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ABSTRACT This paper proposes an electrochemical-thermal coupling model for state of charge (SOC)
estimation of lithium-ion batteries (LIBs). In this paper, to solve two numerical problems in the quasi two-
dimensional model of LIBs, a simplified one-dimensional model is built. Considering that the parameters in
the model are affected by temperature, the internal parameters of the battery which obey the Arrhenius
equation are introduced. Based on the simplified one-dimensional model, the electrochemical-thermal
couplingmodel is built. Finally, an adaptive SOC observer based on electrochemical-thermal couplingmodel
is designed. The simulation results show that the electrochemical-thermal coupling model can be effectively
applied to SOC estimation.

INDEX TERMS Lithium-ion battery, pseudo two-dimensional, one-dimensional model, electrochemical-
thermal coupling model, SOC estimation.

I. INTRODUCTION
Lithium-ion batteries (LIBs) are widely used in the field of
electric vehicle power batteries due to their excellent perfor-
mance [1]. In the batterymanagement system (BMS), in order
to optimize the overall performance of the system, it is neces-
sary to build a lithium-ion battery model with high accuracy
and low computational burden. Simultaneously, under the
condition of high charge-discharge ratio, it is necessary to
consider the temperature factor of the battery and build an
electrochemical-thermal coupling model in order to describe
the working mechanism of the battery more accurately [2]. In
addition, it’s important to estimate the state of charge (SOC)
accurately for battery monitoring and usage, as the battery
is a complex, closed system [3]. Therefore, model building
and state estimation of LIBs also play a key role in BMS of
electric vehicles [4].

The basic electrochemical model of lithium-ion batteries
is a pseudo two-dimensional model which was built
by Doyle [5]. This model can describe the working
characteristics of LIBs during charging and discharging com-
prehensively and systematically. In application, the pseudo
two-dimensional electrochemical model is faced with two
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main numerical problems [6]: (1) there are more states
because of the existence of two dimensions; (2) The amount
of calculation is large due to the existence of a large number
of differential algebraic equations in the model. Common
simplifiedmodels are electrochemical average model built by
DomenicoDi Domenico [7] and single particlemodel built by
Santhanagopalan [8]. However, the electrochemical average
model does not have a mature solution to the numerical
problem (1), and the single particle model is not suitable for
high charge-discharge ratio. Based on the previous research
results, a new solution to the main numerical problems of
pseudo two-dimensional model is proposed, which is to build
a simplified one-dimensional model of LIBs by using dimen-
sionality reduction and Padé approximation.

Usually, electrochemical-thermal coupling models are
built for the following purposes: (1) improve the accuracy of
the models; (2) study the safety performance of the battery;
(3) used in the battery thermal management system; (4) SOC
estimation [9]. In recent years, many new achievements have
been made in the construction of electrochemical-thermal
coupling models. However, the application of the simpli-
fied electrochemical-thermal coupling model is still rela-
tively rare. Especially, the electrochemical-thermal coupling
model for SOC estimation still has a large research space.
In this paper, a new electrochemical-thermal coupling model
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is established by coupling the simplified one-dimensional
model with the concentrated mass thermal model and con-
sidering the Arrhenius equation of temperature dependence.

The model-based battery SOC estimation method repre-
sented by Kalman filter method is suitable for real-time appli-
cation in BMS of electric vehicles [10]. At a larger charge-
discharge ratio, temperature has a greater impact on battery
performance, therefore battery temperature is an important
parameter for SOC estimation. Some existing studies con-
sider combining temperature parameters with equivalent cir-
cuit models to estimate the temperature of battery packs.
Debert.M [11] built linear and time-varying observers to esti-
mate the temperature of battery packs. However, due to the
complexity of the model, the combination of electrochemical
model and temperature model has been less studied.

In this paper, a new solution is proposed aiming at the
main numerical problems of pseudo two-dimensional electro-
chemical model, that is, a simplified one-dimensional model
of LIBs is built by using dimensionality reduction and Padé
approximation. Based on the simplified one-dimensional
model, a new electrochemical-thermal coupling model with
the concentrated mass thermal model of the battery is estab-
lished, and considering the Arrhhenius equation with temper-
ature dependence of the battery parameters. On this basis,
an adaptive SOC observer is established to analyze the
asymptotic convergence of each estimator by Lyapunov, and
the SOC of battery is estimated.

II. MODELING FOR LIBs
In this section, we develop the pseudo two-dimensional
model and the simplified one-dimensional model of LIBs.
Then the electrochemical-thermal coupling model based on
simplified one-dimensional model is obtained for SOC esti-
mation.

A. PSEUDO TWO-DIMENSIONAL MODEL OF LIBs
The structure of the pseudo two-dimensional model of
LIBs based on physical and electrochemical principles is
shown in Fig. 1. The pseudo two-dimensional model can
be described as 6 equations: lithium-ion diffusion equation
of electrolyte phase; lithium-ion diffusion equation of solid
phase; electrolyte phase Ohm’s law; solid phase Ohm’s law;
current balance equation; Butler-Volmer kinetics equation.

In order to explain the embedding and deembedding behav-
ior of lithium-ions between solid phase and electrolyte phase,
it is assumed that there exists a single dimensional solid
spherical particle. Then the diffusion of lithium-ion in the
particle can be described by Fick’s second law in the spherical
region.

∂cs
∂t
=

1
r2
∂

∂r
(Dsr2

∂cs
∂r

) (1)

where cs is the concentration of lithium-ion of solid phase,Ds
is the diffusion coefficient of solid phase, ∂r and ∂t represent
the changes of cs in the spatial and temporal scales of the
radial direction of the sphere, respectively. The efficiency of

FIGURE 1. Structure of P2D model.

lithium-ion entering and leaving the solid phase is equal to
the lithium-ion flux jr at the solid phase-electrolyte phase
interface on the particle surface and 0 at the particle center.
The boundary condition of equation (1) is

Ds
∂cs
∂r

∣∣∣∣
r=0
= 0

Ds
∂cs
∂r

∣∣∣∣
r=Rs

= −
jr
as
F

(2)

where jr > 0 represents discharge, jr < 0 represents charge,
Rs is particle radius, as is the effective reaction area per unit
volume of positive and negative electrodes, and F is Faraday
constant.

For the lithium-ion diffusion of electrolyte phase, the equa-
tion is described as

εe
∂ce
∂t
=

∂

∂x
(Deffe

∂ce
∂x

)+
1− t0+
F

jr (3)

where ce is the lithium-ion concentration of electrolyte phase,
Deffe is the effective diffusion coefficient of electrolyte phase,
εe is the volume fraction of electrolyte phase, ∂x and ∂t rep-
resent the spatial and temporal scales of ce along the x-axis in
Cartesian coordinates, respectively. t0+ is lithium-ion transfer
number of electrolyte phase. At the collector, the lithium-
ion flow rate is zero, while at the junction of the positive
and negative electrodes with the separator, the lithium-ion
flow rate should be consistent, so the boundary conditions
are obtained

∂cne
∂x

∣∣∣∣
x=0
=
∂cpe
∂x

∣∣∣∣
x=Ln+Ls+Lp

= 0 (4)

where Ln, Ls, Lp are the thickness of negative, separator and
positive respectively.

