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ABSTRACT The transient electromagnetic method (TEM) has been widely used as a geophysical explo-
ration method in recent years. When Maxwell’s equations are discretized in the time domain by the direct
solution method, the initial field is used as a substitute for the source, so the electromagnetic response of
a shallow three-dimensional anomalous body cannot be calculated. Maxwell’s equations in the frequency
domain are simple in form, and the current source can be directly added without calculating the initial field.
However, large linear equations must be calculated. The coefficient matrix is large, and the calculation speed
is slow, which limits their application. Based on Yee grids, this paper combines octree grids with the finite-
difference frequency-domain (FDFD) method. Ensuring a sufficiently large computational area, octree grids
are used to refine the area of anomalous bodies, while coarse grids are still used to reduce the total number of
grids and improve the efficiency. In the numerical simulation, the vacancy positions are set to zero to solve
the data storage problem of the coarse grids and fine grids. The binary paraboloid interpolation method is
used to solve the electromagnetic field component transfer problem at the intersection of the coarse grid and
fine grid. Finally, the electromagnetic response curve in the time domain is obtained by a frequency-time
transformation. By comparing the calculation results of typical models, the correctness of the FDFDmethod
based on octree grids is verified. By comparing the computational time of complex anomalous bodies for
Yee grids and octree grids, it can be concluded that the efficiency of the FDFD method based on octree grids
is improved to a certain extent.

INDEX TERMS Finite-difference frequency-domain (FDFD), frequency-time transformation, numerical
simulation, octree grids, transient electromagnetic method (TEM).

I. INTRODUCTION
The transient electromagnetic method (TEM) is a detection
method based on the principle of electromagnetic induction,
which can be used to detect the resistivity of underground
nonmagnetic materials. The TEM is widely used in many
fields, such as metal resources, groundwater, underground
unexploded ordnance and urban underground space [1]. The
numerical simulation methods of the TEM mainly include
the finite-difference method [2], finite element method [3],
mesh-free method [4], finite volume method [5] and integral

The associate editor coordinating the review of this manuscript and
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equation method [6]. Compared with other numerical simula-
tion methods, the finite-difference method transforms differ-
ential equations into difference equations [7]. The principle is
simple and intuitive, and the reliability is high. Other methods
can also be compared with the finite-difference method for
verification. Finite-difference numerical simulation methods
are mainly divided into two kinds: the finite-difference time-
domain (FDTD) method and the finite-difference frequency-
domain (FDFD) method [8]. The FDTD method iterates
successively according to the time step, which is easy to
understand. With numerous studies, the FDTD method has
developed rapidly. Some high-order strategies have been used
to improve stability [9]. However, in the calculation process,
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the FDTD algorithms mostly calculate the initial field and the
iterated field separately. Therefore, it is difficult to change
the source type directly. As the initial field is calculated in
a uniform half-space model, an anomalous body cannot be
placed in a certain range of earth, which limits its application.
The FDFD method has been developed for a long time, and
its technology is mature. Thus, the FDFD method has been
used to perform many numerical simulations for ground and
space exploration, and it is still being used in various elec-
tromagnetic field analyses [10]–[12]. In geophysics, based on
Yee grids, Hedlin [13] used the FDFDmethod formagnetotel-
luric numerical simulation. Then, he analyzed the influence
of grid spacing on the calculation error and deduced the
corresponding error expression. Yoon [14] combined FDFD
with the integral equation method for numerical simulation
of marine controllable sources. First, the electric field compo-
nent is calculated by the FDFDmethod, and then themagnetic
field at the receiver is calculated accurately by the integral
equation method to reduce the computational complexity.
Li [15] used the FDFD method for numerical simulation
of marine controllable sources. The interpolation method
is used in the receiving point area of the rugged seabed
to obtain the precise position and improve the calculation
accuracy. However, there are few studies on grid refinement
methods to improve the computational efficiency. Without
considering the stability condition, a solution to the FDFD
method always exists if the coefficient matrix rank is full. In
addition, each frequency point can be solved independently,
which is convenient for parallel acceleration. However, this
method has one obvious disadvantage: the response of each
frequency point needs to solve large linear equations, which
takes a long time, especially for three-dimensional forward
modeling [16]. By analyzing the calculation process of linear
equations, the number of grids directly affects the size of the
coefficient matrix, which is the key factor of the calculation
time. When analyzing complex anomalous bodies, we need
to use smaller-scale grids. To maintain a sufficiently large
computing area, more grids should be used, which increases
the computing time.

