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ABSTRACT This study proposed total efficient domination in fuzzy graphs. The exact values on the total
efficient domination number for several classes of fuzzy graphs are determined. A lower bound and an upper
bound for the total efficient domination number in terms of maximum strong arc neighborhood degree and
the order are obtained. In addition, a new relationship between total efficient domination number and total
efficient domatic number is established. Finally, we design an algorithm to determine the minimum fuzzy
cardinality of the total efficient dominating set of a fuzzy tree T or decide that T has no total efficient

dominating set.

INDEX TERMS Fuzzy graph, fuzzy tree, total efficient dominating set.

I. INTRODUCTION

It is a challenge obtaining full details about real world
problems, therefore, the vagueness and uncertainty in the
description has led to the growth of fuzzy graph theory.
A mathematical framework to describe uncertainty in real
life situation was first suggested by Zadeh [2]. Rosenfeld [3]
introduced fuzzy graph and several other fuzzy analogs
of graph theoretic concepts such as paths, cycles and
connectivity.

One of the most interesting graph theoretical concept
is domination in graphs which was introduced by Ore
in 1962 [8]. The concept of total domination was introduced
by Cockayne and Hedetniemi [7]. Kulli and Patwari [1]
introduced total efficient domination in graphs. A remarkable
beginning in fuzzy graphs for the concept domination was
made by Somasundaram and Somasundaram [4].

Revathi ef al. [6] defined total perfect domination in fuzzy
graphs using strong arcs. This present study discussed total
efficient domination in fuzzy graphs using strong arcs.

This paper is organized as follows. Section 2 comprises of
preliminaries and in section 3, the total efficient domination
of a fuzzy graph is defined (Definition 1). A complete fuzzy
graph has no total efficient dominating set (Theorem 1).
For several classes of fuzzy graphs such as a path, a fuzzy
cycle and a complete bipartite fuzzy graph, the exact values
on the total efficient domination number were determined
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(Theorem 2,3,4). In section 4, lower bounds and upper bounds
for the total efficient domination number were obtained in
terms of maximum strong arc neighborhood degree and
the order (Theorem 5,6). In addition, a new relationship
between total efficient domination number and total efficient
domatic number was established (Theorem 7 ). In section 5,
a vertex data structure was designed. Combining with a
labeling method, an algorithm was designed to determine the
minimum fuzzy cardinality of the total efficient dominating
set of a fuzzy tree T or decide that T has no total efficient
dominating set. Section 6 gives the conclusion of the study.

Il. PRELIMINARIES

A fuzzy graph G = (o, ) is a pair of membership functions
onfuzzy setso : V — [0, 1]and u : V x V — [0, 1] such
that w(u, v) < o(u) A o(v) for all u,v € V. We denote the
underlying crisp graph by G* = (o*, u*) where 0* = {u €
V:ow >0}and u* = {(u,v) € VxV : u(u,v) > 0}
Throughout the paper, we assume that 0* = V.

In a fuzzy graph G = (o, u) , a path P of length n
is a sequence of distinct vertices ug, 11, ..., u, such that
wi—1,u;) > 0,i =1,2,...,n and the degree of member-
ship of the weakest arc is defined as its strength. If uy = u,
and n > 3 then P is called a cycle, and a fuzzy cycle if it
contains more than one weakest arc. For any two vertices
x and y, let d(x,y) denote the length of the shortest path
between x and y. The strength of connectivity between two
vertices x and y is defined as the maximum of the strengths
of all paths between x and y and is denoted by Conng(x, y).
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A fuzzy graph G = (o, n) is connected if for every u,
v € o*, Conng(u,v) > 0. An arc (&, v) is said to be a strong
arc if u(u,v) > Conng(u,v) and the vertex u is a strong
neighbor to v.

The order p and size g of a fuzzy graph G = (o, ) are
definedasp =3, ., o(v)and g = Z(u’v)eE u(u, v).