The equation of charge conservation in solid phase is

σ eff
∂2ϕs

∂x2
= jr (5)

where ϕs is solid potential and σ eff is effective conductivity
of solid phase. The electric field is proportional to the battery
current at the collector and 0 at the separator. Therefore,
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the boundary condition is
−σ effn

∂ϕns

∂x

∣∣∣∣
x=0
= σ effp

∂ϕ
p
s

∂x

∣∣∣∣
x=L
=

I
A

∂ϕns

∂x

∣∣∣∣
x=Ln

=
∂ϕ

p
s

∂x

∣∣∣∣
x=Ln+Ls

= 0
(6)

where I > 0 represents discharge, I < 0 represents charging,
A represents positive and negative electrode area, L = Ln +
Ls + Lp represents battery thickness.

The equation of charge conservation in electrolyte phase is

κeff
∂2ϕe

∂x2
+
κ
eff
d

ce, 0
∂2ce
∂x2
+ jr = 0 (7)

where ϕe is electrolyte potential; κ
eff
d =

2RTκeff
F (t0+ − 1)(1+

dlnf±
dlnce

) is effective diffusion conductivity of electrolyte phase,
f± is average molar activity coefficient of electrolyte phase,
κeff is effective conductivity of electrolyte phase; R is Molar
gas constant; T is cell temperature; d is differential sign. The
boundary condition is

∂ϕne

∂x

∣∣∣∣
x=0
=
∂ϕ

p
e

∂x

∣∣∣∣
x=Ln+Ls+Lp

= 0 (8)

The Butler-Volmer equation describing the electrochemi-
cal reaction at the solid phrase-electrolyte phase interface is

jr = asi0[exp(
αaFη
RT

)− exp(
αcFη
RT

)] (9)

where

i0(x, t) = kcαae (cs,max − cs,e)αacαcs,e (10)

the over potential is

η = ϕs − ϕe − U (11)

as is the active surface area per unit volume of the elec-
trode; αa, αc are the transfer coefficient; cs,e is the lithium-
ion concentration at the solid-electrolyte interface; cs,max is
the maximum lithium-ion concentration of solid phase; U is
open-circuit voltage.

In application, the pseudo two-dimensional electrochem-
ical model faces two main numerical problems. One of the
problems is the existence of a large number of state variables.
As is shown in Fig. 1, the model has two dimensions: along
the x-axis and along the solid spherical radial r-axis, the finite
difference along the x-axis generates M states, while the
finite difference along the radial r-axis generates N states.
When the finite difference of the model along the x-axis is
applied, the number of states falling on the diaphragm is about
1
3M , which is not considered. Therefore the total number
of states are about 2

3MN . Secondly, the calculation of the
model is complex. In about 2

3MN algebraic equations, most
of them involve hyperbolic sinusoidal nonlinearity, resulting
in a large number of differential-algebraic equations, which
greatly increases the computational complexity.

Therefore, the simplification requirements of battery
model are as follows: 1) reduce the dimensions of the model

and state variables; 2) adopt appropriate numerical algorithms
to deal with hyperbolic sinusoidal non-linear equations, so as
to reduce the computational load.

B. SIMPLIFIED ONE-DIMENSIONAL MODEL OF LIBs
Firstly, aiming at the dimensionality problem of pseudo two-
dimensional model, the one-dimensional model of battery is
built based on the model in reference [12]. The hypothesis
of one-dimensional model is: 1) the parameters are constant;
2) the lithium-ion flux jr at the solid phase-electrolyte phase
interface is decoupled from the lithium-ion concentration ce
in the electrolyte phase, and it is considered that ce is constant.
In one-dimensional model, the spatial variation of concen-
tration is expressed as Warburg admittance form without
dimension [13] by Laplace transformation of solid diffusion
equation, and then the pseudo two-dimensional model is
solved. cs, ce, η, ϕs, ϕe are unified as corresponding transfer
function form.

Laplace transformation is applied to all the lithium-ion dif-
fusion equations and charge conservation equations, and the
model is transformed into a transfer function of finite order,
which is more suitable for control engineering applications.
Moreover, after the model is transformed from time domain
to s domain, it does not need to be discretized from space,
which greatly reduces the computational complexity of the
model.

Firstly, r is regarded as a parameter, and the Laplace
transformation of solid phase diffusion equation (1) can be
obtained in spherical domain. Transform the equation (1)
from the time domain to the s domain, then we can get the
form of transfer function

d2cs(s)
dr2

+
2
r
dcs(s)
dr
−

s
Ds
cs = 0 (12)

In order to simplify, independent variables in cs(s) are
omitted. Let v = rcs, the equation (12) can be converted into

d2v
dr2
−

s
Ds
v = 0 (13)

In order to solve the equation conveniently, the function
ψ(r) = r

√
s/D is introduced, and the general solution of the

equation (13) can be obtained as follow

cs =
A0
r

exp[ψ(r)]+
B0
r

exp[−ψ(r)] (14)

where A0 and B0 are undetermined coefficients. Let the dif-
fusion start at r0, the diffusion boundary at rδ . The boundary
condition is
A0
rδ
Eδ +

B0
rδ
E−1δ = 0

Ds
dcs
dr

∣∣∣∣
r=r0

=
Ds
r20

(A0(ψ(r0)− 1)E0 − B0(ψ(r0)+ 1)E−10

(15)

where Eδ = exp[ψ(rδ)],E0 = exp[ψ(r0)].
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From the general solution (14) and the boundary condi-
tion (15), we get

cs,e(s)
Jr (s)

=
1
asF

r0
Ds

[1+
r0

rδ − r0

ψ(rδ)−ψ(r0)
tanh(ψ(rδ)−ψ(r0))

]−1 (16)

where cs,e(s) is the lithium-ion concentration at the solid
phase-electrolyte phase interface. Jr (s) is the lithium-ion flux
density at the solid-liquid interface. In the diffusion of elec-
trodes, it is considered that the diffusion is from the boundary
to the center, so rδ = 0, r0 = Rs. Equation (16) can be
reduced to

cs,e(s)
Jr (s)

=
1
asF

Rs
Ds

[
tanh(Rs

√
s/Ds)

tanh(Rs
√
s/Ds)− Rs

√
s/Ds

] (17)

Equation (17) is the transfer function of solid phase diffu-
sion. Thus, the problem of two dimensions in the pseudo two-
dimensional model is solved. The one-dimensional model
can be obtained by Laplace transformation and solution of
electrolyte phase lithium-ion diffusion, solid phase potential,
electrolyte phase potential and Butler-Volmer equation. Then
the Butler-Volmer dynamic equation is linearized.