To solve the above problems, based onYee grids [17], some
scholars use fine grids to refine anomalous bodies. While
the coarse grid size is kept constant, the minimum grid size
is reduced. In the research of FDTD numerical simulation,
the subgridding technique can be used to refine the region
where the anomalous body is located. Specifically, the elec-
tromagnetic fields on the coarse grid iterate from time n to
time n+1 in the normal way. Then the electromagnetic fields
on the boundary of the coarse girds and fine grids are obtained
by interpolating that on the coarse grid at time n. Finally, the
electromagnetic fields on the fine grid iterate to time n+1 sep-
arately and update that on the coarse grid. The process is
repeated continuously [18]–[19]. For the FDFD method,
because the responses of each frequency point are obtained by
solving the linear equations directly, it is difficult to calculate
the refined region separately by the subgridding technique.
Therefore, we use octree grids to refine the region where the

anomalous body is located. Octree grids are very flexible and
are mostly used in the numerical simulations of the finite
volume method [20] and the FDTD method [21]. Due to
its finer grid, octree grids are widely used in many fields,
such as hydrodynamics [22], electromagnetics [23]–[24] and
seismic waves [25]. Haber and Heldmann [23] deduced the
integral form of Maxwell’s equations with the finite volume
method based on octree grids and used the flux conservation
method to connect the components in different grids. Theil-
lard [26] used Dirichlet boundary conditions and analyzed the
discrete form of Poisson’s equation in the time domain based
on octree grids. Min et al. [27] used a second-order accu-
rate finite-difference discretization for Poisson’s equation.
Yin [28] deduced the binary paraboloid interpolation method
and studied the microstructure simulation of alloy solidifica-
tion based on octree grids. Raeli et al. [29] used a difference
scheme for Poisson’s equation based on octree grids and
optimized the truncation error. Chernyshenko et al. [30] used
a finite volume method based on octree grids to analyze
the diffusion process in porous media. Valente et al. [20]
developed a useful finite volume method using octree grids
to simulate hyperthermia treatment. Octree grids are widely
used in many fields; however, there are few relevant studies
on geophysical problems solved by the three-dimensional
FDFD method based on octree grids.

In this paper, we study how to apply octree grids to the
FDFD numerical simulation method. To solve the problem
of the electromagnetic field component transfer between
grids of different scales, the binary paraboloid interpolation
method is used to obtain the required magnetic field compo-
nents. According to the data structure used by Horesh with
the finite volume method, based on fine grids, the vacancy
positions of each component of a coarse grid are set to zero.
To reduce the computational complexity, the zero vector does
not participate in the actual operations. The efficiency is
obtained by analyzing the calculation time of an L-shaped
anomalous body and a trapezoid anomalous body. For com-
plex anomalous bodies, such as those with inclined or sharp
angles, it is possible to subdivide the irregular parts only.
Although this is not completely equivalent to an inclined
plane, the effect of fine grids is better than that of coarse grids.
The electromagnetic response curve in the time domain is
obtained by a frequency-time transformation. Comparing the
computational time of the FDFD method based on Yee grids
with that based on octree grids, the rationality of the applica-
tion of the octree grids to the FDFD method is analyzed.

II. THEORY AND METHOD
In this paper, a three-dimensional finite-difference forward
modeling method based on octree grids in the frequency
domain is studied. Using the Yee grid scheme, the electro-
magnetic field components are discretized in the frequency
domain. Variable step-size grids are used in the peripheral
region to maintain a sufficiently large computational area.
Uniform grids are used in the central region, and octree grids
are used in the region where the anomalous body is located.
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FIGURE 1. Yee grid.

