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ABSTRACT In this paper, we derived the analytical forms of the expectation and variance of average
Kendall’s tau (AKT) under a specific multivariate contaminated Gaussian model (MCGM), which can
simulate a scenario where the multi-channel noise exhibits an impulsive manner. For a better understanding of
AKT, we compared AKT to other two classical concordance correlation coefficients, i.e., Kendall’s concor-
dance coefficient (KCC), and the average Pearson’s product moment correlation coefficient (APPMCC) with
respect to the root mean squared error (RMSE). We also applied AKT, KCC and APPMCC to the problem of
multi-channel random signal detection. Monte Carlo simulations not only validated our theoretical findings,
but also revealed the advantage of AKT over KCC and APPMCC in terms of the receiver operating

characteristic (ROC) curves.

INDEX TERMS Average Kendall’s tau (AKT), multivariate contaminated Gaussian model (MCGM), root
mean squared error (RMSE), multi-channel signal detection, receiver operating characteristic (ROC) curve.

I. INTRODUCTION

Correlation analysis has been widely utilized in a number of
sub-areas in signal processing [1]-[4]. Being interpreted as
the strength of the statistical relationship between two random
variables, correlation should be large and positive if there is a
high probability that large (small) values of one variable are
associated with large (small) values of another; and it should
be large (small) and negative if the direction reverses [5].
In the two-channel cases, correlation coefficients might be
the most popular tools in the literature, including the classical
Pearson’s product moment correlation coefficient (PPMCC),
Spearman’s rho (SR) and Kendall’s tau (KT) [6]. However,
in practice, we often encounter multi-channel scenarios, such
as measuring the strength of association among high dimen-
sional random vectors [7], and detecting the presence of
a common signal in multi-channels [8]-[10]. Under these
situations, it is natural to formulate metrics through averaging
the correlation coefficients for all pairs of signals at hand.
In parallel to the aforementioned classical correlation coef-
ficients, three concordance coefficients have been proposed,
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i.e., the average Pearson’s product moment correlation coef-
ficient (APPMCC) [11], average Spearman’s rho (usually
named Kendall’s concordance coefficient (KCC) [12], [13],
and average Kendall’s tau (AKT) [14]-[20].

There are many advantages and disadvantages of
APPMCC, KCC and AKT. APPMCC is optimal when the
signals obey the multivariate Gaussian model. However,
theoretical and empirical evidences suggest that many com-
munication and radar systems suffer from noise with impul-
sive characteristics, that is, the distribution of the noise has
a tail heavier than that of Gaussian distribution. In other
words, the majority of the multi-channel noise might follow
a multivariate normal distribution, but there exists a tiny
fraction of outliers with very large variance (impulsive noise)
[21]-[23]. In such case, the noise can be well modeled
by the so called multivariate contaminated Gaussian model
(MCGM) [24], [25]. Under this circumstance, as shown in
the simulation studies later on, the performance of APPMCC
will deteriorate severely, and thus becomes impractical. On
the other hand, we have shown in our previous work [26]-[28]
that KT and SR are robust against impulsive noise modeled by
bivariate contaminated Gaussian model. However, the prop-
erties of the corresponding multi-channel version, i.e., AKT
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and KCC under MCGM, are still unknown to the best of our
knowledge.

Motivated by such unsatisfactory situation, in this work we
focus on the statistical properties of AKT under the MCGM.
The major contribution is threefold. Firstly, we establish
the analytic expressions of the expectation and variance of
AKT under a specific MCGM emulating impulsive noise that
frequently encountered in practice. Secondly, we reveal the
superiority of AKT over APPMCC and KCC in terms of the
root mean squared error (RMSE) under the MCGM. Finally,
we demonstrate the robustness of AKT against impulsive
noise by an example of multi-channel random signal detec-
tion in the presence of additive impulsive noise.

The remainder of this paper is structured as follows.
Section II presents the definitions of three concordance
coefficients, the MCGM, as well as the some auxiliary results.
In Section III, we establish the theoretical results with regard
to the expectation and variance of AKT under the MCGM.
Section IV verifies our theoretical findings under the MCGM.
The comparative results of AKT with APPMCC and KCC are
also provided in the same section, in terms of the root mean
squared error (RMSE) and receiver operating characteristic
(ROC) curves. Finally in Section IV-D, we summarize our
main findings and our conclusion on AKT.

For convenience of later development, we use E(-), V(-),
C(-) and corr(, -) to denote the expectation, variance, covari-
ance and correlation of (between) random variables, respec-
tively. The symbol nl*l stands for n(n — 1)---(n —k + 1)
with k being a positive integer. The bivariate Gaussian
distribution are denoted by N (i1, ua, 012, 022, p). The nota-
tion P2(Zy,---,Zy) 2 P(Z > 0,---,Zy > 0) rep-
resents the positive orthant probabilities with respect to an
m-dimensional normal random vector [Z; - - - Z,,,]. The sym-
bol R(0rs)mxm represents the correlation matrix where o,y =
corr(Z,, Zg) with r, s = 1, ..., m. We will also use PSL(R) to
denote P?n(Zl, -+« , Zy) for compactness. All other notation
is to be defined in the text where it first enters.

Il. METHODS

In this section, we present the definitions of three concor-
dance coefficients and a particular MCGM employed to
emulate the heavy-tailed impulsive noise mentioned in the
previous section. Moreover, some auxiliary results are also
established for ease of further theoretical analysis.