η =
Rct
as
Jr (18)

where Rct = RT/[i0 F(αa + αc)].
For the solid charge conservation equation (5), the integrals

are obtained in two electrode regions and the boundary condi-
tions (6) are substituted. For Laplace transformation, we get

Jr,p(s)
I (s)

= −
I
ALp

Jr,n(s)
I (s)

= −
I
ALn

(19)

where I is the input current. In the electrolyte phase, since
the distribution of Jr in the positive and negative electrodes
can offset the change of lithium-ion concentration in the elec-
trolyte phase, ce is taken as a fixed value. Then the normalized
current density is substituted into the charge conservation
equation of electrolyte phase (7). Negative pole, positive pole
and separator are considered respectively, and then Laplace
transformation is carried out.

κeffn
∂2ϕne (s)
∂x2

+
as,nF
ALn

I (s) = 0, x ∈ (0,Ln) (20)

κeffs
∂2ϕse(s)
∂x2

+ I (s) = 0, x ∈ (Ln,Ln + Ls) (21)

κeffp
∂2ϕ

p
e (s)

∂x2
−
as,nF
ALn

I (s) = 0, x ∈ (Ln + Ls,L) (22)

where ϕne , ϕ
s
e, ϕ

p
e are the potential of positive, separator and

negative electrodes, and κeffn , κeffs , κeffp are the effective con-
ductivity of positive, separator and negative electrodes, which
is assumed to be constant in all domains. as,n, as,p are the
active surface area per unit volume of positive and negative
electrodes. Definite the potential difference of electrolyte
phase

1ϕne (x, s) = ϕ
n
e (x, s)− ϕ

n
e (0, s), x ∈ (0,Ln) (23)

1ϕse(x, s) = ϕ
s
e(x, s)− ϕ

n
e (0, s), x ∈ (Ln,Ln + Ls) (24)

1ϕpe (x, s) = ϕ
p
e (x, s)− ϕ

n
e (0, s), x ∈ (Ln + Ls,L) (25)

consider ϕne (0, s) as zero potential, we can get

1ϕne (x, s) = −
as,nF

6κeffn ALn
I (s)x3 (26)

1ϕse(x, s) = −
1

2κeffn
I (s)(x − xn)2 (27)

1ϕpe (x, s) = −
as,pF

6κeffn ALp
I (s)(x − xp)3 (28)

After simplification,

1ϕe(L, s)
I (s)

= −
as,pFL2n
6κeffn A

−
L2s
2κeffn

−
as,pFL2n
6κeffp A

(29)

The battery terminal voltage is expressed as

V (t) = ϕs(L, t)− ϕs(0, t)−
Rf
A
I (t) (30)

where the Rf is the membrane resistance of the battery. The
expression of overpotential (11) is substituted for the expres-
sion of terminal voltage (30), and the expression of terminal
voltage (30) can be extended to

V (t) = ϕe(L, t)− ϕe(0, t)+ η(L, t)− η(0, t)

+U+(cs,e(L, t))− U−(cs, e(0, t))−
Rf
A
I (t) (31)

After Laplace transform, the voltage expression is

V (s)
I (s)
=
1ϕe(L, s)
I (s)

+
ηp(L, s)
I (s)

−
ηn(0, s)
I (s)

+
∂Up
∂cs,e

cps,e(L, s)
I (s)

−
∂Un
∂cs,e

cns,e(L, s)

I (s)
−
Rf
A

(32)

where ∂Up
∂cs,e

∂Up
∂cs,e

are the slope of the open-circuit voltage,
which can be calibrated at different SOC by means of exper-
imental measurement.

The one-dimensional model proposed by the author solves
the problem of dimensionality of pseudo two-dimensional
model through reasonable transformation and simplification,
and reduces the computational load of the model to a certain
extent. However, the solid-phase diffusion equation in one-
dimensional model is still transcendental equation with com-
plex calculation, so numerical method is needed to simplify
the order reduction. The characteristics of diffusion equa-
tion are: 1) countable infinite poles; 2) spherical diffusion.
Considering these two characteristics, Padé approximation
is used to simplify the algorithm. Padé approximation is a
rational polynomial approximation method, which can effec-
tively approximate spherical problems at low frequencies and
avoid spatial dispersion. The problem of infinite poles can be
approximated by analytic method.

Firstly, by introducing s = Ds∗/R and omitting the coef-
ficients, the transcendental transfer function (17) is trans-
formed to obtain

G(s) =
sinh(
√
s∗)

sinh(
√
s∗)−

√
s∗ cosh(

√
s∗)

(33)
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According to Padé approximation principle, equation (33)
needs to be extended to power series passing through the
origin. Firstly, the two sides of equation (33) are multiplied
by s∗, and then the s∗G(s) is expanded by power series at the
origin.

s∗G(s) = −3−
1
5
s∗ +

1
175

s∗2 −
2

7875
s∗3

+
37

3031875
s∗4 + · · · (34)

The Padé approximate transfer function is

sP(s) =
M∑
m=0

bmsm/(1+
N∑
n=1

ansn) (35)

where the order of molecules and denominators can be
selected, and the order of molecules is less than or equal to the
order of denominators in Padé approximation. In order to bal-
ance the accuracy and computational complexity, the third-
order Padé approximation is used to simplify the algorithm.
There is

sP(s) =
b0 + b1s+ b2s2

1+ a1s+ a2s2
(36)

Thus, the linear equations for solving the coefficients in
P(s) are determined by the following polynomials

37a2
3031875

s6 + (
37a1

3031875
−

2a2
7875

)s5 + (
37

3031875

−
2a1
7875

+
a2
175

)s4 + (−
2

7875
+

a1
175
−
a2
5
)s3

+(
1
175
−
a1
5
− 3a2 − b2)s2 + (−

1
5
− 3a1 − b1)s

−3− b0 = 0 (37)

For all s equations, the right side is zero, so the coefficient
must be zero. Two equations of unknown numbers a1 and a2
are obtained from s4 and s3. Then, the equations of b0, b1 and
b2 are obtained from s2, s and constant terms. By substituting
these solutions into equation (36), we get

G(s∗) ≈ P(s∗) =
−3− 4

11 s
∗
−

1
165 s
∗2

s∗ + 3
55 s
∗2 + 1

3465 s
∗3

(38)

The normalized current density, coefficient and S = Ds∗/R
are substituted into the equation (38), and the solid phase dif-
fusion transfer functions of positive and negative electrodes
are obtained respectively.

