors can be avoided. Therefore, the 2nd -order
LESO based on the velocity feedback is likely to be
more practical than that with the position feedback.

(3) Unlike the existing observers [59]–[67] including ESO
based control methods with large observer gains being
usually selected to reduce the bounded tracking errors,
the proposed nonlinear control scheme improves the
robustness by introducing the adaptive switching term
based compensator to eliminate the observation errors,
and the asymptotical tracking performance of the hex-
acopter UAV can be achieved. The requirement on the
large observer gains is relaxed, and high gain behaviors
can be avoided.

The remainder of this paper is organized as follows: Non-
linear model of the hexacopter UAV and the control prob-
lems are formulated in Section II. In Section III, the robust
and adaptive backstepping control scheme is hierarchically
developed, and the Lyapunov analysis ensures the tracking
errors of the hexacopter system asymptotically converge to
zero. Comparative trajectory tracking of the hexacopter UAV
is conducted in the simulation environment in Section IV to
verify the efficiency and superiority of the proposed control
scheme. Finally, conclusions are presented in Section V.

II. HEXACOPTER MODEL AND PROBLEM STATEMENT
The hexacopter UAV is a nonlinear, coupled and under-
actuated system with 6-DOF but only four actual inputs.
It has a rigid symmetrical configuration consisted of six rotors
symmetrically mounted on the airframe, as is shown in Fig. 1.
Themotions of the hexacopter UAV are fulfilled by regulating
the six rotors, among which Rotors (1, 3, 5) rotate in the
counter-clockwise (CCW), while Rotors (2, 4, 6) rotate in the
opposite direction to adjust the yaw angle-{ψ}. Differentiat-
ing the speed of Rotors (1, 2) and Rotors (4, 5) generates
the pitch-{θ} rotation, which contributes the movement in
x- axis direction. Besides, the differential speed of Rotors
(1, 5, 6) and Rotors (2, 3, 4) propels the roll-{φ} motion,
corresponding to the lateral movement along the y-axis.

FIGURE 1. Schematic diagram of the hexacopter UAV.

Furthermore, the vertical movement along the z-axis is real-
ized by changing the speed of all the rotors collectively.

The hexacopter dynamic model is established via the
Newton-Euler formulism. Two coordinate systems, including
the inertial reference frame (I - frame) and the body-fixed one
(B - frame) are built respectively, as is depicted in Fig. 1. The
hexacopter dynamics can be described as

∏
Translation

(P)

{
Ṗ = v
mv̇ = −mgez + TI

B (2)Ff + Fd∏
Rotation

(2)

{
2̇ = RI

B (2)ω

Jω̇ = −ω × Jω + 0f + 0g + 0d

(1)

where P = [x, y, z]T is the Euclidean position in I - frame;
2 = [φ, θ, ψ]T denotes the three Euler angles; ez =
[0, 0, 1]T represents a vector along the z-axis; (−ω × Jω)
yields the gyroscopic effect, with ω ∈ <3 being the angular
velocity, and J = diag

[
Ix , Iy, Iz

]
∈ <

3×3 is the inertia
matrix.
TI
B (2) and R

I
B (2) are the translation matrices from the

B - frame to the I - frame, expressed as

TI
B (2)=

cθcψ sφsθcψ−cφsψ cφsθcψ+sφsψ
cθ sψ sφsθ sψ+cφcψ cφsθ sψ−sφcψ
−sθ sφcθ cφcθ


RI
B (2)=

1 sφ tθ cφ tθ
0 cφ −sφ
0 sφ

/
cθ cφ

/
cθ


(2)

where s(·) = sin(·), c(·) = cos(·), t(·) = tan(·). In the
cases where hexacopter performs rotations of low amplitude,
RI
B (2) is very close to an identity matrix.
Ff = [0, 0, u1]T and 0f = [u2, u3, u4]T are the control

forces and torques in B - frame, where u1−4 can be developed
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as

u1 = F1 + F2 + F3 + F4 + F5 + F6

u2 = −
1
2
F1l +

1
2
F2l + F3l +

1
2
F4l −

1
2
F5l − F6l6

u3 = −

√
3
2
F1l −

√
3
2
F2l +

√
3
2
F4l +

√
3
2
F5l

u4 = Cd
(
−�2

1 +�
2
2 −�

2
3 +�

2
4 −�

2
5 +�

2
6

)
(3)

where the force Fi generated by i-th rotor is approximated as
Fi = Kp�2

i , Kp ∈ <
+ denotes the thrust coefficient of the

propeller, Cd ∈ <+ is the drag coefficient, and �i represents
the speed of Rotor- i.
0g represents the gyroscopic impact owing to the propeller

orientation change expressed as

0g =

6∑
i=1

Jr (ω × ez) �̄ (4)

where Jr ∈ <+ denotes the rotational inertia of the propeller,
�̄ = �1 −�2 +�3 −�4 +�5 −�6.
Fd and0d are the whole disturbanceswd including param-

eter uncertainties and external disturbances, such as parame-
ter changes, asymmetric structures, payload variation, rotor
fluctuation, and aerodynamic drags, etc, denoted as{