The strong arc neighbourhood degree of a vertex v is
defined by sum of the membership values of the strong adja-
cent vertices of v and is denoted by dy(v). That is dy(v) =
ZMGNS(V) o (u), where Ns(v) = {u € V : (u,v) is a strong
arc }. The minimum strong arc neighbourhood degree of the
fuzzy graph G is defined by 65 (G) = min{dy(v) : u € V}and
the maximum strong arc neighbourhood degree of the fuzzy
graph G is defined by Ay(G) = max{dy(u) : u € V}.

A fuzzy graph G = (o, ) is said to be a complete if
uw,v) = o) A o) for all u,v € V. A fuzzy graph
G = (o, ) is said to be a bipartite if the vertex set V can
be partitioned into two non-empty sets Vi and V> such that
uvy,v) = 0if vi,v, € Vyor vy, vy € V. Further if
uw,v) = c(u) Ao() forallu € Vi and v € V,, then G
is called a complete bipartite fuzzy graph.

Let G = (o, u) be a fuzzy graph. Let u, v € V. The vertex
u dominates the vertex v in G if (u, v) is a strong arc. A subset
D of V is called a perfect dominating set of G if each vertex
not in D is dominated by exactly one vertex of D.

A perfect dominating set D in a fuzzy graph G is said to be
total perfect dominating set if every vertex in D is dominated
by at least one vertex of D. The minimum fuzzy cardinality of
the total perfect dominating set is the fotal perfect domination
number and is denoted by ;s (G).

Ill. EXACT VALUES ON TOTAL EFFICIENT DOMINATION
NUMBER

In the section, the new concept of total efficient dominating
set in fuzzy graph is introduced. Furthermore, we determine
the exact values on total efficient domination number for
several classes of fuzzy graphs.

Definition 1: A perfect dominating set D in a fuzzy
graph G is said to be a total efficient dominating set if every
vertex in D is dominated by exactly one vertex of D. The
minimum fuzzy cardinality of a total efficient dominating set
is the total efficient domination number of G and it is denoted
by Vier (G).

A total efficient dominating set of G with minimum fuzzy
cardinality is called a y.r-set of G. If G has no total effi-
cient dominating set, we define y,.s(G) = 0. Consider the
fuzzy graph G in Fig. 1. Total efficient dominating set of G
is {b,c, g,f}, {a,b,g,f}, {a,d, g, h} and {c,d, g, h}. Total
efficient domination number y;.r(G) = o (b) +0(c)+0(g) +
o(f) = 1.9. Let G be a complete fuzzy graph. Then all arcs in
G are strong and each vertex dominates to all other vertices.
We have the following.

Theorem 1: Let G be a complete fuzzy graph with
n > 3 vertices. Then G has no total efficient dominating set.
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FIGURE 1. A fuzzy graph G.

Theorem 2: Let P, = viv> ... v, be a path with n vertices,
then

k—1 .
Do [ouir2) + o (aisa)], ifr=0
0, ifr=1

S fotus) +otu)l,  ifr=2
min(Y"" [0 0ain) +o0ui)l, ifr =3
Zf:o [0 (vait2) + 0 (vair3)]}.

wheren=4k+r, 0<r <4.

Proof: Since Py, is a path, all arcs in P, are strong. Let
D be a total efficient dominating set of P,,. We will discuss it
from the following cases.

Case 1: n = 0(mod 4). Assume that n = 4k, where k > 1.
In order to dominate vertex vq, it follows that v, € D. It is
obvious that vi ¢ D. Then v3 € D. So D = {v4i42, Vai+3 :
i=0,1,...,k — 1} is the uniqkue total efficient dominating
set of P,. Hence, yier (Py) = Ziz_ol [0 (v4it2) + 0 (v4i13)].

Case 2: n = 1(mod 4). It is obvious that P, has no total
efficient dominating set. Hence, yser(P,) = 0.