A. DEFINITIONS OF PPMCC, SR AND KT

Denote by X a data matrix with size m x n, where m is the
number of channels and n is the length of signal in each
channel. Let

X' & xixi... X!

n

be the ith row of the matrix X. Sorting X' in ascending order
generates a new vector

(i) & i i i
X=Xy Xy - Xl
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where [X(il) X(iz) X(in)] is called the order statistics of
X' [29]. Suppose that X/ is at the kth position in X. The
number k is termed the rank of Xj’ [30] and is denoted by Q;
Let X' and X/ represent the mathematical mean of X’ and X/.
Then, three classical correlation coefficients, i.e., PPMCC (rp
be]ow) [1'1], SR (rg below) [30], and KT (rx below) [30] of
X" and X’ can be defined as

n

Y (XE — X)X, — X)

rp(Xt X7y & = ¢
n - n . - 2
[Z XL =X Y (Xh — Xf)ﬂ
a=1 a=1
63 (0 — QLY
i yviy A1 a=1
rs(LX) & 1 - == — @
3 Y sen(Xi — X{)sen(x] — X))
ric(x?, x7y & =1=1 3)
nn—1)

B. DEFINITION OF APPMICC, KCC AND AKT

For any two channel signal from the data matrix X, we can
obtain one of three classical correlation coefficients. Then,
corresponding to the definitions of (1) — (3), we can obtain
three correlation matrices, each with size m x m. By averaging
these matrices without the diagonal elements, three concor-
dance coefficients, namely APPMCC (wp below), KCC (ws
below) and AKT (wx below), repsectively, can be defined
as [7]:

Y (X', X))

wp(X) £ o — “)
L mirs(X XD)

ws(X) £ Zj(m‘s—_l) s)
L (X XT)

ox(X) £ Zj:(m’c—_l) ©)

C. MULTIVARIATE CONTAMINATED GAUSSIAN MODEL

Let {X/, X}, "—, be independent and identically distribution
(i.i.d.) data pairs from the ith and jth rows of the data matrix
X. Assume that the joint probability density function (pdf) of
X' and X7 obeys the following form [24]

(1 = ON (i, wy. 0F, 0 pip)+eN i, 1), Aol 3o}, pf)
™

where 0 < ¢ < 1, uj = pj, j = /L}, A > 1, and
Aj > 1. Under this model, the parameters p;; represents
association information of interest; whereas the parameters
& and ,olfj represents undesired interferences. Our purpose is
thus to investigate the robustness of AKT against the inter-
ference parameters. For convenience, in the following we use
#(x', x/) and ¥ (x', x/) to denote the pdfs of the two bivariate
Gaussian components in (7), respectively.
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D. AUXILIARY RESULTS

Lemma 1: Assume that Z1,7Z>,7Z3,7Z4 follow a quadri-
variate normal distribution with zero means and correlation
matrix R = (0rs)ax4. Define

Al t>0
H(t)—{o <0 ®)

Then, the orthant probabilities can be defined as
1
PY(Z)) = E(HZ))} = 5 ©)

1 2
PS(Z1. 20) = E(H(Z)H (Z2)) = | (1 +—sin”! 912)
(10)

PY(Z\, 22, Z3) = E{H(Z\)H(Z2)H (Z3))
1 2 2 3
=3 1+;Z > sinlog | (D)

r=1s=r+1
PY(Z1, Zs, Z3, Z4) = B{H(Z1)H (Z2)H (Z3)H (Z1)}

3 4
1 2 .
:1—6 l—I——Z Z Sin 1Qrs+W(R)
T r=1s=r+1
(12)
where
4 1
4
W(R):Z - o - sin~! [—W(M) ]du
= T o (1= 02,212 Be(w)ye(u)
(13)
with

o) = 034 — 023024

—[013014 + 012(012034 — 014023 — 013024)1u*
o3 = 024 — Q23034

— 012014 + 013(013024 — 014023 — 012034)1u”
o4 = 023 — 024034

—[012013 + 014(014023 — 013024 — 012034)1u*
Br=pB3=I[1-03; — (o1, +0f3 — 2@12@13923)u2]%
y2 = Bs=[1—03— (0}, + 014 — 2@12914@24)142]%
ys = ya =1 — 0% — (0} + 0}4 — 201301403 )4°1

Proof: 1t is trivial to obtain the first statement (9).
The results (10)—(12) have been established in [31]-[33],
respectively. g

Ill. STATISTICAL PROPERTIES OF AKT UNDER
MULTIVARIATE CONTAMINATED GAUSSIAN MIODEL

In this section, we establish our major theoretical results
with the assistance of Lemma 1. Specifically, we derive the
expectation and variance of AKT under the multivariate con-
taminated Gaussian model (7).
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Theorem 1: Let {X",Xi}zz1 be i.i.d. samples generated
from the model (7). Then, the expectation of AKT is

E(wi) = ﬁz Z[(l —&)?sin”! pij

i#j=1
+2¢(1 — ) sin™! Pyt Ry
VIFAT+A7
+&2sin™! pl/J] (14
Proof: See Appendix A. |

Corollary 1: When L; — oo and Aj = 00, the expectation
of AKT can be simplified as