Fd = wP =
[
wx ,wy,wz

]T
0d = w2 =

[
wφ,wθ ,wψ

]T (5)

Consequently, combining Eqs. (1-5) yields the dynamic
model of the hexacopter UAV as

∏
Translation

(P)


ẍ =

(
cφsθcψ + sφsψ

) 1
m
u1 + wx

ÿ =
(
cφsθ sψ − sφcψ

) 1
m
u1 + wy

z̈ = −g+
(
cφcθ

) 1
m
u1 + wz

∏
Rotation

(2)



φ̈= θ̇ ψ̇

(
Iy − Iz
Ix

)
−
Jr
Ix
θ̇ �̄+

l
Ix
u2+wφ

θ̈= φ̇ψ̇

(
Iz−Ix
Iy

)
+
Jr
Iy
φ̇�̄+

l
Iy
u3+wθ

ψ̈= θ̇ φ̇

(
Ix − Iy
Iz

)
+

1
Iz
u4 + wψ

(6)

To facilitate control design, the dynamic model of the
hexacopter system considering the whole disturbances can be
represented in the nonlinear state equation as follows

Ẍ = Gu+ f (X)+ wd (7)

where u, X and wd are the control inputs, states, and whole
disturbances vector developed as follows

u = [ux , uy, uz, u2, u3, u4]T ∈ <6 (8)

X = [x1, x2, x3, x4, x5, x6]T = [x, y, z, φ, θ, ψ]T ∈<6 (9)

wd = [w1,w2, . . . ,w6]T = [wx ,wy,wz,wφ,wθ ,wψ ]T ∈<6

(10)

and the functions f(X ) and G are described accordingly as

f (X)=


0
0
0

θ̇ ψ̇a1−a2θ̇ �̄
φ̇ψ̇a3+a4φ̇�̄

θ̇ φ̇a5

 , G=


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 b1 0 0
0 0 0 0 b2 0
0 0 0 0 0 b3


(11)

respectively, among which a1 = (Iy − Iz)/Ix , a2 = Jr/Ix ,
a3 = (Iz − Ix)/Iy, a4 = Jr/Iy, a5 = (Ix − Iy)/Iz, b1 = l/Ix ,
b2 = l/Iy, b3 = 1/Iz.
The control objective is to ensure the hexacopter UAV

a robust trajectory tracking performance against the param-
eter uncertainties and external disturbances. Due to the
under-actuated property of the hexacopter system, it is impos-
sible to regulate the 6-DOF outputs by only four control
inputs u1−4. Considering the coupled relationship between
the translational and rotational dynamics, the positional trans-
lation can be controlled indirectly by rotations, and two aux-
iliary control inputs are selected as {φd , θd }. More specifi-
cally, the total lift forces together with the attitudes yield the
component forces along the {x, y, z} axis, which contributes
the positional movements of the hexacopter UAV. To fulfill
the specified trajectory tracking, the corresponding attitudes
of the hexacopter UAV are needed. To solve the desired
attitudes, the following equations are deduced from (6) as

ux = (cosφd sin θd cosψd + sinφd sinψd )
1
m
u1

uy = (cosφd sin θd sinψd − sinφd cosψd )
1
m
u1

uz = −g+ (cosφd cos θd )
1
m
u1

(12)

where the control inputs ux,y,z for the movements along
{x, y, z} can be fully acquired in (41) in Section III, and the
designated ψd is prior known, which implies that there exist
three unknown terms {u1, φd , θd } to be calculated in (12). The
transfer function from ux,y,z to {u1, φd , θd } can be solved as

u1 = m
√
u2x + u2y + (uz + g)

2

φd = arcsin

 ux sinψ − uy cosψ√
u2x + u2y + (uz + g)

2


θd = arctan

(
ux cosψ + uy sinψ

uz + g

) (13)