Case 3: n = 2(mod 4). Assume that n = 4k + 2, where
k > 0. In order to dominate vertex vy, it follows that v, € D.
Itis obvious that v ¢ D.Thenv| € D.So D = {v4j11, v4i42 :
i =0,1,...,k} is the unique total efficient dominating set
of Py. Hence, yier (P) = Y_iol0 (vais1) + 0 (vais2)].

Case 4: n = 3(mod 4). Assume that n = 4k + 3, where
k > 0. In order to dominate vertex vy, it follows that v, € D.
If vi € D,then D = {vajt1,v4iy2 1 i = 0,1,...,k}is a
total efficient dominating set of P,. If vi ¢ D, then v3 € D
and D = {v4j42,v4i43 1 i = 0,1,...,k} is a total efficient
dominating set of P,. So P, has exactly two total efficient
dominating sets. Hence, yir(P,) = min{ZfIO[o(w;iH) +
o aip2)]. Xkoglo ais2) + 0 (vaisa)]). =

Theorem 3: Let C, = vivy...v,v1 be a fuzzy cycle with
n vertices. Then

(1) If n = i(mod 4) fori = 1, 2,3, then C,, has no total
efficient dominating set.
(2) If n = 0@mod 4), then yer (Cy) =
min{} 5 o vaie1) + o(aig2)l, Yhog [0 (vaira) +
o (Vais3)], Yimg [0 (vait3) + o (vaisa)l,
Y i 510 (vaiva) + 0 (vaigs)] + o (v1) + 0 (va)}, where
n=4k,(k >1).
Proof: It is obvious that if n = i(mod 4) for
i € {l,2,3}, then C, has no total efficient dominating

Vief (Pn) =
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set. Suppose that n = 0(mod 4). Assume that n = 4k,
where k > 1. Let D1 = {v4i41, V4,+2 1 o= 0,
I,....k — 1}, Dy = {vajz2,vaiy3 : i = 0,1,...,k —
1}, D3 = {vaig3,vaiya : i = 0,1,...,k — 1}, Dy =
{(vaita, vaiys 11 =0,1,...,k — 2} U {vq, var}. Then fuzzy
cycle C,, has exactly four total efficient dominating sets D;
fori = 1,2, 3, 4. Hence, y,of (Cy) = min{Y "o (vaiy1) +
o (ais2)l, Lig [0 (aisa) + o(aird)l, Ximg [0 (vaivs) +
o aisa)l, Yisg [0 (aira) + 0 (vai5)] + 0 (1) + 0 (var)). W

Theorem 4: Let G be a complete bipartite fuzzy graph with
partition Vi and V5. Then y;r(G) = min{o(u) : u € Vi}) +
min{o(v) : v € V3}.

Proof: Since G is a complete bipartite fuzzy graph, all
arcs are strong arcs. Each vertex in V| dominates all vertices
in V;, and each vertex in V, dominates all vertices in V.
Hence in a complete bipartite fuzzy graph, the total efficient
dominating sets are any set containing exactly two vertices,
one in Vi and the other in V;. Hence, Yo (G) = min{o () :
u € Vi) +min{o(v) : v e Vr}. [ |

IV. BOUNDS ON TOTAL EFFICIENT DOMINATION
NUMBER

Since every total efficient dominating set of G is also a total
perfect dominating set of G, we have the following.

Proposition 1: For any connected fuzzy graph G,
if y7r(G) exists, then yypr(G) < Vier (G).

It is obvious that y,,r(G) = ¥r(G) if and only if there
exists a yyr-set D of G such that D is a total efficient domi-
nating set of G.

Let (u, v) be a strong arc of connected fuzzy graph G. Let
or = minfo(v) : v € V}and 0o = max{o(v) : v € V}.
Define Ty = 3, vgwuns )\ v} @ W)- Let T = min{z,, :
(u, v) is a strong arc of G }.

Theorem 5: Let G be a connected fuzzy graph. If y.r(G)
exists, then

(1) 295 < vy (6) < 7252

(2) Vief(G) = rzfg;z if and only if there exists a yy.r-set D
of G such that t,, = t for any arc (u,v) € E(G[D])
and o(w) = 02 for any w € D.