2 m m o
E(wx) = mz Z[(l - 8)2 Sh Pij

ij=1
+e2—g)sin”! pjj] (15)
Moreover, for ¢ = 0, which means that the multivariate

contaminated Gaussian model reduces to the multivariate
Gaussian model, it follows that

m m
E(wr)ls=0 = ﬁzizm” pij  (16)

i#j=1
Proof: Letting A; — oo and A; — oo in (14) along with
some simple algebras, we can easily obtain the expression
of (15). Substituting ¢ = 0 into (15) produces the statement
of (16). ‘ ' O
Theorem 2: Let {Eé, 5{5}221 and {Cei, {é};‘zl be ni.i.d. sam-
ples generated from the bivariate normal distribution ¢ and
Y, respectively. Then, under the MCGM (7), the variance of

AKT is

16(I1 + 1 + I3)

T m2(m— 1)2n2(n— 1)

5 = [Ewx) + 117 (17)

m m 28
=2y % > ahePiAn) (18)
i#j=1 (=1
m m m 28
L=4>"3"3"%" ;B PiBy) (19)
i#j#k=1 =1
m m m m 32
L= 3 2 0 ) «B/PiCH ()
ijEk£I=1 =1
with ag-, Be-, and Ag-terms in (18) defined in Table 1, aé-,
B,- and By-terms in (19) defined in Table 2, -, B;-, and
Cy-terms in (20) defined in Table 3, and E(wi) defined
by (14).
Proof: See Appendix B. g
Remark 1: Because of the complicated integrals involved
in the calculation of Pg-terms in (18)—(20), the variance of
AKT can not be expressed into elementary functions in gen-
eral. However, simplifications are available for various par-
ticular cases, as demonstrated in the following corollaries.
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Corollary 2: When A; — o0 and Aj — 00, the variance of
AKT can be simplified as

8(n —2)(1 + 8&)(1 — &)? 4

In(n — Dm(@m — 1) nin — DHmm —1)
Ay 16(A2 + A3)

n(n — Dm2(m — 1)? n(n — Dm?(m — 1)2x

32(n —2)(1 — &) _1 P
" n(n— Dm2(m — 1)27r2Z Z ( 1 J)

16(1 — &)* [2n—3)e — 1] 1 )2
+ n(n — Dm2(m — 1272 %; (Sln ,Oz])

V(wg) =

+

8(2n —3)(1 —&)*
1)272

o — Dm2(m —

x Z Z sin~! Oij —22 Z (sin*1 p,y)
i#j=1 i#j=1
16e(1 — &)*[2n — 3)(1 — &) + 1]
n(n — Dm2(m — 1)2x2
m m m m
X Z Z sin™! PUZ Z sin”! Pj;
i#j=1 i#j=1
e [2(n — 2)(e* = 3e +3) + (2 — &)?]
n(n — Dm?(m — 1)2x?2
m m 2
ZZSin_l pl{j (2D

iAj=1

where

A=Y Y 3 aa-erwien+2ewicy)

itjEkAl=1
+4e(1=)W (C) +401—2) [(1 =) W(Cs)+£ W (Co)

+4(1 = 2)(1 = e)e [(1 = )W(C) + 26 W(Ci)I |
+160-2) Y ) [(1 — e W(Bs)+e3W (Bg)
ik ]

+2(1 — s)eZW(Bu)]

+8(n—2)e”Y > " [eW(Ag)+2(1 — &)W (A1)]
i#j=1

m m
Ar=(1—e)*(m— Z)Z Z sin! py;
i#j=1

and

m m
As=e(m —2) [2(n 21— 6?42 — s] 33 sin ! g
ij=1
Proof: Letting A; — o0 and A; — oo in (17),
we can arrive at (21) with some tedious but straightforward
algebra. 0
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Corollary 3: When ¢ = 0, viz., the multivariate con-
taminated Gaussian model reduces to pure Gaussian model,
the variance of AKT becomes

A=A+ A3+ Ay 4(2n+5)

Vele=0= o  ontn=1) " OmGm—Dntn=1)  >>
where
A= DS S i
i#j=1
m 2
Ay = 8(2n —3) ZZSH‘ i
i#j=1
Az = '32(’;2_ 2)2 Z |:<Sin1 ,Oij)2 - (Sin*1 %)2}
i#j=1
A=) Y Y Y 2W(C) +4n — DW(Cs)]
ik A1=1
+16(n—2)) Y "> W(Bs).
i#i#k=1

Moreover, when p;j = p, the above expression (22) can be
further simplified as

w
V(wro)le=0,pj=p = m(m — Dn(n — 1)
402n+5)

Im(m — Dn(n — 1)
16(m —2)sin"! p
m(m — Dn(n — D
8(2n — 3) (sin~! p)°
 nm— Dn2
N 32(n —2) [sin™! p)? — (sin~! £)?]
m(m — Dn(n — D)2

(23)
where

= (m = 2)(m = 3) 2W(C1) + 4(n = 2)W(Cs)]
+16(m — 2)(n — 2)W (Bs).

Furthermore,
42n 4+ 5)
v =0,0=0 = 24
(wIC)|s—O,p—O 9m(m — Dn(n — 1) (24)
V(wlC)Ls:O,p:l =0. (25)

Proof: Substituing ¢ = 0 into (17) and using (10)—(12)
along with some tedious derivations, we can obtain the
expression (22). Similarly, the results (23), (24) and (25)
follow readily by replacing the parameters in (22) with the
corresponding counterparts. |
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TABLE 1. Quantities for evaluation of ]E(H’%) in (18).