In other words, different scale grids are used throughout the
computational area. Coarse grids can be used to simulate
the conductivity of the earth background and large regular
anomalous bodies, while fine grids can be used to simulate
complex anomalous bodies. Because the inner part of the
octree grids conforms to the Yee grid structure, the differ-
ence condition of the Yee grid is still satisfied. Above all,
as the FDFD method based on octree grids can ensure that
the size of grid meets the requirement for subdivision of
the anomalous body, the method can also reduce the total
number of grids and the scale of the coefficient matrix. Then,
the computational time could be reduced.

A. THREE-DIMENSIONAL FDFD NUMERICAL SIMULATION
THEORY
Normally, the displacement current can be ignored when
the frequency of the source is less than 1 MHz [16].
Thus, Maxwell’s equations in the frequency domain can be
expressed as

∇ × E = −iωµ0H, (1)

∇ ×H = σE+ J, (2)

∇ · E = 0, (3)

∇ ·H = 0. (4)

where E is the electric intensity (V/m), H is the magnetic
intensity (A/m), σ is the conductivity (S/m), µ0 is the per-
meability of the vacuum (H/m), ω is the angular frequency
and J is the conductive current density.
When equations (1) and (2) are solved simultaneously,

considering the singularity of the source in the equation,
the solution is difficult. Therefore, we can substitute equa-
tion (1) into equation (2) and obtain an equation that only
depends on the electric field E,

∇ × ∇ × E+ iωµ0σE = −iωµ0J. (5)

Equation (5) contains only one unknown quantity, the electric
field E, which reduces the solution difficulty.
Equations (1) and (2) are discretized on the grid according

to the Yee grid shown in Fig. 1. Four electric fields surround
each magnetic field, and four magnetic fields surround each
electric field. Then we can obtain equations

CEzDyEz − CEyDzEy = −iωµ0Hx, (6)

CExDzEx − CEzDxEz = −iωµ0Hy, (7)

CEyDxEy − CExDyEx = −iωµ0Hz, (8)

CHzDyHz − CHyDzHy = σEx + Jx, (9)

CHxDzHx − CHzDxHz = σEy + Jy, (10)

CHyDxHy − CHxDyHx = σEz + Jz. (11)

CExDy,CExDz,CEyDx,CEyDz,CEzDx and CEzDy are six dif-
ference matrices of the electric fields, which represent the
differential approach of the electric field components Ex,Ey
andEz in different directions.CHxDy,CHxDz,CHyDx,CHyDz,

CHzDx and CHzDy are six difference matrices about magnetic
fields, which represent the differential approach of the mag-
netic field componentsHx,Hy andHz in different directions.
The conductivity on the edge of a grid can be averaged by
four adjacent cubes. For a loop source, we only need to
assign values to the source vectors of Jx and Jy, as Jz is
always a zero vector. According to equation (5), we substitute
equations (6) to (8) into equations (9) to (11); then, we can
obtain equations (12) to (14), as shown at the bottom of the
next page. According toAx = b, the components in equations
(12) to (14) can be expressed as equations (15) to (17), as
shown at the bottom of the next page.

Finally, we can calculate x to obtain the electric field E.
According to equations (6) to (8), we can obtain mag-
netic field H. Calculating the electromagnetic response for
70 frequency points in the range of 0.1 Hz-1 MHz, we can
use frequency-time conversion to obtain an electromagnetic
response curve in the time domain by digital filtering [6].

B. OCTREE DATA STRUCTURE AND INTERPOLATION
The structure of octree grids is different from that of Yee
grids, as shown in Fig. 2. Considering that the number of
components in each direction is different for coarse and fine
grids, the magnetic field H, electric field E and grid size S
are difficult to sort and store in normal order. To solve this
problem, referencing Horesh’s [24] storage format for each
component of the octree grids used in the finite volume
method, we store the grid size as shown in Fig. 2, where
S(:,:,i) represents layer i in the octree grids. To be more spe-
cific, a coarse grid can be regarded as the combination of eight
fine grids, so the storage space of a coarse grid is the same
as that of eight fine grids. The grid size, electric field and
magnetic field of the coarse grid are stored in the upper left
corner of the datamatrix, and the remaining vacancy positions
are filled by 0. Equations (18) to (20) represent the storage
of the electric field, and the matrix of the magnetic field is
similar to that of the electric field. In this way, the data storage
problem of the octree grid in the frequency domain is solved,
and the location of each component is easy to sort and locate.