Cn
s,e(s)

I (s)
=

21[ 1
4nRns

s2 + 60Dns
4n(Rns )3

s+ 495(Dns )
2

4n(Rns )5)
]

s3 + 189Dns
(Rns )2

s2 + 3465(Dns )2

(Rns )4
s

(39)

Cp
s,e(s)
I (s)

=

21[ 1
4pR

p
s
s2 + 60Dps

4p(R
p
s )3
s+ 495(Dps )2

4p(R
p
s )5

]

s3 + 189Dps
(Rps )2

s2 + 3465(Dps )2

(Rps )4
s

(40)

where 4n = ansFALn,4p = apsFALp.
Before using the model for SOC estimation, it is necessary

to preliminarily verify the accuracy of the model, and verify

FIGURE 2. Comparison of voltages at different discharging current
densities (5A/m2, 10A/m2 and 15A/m2). (a) 5A/m2, 10A/m2. (b) 15A/m2.

that the simplified processing of one-dimensional model is
reasonable and effective. The paper compares the proposed
one-dimensional model with the pseudo two-dimensional
model of the exact model, that is, the pseudo two-dimensional
model is taken as the exact value. In order to verify the
validity of the proposed model, the charging and discharg-
ing experiments of LIBs with positive LiCoO2 and negative
MCMB2528 are carried out under different operating con-
ditions, and the current and voltage data are obtained. The
battery model is NCR18650B, with a diameter of 18 mm and
a length of 65 mm. The geometric characteristics are shown
in the figure. The battery capacity is 3400 mAh, rated voltage
is 3.7V, with the upper voltage of 4.2V.

The mathematical model of LIBs in this subject is very
complex, and the mathematical function can not express the
relationship between output and input. The genetic algorithm
has no requirement for the equation of the simulation model
and neglects the complex influence of the battery model.
Therefore, the genetic algorithm is used to identify the main
parameters of the model. The other parameter values are
shown in Table 1.

The electrochemical charging and discharging characteris-
tics of LIBs are simulated by using MATLAB/Simulink and
Fortran programs. Fig 2-5 are simulation results. Fig 2 shows
the comparison of model terminal voltage under different
discharge current densities (5A/m2, 10A/m2, 15A/m2). Fig
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FIGURE 3. Electrolyte Li-ion concentration at different time points for
15A/m2 discharging.

FIGURE 4. Comparison of lithium-ion concentration on solid surface at
different discharge current densities (5A/m2,15A/m2).

3 shows the distribution of lithium-ion concentration in elec-
trolyte phase at different discharge time (starting time, 5 min,
30 min, 90 min). Fig 4 and Fig 5 are comparisons of lithium-
ion concentration on solid surface of positive and negative
electrodes at different discharge current densities (5A/m2,
15A/m2). The current density of 10 A/m2 is omitted, and only
the discharge with lower current density and higher current

FIGURE 5. Measurement method of battery internal resistance pulse
charging and discharging.

density is considered to verify whether the Padé approxima-
tion has better calculation effect at higher discharge rate.

As can be seen from Fig 2, with the increase of discharge
current density, the error of the model increases, but the
overall accuracy remains high.

For the lithium-ion diffusion of electrolyte phase, it can
be seen from Fig 3 that it is reasonable to choose a constant
electrolyte phase concentration of 1000 mol/m3 as the initial
concentration. As shown in Fig 4 and Fig 5, the model can
maintain high accuracy. It proves the accuracy and validity of
simplifying the solid phase diffusion equation by using Padé
approximation method.

C. ELECTROCHEMICAL-THERMAL COUPLING MODEL
BASED ON SIMPLIFIED ONE-DIMENSIONAL MODEL
Some parameters in the battery electrochemical model are
greatly affected by temperature, such as contact resistanceRf ,
electrochemical reaction rate k , solid diffusion coefficient Ds
and so on. The change of temperature has a great influence on
the accuracy of the model. In this section, the thermal char-
acteristics of LIBs are studied firstly, and then a lumped mass
thermal model is built based on Bernadi equation. Finally,
an electrochemical-thermal coupling model of LIBs is built
according to Arrhenius equation.

The internal heat generation of the battery is mainly com-
posed of four parts: the heatQr generated by electrochemical
reaction, the heat Qp generated by polarization of the elec-
trode, the heat Qj generated by internal resistance through
current and the heat Qs generated by decomposition of sub-
stances in the battery.

The decomposition of electrolyte produces flammable gas
when charging is completed. The heat of decomposition is
the heat generated by the irreversible reaction. In general,
functions are designed to prevent this phenomenon, so the
heat of decomposition is usually neglected.

The total heat Qt generation of lithium-ion phosphate bat-
teries can be expressed as:

Qt = Qr + Qp + Qj = nFT (−
δEe
δT

)+ Qp + Qj (41)
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TABLE 1. MCMB/LiCoO2 battery parameters.

The heat balance per unit time during charging can be
expressed as:

Qt = Qc = Qr + Qpc + Qj
= −3.73× 10−2Q1Ic + 3.60I2c Rpc+ 3.60I2c Rec

= −3.73× 10−2Q1Ic + 3.60I2c Rtc(KJ/h) (42)

In the lumped mass thermal model, we neglect the spatial
distribution of cell temperature. So temperature T is a func-
tion of time. The energy balance equation of the lumped mass
heat model is as follows:

ρvCp
dT
dt
= I (Up(cps,e,T )− Un(C

n
s,e,T )− V )

−IT (
∂Up
∂T
−
∂Un
∂T

)− q (43)

where the initial temperature of the battery is assumed to be
ambient temperature, that is T |t=0 = T∞; ρ is the density of
the battery; v is the volume of the battery; Cp is the specific
heat capacity of the battery; Up(c

p
s,e,T ) and Un(cns,e,T ) are

functions of cps,e and cns,e; q is the heat exchange between the
battery and the environment.

The heat exchange on the surface of batteries obeys New-
ton’s cooling law. There are:

q = hA(T − T∞) (44)

where h is the heat transfer coefficient; A is the surface area
of the battery.

In the energy balance equation, the first term I (Up(c
p
s,e,T )−

Un(Cn
s,e,T ) − V ) on the right side is irreversible heat gener-

ation generated by the polarization of the electrode,which is
always positive regardless of whether the charge or discharge.
The second item IT ( ∂Up(c

p
s,e,T )
∂T −

∂Un(cns,e,T )
∂T ) is the reversible

heat production produced by the change of electrochemical
reaction entropy. The value of reversible heat can be positive
or negative, depending on the direction of the electrochemical
reaction.

In the lumped mass thermal model, the heat change of the
battery is determined by the reversible heat, irreversible heat
and heat exchange with the environment.

Generally, the relationship between the solid phase diffu-
sion coefficient Ds, the rate constant k of electrochemical

TABLE 2. MCMB/LiCoO2 battery parameters of temperature model.

reaction and temperature can be described byArrhenius equa-
tion. In addition, there is a functional relationship between
contact resistance Rf and temperature. For simplification,
we assume that the relationship between contact resistance
and temperature is linear. It can be expressed as:

k(T ) = kref exp(
Ek
R
(
1
T
−

1
T∞

)) (45)

Ds(T ) = Ds,ref exp(
EDs
R

(
1
T
−

1
T∞

)) (46)

Rf (T ) = Rf ,0 + αT (47)

where k(T ) is divided into kp(T ) and kn(T ), representing the
rate constant of electrochemical reaction of positive and neg-
ative electrodes, Ds(T ) is divided into Ds,p(T ) and Ds,n(T ),
representing the solid diffusion coefficient of positive and
negative electrodes, kref is divided into kp,ref and kn,ref , rep-
resenting the reference value of rate constant of electrochem-
ical reaction of positive and negative electrodes at ambient
temperature, Ds,ref is divided into Ds,p,ref and Ds,n,ref , rep-
resenting the reference value of solid diffusion coefficient
of positive and negative electrodes at ambient temperature,
and Rf ,0 is the constant part of contact resistance. α is the
proportional coefficient.