Representive term

Correlation coefficients

¢ cMt Be ay Z1 Zs Zs Z4 012 013 014 023 024 034
LA (-2 nPl g -gleg-g¢-68 -6 pij 1 pij pij 1 pij
2 A e? PPl G -G d-da-ad-4¢g P 1 Py Pij 1 Pij
; - i i i od i pitNiNj PG Pij NN pi; Pig AN P Pij NN P
3 A3 e(l—e) nlB g -y - - LT l_j] z 1 2 i,-] s ijj i 1 LS A Lo ij] J
; e i i i ~d i Pij NP PijtNiN;PY; pijtXipi; pij+NiN; P
4 Ay 5(1 _ E) n[z] i _ % C{ _ f% Ci _ 65 C{ _ ’f% J s JiPij 1 J o iPij J - 3 Pij 1 J o JFPij
s (- -gd-de-ad-d 0 -F 0 - o 1 ’
5 A (1—¢)3 onl3l gl ghed gl gl _gigl gl P 1 éj éJ 1 p
o o - g o
6 A W G-gd-gda-dd-d 3 N N 3 Pl
K L . . AN P /\g NiXjphs NiXjphs A2 pij+XiNjphs
7oA (-ePemBl oG d-gg-dg-d T e Tt T e e v
. L . o . i FXNiNiph s . .
8 A 1—¢)2¢ 2nBl gi i gl _¢d gi _gi gl _ gl PUTNAP 1 o Pij ___Pij — 1 .
s (1-e) G-eha-ehG 4% 0 Xii S0 aaan  aean aon P9
’ . . S " . . L IR VD P
9 A 1—¢)2e 2nMBl gi _gi ¢ _ gl i _gi ¢l _¢d i — E — L — i - L Pis o
o ( ) G- -%G-aG-0 Pii V20433 20403 a4a3) 20402 Aig
) o o A i pijtAiNphs r is pijtXiN;ph;
10 A (-0 208 g~ - G-ei g —g LN e _pn o uthu
i J
) . _ o D piiFNIN P x Xiphs Xjphs X\
11 A 1—882 2n[3] i gt gl ri gt e Pij iPij i _ ij _ 3 Pij _ j -
o ( ) G-&a-86-06-q Aij V20433 20407 2042320409 Pij
. s o — . ) X;iph Xiph A piitAiNiph-
12 A 1—882 277/[3] U PN B e S = R - _ Ai _ JFij _ iJ _ J J Iy
12 (1=¢) G-ea-e&s 4% -q P V2aHA) 20032 \aa?) (20402 ij
13 Ais (1-9? 2B g-ged-de-ded-¢ oy 3 o = > pij
4 An @ 2B G-gd-dd-gd-d 3 5 3 3 Pis
) o . L i pij AN PL A2 XiXjph XiX\jph A2 pij+XiX P}
15 A1y (1—e)%e 2nBl ¢ —el ¢ —&) ¢ —¢€l ¢ - & % a2 ,\:j . AiJ ! 1+i\2 s Xij —
i J
. . . . . . 1-:+A1')\,-p'-- Pij pii 1
16 A 1—628 271[3] i i d T i eio¢d _ ¢d Pid JPij 1 ij ij B
16 ( ) 51 42 51 C2 51 53 E1 53 Xij \/2(1_‘_)\?) \/2(1+>\?) \/2(1_;'_)\?) \/2(1+A?) Pij
. . . . . i NNl
17 A 1—¢)2e onl3l gi _gi gl _ gl ogi _igd . 1 Pij Pij 1 Pij K ¥
i (=) G-aa-%4-64-6 Pid V2043 20403 20423) (20422 ig
) o o o i P i i pijTXiN;p};
18 A (1-e)” 2P -G e - -del - T v KL S Ca v
: i ’ J
i X L . L S piit NN Pl 2 Xiph s Xiphs A
19 A 1 e)e2 onl8l ¢i gl (d gl i i pd ¢l Pij JPij i ij JPij J /-
1o ( ) G-HG-80-6Ga-G Aij V20433 20402) 2040 20402 P
. o S A . ) Xiphs Xiphs bV piitXNiNiphs
20 A 1—e)e2 onMBl i i I I i g fd gl /o g JPij ij J J I g
20 ( ) G-Ga-@a-6a-5% Pij V20423 20400320403 (20409 Aig
21 A (1-e)* nM g -gg-gea-ag-6 oy 0 0 0 0 pij
2 An & Al G-gd-gag-adg-a sy 0 0 0 0 Pij
3 ; i i i i ed i PN P
2B Ay (1-ePe M (-gl-ge-gg-& ~5 0 0 0 0 pi
) L — A : pij+XiN;p};
24 Az (1-ePe 2l g -giel -6 d-¢  py 0 0 0 L T
; i e i i .j i pijtNiNjpl
25 Ags (1-e)e® M g~ -G -Gg-¢ 50 0 0 0 0 Pij
) s o S . pij+Xi NP5
26 Ags (1—e)e® 2nll ¢f — ¢4 Cf_ - C%_ €3 —C1 5:]%_ - Cfx_ Pij 0 0 0 0 T
27 Asr (1—e)?? 20l (-G -G & -€18-4 Pl 0 0 0 0 pij
i i d gl i i s el PitNNGP Pig TN, P
28 A (1-eP?anl (-G d-gd-6g-¢ “x7 0 0 0 0 5

ij

ij

1 C.M. is an abbreviation of correlation Matrix. The notation A, represents correlation coefficient matrix R(grs)4x4, where o5 £ corr(Zr, Zs), for

ros=1,---,4.