E (:, :, 1) =

Ex 0 Ex Ex
0 0 Ex Ex
Ex 0 Ex Ex

 , (18)

E (:, :, 2) =

 0 0 Ex Ex
0 0 Ex Ex
0 0 Ex Ex

 , (19)
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FIGURE 2. Octree structure and its representation. (a) Octree grid.
(b) Data structure.

E (:, :, 3) =

Ex 0 Ex Ex
0 0 Ex Ex
Ex 0 Ex Ex

 . (20)

Because the vacancy positions of the components in the
octree grid are filled by 0, the data matrix is large and sparse,
which increases the volume of data and makes the matrix
difficult to calculate. According to the Maxwell difference
equations in the frequency domain, when the coefficient
matrix A is full rank, a solution of the equation set always
exists. After calculating the electric field difference matrix
and the magnetic field difference matrix, we can obtain the
coefficient matrix A. The number and location of the electric
field componentE are determined by the electric field storage
matrix. Then, we need to delete all the zero rows and all
the zero columns of the coefficient matrix A, which can
reduce the amount of calculation and improve the efficiency
of the solution. After the calculation, we add zero elements
to the solution to obtain the three-dimensional array form of
the electric field component for analysis.

Employing octree grids needs to solve the problem of the
transmission of different components between the coarse and
fine grids in the FDFD method. Unlike Yee grids, which only
set boundary conditions at the outermost layer of the com-
putational region, we should set a new boundary condition
between the coarse and fine grids. More specifically, it is
necessary to interpolate the electric field and magnetic field
at the boundary of the coarse grids and fine grids, as shown
in Fig. 3. When calculating the magnetic field by the electric

FIGURE 3. Interpolation method of electromagnetic fields. (a) The
interpolation of electric fields. (b) The interpolation of magnetic fields.

field, all the magnetic field Hz on the right fine grids of
Fig. 3a can be calculated by the difference betweenEx andEy.
However, the magnetic field Hz of the left coarse grids lacks
the surrounded electric field Ey (white letter) at the junction
of the coarse and fine grids, so it cannot satisfy the difference
scheme. Then, we averaged Ey1 and Ey2 on the right small
grids to obtain Ey on the left coarse grid, that is

Ey = (Ey1 + Ey2)/2. (21)

Similarly, when calculating the electric field by the magnetic
field, all the electric field Ey on the right fine grid of Fig. 3b
can be calculated by the difference between Hx and Hz.
However, when calculating the electric fieldEy at the junction
of the coarse and fine grids, there are two magnetic fields
Hz on its right side and only one magnetic field on the other
side, which does not satisfy the difference scheme. To satisfy
the difference condition of equation (10), the magnetic field
Hz1 of the adjacent fine grids (dotted line) can be obtained by
interpolation. Then, we can obtain the difference equation of
Ey at the boundary of the coarse grids and fine grids.

The grids needed for the binary paraboloid interpolation
method are shown in Fig. 4. The coarse grid adjacent to the
fine grid is named the central grid, whose magnetic field
is H3. The magnetic fields of other grids, such as the upper
grid, lower grid, left grid and right grid, are H1, H5, H2 and
H4, respectively. To calculate the electric field components

−[iωµ0σ+CHzDyCExDy+CHyDzCExDz]Ex + CHzDyCEyDxEy + CHyDzCEzDxEz= iωµ0Jx, (12)

CHzDxCExDyEx−[iωµ0σ+CHxDzCEyDz+CHzDxCEyDx]Ey + CHxDzCEzDyEz= iωµ0Jy, (13)

CHyDxCExDzEx+CHxDyCEyDzEy − [iωµ0σ+CHyDxCEzDx+CHxDyCEzDy]Ez= iωµ0Jz, (14)

x=

Ex
Ey
Ez

 , (15)

b=

 iωµ0Jx
iωµ0Jy
iωµ0Jz

 , (16)