In this paper, experimental identification and literature
search are combined to obtain model parameters.

Through literature search, the activation energy parame-
ters of temperature-dependent solid diffusion coefficient Ds
and electrochemical reaction rate constant k in Table 2 are
obtained, and the relations between open-circuit voltage and
state of charge are given in equation (48)-(51). In addition,
the parameters that need to be determined are the functional
relationship between contact resistance and temperature.
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The positive equilibrium potential function is

Up(θp) = 85.681θ6p − 357.70θ5p + 613.89θ4p
−555.65θ3p + 281.06θ2p − 76.648θp

+13.1983− 0.30987 exp(θ115p ) (48)

The negative equilibrium potential function is

Un(θn) = 8.0029− 5.0647θn + 12.578θ0.5n

−8.6332× 10−5θ−1n + 2.1765× 10−4θ1.5n

−0.46016 exp[15.0(0.06− θn)]

−0.55364 exp[−2.4326(θn − 0.92)] (49)

The temperature coefficient of the positive equilibrium
potential is

∂Up
∂T
=
−0.19952+0.92837θp−1.36455θ2p+0.61154θ

3
p

1−5.66148θp+11.4763θ2p−9.8243θ3p+3.04876θ4p
(50)

The temperature coefficient of the negative equilibrium
potential is

∂Up
∂T
=

0.0052+ 3.2992θn − 91.7932θ2n + 1004.9110θ3n
1− 48.0982θn + 1017.2348θ2n − 10481.8041θ3n
−5812.2781θ4n+19329.7549θ

5
n − 37147.8947θ6n

+59431.3000θ4n+195881.6488θ5n−374557.3152θ6n
+38379.1812θ7n − 16515.0530θ8n
+385821.1607θ7n − 165705.8597θ8n

(51)

LiCoO2 cathode and MCMB2528 cathode LIBs are also
used as experimental subjects. It is considered that the value
of contact resistance is the internal resistance of the battery.
The schematic diagram for measuring the internal resistance
of battery charging and discharging is shown in Fig 5. The
discharge resistance RD and charge resistance Rc of batteries
are solved by equation (52) and equation (53).

RD =
1V1
1I

(52)

RD =
1V2
1I

(53)

In order to obtain the curve of internal resistance varying
with temperature, 600 mA current is set to discharge exper-
iment for reference model. The middle section is stopped
every 5% or 10% SOC, and the voltage and current datas of
battery are recorded. Through data processing and identifi-
cation of ohmic internal resistance of batteries at different
temperatures, the expression of internal resistance can be
obtained as shown in equation (54). The curve of internal
resistance changing with temperature is shown in Fig 6.

Rf (T ) = Rf ,0 + αT (54)

where the parameters of target battery are α = −0.134,
Rf ,0 = 19.67.
In order to verify the accuracy of the electrochemical-

thermal coupling model, the pseudo two-dimensional model

FIGURE 6. The internal resistance of lithium batteries varies with
temperature.

FIGURE 7. Comparison of terminal voltage at different discharge current
densities (5A/m2,10A/m2,15A/m2).

considering temperature is used as the reference model to
compare the accuracy of the electrochemical-thermal cou-
pling model and the one-dimensional model. The experi-
ments of LIBs (capacity of 3400 mAh,rated voltage of 3.7V)
with positive LiCoO2 and negative MCMB2528 are carried
out and use MATLAB / Simulink and FORTRAN program to
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simulate. Fig 7 shows 30 sampling points under the different
discharge current density (5A/m2, 10A/m2, 15A/m2) respec-
tively, and compares the terminal voltage of the built model
and the reference model.

As can be seen in Fig 7, as the discharge current increases,
the battery temperature increases. The error of electrochem-
ical thermal coupling model is lower than that of one-
dimensional model without considering temperature. The
error is about 1.75%.

III. SOC ESTIMATION BASED ON
ELECTROCHEMICAL-THERMAL COUPLING MODEL
Based on the electrochemical-thermal coupling model built
in the previous section, SOC observer is designed.

A. SOC OBSERVER ARCHITECTURE
Firstly, the coupling model should be transformed into the
form of state space equation. According to the equation (39)
and equation (40), the state space equation of solid phase
diffusion can be obtained as follows:

ċs = Aics + BiI

cs,e = Cics (55)

where cs lithium-ion concentration; cs,e is surface lithium-ion
concentration; Ai,Bi,Ci are express as:

An =


0 1 0
0 0 1

0 −
3465(Dns )

2

(Rns )4
−
189Dns
(Rns )2



Ap =


0 1 0
0 0 1

0 −
3465(Dps )2

(Rps )4
−
189Dps
(Rps )2


Bn = Bp =

[
0 0 1

]T
Cn =

[
−

10395(Dns )
2

ansFA(Rns )5Ln
−

1260Dns
ansFA(Rns )3Ln

−
21

ansFARnsLn

]T
Cp =

[
−

10395(Dps )2

ansFA(R
p
s )5Lp

−
1260Dps

ansFA(R
p
s )3Lp

−
21

apsFAR
p
sLp

]T
Based on the [14], the thermal model equation (43) is

approximated:

Up(Cp
s,e,T ) ≈ Up(Cp

s,e,T∞)+
∂Up
∂T

(T − T∞) (56)

Un(Cn
s,e,T ) ≈ Un(Cn

s,e,T∞)+
∂Un
∂T

(T − T∞) (57)

Substituting equation (43), we can get

ρvCp
dT
dt
= I (Up(Cn

s,e,T∞)+
∂Up
∂T

(T − T∞)

−Un(Cn
s,e,T∞)−

∂Un
∂T

(T − T∞)− V )

−IT (
∂Up(c

p
s,e,T )
∂T

−
∂Un(cns,e,T )

∂T
)− hA(T − T∞)

= I (Un(Cp
s,e,T∞)−

∂Up
∂T

T∞ − Un(Cn
s,e,T∞)

+
∂Un
∂T

T∞ − V )− hA(T − T∞) (58)

In summary, the state space model of LIBs, including
thermal model and electrochemical model, is expressed as
a single input and double output system. Input u is current
I , output y1 is terminal voltage V , y2 is temperature T . The
state quantity x1 is the lithium-ion concentration state cs, and
the state quantity x2 is the temperature T . The state space
equation is constructed as