2 In the columns containing 0(+), Aij £ 1/1+ A2, /1 + )\JQ..

IV. RESULTS AND DISCUSSION

sequel, the notation h

hi1(Ah)hy stands for a list of

In this section, we 1) verify the correctness of Theorems 1
and 2 by Monte Carlo simulations, 2) compare AKT with
APPMCC and KCC, in terms of RMSE, and 3) present
an example of multi-channel signal detection in the pres-
ence of additive impulsive noise (under the MCGM). In the

VOLUME 7, 2019

h varying from h; to hp with an increment of Ah. The
number of Monte Carlo trials is set to be 10° for purpose
of accuracy. For convenience, we set all the parameters p;;
and pj; equal to p and p’, respectively, unless otherwise
stated.
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TABLE 2. Quantities for evaluation of E(HjiHjx) in (19).

Representive term

Correlation coefficients

¢ cM! By o Z1 Z Z3 24 012 013 014 023 024 034
I B (1-e)? nPl & -che-g¢-&er—¢f pij 1 Pik pij Pik Pik
2 B & Pl G-gd-ga-aa-g ey 1 Pi U Pir
T o . pij+NiA; P ikt NiARPl, Pii NN Pl Pk TN AP pik+XiAgp)
3 Bs 6(1 _ 6) nl2] i _ 5% C{ _ 5% q _5% C{c _ 55 JTJJJ 1 Pik )‘ikkp k J - iFPig Fi )\;k ik Pik )\ikw k
) o . ) pij+NiN;phs it N AEPh P NN PL Pk TN AP K pik A Ak Pl
4 By e(l1—¢) nl e -G ek ¢k T ~; 1ot 1 Pik )\ikkp”‘ ? o L ,\jk ik Dik /\M.,kplk
5 Bs (1—¢)3 2n3] i _ Eé 5{ _ 5% 55 _5% 5:13@ _ Slf pij _% _P%k _P;j _%k ik
) " - ) 7 o o
6 Bs & Pl g-gd-gag-add-¢ sy -3 — 5 5 -5 Pl
) o P : pijtXNiN;phs 22 Xi Ao XiXjpg Aj Ak ik TN AL Ph
7 Br (1-9% 2B ¢i-gf ] - e —cieh-cf MO o, Risken e e
. . i ; i NPl ' ik Pij Pik
8 B 1—¢)2e 2nlBl gi i gl _ (T gi _gi gk _ ¢k Pij JPig 1 _ Pik _ ij _ J .
8 ( ) 51 Cz 51 CQ 53 51 53 51 Xij \/2(1+>\?) \/2(1+A12) \/2(1+>\§) \/2(1+)\?) Pik
. . /
9 B 1— )2 23 gi _gi ¢d _¢d i _gi ¢k _¢k | _ 1 _ bk ___Pij __Pjk PiktAi Ak Pig
9o ( ) G-Gh-%6-06G -4 Pig V20423 20453 20457 20423) ik
2 31 i i e i s ik L PiitNiNipi; 1 Pik Pij Pjk Pik+Xi kPl
10 Bio (1—¢)e 2n3] -G &~ —464¢—4& ?J T " XNik _ﬁ _ﬁ Nik
) o o v AN Pl v Nip! ik Ajplg
11 B 1—e)e2 28] (i _gi 9 _ gl i _ ik _ck P iPig i __ AiPig ___dPij __if /
n (=gt 2% Q-G G- GGG —q Xij V22 20Nz (O] (20402 Pik
’ . D ; ) " Xipi; Ao Pik TN AP,
12 B 1—e)e2 2nlBl i i 9 ¢ gi _¢iogk ¢k /o _ A _ Akl _ ij _ gk ik TAIAkPik
12 ( ) G-Ga-G&-G& - Pij \/2(1+>\§) \/2(1+A§) \/2(1+A$) \/2(1+A§) Aik
) ) o o _ . ” py
13 Biz (1 75)3 2n 3] i ¢l 5{ _ f% g —¢l éf _ §§ pij % P2k % Pik Pik
. . oo ) ! Pij Py
B @ wmPgogd-dd-dd-d e 3 o3 35 5 Pin
2 3] i i T i i ok ok PigTXNiN 0L LY ik Pl AiXj P APk patNi kol
15 Bis (1—¢)’ 2n/3] 1-8 G — & -8 — &3 Aij ,J 1+A?2 Nik Xij : Ajlc] Aik
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1 The notation By represents correlation coefficient matrix R(ors)ax4 with each element o5 2 corr(Z,, Zs), r,s = 1,--- , 4.

2 In the columns containing 0(-), Aij = /1 + A2, /1 + )\JQ-.

A. VERIFICATION OF THEOREM 1 AND THEOREM 2

The correctness of the expectation and variance of AKT under
MCGM (7) for small samples are verified in FIGURE 1 and
FIGURE 2, respectively. In these two figures, the parameters
are set to be ¢ € {0.02,0.08}, p’ € {0, 1}, p = 0(0.1)0.9 and
m € {2,3,4}. Good agreements are observed between the
simulation results and the theoretical counterparts. Moreover,
we also verify the correctness of Theorems 1 and 2 in some
scenarios where p; and ,ol.’j are unequal. From TABLE 4,
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good agreements between simulation results and theoretical
counterparts are again observed.