A

=

−[iωµ0σ+CHzDyCExDy+CHyDzCExDz] CHzDyCEyDx CHyDzCEzDx
CHzDxCExDy −[iωµ0σ+CHxDzCEyDz+CHzDxCEyDx] CHxDzCEzDy
CHyDxCExDz CHxDyCEyDz −[iωµ0σ+CHyDxCEzDx+CHxDyCEzDy]

 .
(17)
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FIGURE 4. The binary paraboloid interpolation method. (a) Stereogram.
(b) Profile.

(red arrow) at the boundary of the coarse and fine grids
in Fig. 4a, HA and HB need to be interpolated. The magnetic
fields that need to be interpolated in each grid are shown in
Fig. 4b, which are HA, HB, HC and HD. The interpolation
method is shown in equation (22).

f (x, y) = ax2 + by2 + cx + dy+ e. (22)

By substituting the magnetic field of the five grids, we can
obtain the following equations:

f (0, 0) = e = H3,

f (1, 0) = a+ c+ e = H4,

f (−1, 0) = a− c+ e = H2,

f (0, 1) = b+ d + e = H1,

f (0,−1) = b− d + e = H5.

(23)

According to equation (23), the parameters, such as a, b, c, d
and e, can be obtained as follows:

a =
H4 + H2 − 2H3

2
,

b =
H1 + H5 − 2H3

2
,

c =
H4 − H2

2
,

d =
H1 − H5

2
,

e = H3.

(24)

Substituting the parameters obtained in equation (24) into
equation (22), we can obtain the required magnetic field
equation,

f (x, y)=
H4+H2−2H3

2
x2+

H1 + H5−2H3

2
y2

+
H4 − H2

2
x +

H1 − H5

2
y+ H3. (25)

As shown in Fig. 4, we can obtain the interpolation equations
of magnetic fields HA,HB,HC and HD.

HA =
5
32
H2 −

3
32
H4 +

15
16
H3,

HB = −
3
32
H2 +

5
32
H4 +

15
16
H3,

Hc =
5
32
H2 −

3
32
H4 −

1
8
H1 +

3
8
H5 +

11
16
H3,

HD = −
3
32
H2 +

5
32
H4 −

1
8
H1 +

3
8
H5 +

11
16
H3.

(26)

FIGURE 5. Flowchart of the calculation.

Finally, the calculation procedure of response at each fre-
quency point can be summarized as follows, and Fig. 5 shows
the flowchart:

III. ACCURACY VERITIFICATION
To verify the correctness of the FDFDmethod based on octree
grids, we adopt a transmitting loop source and a receiver in
the center of the loop to calculate the responses of a homoge-
neous earth model, four classical layered earth models and an
earth model with a low-resistivity anomaly. For the boundary,
we use the Dirichlet conditions. The computational region
consists of grids of different sizes. Variable step-size grids
are used in the outer layer, and uniform grids are used in the
central region.

A. COMPARISON OF THE SOLUTIONS OF THE
HOMOGENEOUS EARTH MODEL
The analytical solution [31] of the vertical magnetic field of a
homogeneous half-space model in the frequency domain can
be expressed as follows:

Hz = −
I

k2a3
[3− (3+ 3ika− k2a2)e−ika]. (27)

where k =
√
−iωµσ , the earth conductivity is σ = 0.01 S/m,

the transmitting current is I = 1A, and the permeability is
µ =4π∗10−7H/m. The transmitting coil is a square loop with

a side length of 100 m; then, we can obtain a =
√
1002/π by

the equivalence principle. The computational region consists
of 30×30×30 grids. Themodel parameters and grid sectional
view are shown in Fig. 6. In the center region, we use uniform
grids with a size of 10 m. Octree grids are positioned 30 m
below the coil, whose minimum grid size is 5 m, and the
length, width and height of the refined regions are 40 m, 20 m
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FIGURE 6. (a) Homogeneous earth model. (b) Octree grid sectional view.

and 20 m, respectively. Considering that the earth model is
homogeneous, we set the conductivity of the octree region
to be the same as that of the other regions. A comparison
between the FDFD numerical solution and the analytical
solution in the frequency domain is shown in Fig. 7a, and
the relative error curve is shown in Fig. 7b. Within 104 Hz,
the relative error of the imaginary part is less than 1%. As the
frequency increases, the skin depth becomes shallow, which
leads to an increase in the relative error.