3) Vef(G) = 3 if and only if there exists a y;r-set D

of G such thélvt dyv(w) = An(G) and o (w) = o7 for any
w e D.
Proof: (1) Let D be a yep-set of G. Then

Uwweecop@s@) U Nso) \ {u,v}) = V — D. It
follows that 3, \)c 61 2weswons M fuv) O W)

Yowev-poW) = p — ¥er(G). That is p — yier(G)
2 um)eEGID]) T = T%- Since yier (G) = > ,,cpo(w)

<
o3| D, it follows that [D| > V’Q—;G) S0,p — ief(G) = T2 >
r—y‘gfd(zG). That is yr (G) < 2po2_

T+207 °
Since D is a total efficient dominating set of G,
UMEDNS(M) = V. SO,p = ZVEVG(W) = ZMED
3 ensw O W) < IDIAN(G). Since yer (G) = Y,ep o (v) =
o1|D|, |D| < V’%EG) Therefore, p < |D|AN(G) <
1D N (G). S0, yier (G) = 2L
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(2) Suppose that y,f(G) = ff—;ﬁz. Let D be a yyf-set of G.

Then all inequalities in the above proof must be equal. That is
T,y = T for any arc (u, v) € E(G[D]) and o (w) = o7 for any
w € D. Conversely, suppose that there exists a y.r-set D of G
such that 7, = 7 for any arc («, v) € E(G[D])and o(w) = o2
for any w € D. Then p — y,r(G) = Z(u,v)eE(G[D]) T =

rl8! and i (6) = By o) = 22D S0.p = 1y (G) =

”'“f ) That is yef (G) = 22

(3) By a similar proof as that in (2), the result holds. |

Theorem 6: For any fuzzy graph G, then y,r(G) = p if
and only if G = mK;, where m > 1.

Proof: Suppose that G = mK;. Obviously y;r(G) = p

Conversely suppose yr(G) = p. We now prove that
G = mK,. Assume that G # mK>,. Then there exists one
vertex u such that it has at least two strong adjacent vertices
in G. Let D be a y,,r-set of G. Since y,r(G) = p, it implies
that V — D = (). Hence u € D. It implies that u has at least
two strong adjacent vertices in D, which is a contradiction.
So G = mK>. [ |

Definition 2: Let G = (o, ) be a fuzzy graph. The total
efficient domatic number d;r(G) of G is the maximum order
of a partition of the vertex set of G into total efficient domi-
nating sets of G.

By the definition on the total efficient domatic number,
we have the following.

Proposition 2: (1) For any fuzzy cycle Cq, £ > 1,
dief (Cai) = 2.

(2) For any complete bipartite fuzzy graph K, ,, | <m <
n, dtef(Km,n) = m.

Theorem 7: Let G = (o, ) be a connected fuzzy graph.
If y4er (G) exists, then dyer (G) < T.

Proof: Assume that dys(G) = d. Let D1, D», ..., Dy
be the partition of the vertex set of G such that D; is a total
efficient dominating set of G, where 1 < i < d. It follows
that yr(G) < ZMGD o(u) for1 < i < d. Since V =

Ul 1 Dj, it follows that Z, 1y,ef(G) < Zl IZueD a(u)
Yuev o) = p. So.d < 5. Thatis dier (G) < 70

V. ALGORITHM
It is well known that the total efficient domination problem
is NP-hard in general. A polynomial-time algorithm was
designed to determine the minimum fuzzy cardinality of the
total efficient dominating set of a fuzzy tree T or decide that
T has no total efficient dominating set. One vertex of P; is
defined as the center. Let K; , denote a star with r leaves,
and let S(r, s) denote a double star with two support vertices
such that one support vertex is adjacent to r leaves and the
other support vertex is adjacent to s leaves. Let S(7") denote
the support vertex set of 7.
Proposition 3: Let T = (o, u) be a connected fuzzy tree.
Let u and v be two support vertices of 7.
(1) Ifd(u, v) = 1 and y,r(G) exists, then u and v belong to
every total efficient dominating set of 7.
(2) If d(u,v) = 2, then T has no total efficient dominating
set.
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(3) Suppose that d(u,v) = 3 and y,r(G) exists. Let
P = uwtv be the path in T between u and v. Then w
and ¢ do not belong to any total efficient dominating
setof T.