B. COMPARATIVE RESULTS OF RMSE

For ¢ = 0 and p;; = p, the MCGM degenerates to a Mul-
tivariate Gaussian Model with all the correlation coefficients
being p. In this case, it is of interest to estimate the parent
correlation coefficient p based on the three concordance
correlation coefficients, namely wp, wic and wg in (4)—(6),
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TABLE 3. Quantities for evaluation of E(HjiHgp) in (20).

¢ CcMmt

Representive term

Correlation coefficients

By ay 71 Z2 Z3 Za 012 013 014 023 024 034
LG (1-¢)? nPl g —ge-ger—eiel - py pik pit Pik pji Pii
2 C 2 ol g -ad-ga-dd-¢ o , Pik Pt Pk Pt Pri
i i ~d j i HXiiPh; pik APl patXidiel  PiR TN ARG PIENAPGL pratARAR)
305 e(l—e) Pl -6 —g - - g T = . T o i
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respectively. It is well known that [26], as n large, Then, from (4)—(6), we have
i o
E(rp(X', X7) = p, (26) E(wp) = p, (29)
- 6 . 0 6 . _,p
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S 5 S
b T
L 2 2 .
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FIGURE 1. Verification of (14) in Theorem 1 for n = 10, }; = ; = 10°. From top to bottom, each row corresponds to a different number of channels
m e {2, 3, 4}, respectively; whereas from left to right, each column corresponds to theoretical and observed values of E(wsc) with different parameter
settings. Good agreements are observed between theoretical results (solid lines) and simulation counterparts (circles).

TABLE 4. Verification of mean and variance of AKT for distinct Pij and p,fi, where n = 10, ¢ = 0.08, A; = 100, Aj = 200.

corr.matrix(p;; ) corr.matrix(pgj) (14) ]E(w;g)|sim1 17 V(w;c)|sim2
1 0.5 1 0.4
(0.5 1 ) (0.4 1 ) 0.3224 0.3223 0.0665 0.0667
1 0.1 0.2 1 0.5 0.6
0.1 1 0.3 0.5 1 0.1 0.1502 0.1501 0.0339 0.0341
0.2 0.3 1 0.6 0.1 1
1 03 02 04 1 04 06 0.7
0.3 1 0.5 0.7 0.4 1 0.8 0.5
0.2 05 1 0.6 0.6 0.8 1 0.3 0.3153 0.3155 0.0257 0.0255
0.4 0.7 0.6 1 0.7 05 0.3 1

TE(wi) |sim stands for the expectation of AKT by simulation
2 V(wx) |sim stands for the variance of AKT by simulation

Then, it is reasonable to construct three estimators of p by
inverting (29)—(31), namely,

pp £ wp, (32)

ps £ 2sin <£a) ) 33)
S 6 S )

A oA . T

prc & sin(Z o). (34)

Given the definitions of p, it is of interest to compare their
performance in terms of RMSE, which is

RMSE £ \/E(p — p)2.

(35)

159184

TABLE 5 lists the results of RMSE for pp, ps and px
defined in (32)—(34), respectively, under the MCGM

(1 —&)N(0,0, 1,1, p) +eN(0,0,10'°,10'°, o) (36)

where ¢ € {0.02,0.04, 0.06,0.08}, o’ € {0,0.9} and p =
0(0.1)0.9, and the number of channels m = 4. It appears
that 1) the RMSEs of pp are much larger than pg and
O, meaning its poor performance under the MCGM, 2) the
RMSEs of ps and px decrease with the increasing ¢, 3) ps
outperforms px for p small, and 4) px outperforms pg for p
large.
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FIGURE 2. Verification of (17) in Theorem 2 forn =10, 1; = 1; = 103. From top to bottom, each row corresponds to a different number of
channels m € {2, 3, 4}, respectively; whereas from left to right, each column corresponds to theoretical and observed values of V(o) with
different parameter settings. Good agreements are observed between the theoretical results (solid lines) and simulation counterparts

(circles)

TABLE 5. RMSE for three estimators for n = 100, 1; = A= 1019, ¢ = {0.02, 0.04, 0.06, 0.08} and o’ = {0, 0.9).