III. ROBUST AND ADAPTIVE CONTROL DESIGN
In this section, the derivation of the proposed control scheme
for the hexacopter UAV is progressively developed as fol-
lows: (1) The nominal backstepping strategy is initially
designed as the main controller for the fundamental flight
trajectory tracking. (2) To ensure the hexacopter UAV a robust
flight capability, the LESO based robust compensator with
different states (position and velocity) feedback is introduced
to observe and compensate for the parameter uncertainties
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FIGURE 2. Control architecture of the proposed control scheme for the hexacopter UAV.

and external disturbances. (3) To further improve the robust-
ness, a switching term based adaptive compensator is coop-
eratively employed to compensate for the observation errors
generated by the LESO. Considering the under-actuated and
coupled properties, the hexacopter dynamics is decomposed
into the translational and rotational subsystems, the relation-
ship between which is established through (13). The overall
control scheme is illustrated in Fig. 2, and detailed descrip-
tions of each control effort are hierarchically exhibited in
following subsections.

A. NOMINAL BACKSTEPPING CONTROL SYSTEM
The backstepping control is an acclaimed nonlinear control
strategy, and its advantage lies in design flexibility because of
the recursive utilization of Lyapunov functions. The stability
of the total control system can be guaranteed by the final
actual control law generated by the systematic and recursive
design methodology.

In this subsection, the nominal backstepping control is
designed as the main controller for the hexacopter system
to achieve the fundamental flight tracking performance. The
design of the nominal main controller is presented as follows:

Step I: Define the tracking error e1 = {e11, e12, . . . ,
e16}T ∈ <6 as follows

e1 = Xd − X (14)

Taking the derivative of (14) yields

ė1 = Ẋd − Ẋ (15)

Then, we take a virtual control input Ẋv ∈ <
6 for Ẋ as

Ẋv = Ẋd + k1e1 (16)

where k1 = diag(k11, k12, . . . , k16) ∈ <
+

6×6 is a positive
diagonal control gain matrix.

Step II: Define the deviation of the virtual control from its
desired value as

e2 = Ẋ − Ẋv = Ẋ − Ẋd − k1e1 (17)

Differentiating (17) yields

ė2 = Ẍ − Ẍv = Gu+ f (X)+ wd − Ẋd − k1e1 (18)

Choose the Lyapunov function as

V (e1, e2) =
1
2
eT1 e1 +

1
2
eT2 e2 (19)

Taking the derivative of (19) yields

V̇ (e1, e2)

= eT1 ė1+e
T
2 ė2

= eT1
(
Ẋd−Ẋ

)
+eT2

(
Gu+f (X)+wd−Ẋd−k1e1

)
= eT1 (−e2−k1e1)+ e

T
2
(
Gu+f (X)+wd− ¨cXd−k1ė1

)
(20)

Step III: Assuming the whole disturbances in (7) are well
known, the practical nominal control input can be achieved
as

u :=unom=G−1
(
Ẍd+k1ė1−f (X)−wd+e1−k2e2

)
(21)

where k2 = diag(k21, k22, . . . , k26) ∈ <
+

6×6 is a positive
diagonal control gain matrix.

Substituting (21) into (20) yields

V̇ (e1, e2) = −eT1 k1e1 − e
T
2 k2e2

=

6∑
i=1

−k1ie21i − k2ie
2
2i ≤ 0 (22)

B. ROBUST LINEAR EXTENDED STATE
OBSERVER (LESO) COMPENSATOR
The analysis above is developed assuming that the hexacopter
UAV is a nominalmodel, i.e., disturbances existing in the hex-
acopter dynamics are prior known. Indeed, parameter uncer-
tainties and external disturbances perturbing the hexacopter
system are unknown factors, whichmay result in performance
degradation and unexpected instabilities. Here, the 3rd -order
LESO based on position feedback and the 2nd -order LESO
based on velocity feedback are contrastively introduced as
robust compensators to suppress the effects of the parameter
uncertainties and external disturbances on the hexacopter
system.
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1) 3RD-ORDER LESO BASED ON POSITION FEEDBACK
To facilitate the observer design, the 3rd -order extended state
dynamic model from (7) can be achieved as

ẋ = Ax+ B1[Gu+ f (X )]+ B2ẇd (23)

where, x =

 X
Ẋ
wd

 ∈ <18, A =
O6×6 I6×6 O6×6
O6×6 O6×6 I6×6
O6×6 O6×6 O6×6

 ∈
<
18×18, B1 =

O6×6
I6×6
O6×6

 ∈ <18×6, B2 =

O6×6
O6×6
I6×6

 ∈ <18×6,
and ẇd ∈ <6 denotes the derivative of the whole disturbances
wd .