We use digital filtering techniques to obtain the solution
in the time domain. Then, we compare the response with
the half-space analytical solution [31]. The equation of the
analytical solution in the time domain is shown as follows:

Hz=
I
2a

[
3
√
πθae

−θ2a2
+

(
1− 3

2θ2a2

)
erf(θa)

]
. (28)

where erf is the error function and θ =
√
µσ/(4t). Other

parameters, such as a, I and σ , are the same as those in
equation (27). A comparison of the numerical solution based
on octree grids and the analytical solution in the time domain
is shown in Fig. 8a. The relative error is shown in Fig. 8b and
the maximum error is less than 4%.

B. COMPARISON OF THE FDFD SOLUTIONS WITH DIGITAL
FILTER SOLUTIONS FOR THE LAYERED EARTH MODELS
To verify the correctness of the algorithm, we calculate the
electromagnetic responses of four typical three-layer models,
A, H, K and Q. Then, we compare the responses with the digi-
tal filter solutions. In addition to the conductivity parameters,
the other parameters of the layered earth model are the same
as those of the previous homogeneous half-space model. The
uniform grids with a size of 25 m are used in the central
region. The refined area based on octree grids is located at the
center of the second layer of the earth, whose minimum grids
are 12.5m, and the conductivity is the same as that of the other
region. This refined area is located 125 m below the coil, and
the length, width and height of the refined regions are 100 m,
50 m and 50 m. The specific parameters for each layer are
shown in Fig. 9, and the two curves in each picture basically
coincide. The average relative errors of the A, H, K and Q
models are 2.99%, 3.58%, 3.39% and 2.26%, respectively.
The maximum relative errors of the A, H, K and Q models
are 10.01%, 6.99%, 6.48% and 6.63%, respectively.

C. COMPARISON OF THE SOLUTIONS OF THE EARTH
MODEL WITH A LOW-RESISTANCE ANOMALOUS BODY
To verify the correctness of the algorithm, we calculate the
solutions based on octree grids and Yee grids. Then we

compare our solutions with the solutions calculated by the
FDTD method [2] and the integral equation method [6]. The
comparison and the model parameters are shown in Fig. 10a.
In the papers on the FDTD method and integral equation
method, only 0.1 ms-10 ms solutions are given; we present
the solutions between 0.01 ms-10 ms. The side length of
the square transmitting loop is 100 m. The earth background
resistivity is 10 � � m. The length, width and height of the
anomalous body are 100 m, 40 m and 30 m, respectively, and
the resistivity is 0.5 � � m. The position of the anomalous
body is 30 m below the right side of the loop source. The
FDFD response curve (green line) is calculated by the FDFD
method based on uniform grids. The octree FDFD response
curve (black line) is calculated by the FDFD method based
on octree grids. As shown in Fig. 10b, uniform grids are
used in the central computing area, and octree grids are
used in the area where the anomalous body is located to
further refine the grid. Comparing the response curves of the
four different algorithms in Fig. 10a, we can see that the
results of the four algorithms are basically the same. The
three curves calculated by the FDFD method based on octree
grids, the FDFD method based on uniform grids and the
FDTD method basically coincide. Slight upward warping of
the curve can be observed between 0.1 ms and 1 ms, which
shows that the anomalous body slows down the diffusion
of the electromagnetic field. The accuracy of the results
of the FDFD method based on octree grids is verified by
comparison.

IV. COMPUTATION EFFICIENCY COMPARISION
The FDFDmethod needs to solve large linear equations in the
calculation process. The number of grids has a considerable
influence on the time required for the calculation. To compare
the computational efficiencies of the FDFD method based
on octree grids and those based on Yee grids, we use the
earth models of the L-shaped and trapezoidal low-resistivity
anomalous bodies with different grids, and then compare the
computing times.