ẋ1 = θ f1(x2)Ax1 + Bu

ẋ1 = uf2(x1,3, x2, y1)− k1(x2 − x2,∞)

y1 = f3(x1,3, x2, u)− Rf ,0u− αx2u

y2 = x2 (59)

where x1 = [cs1, cs2, cs3]T is the state variables of the transfer
function of the relationship between lithium-ion concentra-
tion and current on the solid surface after Padé approximation
treatment. It has no practical physical significance except for
the surface lithium ion concentration cs,3. x1,3 = x1(3) = cs,3
is the surface concentration state; x2 is the temperature state,
x2,∞ is the room temperature; θ = D−s,ref /1

2 is the scalar
parameter related to the diffusion coefficient; Rf ,0 is the con-
stant part of the contact resistance and α is the part of contact
resistance changing with temperature, which is identified in
the previous section; y1 is the measuring voltage; y2 is the
measuring temperature; u is the measuring current; f1 is the
temperature function given by the exponential term in the
Arrhenius equation; f2 is the thermal part. The scalar function
given by the model; k ∈ R is a parameter of Newton’s law
of heat dissipation, that is, the thermal exchange coefficient
multiplied by the surface area of the battery; f3 is a scalar
function obtained from the terminal voltage equation. Note
that A is the matrix of state space equation transformed by
the transfer function, which is not the same as the cell surface
area A in the previous section.

The characteristics of the state space equation are as fol-
lows:

(1) Functions f1, f2 and f3 are all constrained functions, and
f1 is positive.
(2) The local observability of the system can be proved by

linearizing the system at different working points and using
the rank condition of the observable matrix to prove it.

(3) Output y is a monotonic increasing function of surface
concentration x at given current and temperature. Therefore,
we can get: given any u = u∗, x2 = x∗2 , Rf = R∗f , for two

different x(1)1,3 and x
(2)
1,3, we have y

(1)
1 = f (1)3 (x(1)1,3, x

∗

2 , u
∗)−R∗f u

∗

and y(2)1 = f (2)3 (x(2)1,3, x
∗

2 , u
∗) − R∗f u

∗. Using the property of
monotonic increment, there are

sgn(y(1)1 − y
(2)
1 ) = sng(x(1)1,3 − x

(2)
1,3)

⇒ sgn(f (1)3 (x(1)1,3, x
∗

2 , u
∗)− f (2)3 (x(2)1,3, x

∗

2 , u
∗))

= sgn(x(1)1,3 − x
(2)
1,3)
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FIGURE 8. Architecture diagram of adaptive observer.

The SOC of the battery is related to the utilization rate
of the cathode. It can be calculated by the concentration of
lithium-ion on the solid surface, i.e. the state value of x1,3.
The formula is

SOC(t) =
np(t)− np0%
np100% − np0%

(60)

where np(t) =
x1,3

csmax,p
.

The physical quantities that need to be estimated include
SOC, temperature and the parameters that vary with temper-
ature: solid diffusion coefficientDs, electrochemical reaction
rate constant k and contact resistance Rf . In addition, the out-
put voltage and temperature are also required.

Therefore, the observers need to be built using the observed
values y1, y2, u; the estimated state variables x1, x2; and
the parameters θ , Rf ,0, B3. We design the observers as SOC
observer and parameter observer, respectively. The structure
of the observer is shown in Fig 8. The method of estimation
separately can solve the state estimation effectively when the
parameters change. The SOC observer obtains the current
value u, the measured values y1 and y2 of terminal voltage
and temperature from the physical or reference model of the
battery, observes the surface concentration of solid spherical
particles x̂1,3, temperature x̂2, and constant resistance parame-
ter Rf ,0, and transmits the observation results to the parameter
observer. The parameter observer uses the results of SOC
observer, i.e. the surface concentration of solid spherical
particles is x̂1,3 and the temperature is x̂2, to observe the
concentration distribution full state vector x̂1, the diffusion
parameter θ and the B matrix parameter B̂3.

B. SOC OBSERVER DESIGN BASED ON
ELECTROCHEMICAL-THERMAL COUPLING MODEL
In this paper, Lyapunov direct method is used to design the
adaptive observer, and the stability of the adaptive observer
is analyzed. When designing SOC observer, it mainly needs
x1,3 surface concentration to estimate SOC value, so a new
state space equation is obtained by decomposing the whole
model:

Ṙf ,0 = 0

ẋ1,3 = θ f1(x2)A1x1,2 + θA2f1(x2)Ax1,3 + B3u

ẋ2 = uf2(x1,3, x2, y1)− k(x2 − x2,∞)

y1 = f3(x1,3, x2, u)− Rf ,0u− αx2u

y2 = x2 (61)

where x1,3 is the surface concentration; x1,2 ∈ R2 is a state
vector of x1 except x1,3; Rf ,0 is the position parameter; A1
and A2 are separated from the last dynamic characteristics of
x1. The system is an uncertain system, because θ,B3 and x1,2
have uncertainties.

The observer structure is constructed in the form of Lum-
berg observer:
˙̂x1,3 = θ̄ f1 (̂x2)A1x̄1,2 + θ̄A2f1 (̂x2)Ax̄1,3 + B̄3u+ L1(y1 − ŷ1)
˙̂x2 = uf2 (̂x1,3, x̂2, y1)− k (̂x2 − x2,∞)+ L2(y2 − ŷ2)

ŷ1 = f3 (̂x1,3, x̂2, u)− R̂f ,0u− αx̂2u

ŷ2 = x̂2 (62)

Thus, the observer error dynamic characteristics can be
described as:

˙̃x1,3 = F1 − L1̃y1
˙̃x2 = ũf2 − kx̃2 − L2̃y2
ỹ1 = f̃3 − R̃f ,0u− αx̃2u

ỹ2 = x̃2 (63)

where F1 = θ̄ f1 (̂x2)A1x̄1,2 + θ̄A2 f1 (̂x2)Ax̄1,3 + B̄3u,
f̃3 = f3(x1,3, x2, u) − f3 (̂x1,3, x̂2, u), f̃2 = f2(x1,3, x2, u) −
f2 (̂x1,3, x̂2, u), R̂f ,0 = Rf ,0− R̂f ,0, x̃1 = x1− x̂1, x̃2 = x2− x̂2,
ỹ1 = y1 − ŷ1, ỹ2 = y2 − ŷ2, L1 and L2 are the observer gain
to be determined.

Next, Lyapunovmethod is used to verify the stability of the
observer, that is, the convergence of the error equation (63).
Firstly, Lyapunov function is selected.