In the following, three types of trees were defined. Let 7}
be a tree obtained from a vertex x, a double star S(r, s), and [
vertex disjoint stars K ,,, ..., K1, by joining an edge from
X to a support vertex of S(r, s) and joining an edge from x to a
leaf of each star K ,,, where/ > Oandr; > 2fori=1, ..., 1L

Let 7> be a tree obtained from a vertex x, a star K , with
r > 1, and [ vertex disjoint stars Kj ,,, ..., K ,, by joining
an edge from x to a center of K , and joining an edge from
x to a leaf of each star K ,;,, where [ > 1 and r; > 2 for
i=1,...,1

Let 73 be a tree obtained from a vertex x and [ vertex
disjoint stars Ky ,,, ..., K., by joining an edge from x to a
leaf of each star Ky ,,, where/ > landr; > 2fori =1, ..., 1.

The difference among them is as follows: 7] — x contains
exactly one double star and / vertex disjoint stars such that
vertex x is joined to a leaf of each star, where [ > 0. 7, — x
contains exactly one star K, such that x is joined to its center
and / vertex disjoint stars such that vertex x is joined to a leaf
of each star, where [ > 1. 73 —x contains only / vertex disjoint
stars such that vertex x is joined to a leaf of each star, where
[ >1.

Given a tree T, if T is isomorphic to 7; , then T is called a
Ti-type tree, where i = 1, 2, 3.

In Fig. 2, G| is T;-type tree with [ = 1, G, is T>-type tree
with [ = 2 and Gj3 is T3-type tree with [ = 2.

X x x

Gy G, G3

FIGURE 2. Three types of Tree.

Proposition 4: Let T = (o, ) be a connected fuzzy tree
rooted at vertex r. Let v be a vertex with the longest distance
from r. Let u, w, x be the parent of v, u, w, respectively. Let
T, denote the subtree of T induced by x and its descendants.
If T has a total efficient dominating set, then 7} is a T;-type
tree, where i € {1, 2, 3}.

Proof: Since u is a support vertex and d(u,x) = 2,
it follows that x is not a support vertex by Proposition 3. Let
C(x) denote the children set of vertex x. For any w € C(x),
w is adjacent to at most one support vertex in 7y. Hence each
component of T, — x is a double star or a star with at least
two vertices. We will discuss it from the following cases.

Case 1: T, — {x} contains a double star S(r, s). Without
loss of generality, we can assume that both u and w are support
vertices of S(r, s). By Proposition 3, T\, — {x} contains exactly
one double star. Otherwise, T has two support vertices with
distance two and 7 has no total efficient dominating set,
which is a contradiction. Similarly, vertex x is not adjacent
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to a support vertex. Hence, any other component of Ty — {x}
is a star with at least three vertices and vertex x is joining to
a leaf of the star. Therefore, T is a 7;-type tree.

Case 2: Ty — {x} does not contain a double star S(r, s).
Since vuwx is a path in Ty, Ns(w) = {x, u}. Then Ty — {x}
contains at least a star with at least three vertices such that x
is joining to one leaf of the star by an edge.