First, we use the FDFD method based on the Yee grids
to calculate the response of the earth model with the same
frequency and the similar number of grids, and then compare
the computational time with that of the other two scholars.
(1) Newman [16] used a horizontal magnetic dipole source to
calculate a uniform earthmodel, whose resistivity is 100��m,
with 114264 grids at 30 kHz. The computational time is
2469 s. For comparison, we used a loop source to calculate a
similar earth model with 110592 (48× 48× 48) grids at the
same frequency. The computational time is 817 s. (2) Han
[32] used a long wire source to calculate a seabed layered
model with 46656 (32× 27× 54) grids at 1 Hz. The depth of
the first two layers of the model are 1000 m and 100 m, and
the resistivity of each layer is 1� �m, 100� �m and 1� �m.
The computational time with a single thread is approximately
6.8 minutes. Considering the parameter difference between
the seabed model and the earth model studied, the resistivity
of the earth model we calculated is changed to 100 � � m,
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FIGURE 7. Comparison of the solutions of the uniform earth model in the frequency domain. (a) Comparison of numerical and analytical
solutions in the frequency domain. (b) Relative error.

FIGURE 8. Comparison of the solutions of the uniform earth model in the time domain. (a) Comparison of the numerical and analytical
solutions in the time domain. (b) Relative error.

1 � � m and 100� � m, while the depth of each layer of
the earth model is the same as that of the seabed model.
We used a loop source to calculate the earthmodel with 48384
(32×28×54) grids at the same frequency, and the calculation
time is approximately 3.3 minutes.

The result is shown in Fig. 11a is the L-shaped earth model.
The computational time at each frequency point is shown
in Fig. 11b. The model subsection profiles by the uniform
grids and octree grids are shown in Fig. 11c and Fig. 11d,
respectively. The transmitting coil is a square loop with a
side length of 80 m and the transmitting current of I = 1A.
The receiver is in the center of the loop. An L-shaped low-
resistivity anomalous body, whose resistivity is 2 � � m,
is positioned 30 m below the coil. The resistivity of the earth
background is 100 � � m. The response curve shows that
the prominence is obvious at 0.1 ms, which clearly shows
the existence of an anomalous body and the reduction in

the attenuation rate of the response curve. The two curves
basically coincide, while the average relative error is 4.54%,
and the maximum relative error is 6.45%. By comparing
the two curves, it is shown that the octree grids have the
same effect as that of the Yee grids. The electromagnetic
response profile in Fig. 12 clearly reflects the characteristics
of electromagnetic field diffusion. Slices are made at Y =
2550 m, 2600 m and 2650 m. We can see that the low-
resistance anomalous body slows down the diffusion of the
electromagnetic field, and the outline of the anomalous body
can be clearly seen at the position of approximately Z =
−30 m. A comparison of the average computational times
for the two kinds of grids, which is obtained by averaging
the computational time of 70 frequency points, is shown
in Table 1. As the calculation results are basically consistent,
we can see that using octree grids to partition anomalous
bodies can significantly reduce the computational time.
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FIGURE 9. Comparisons of the numerical solutions and digital filter solutions of the four-layered earth models. (a) A-type layered earth model.
(b) H-type layered earth model. (c) K-type layered earth model. (d) Q-type layered earth model.

FIGURE 10. Comparison of the solutions of the earth model with a three-dimensional anomalous body. (a) Comparison
of the response curves. (b) Octree grids sectional view.

For irregular edge-shaped anomalous bodies, we can per-
form a local refinement for the irregular parts. Fig. 13a shows

an earth model with a trapezoidal anomalous body. We use an
80 m × 80 m transmitting loop source whose current is 1 A
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FIGURE 11. Comparison of the L-shaped anomalous bodies. (a) Comparison of the response curves.
(b) Comparison of the computational time. (c) Uniform grid sectional view. (d) Octree grid sectional view.