By the system (23), the 3rd -order LESO for the hexacopter
UAV is designed as

˙̂x = Ax̂+ B1[Gu+ f (X )]+ K
(
x− x̂

)
(24)

where x̂ = [X̂, ˆ̇X, ŵd ]T are observations of the extended

states x, K =

 kO1
/
ε O6×6 O6×6

kO2
/
ε2 O6×6 O6×6

kO3
/
ε3 O6×6 O6×6

 ∈ <18×18 is the con-
trol gain matrix, where kO1 = diag(k11, k12, . . . , k16), kO2 =
diag(k21, k22, . . . , k26), kO3 = diag(k31, k32, . . . , k36),with
kO1−3 ∈ <+6×6 and ε ∈ <+ being designed for staying
positive definite diagonal matrix.
Remark 1: The control gain matrix K implies that the

position information is needed in the feedback control loop.
Subtracting (24) from (23) yields

ė = Āe+ B2ẇd (25)

where the observation errors of the disturbance observer are
e = [X̃, ˜̇X, w̃d ]T = [X − X̂, Ẋ − ˆ̇X,wd − ŵd ]T ∈ <18,
Ā = A − K . The candidate control gains kO1, kO2 and
kO3 are chosen appropriately to let Ā satisfy the Hurwitz

stability criterions, i.e.,
∣∣λI18 − Ā∣∣ = 18∏

i=1
(λ+ λi) = 0.

λi is the matrix eigenvalue of Ā and meets 0 < λi ≤

λj (i < j, i, j = 1, 2, . . . , 18).
Then, the solution of (25) can be achieved as

e (t)=exp
(
Āt
)
e (0)+

∫ t

0
exp

(
Ā (t−`)

)
B2ẇdd` (26)

Assuming that the derivative of disturbances is constrained in
a reasonable domain such that supt∈[0,∞] ‖ẇd‖ ≤ Mw, we can
obtain the solution of (25) as

‖e (t)‖ ≤
∥∥exp (Āt) e (0)∥∥+ ∥∥∥∥∫ t

0
exp

(
Ā (t − `)

)
B2ẇdd`

∥∥∥∥
≤ β ‖e (0)‖ exp (−λ1t)+

βMw

λ1
(1− exp (−λ1t))

≤ β ‖e (0)‖ +
βMw

λ1
= Me (27)

where β ∈ <+. According to the analysis above, it can be
obtained that the observation errors of the 3rd -order LESO is
bounded in a compact set, i.e.,

∥∥∥X̃∥∥∥ , ∥∥∥ ˜̇X∥∥∥ , ‖w̃d‖ ≤ Me.

Remark 2: The control gain matrix K in (24) governs the
approximation rate of observations x̂ to the real extended
states x. The larger kpr (p = 1, 2, 3; r = 1, 2, . . . , 6) and
smaller in K contributes to a faster and higher-precision con-
vergence. However, the overlarge control gains will magnify
the measurement noise in the estimated states and induce the
peaking phenomena, and then the system is likely to be unsta-
ble [68]. Therefore, the effects of the parameter uncertainties
and external disturbances on the system cannot be sufficiently
suppressed in practice only by the LESO compensation.

2) 2ND-ORDER LESO BASED ON VELOCITY FEEDBACK
Similar to the 3rd -order LESO (24), the decreased 2nd -order
LESO for the hexacopter UAV is designed as

˙̂χ= A′χ̂ + B′1[Gu+ f (X )]+ L
(
χ − χ̂

)
(28)

where χ̂ = [ ˆ̇X, ŵd ]T ∈ <12 are observations of the dynamic

states χ = [Ẋ,wd ]T , A′ =
[
O6×6 I6×6
O6×6 O6×6

]
∈ <

12×12, B′1 =[
I6×6
O6×6

]
∈ <

12×6, L =
[
lO1
/
ρ O6×6

lO2
/
ρ2 O6×6

]
is the control gain

matrix of the observer, where lO1 = diag (l11, l12, . . . , l16),
lO2 = diag (l21, l22, . . . , l26)with lO1−2 ∈ <+6×6 and ρ ∈ <

+

being designed for staying positive definite diagonal matrix.
Remark 3: The control gain matrix L implies that only the

velocity is needed in the feedback control loop. Therefore,
the integral errors of the velocity for time can be avoided.
Generally, the UAV starts taking-off in 0-velocity equal to the
initial states of the LESO, and the initial errors fed back into
the LESO are 0. Therefore, the peaking phenomenon can be
avoided.