e =0.02 e =10.04 e =0.06 e =0.08

P ps pp 28 ps bp 128 ps bp pK ps pp br

0.0 0.0449  0.2895  0.0462 0.0459 0.2286  0.0479 0.0477  0.1849  0.0503 0.0487 0.1547  0.0518
0.1 0.0507 0.3038  0.0517 0.0536  0.2489  0.0549 0.0556 02105  0.0567 0.0576  0.1836  0.0583
0.2 0.0568 0.3451  0.0567 0.0606  0.3036  0.0593 0.0666  0.2749  0.0631 0.0725  0.2528  0.0669
0.3 0.0616  0.4004  0.0600 0.0694 03772 0.0645 0.0802 03515  0.0708 0.0911  0.3388  0.0776
0.4 0.0646  0.4720  0.0607 0.0773  0.4576  0.0673 0.0933  0.4390 0.0765 0.1099  0.4290  0.0869
0.5 0.0671  0.5440  0.0602 0.0860  0.5463  0.0700 0.1079  0.5334  0.0829 0.1278  0.5206  0.0945
0.6 0.0682  0.6314  0.0572 0.0941 0.6367 0.0704 0.1205  0.6286  0.0857 0.1487  0.6191  0.1031
0.7 0.0684 0.7107  0.0520 0.1008  0.7270  0.0683 0.1360  0.7224  0.0885 0.1685  0.7172  0.1086
0.8 0.0682  0.8029  0.0441 0.1076  0.8268  0.0633 0.1472  0.8174  0.0853 0.1879  0.8131  0.1094
0.9 0.0685 0.8862  0.0332 0.1149 09216  0.0538 0.1618  0.9203  0.0772 0.2031 09131  0.0996
1.0 0.0671 09764  0.0050 0.1186  1.0174  0.0132 0.1692  1.0169  0.0248 02172 1.0139  0.0390
0.0 0.0696 0.8076  0.0710 0.1062 0.8676  0.1088 0.1436  0.8816  0.1473 0.1816  0.8871  0.1868
0.1 0.0686 0.7238  0.0718 0.0986 0.7742  0.1044 0.1290 0.7842  0.1373 0.1611 0.7884  0.1719
0.2 0.0671  0.6410 0.0711 0.0886 0.6789  0.0966 0.1134  0.6870  0.1249 0.1383  0.6888  0.1531
0.3 0.0644 0.5624  0.0685 0.0786  0.5872  0.0876 0.0975 0.5871  0.1111 0.1176  0.5908  0.1354
0.4 0.0622  0.4855  0.0660 0.0709  0.4928  0.0798 0.0838 0.4933  0.0983 0.0970 04921 0.1162
0.5 0.0579  0.4198  0.0604 0.0616  0.4080  0.0693 0.0690 0.3968  0.0823 0.0789  0.3932  0.0977
0.6 0.0520 0.3637  0.0531 0.0544 0.3269 0.0598 0.0579  0.3043  0.0682 0.0620  0.2980  0.0777
0.7 0.0459  0.3253  0.0445 0.0474  0.2594  0.0480 0.0487 0.2167  0.0525 0.0506 0.2058  0.0586
0.8 0.0371  0.3088  0.0324 0.0412  0.2102  0.0346 0.0447  0.1538  0.0366 0.0474  0.1299  0.0388
0.9 0.0299 0.3236  0.0190 0.0397 02114  0.0210 0.0477  0.1337  0.0225 0.0545  0.0933  0.0236
1.0 0.0257  0.3631  0.0011 0.0411  0.2567  0.0023 0.0545  0.1791  0.0037 0.0668  0.1424  0.0054

Upper panel: p’ = 0; lower pannel: p’ = 0.9. The minimum values are highlighted in bold face.
C. AN EXPAMPLE OF MULTI-CHANNEL SIGNAL as
DETECTION ; ;
X, =0s,+N, 37)

As mentioned in Section I, the multi-channel signal detec-
tion is a frequently encountered problem in radar, sonar or
communication, which can be mathematically modeled

VOLUME 7, 2019

where | <i<m, 1 <a <n,s,is aGaussian random signal
of length n to be detected, {N}""_, is i.i.d. noise following
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FIGURE 3. Comparison of ROC curves for ¢ = 0 and ¢ = 0.06. From top to bottom, three columns correspond to different o € {0.0, 0.5, 0.9},
respectively; whereas from left to right, two rows correspond to ¢ = 0 (normal case) and ¢ = 0.06, respectively. Here the parameters

l,'=lj='|00,m=4andn='|00.

the MCGM. Our purpose is to determine the existence of the
random signal s,. Then, the signal detection problem in (37)
can be cast into the following hypothesis test
{mye_o a8)
Hy:0#0
base on APPMCC, KCC and AKT. We use the popular
receiver operating characteristic (ROC) curve as a figure of
merit to compare the performances with respect to APPMCC,
KCC and AKT.

FIGURE 3 illustrates the ROC curves of AKT, APPMCC
and KCC, corresponding to three scenarios with p €
{0, 0.5, 0.9}, respectively, n = 100, m = 4,60 = 0.4,
p =0.5,and A; = Aj = 100. We can observed that, when
€ = 0 (top row),

« APPMCC, having the highest ROC curves, performs the

best,

e AKT and KCC, having almost identical ROC curves

(only slightly lower than those of APPMCC), perform
comparably well;

when € = 0.06 (bottom row),

o AKT, whose ROC curves sit on the top, performs the
best,

o« KCC, whose ROC curves lie in between those of AKT
and APPMCC, performs the second,
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« APPMCC, whose ROC curves are nearly diagonal, per-
forms the worst.

D. CONCLUSION

In this work, we investigated systematically the statistical
properties of the average Kendall’s tau (AKT) under the
multivariate contaminated Gaussian model (Theorems 1 and
2 as well as Corollaries 1 to 3). To gain further insights on
AKT, we also compared AKT with other two concordance
coefficients, namely, the average Pearson’s product moment
correlation coefficient (APPMCC), and Kendall’s concor-
dance coefficient (KCC) in terms of the root mean squared
error (RMSE). Moreover, we also revealed the robustness of
AKT against impulsive noise by an example of multi-channel
signal detection, in terms of the receiver operating character-
istic (ROC) curve. Theoretical derivations and experimental
results suggest that

o under a specific multivariate contaminated Gaussian
model, analytic expressions of the mean and variance of
AKT are available,

« when the noise is pure Gaussian, APPMCC is optimal,
in the context of multi-channel signal detection, whereas
AKT and KCC perform comparably well,

o under the MCGM that simulates impulsive noise,
APPMCC performs far poorly than AKT and KCC,
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o both AKT and KCC are robust against impulsive noise,
in terms of RMSE,

o under the MCGM, AKT performs the best in terms of
the ROC curve.