FIGURE 12. Sectional view and slice diagrams of the L-shaped anomalous body (a) Sectional view of the electromagnetic response of the L-shaped
anomalous body at t=0.01ms (b) Slice diagrams of Y = 2550 m, 2600 m and 2650 m at t = 0.01 ms.

TABLE 1. Comparisons of the grids.

and a receiver in the center of the loop. There is a trapezoidal
low-resistivity anomalous body 20 m below the coil, whose

resistivity is 10 � � m. The earth background resistivity is
100 � � m. The computational time at each frequency point
is shown in Fig. 13b.The response curves calculated for the
Yee grids and octree grids are shown in Fig. 13c and Fig. 13d,
respectively. Then, we compare their computational times.

From the calculation results in Fig. 13a, the decreasing rate
of the curve slows down in the period of 0.01 ms-0.1 ms,
which accurately reflects the existence of a low-resistance
anomalous body. As the two curves basically coincide,
the average relative error and the maximum relative error
are 2.69% and 6.96%, respectively, which satisfy the accu-
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FIGURE 13. Comparison of the trapezoidal anomalous bodies. (a) Comparison of the response curves. (b) Comparison of the
computational time. (c) Uniform grid sectional view. (d) Octree grid sectional view.

FIGURE 14. Sectional view and slice diagrams of the trapezoidal anomalous body. (a) Sectional view of the electromagnetic response of
the trapezoidal model at t=0.01 ms. (b) Slice diagrams of Y=10230 m, 10280 m and 10330 m at t=0.01 ms.

racy requirements. From the electromagnetic response sec-
tional view of Fig. 14, the electromagnetic field is obviously
slowed down when it diffuses to approximately Z = −20 m.
Then, we calculate slice diagrams along the Y direction at
Y = 10230 m, 10280 m and 10330 m. The electromagnetic
field diffuses quickly on both sides and slowly in the mid-
dle, and the existence of an anomalous body is recognized.
A comparison of the average computational times for the
two kinds of grids is shown in Table 2. The octree grids are
used to refine the irregular part of the complex anomalous
body, which can effectively reduce the computational time

TABLE 2. Comparisons of the grids.

compared to that of the Yee grids. When the computational
region is the same, the FDFD method based on octree grids
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takes only 37% of the time of the Yee grids. Above all, the
octree grid can effectively reduce the computational time
and improve the computational efficiency while ensuring the
accuracy of the calculation.

V. CONCLUSION AND DISCUSSION
The number of grids in the FDFD method is the key factor
in the computational time. More grids are needed to calcu-
late the electromagnetic response of a complex anomalous
body, and the computational time is longer. To solve this
problem, the FDFD method is combined with octree grids
to reduce the number of grids required. Specifically, based
on the premise of a sufficiently large computational area,
the size of the coarse grid is unchanged, and the minimum
grid size is reduced by half. The octree grid used in the FDFD
method effectively reduces the number of grids needed for the
simulation and improves the computational efficiency. The
main conclusions of this paper are as follows:

(1) In the numerical simulation, the data storage problem
of the octree grid in the FDFD method is solved. Based
on fine grids, the element vacancies of the coarse grid
are set to 0, and the grid size, electric field components
and magnetic field components are arranged in an orderly
manner.

(2) The problem of electromagnetic field component trans-
fer at the boundary of the coarse grid and fine grid is solved.
More specifically, the electric field components of the coarse
grid are obtained by an average method, and the magnetic
field components are obtained by the binary paraboloid inter-
polation method.

(3) The FDFD method based on octree grids is used to
calculate the electromagnetic response of a uniform earth
model, four typical layered models and a three-dimensional
low-resistivity anomalous body model, which verifies the
correctness of the algorithm.

(4) The electromagnetic responses of L-shaped and trape-
zoidal anomalous bodies are calculated by using the FDFD
method based on octree grids and Yee grids. According to
the comparison of the results, we find that the octree grid can
effectively reduce the computing time and improve the com-
putational efficiency while ensuring computational accuracy.

The FDFD method takes much time in solving large linear
equations, and the solving process of each frequency point
is independent. Therefore, the next step is to adopt parallel
algorithms based on MPI (message passing interface) to fur-
ther improve computational efficiency.
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