Similar to the stability analysis of the 3rd -order LESO, we
can obtain the observation errors of the 2nd -order LESO as

˜̇χ = Ā
′
χ̃ + B′2ẇd (29)

where χ̃ = [ ˜̇X, w̃d ]T = [Ẋ − ˆ̇X,wd − ŵd ]T ∈ <12, Ā
′
=

A′ − L, B′2 =
[
O6×6
I6×6

]
∈ <

12×6. The observation error χ̃

is converged into a compact set ‖χ̃ (t)‖ ≤ Mχ , i.e.,
∥∥∥ ˜̇X∥∥∥ ,

‖w̃d‖ ≤ Mχ . The larger lqr (q = 1, 2; r = 1, 2, . . . , 6) and
smaller ρ in L contribute to a higher-precision convergence.
Therefore, combining with (21) and (28), the linear

extended state observer based backstepping controller can be
obtained as

u = G−1
(
Ẍd + k1ė1 − f (X)− ŵd + e1 − k2e2

)
(30)

3) STABILITY OF THE ROBUST CONTROL SYSTEM
Lemma 1 (Petros and Jing [69]): In view of V : [0,∞) ∈ <,
the solution of the inequality V̇ ≤ −αV + f , ∀t ≥ t0 ≥ 0 is
as follows:

V (t) ≤ e−α(t−t0)V (t0)+
∫ t

t0
e−α(t−`)f (`) d` (31)

where, α is an arbitrary constant.
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Theorem 1: Consider the dynamic system (7) perturbed
by the parameter uncertainties and external disturbances,
the proposed robust backstepping control scheme (30) with
the compensation of the disturbances can ensure that the
system outputs of the hexacopter UAV converge to the desig-
nated flight trajectory, i.e., e1 and e2 are bounded in a compact
set.
Proof: Choose the following Lyapunov function

V1 =
1
2
eT1 e1 +

1
2
eT2 e2 =

1
2

6∑
i=1

(
e21i + e

2
2i

)
(32)

Taking the derivative of (32) and combining (18,30) yields

V̇1 = eT1 ė1 + e
T
2 ė2

= eT1
(
Ẋd − Ẋ

)
+eT2

(
Gu+ f (X)+wd − Ẋd−k1e1

)
= eT1 (−e2 − k1e1)+e

T
2
(
Gu+f (X)+wd − Ẍd−k1ė1

)
= −eT1 k1e1 − e

T
2 k2e2 + e

T
2 w̃d

=

6∑
i=1

−k1ie21i − k2ie
2
2i + e2iw̃di (33)

From Young’s inequality, we can obtain that

V̇1 ≤
6∑
i=1

−k1ie21i − k2ie
2
2i +

1
2
e22i +

1
2
w̃2
di

≤

6∑
i=1

−k1ie21i −
(
k2i −

1
2

)
e22i +

1
2
‖w̃d‖2 (34)

Let κ = min
{
k1i, k2i − 1

2

}
, we

can rewrite (34) as

V̇1 ≤ −2κV1 +
1
2
M2
χ (35)

From Lemma 1, we can obtain the solution of (35) as

V1 (t) ≤ e−2κ(t−t0)V1 (t0)+
1
2
M2
χe
−2κt

∫ t

t0
e2κ`d`

= e−2κ(t−t0)V1 (t0)+
M2
χe
−2κt

4κ

(
e2κt − e2κt0

)
= e−2κ(t−t0)V1 (t0)+

M2
χ

4κ

(
1− e−2κ(t−t0)

)
(36)

From the above analyses, we can obtain

lim
t→∞

V1 (t) ≤
M2
χ

4κ
(37)

which indicates that V1(t) is convergent, and the trajectory
tracking errors are bounded. More specifically, a superior
disturbance observation capability of the LESO contributes
better trajectory tracking performances, but with the large
observer gains being employed.

C. ADAPTIVE SWITCHING FUNCTION COMPENSATOR
It is noted that the observation errors of the LESO are
bounded, and there is a trade-off between the control gains
and the tracking performances. The larger observer gains
will decrease the bounded observation errors, but at the cost
of a degradation of the system stability. Therefore, further
improvements on the tracking accuracy with moderate con-
trol gains are needed. Here, an adaptive law is employed to
estimate the bounded observation errors of the LESO, based
on which a switching function is introduced to compensate
for the observation errors of the disturbance observer. There-
fore, the requirement of large control gains in the LESO is
relaxed, and high gain behavior of the LESO can be avoided.