Possessing the above advantages, AKT might play a com-
plementary role to the popular APPMCC and KCC in the
field of multivariate analysis, including multi-channel signal
detection in the presence of impulsive noise.

APPENDIX A
PROOF OF THEOREM 1
Proof: The numerator 7 of (3) can be simplified to [26]

n n
T=4>" > HX.-XDHX, - X)) —n? (39
a#b=1

Then, by the i.i.d. assumption, the above equation becomes

E(T) = i P EB[HX] — X)H (X, — x})] —n?  (40)

Denote by lrp(xi',)/i,xé,yé) the joint distribution of

(Xi, Y{, X4, ¥3), which can be written as

=[(1=&)p1 + ey 1[(1 —&)p2 + eV]

—(1 8) ¢>1¢z+8(1 8)¢1¢2+8(1 8)¢21/11+8 I/flwz
S—— — — —— ——

al <p1 o (%) o3 %) “‘4 w4

41

where ¢ is abbreviated symbol of go(xi, y/1 xé, yé). Write

, X! —X:
vhe L2 (42)
JV&XI — X5
‘ X —x
., (43)

J J
VY —X3)
Then, with regard to @1, @2, @3, ¢4, (U, U’) obeys four
standard bivariate normal distributions with correlations

o1 = pj (44)
pij + Aikjpj; ,
0= —F——=7—"—"p; aSA,A—>00 (45
JIFA T+ A
pij + Aikjpj; ,
03 = ———=F7—— "0 as Aj, Aj — 00 (46)
N ENIE S
01 = o} @7

Substituting (10) into (40) along with (44)—(47) gives

Qi) — nt?!

! pij + 202 sin”

1 1
E(T) = 4n!? Za < + - sin™

2n[2]

[orq sin™ ! 02+ oy sin”! ,Ol/j]

(48)
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which yields
m m
2y e sin™! o1 4+ 2a2 sin ™! 05 + g sinT! 4]
i#j=1
E =
(@ic) m(m — 1)
(49)
and hence the statement of (14) holds true. O
APPENDIX B
PROOF OF THEOREM 2
Proof: Write
n n
H; 2 Z ZH(X’ X})H (X! — X)) (50)
a#b=1

Then, according to the definition in (6) and statement (39),
we have

wK:M(m—l)n(n_l X?E:Z:Hij_l ShH

which yields

16
V(w’C)zm2(m 1)2n%(n — 1)2“%21:[{’1] (52)

By the relationship of variance and expectation, we have

VIY Y HA=EIOQ_ D H)*1-E (Y Hjl (53)

i#j=1 i#j=1 i#j=1
The second term on the right in the above equation can be
determined by Theorem 1, which can be written as

B gl = " Vg 111 (s4)
i£i=1

we only need to calculate the first term. Due to the symmetry
in all the summation, it follows that

m m m m

]E[(Z ZHI/)Z] = Z ZZ ZE Hlekl
i#j=1 i#=1 k#l=1

m m m m

=222 ElHjHul

ijh A=

+ 42 Z ZE[HUH”C]

k=1

m m
+2) ) EIH]] (55)

iAj=1

where
n n n n ) ) ) .
HiHg =Y 33" [H(x; — X)HH(X] — XJ)
a=1 b=1 c=1d=1

xH(X* — x5H(X! - Xg)] (56)
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Hyly =3 333" [H(Xj — X)HHX] — X))

a=1b=1 c=1d=1

XH(X; — XDH (XS - X5)] (57)
H} = Z_} bz_:l ; 012—:1 [H X = XpHX - X))
XH (X! = XpH X! - X)) (58)

The quadruple summation in (56) can be decomposed into

n n n n
2.2.2.2.
a=1 b=1 c=1d=1

= gZ+(1—.s)Z X EZ+(1—8)Z
a=1 a'=1 b=1

b'=1
x[eY Hl—e)> [x|ed +0—2)Y | (59
c=1 =1 d=1 d'=1

with the suffixes (a b ¢ d) being generated from the bivariate
normal distribution ¢, and suffixes (a’ b’ ¢’ d’) from another
bivariate normal distribution .

By expanding (59) according to different suffixes of
(@a b ¢ d)and (d b ¢ d'), we obtain 16 sub-
quadruple summations, which can be further decomposed
into 32 disjoint and exhaustive subsets. In other words,
the statement (56) is a summation of 32 integrals of the form
E(H(Z1)H (Z3)H (Z3)H (Z4)), weighted by the corresponding
constant factor B, and subset cardinality «;. Substituting
the corresponding terms tabulated in TABLE 3 into (12),
the expression of (56) can be easily obtained. In a similarly
way, the expressions of (57) and (58) can also be obtained
according to the results presented in TABLE 2 and TABLE 1,
respectively. Combining the results (52)—(58) finally gives
the statement (17). O
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