V =
1
2
x̃21,3 +

1
2
x̃22 +

1
2
R̃2f ,0 (64)

Obviously, the function is positive definite. The derivation
of equation (64) is obtained:

V̇ = x̃1,3 ˙x̃1,3 + x̃2 ˙̃x2 + R̃f ,0 ˙̃Rf ,0

⇒ V̇ = x̃1,3(F1−L1̃y1)+x̃2(ũf2−kx̃2 − L2̃y2)− R̃f ,0 ˙̂Rf ,0
⇒ V̇ = x̃1,3(F1 − L1̃f3)+ x̃1,3L1R̃f ,0u+ x̃2(ũf2

−kx̃2 − L2̃y2 + x̃1,3L1αu)− R̃f ,0 ˙̂Rf ,0 (65)

From the analysis of the above system characteristics,
we can get sgn(̃f3) = sgn(̃x1,3), so there is x̃1,3̃f3, that is,
x̃1,3̃f3 = |̃x1,3||̃f3|. And ỹ2 = x̃2. Equation (65) can be
rewritten as follows:

V̇ = (̃x1,3F1 − L1 |̃x1,3||̃f3|)+ (ũf2̃x2 − (k

+L2 )̃x22 + x̃2̃x1,3L1αu)+ x̃1,3L1R̂f ,0u−
˙̂Rf ,0 (66)

ab≤|ab|=|a||b|
H⇒

V̇ ≤ |̃x1,3|(|F1| − L1 |̃f3|)+ |̃x2|(|ũf2| − (k + L2)|̃x2|

+|̃x1,3L1αu|)+ x̃1,3L1R̂f ,0u− R̃f ,0 ˙̂Rf ,0 (67)

The adaptive estimation rule of contact resistance Rf is:

˙̂Rf ,0 = −L3sgn(u)sgn(̃y1)

⇒
˙̂Rf ,0 = −L3sgn(u)sgn(̃f3 − R̃f ,0u− αx̃2u) (68)
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Then,

V̇ ≤ |̃x1,3|(|F1| − L1 |̃f3|)+ |̃x2|(|ũf2|

−(k + L2)|̃x2| + |̃x1,3L1αu|)+ x̃1,3L1R̃f ,0u

+R̃f ,0L3sgn(u)sgn(̃f3 − R̃f ,0u− αx̃2u) (69)

As long as the Lyapunov function is positive definite and
its derivative is semi-negative definite, the stability of the
system can be obtained. For the first term of the right side
of equation (69), if there is enough L1 > |F1|/|̃f3|, we can
guarantee that |̃x1,3|(|F1|−L1 |̃f3|) is negative. For the second
term on the right side of the equation, as long as there is L2 >
(ũf2 |̃x1,3L1αu|)/|̃x2|, |̃x2|(|ũf2|− (k+L2)|̃x2|+ |̃x1,3L1αu|) is
guaranteed to be negative. For the third and fourth terms on
the right side of the equation, using the system characteristics
analyzed above, under the condition of f̃3 < R̃f ,0u, we can get
sgn(̃h− R̃f ,0u− αx̃2 u) = sgn(−R̃f ,0u) = −sgn(̃Rf ,0)sgn(u).
Using ab ≤ |ab| = |a||b|, the equation (69) is transformed
into:

V̇ ≤ (̃x1,3F1 − L1 |̃x1,3||̃f3|)+ (ũf2̃x2 − (k + L2 )̃x22
+x̃2̃x1,3L1αu)+ |̃Rf ,0|(L1 |̃x1,3||u| − L3) (70)

Similarly, we can get that L3 should be a sufficiently large
positive value that satisfies L1 |̃x1,3||u| < L3 and |̃f3| <
|̃Rf ,0u|.
Therefore, since V > 0, as long as observer gain L1, L2

and L3 are large enough to satisfy L1 > |F1|/|̃f3| and |̃f3| <
|̃Rf ,0u| respectively, V̇ > 0 can be achieved, and the SOC
observer is stable.
Next, the parameter observer is designed. When designing

the parameter observer, the unknown parameters θ and B2 are
adjusted mainly by x1,3 and x2. Similarly, the original system
is decomposed and the output is changed to the lithium-ion
concentration on the solid surface. There are:

θ̇ = 0

Ḃ3 = 0

ẋ1 = θ f1x2Ax1 + [0, 0,B3]T u

y1,3 = x1,3 = Cx1,C = [0, 0, 1] (71)

where x1 is the state variables of the transfer function of the
relationship between lithium-ion concentration and current
on the solid surface after Padé approximation, θ and B3 are
unknown parameters, and x2 is the temperature estimated
by the SOC observer. y1,3 = x1,3 is the surface lithium-
ion concentration estimated by SOC observer. The system
assumes that parameters θ and B3 change slowly, so there
are θ̇ , Ḃ = 0. Because when L1 and L2 are large enough,
the steady state values of x̃1,3 and x̃2 can be neglected in
application. The observer is also constructed in the form of
Lumberg observer:

˙̂x1 = θ̂ f1x2Âx1 + [0, 0, B̂3]T u+ L4(y1,3 − ŷ1,3)

ŷ1,3 = Cx̂1 (72)

The dynamic characteristics of the observer error are as
follows:

˙̃x1 = θ f1x2Ax1 − θ̂ f1x2Âx1 + [0, 0, B̃3]T u− L4y1,3
ỹ1,3 = Cx̃1 (73)

Next, Lyapunovmethod is used to verify the stability of the
observer, that is, the convergence of the error equation (73).
First, Lyapunov function is selected:

V =
1
2
x̃T1 x̃1 +

1
2
K1θ̃

2
+

1
2
K2B̃3

2
, (K1,K2 > 0) (74)

The derivative of Lyapunov function is obtained as follows:

V̇ =
1
2
x̃T1 ˙̃x1 +

1
2
K1θ̃
˙̃θ +

1
2
K2B̃3 ˙̃B3

⇒ V̇ = x̃T1 (θ f1Ax1 − θ̂ f1Âx1 − L4̃y1,3)

+x̃T1 [0, 0, B̃3]
T u+ K1θ̃

˙̃θK2B̃3 ˙̃B3
⇒ V̇ = (θ f1̃xT1 Ax1 − x̃

T
1 L4Cx̃1)

+θ̃ (f1̂xT1 A
T x̃1 − K1

˙̂θ )+ B̃3 (̃y1,3u− K2
˙̂B3) (75)

The adaptive estimation rules of θ and B3 are:

˙̂B3 = ỹ1,3u/K2
˙̂θ = f1̂xT1 A

TCT ỹ1,3/K1 (76)

The equation (67) is rewritten as follows:

V̇ = θ f1̃xT1 Ax1 − x̃
T
1 L4Cx̃1 (77)

To make V̇ semidefinite, the observer gain L4 is selected
to make L4C semidefinite, i.e.−x̃T1 L4Cx̃1. In addition, in the
system A is semi-negative definite, function f1 and parameter
θ represent Arrhenius equation and solid diffusion coeffi-
cient. According to their physical characteristics, f1 and θ are
always positive. Hence, θ f1̃xT1 Ax1 ≤ 0. As a result, V̇ ≤ 0.
Thus, it can be seen that the parameter observer is convergent,
and both θ̃ and B̃3 are bounded. The Lyapunov analysis based
on Barbalat lemma proves that the estimation error θ̃ and B̃3
converge to 0 gradually.