Define $ = [$1,$2, . . . ,$6]T ∈ <6 as the upper
bound of the observation errors w̃d generated by the LESO,
expressed as follows

|w̃di| ≤ $i, i = 1, 2, . . . , 6. (38)

To compensate for the observation errors w̃d and further
improve the system robustness, a switching function based
adaptive compensator is designed as

uac = −$̂ sign (e2) (39)

where, sign(e2) = diag[sign(e21), sign(e22), . . . , sign(e26)] ∈
<
6×6 denotes the diagonal matrix of the switching functions

to compensate for observation errors of the LESO, and the
term $̂ = [$̂1, $̂2, . . . , $̂6]T is tuned online by the follow-
ing adaptive control law

˙̂$i = γi |e2i| , i = 1, 2, . . . , 6. (40)

to estimate the bound$ . γi ∈ <+ is the control parameter of
the adaptive compensator.

Based on the analysis above, the hybrid compensators
(consisting of the robust 2nd -order LESO and the adaptive
switching function) based control scheme for the hexacopter
UAV can be achieved as

u=G−1
(
Ẍd+k1ė1−f (X)−ŵd+e1−k2e2 − $̂ sign (e2)

)
(41)

D. STABILITY ANALYSIS OF ROBUST AND ADAPTIVE
BACKSTEPPING CONTROL SYSTEM
Theorem 2:Consider the dynamic system (7) perturbed by the
parameter uncertainties and external disturbances, the pro-
posed integrated backstepping control scheme (41) with the
disturbance rejection and the adaptive compensation can
ensure that the system outputs of the hexacopter UAV con-
verge asymptotically to the designated flight trajectory.
Proof: Define the estimation error of the adaptive

tuner (40) as $̃ = $ − $̂ , and choose the following
Lyapunov function expressed as

V2 =
1
2
eT1 e1 +

1
2
eT2 e2 +

1
2
$̃ T γ−1$̃ (42)

where γ = diag[γ1, γ2, . . . , γ6] ∈ <
+

6×6 is a diagonal matrix.
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Taking the derivative of (42) and combing (18,40,41) yield

V̇2 = eT1 ė1+e
T
2 ė2+$̃

T γ−1 ˙̃$

= eT1
(
Ẋd−Ẋ

)
+eT2

(
Gu+f (X)+wd−Ẋd−k1e1

)
+ $̃ T γ−1 ˙̃$

= eT1 (−e2−k1e1)+e
T
2
(
Gu+f (X)+wd−Ẍd−k1ė1

)
+ $̃ T γ−1 ˙̃$

= −eT1 k1e1−e
T
2 k2e2+e

T
2 w̃d−e

T
2 $̂ sign (e2)

−
(
$−$̂

)T
γ−1 ˙̂$

=

6∑
i=1

−k1ie21i−k2ie
2
2i+e2iw̃di−$̂i |e2i|−$i |e2i|

+ $̂i |e2i|

≤

6∑
i=1

−k1ie21i−k2ie
2
2i−($i−|w̃di|) |e2i| ≤ 0 (43)

Therefore, V2 (t) ≤ V2 (0) can be obtained, which indi-
cates that e1i and e2i are bounded. Define function as

W (t)=
6∑
i=1

k1ie21i + k2ie
2
2i + ($i − |w̃di|) |e2i| ≤−V̇2 (t)

(44)

From the mathematical theory, we can obtain that e1i(t)
and e2i(t) are uniformly continuous. Therefore, W (t) is also
uniformly continuous. Integrating (44) on both sides yields∫ t

0
W (τ ) dτ ≤ V2 (0)− V2 (t) (45)

Since V2 (0) is bounded, and V2 (t) is non-increasing and
bounded, the following result can be achieved∫ t

0
W (τ ) dτ ≤ ∞ (46)

Using the Barbalat Lemma [70], [71], we can obtain
lim
t→∞

W (t) = 0, i.e., lim
t→∞

e1i (t) = 0, lim
t→∞

e2i (t) =

0, lim
t→∞

$̃i (t) = 0 which indicates that the proposed control
scheme can ensure the hexacopter UAV the asymptotical
convergence of the system outputs to the designated flight
trajectory, evenwhen the parameter uncertainties and external
disturbances occur. This completes the proof.

IV. RESULTS AND DISCUSSION
In this section, to demonstrate the performance and
superiority of the proposed control scheme in achieving
high-precision tracking, enhanced anti-disturbance capability
and feasible control inputs, trajectory tracking flight tests
of the hexacopter UAV are carried out in the simulation
environment, where parameter uncertainties and external dis-
turbances are introduced. Comparative flight controllers are
employed for the trajectory tracking control of the hexacopter
UAV system. The performances of system outputs and control
inputs are contrastively presented to validate the efficiency
and superiority of the proposed controller. The physical and

TABLE 1. Parameters of the hexacopter UAV.

TABLE 2. Parameters of the proposed controller.

FIGURE 3. Comparative performances of the LESOs in estimating the
whole disturbances perturbing the hexacopter UAV.

control parameters of the hexacopter UAV system are listed
in Tables 1 [72] and 2, respectively.

In order to demonstrate the flight performances, perturbed
by the parameter uncertainties and external disturbances
(shown in Fig. 3), the hexacopter UAV is commanded to
track along the reference trajectory made up of the spatial
segment polyline, as is shown in Fig. 4. The initial state
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FIGURE 4. 3-D trajectory tracking under different control strategies.

condition of the hexacopter UAV system is set as X0 =
[x0, y0, z0, φ0, θ0, ψ0]T = [0.5,−0.5, 0, 0.1,−0.1, 0.1]T .
Remark 4: The proper selection of the control parameters

in the hexacopter system affects the tracking precision and
the control inputs, and there is a trade-off between them.
An increase of the control gains k1−2 in the main controller
contributes higher tracking accuracy, but overshoots of the
control inputs may occur. To avoid high gain behaviors of
the observer, relative smaller observer gains L are selected.
By increasing control gains γ in the adaptive compensator,
robust tracking performances will be enhanced, but the ampli-
tude of control inputs increases. Note that the attitude control
is prerequisite for the trajectory tracking because of the sys-
tem under-actuation, larger control gains of the attitude sub-
system are generally selected than those of the positional one.
Overall, control parameters are adjusted until no significant
improvements in the tracking performances can be seen.

A. PERFORMANCE COMPARISON OF 2ND-ORDER
AND 3RD-ORDER LESOs
The performances of the 2nd -order and 3rd -order LESOs in
estimating parameter uncertainties and external disturbances
perturbing the hexacopter UAV system are comparatively
demonstrated in this subsection. The aerodynamic drag and
wind perturbations acting on the translational subsystem are
set as a series of sine and cosine functions, and the altitudi-
nal z motion undergoes external load changes, as is shown
in Fig. 3(a-c). The rotational subsystem is mainly subjected
to model uncertainties, such as the asymmetric structure and
rotor fluctuations, as is shown in Fig. 3(d-f). The practical
whole disturbances wd can be expressed as

wP


wx = 1.5 sin t
wy = 1.5 cos t
wz = −4+ 0.1t

, w2


wφ = 0.5+ 0.1 sin(2t)
wθ = −0.5+ 0.1 cos(2t)
wψ = 0.3+ 0.1 sin
(0.5t) cos(0.5t)

(47)

Fig. 3 shows the tracking performance of the observer’s
estimations ŵd to their real disturbance values wd . To avoid
the high gain behaviors of the LESOs, the moderate observer
gains rather than the large ones are selected, which results
that the observations lag behind the real disturbances about
0.26-0.30 s. Besides, peaking phenomena exist in the obser-
vations of the 3rd -order LESO due to the initial errors
between real position states and initial values in the observer,
while that of the 2nd -order LESO can be avoided owing to
zero-initial velocity errors. Therefore, the 2nd -order LESO
with velocity feedback (LESO-VF) has a better observation
capability than the 3rd -order LESO with position feedback
(LESO-PF).
Remark 5: Without loss of generality, all the initial states

of the 2nd -order and 3rd -order LESOs are set to be zero. But
in practice, the initial positions of the hexacopter dynamics
are always different, while the initial velocities are zero at
the beginning of the flight. The peaking phenomena in the
observation of the 3rd -order LESO are induced by the ini-
tial position errors, and that of the 2nd -order LESO can be
avoided, as is shown in Fig. 3. It is noted that there is not
peaking phenomenon in the observation of disturbances in
channel-z because the initial z-position is equal to that of
the observer, i.e. the initial error is zero. Besides, the posi-
tion information is commonly obtained through integrating
the velocity for time, and the integration error will degrade
observation performances. The velocity information is more
accurate and reliable. Therefore, the 2nd -order LESO based
on the velocity feedback is likely to be more practical than
the 3rd -order one with the position feedback.

B. PERFORMANCE COMPARISON OF THE
DIFFERENT FLIGHT CONTROLLERS
For the sake of comparison study, three flight controllers,
i.e., the backstepping controller (BSC) [36], the active distur-
bance rejection control (ADRC) [63], and the proposed robust
and adaptive backstepping control (RABSC) (41) are con-
trastively investigated and applied in the trajectory tracking
control.