Barbalat lemma is a common lemma for stability analysis.
In this paper, Barbalat lemma 2 is used. It is described as: Let
x : [0,∞)→ R be continuous derivable of first order, and if
t →∞, there is a limit, then lim

n→∞
ẋ(t) = 0 if ẍ(t), t ∈ [0,∞)

exists and is bounded.
To prove the asymptotic convergence of θ̃ and B̃3, it is

necessary to prove the asymptotic convergence of x̃1. Equa-
tion (67) can be transformed into

V̇ = −x̃T1 β x̃1 ≤ 0 (78)

where, β = θ f1A− L4C .
The derivative of V̇ is obtained:

V̈ = −2̃xT1 β ˙̃x1 (79)

where ˙̃x1 = θ f1(x2)Ax1−θ̂ f1(x2)A(̂x1)+[0, 0, B̃3]T u−L4Cx̃1.
x1, θ and B3 are bounded by physical models. In addition,

the input u is a current, there are limitations, also consid-
ered bounded. In previous Lyapunov analysis of parameter

156146 VOLUME 7, 2019



Y. Ma et al.: SOC Oriented Electrochemical-Thermal Coupled Modeling for Lithium-Ion Battery

observer, we know that estimation errors x̃1, θ̃ and B̃3 are
bounded. So estimates x̂1, θ̂ and B̂3 are also bounded. Thus,
both ˙̃x1 and V̈ are bounded. Using Barbalat lemma, we can
see that when t → ∞, there is V̇ → ∞. Because V̇ =
−x̃T1 β x̃1, when t → ∞, there is x̃1 → 0. So, the integral∫
∞

0
˙̃x1dt = lim

t→∞
x̃1(t) − x̃1(0) = −x̃1(0), which tends

to infinity, exists and is bounded. For the derivative of ˙̃x1,
we get:

V̈ = θ f1(x2)Aẋ1 − θ̂ f1(x2)A ˙̂x1 + [0, 0, B̃3]T u̇− L4C ˙̃x1 (80)

Assuming that u̇ is also bounded, given the conditions, ¨̃x1
is also bounded. Using Barbalat lemma, we can see that when
t → ∞, ˙̃x1 → 0. In addition, as shown in the previous
section, when t →∞, ˙̃x1→ 0. So there is:

θ̂ f1(x2)Ax1 + [0, 0, B̃3]T u = 0 (81)

Expand it and get[
[f1(x2)Ax1][0, . . . , 0, u]T

]
=

[
θ̃

B̃3

]
= 0 (82)

Therefore, when u 6= 0, θ̃ and B̃3 are zero. That is,
when t → ∞, θ̃ and B̃3 tend to zero and have asymptotic
convergence. Thus, the asymptotic convergence of θ̃ and B̃3
is proved.

IV. SIMULATION VERIFICATION OF SOC ESTIMATION
FOR LIBs
In the III section, the construction method of adaptive
observer is discussed. In order to verify the effectiveness and
the stability of the proposed model, the simulation model is
established and compared with the reference model under
different operating conditions in this section. The charging
and discharging experiments of LIBs with positive LiCoO2
and negative MCMB2528 are carried. The cells have a
rated capacity of 3400 mAh. The rated voltage is 3.7V,
with the upper voltage being 4.2V. According to the con-
tent of the previous section, a simulation model is built
in MATLAB/Simulink to simulate and test the built adap-
tive observer. In the simulation, the pseudo two-dimensional
model considering the model changes in Fortran program is
considered as a reference, so the reference equation (60) can
process the data in Fortran program to get the reference SOC
and use it as the true value.

New European Driving Conditions (NEDC) is used to
verify the validity of batterymodel and SOC estimationwith a
duration of 1180s. The 0s to 1100s period of NEDC operating
condition describes the driving condition at low speed, and
the 1100s to 1180s period describes the driving condition at
high speed. The driving condition is comprehensive. Con-
verting the NEDC operating conditions into current is shown
in Fig 9. The estimated results and errors of SOC are shown
in Fig 10 and Fig 11. The main observation is whether the
observed SOC can follow the true value of SOC well. In
Fig 10, the blue curve is the SOC estimation of reference
model, and the red curve is the observer SOC estimation

FIGURE 9. NEDC working current.

FIGURE 10. comparison of adaptive SOC observer estimation under NEDC
operating condition.

FIGURE 11. SOC estimation error under NEDC operating condition.

proposed in this paper. Before 1100s, SOC estimation error
is less than 0.3%, which can be seen in Fig 11. After 1100s,
the SOC estimation error increases obviously, and it is not
sure whether it converges or not. The simulation results show
that before 1100s, under the repeated action of the same
small current condition, there is no obvious accumulation
of errors, but a significant reduction due to the function of
adaptive observer. After 1100s, the error increases obviously
with the intense change of current, especially after the charge-
discharge current becomes larger.

However, when the NEDC operating condition is
presented, it is impossible to confirm whether the
electrochemical-thermal coupling model applied to the
observer in SOC estimation can still achieve better results
in the case of more intense changes in current. Especially
in the case of NEDC, the estimation error of SOC has a
significant increase, but it can not judge whether the error
diverges.
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FIGURE 12. US06 working current.

FIGURE 13. comparison of adaptive SOC observer estimation under
US06 operating condition.

FIGURE 14. SOC estimation error under US06 operating condition.

Therefore, the US06 operating mode is selected for further
verification. The US06 is one of the road conditions formu-
lated by the United States. It simulates the driving conditions
of highway with intense driving methods. It has high speed,
high acceleration and frequent start and stop of vehicles,
with the time of 596 seconds. The US06 operating mode is
converted into current as shown in Fig 12. The results and
errors of SOC estimation are shown in Fig 13 and Fig 14.
It can be seen from the figure that US06 operating condition
can be regarded as the extension of the large current of NEDC
operating condition, because the charging and discharging
current of US06 is relatively large and there is no repetitive
working condition. As is shown in Fig 14, in this extreme
case, the SOC estimation error of the observer increases
obviously, but the error does not diverge at high current. And
the maximum error is only about 2%. It also shows that the
final error steep rise of NEDC is caused by the change of
operating condition. And the error will not divergence if the
latter works continuously with high current. It proves the
effectiveness and stability of the observer.

V. CONCLUSION
In this paper, firstly, the working mechanism of LIBs is
analyzed, and a pseudo two-dimensional model is derived.
In order to solve two numerical problems of pseudo two-
dimensional model, a one-dimensional model is proposed
and simplified. Secondly, the principle of heat generation and
heat exchange of LIBs are analyzed, and the electrochemical-
thermal coupling model of LIBs is established. Then, the esti-
mation problem based on coupling model is analyzed,
and the coupling model is applied to SOC estimation.
An adaptive SOC observer based on electrochemical-
thermal coupling model is designed. Finally, Fortran
program is used as battery to verify the designed adaptive
observer.
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