Perturbed by the parameter uncertainties and external dis-
turbances exhibited in Fig. 3, the trajectory tracking perfor-
mances of the hexacopter UAV under the different controllers
are contrastively demonstrated, as shown in Figs. 4 and 5.
It is shown that the BSC is unable to stabilize the perturbed
hexacopter system, while theADRCwith the 3rd -order LESO
ensure the hexacopter UAV satisfactory tracking performance
along the reference trajectory, but experiences chattering
caused by the peaking phenomena in the initial stage. Also,
the proposed control approach achieves an enhanced robust
flight capability with higher precision trajectory tracking,
owing to the cooperative efforts of the robust and adaptive
compensators in estimating and compensating the distur-
bances. The performance indices RMSE (root-mean-square
error) of flight controllers in the trajectory tracking are quan-
titatively summarized in Table 3.
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FIGURE 5. Comparative performances in positional trajectory tracking
under different control strategies.

TABLE 3. The output performance indices under different controllers.

FIGURE 6. Comparative performances in positional trajectory tracking
under different control strategies.

The corresponding control inputs are comparatively
depicted in Figs. 6-8. In terms of the carrying capacity and
working efficiency of the actuators, limitations on domains
of control signals are set as u1 : [0, 33.4]N , u2 : [−3, 3]N ·
m, u3 : [−2.6, 2.6]N · m and u4 : [−0.22, 0.22]N · m
respectively. It can be seen that ADRC can promise the

FIGURE 7. The contrast of control inputs generated by ADRC and the
proposed control scheme.

FIGURE 8. The contrast of propeller rotation speed under ADRC and the
proposed control scheme.

vehicle a robust flight capability, but experiences oscillat-
ing attitudes and results in serious chattering inputs in the
beginning stage, as is shown in Fig. 6(a-c), Figs. 7 and 8
respectively. The undesired chattering control inputs will
consume the limited energy, wear the integrated mechanism,
and activate unstable dynamics. Contrastively, the proposed
controller has achieved an enhanced robust performance with
feasible control inputs being promised, even though some
minor chattering occurred. The input performance indices
ISCS (integral of squared of control signal: sum [u1−4(n)
^2]/n) of robust controllers are quantitatively summarized
in Table 4. These demonstrate the efficiency and superiority
of the proposed control scheme in the enhanced robustness
and feasible control inputs acquisition.
Remark 6: The ESO adopted in ADRC is developed based

on the position feedback, and peaking phenomena induce
serious chattering in control inputs, as is shown in Fig. 7.
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TABLE 4. The input performance indices under robust controllers.

In contrast, the proposed control scheme employs a 2nd -order
LESO with velocity feedback, peaking phenomena can be
avoided. A modified switching gain ˙̂$i = γi(|e2i|− δ$̂i) and
a saturation function are adopted in the adaptive compensator,
which is further introduced to compensate for the observation
errors w̃d rather than whole disturbanceswd , only minor chat-
tering exists in the control inputs due to the under-actuation
property of the hexacopter UAV.

V. CONCLUSION AND FUTURE WORKS
In this paper, the nonlinear robust and adaptive backstep-
ping control scheme is hierarchically developed for the
robust trajectory tracking control of the hexacopter UAV
system. Considering the under-actuated and coupled prop-
erties of the hexacopter system, the nominal backstepping
controller is firstly employed as the main controller to
achieve the fundamental flight performance. By integrating
the robust and adaptive compensators with the backstepping
based main controller, the proposed control scheme enhances
the robustness of the hexacopter system against the distur-
bances. More specifically, the 2nd -order linear extended state
observer (LESO) based robust compensator with moderate
observer gains is introduced to estimate the parameter uncer-
tainties and external disturbances, and the effect of which
is restrained to some extent. Also, the adaptive switching
function based compensator is cooperatively designed to
compensate for the observation errors, through which high
gain behaviors of the LESO can be avoided, and robust-
ness of the control system against instabilities has been
greatly improved. The Lyapunov analysis is used to ensure
the trajectory tracking errors of the hexacopter UAV system
asymptotically converge to zero. Comparative simulations
under different controllers are carried out to demonstrate the
efficiency and superiority of the proposed control scheme
in the enhanced robust capability. The future works will
concentrate on the investigation of the finite-time stability of
control systems, and experiments will be conducted on the
real hexacopter UAV to verify the feasibility of the presented
control strategy.
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