Suppose that 7y — {x} contains a star Kj , with r > 1
such that x is joining to the center of K , by an edge. By
Proposition 3, T, — {x} contains exactly one star such that
x is joining to the center of K , by an edge. Otherwise, T
has two support vertices with distance two and 7 has no total
efficient dominating set, which is a contradiction. Hence, any
other component of T, —{x} is a star with at least three vertices
and vertex x is joining to a leaf of each star. Therefore, T is
a Tr-type tree. If Ty — {x} does not contain a star K , with
r > 1 such that x is joining to the center of K , by an edge,
then it is obvious that T} is a T3-type tree. [ ]

Suppose that T has a total efficient dominating set D.
If T has 7;-type subtree Ty, then every support vertex of Ty
belongs to D. For each star component of 7y — x, its support
vertex is dominated by exactly one leaf of 7. If T has 7,-type
subtree T, then every support vertex of Ty belongs to D, and
each support vertex of 7y is dominated by exactly one leaf
of T.

Proposition 5: Suppose that T, is a Tj-type subtree of
tree T. Let T/ = T — Ty, where x is joining to a vertex y
of T” by an edge. Then T has a y;er-set D if and only if T’
has a y-set D' such that y ¢ D'. Furthermore, y;r (T) =
Vtef(T/) + Vier (Ty).

Proof: Let D be a yr-set of T. Since every support
vertex in 7T, belongs to D, it follows that x,y ¢ D by
Proposition 3. Let D' = DN V(T') and D” = D N V(Ty).
Then D" is a total efficient dominating set of 7, and D’
is a total efficient dominating set of 7’ such that y ¢ D’.
Hence yier (T') + Vief(Tx) < Y ey 00 + 3 epro(v) =
Y veno (W) = vier(T). Let D' be yr-set of T such that
y ¢ D', and D" be y,er-set of Ty. Then D" U D" is a total effi-
cient dominating setof 7. Hence yyr (T) < Zve pup 0(V) <
Vtef(T/) + Vie (Tx)- SO Yiep (T) = Vtef(T,) + Vier (Ty). Hence
all inequalities above must be equal. So, T has a yr-set D if
and only if 7" has a y;r-set D' such thaty ¢ D'. ]

Proposition 6: Suppose that T, is a T>-type subtree of
tree T. Let T’ = T — T, where x is joining to a vertex y
of T” by an edge. Then T has a y;er-set D if and only if T’
has a ysep-set D' such that y ¢ D’. Furthermore, yr (T) =
Vtef(T/) + Vier (T).

Proof: Let D be a yr-set of T. Since every support
vertex in 7Ty belongs to D, it follows that x,y ¢ D by
Proposition 3. Let D' = DN V(T') and D” = D N V(Ty).
Then D” is a total efficient dominating set of 7, and D’
is a total efficient dominating set of 7’ such that y ¢ D'.
Hence yier (T) + Vit () < Xy 00) + Xy 0(v) =
> ep 0 ) = Vier (T).

Let D' be yf-set of T” such that y ¢ D', and D" be
Yier-set of Ty. It follows that x ¢ D" by Proposition 3.
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Then D’ U D" is a total efficient dominating set of 7. Hence
Vief (T) < ZveD/UD” o) < Vtef(T/)+Vlef(Tx)- So Yier(T) =
y,ef(T’) + Vref(Ty). Hence all inequalities above must be
equal. So, T has a yr-set D if and only if 7" has a y,.r-set D’
such thaty ¢ D'. [ |

Proposition 7: Suppose that T, is a 73-type subtree of
tree T. Let T" = T — T, where x is joining to a vertex y
of T’ by an edge. Then T has a total efficient dominating set
if and only if T’ has a total efficient dominating set.

Proof: Suppose T has a total efficient dominating set D.
It is obvious that every support vertex in 7 belongs to D.
By Proposition 3, x ¢ D. Then D N V(T’) is a total efficient
dominating set of T’. So T’ has a total efficient dominating
set.

Suppose that T’ has a total efficient dominating set D'.
Let S(Ty) = {u1,...,u;} be the support vertex set of 7.
For each support vertex u;, assume that u; and u; are two
vertices adjacent to u;, where u; is a leaf and ] is not a leaf.
IfyeD, letD=D U{uj,u;:i=1,...,1} . Ify ¢ D, let
D=D"U{uy, u)}U{u;,u;:i=2,...,1}. Inany case, Dis a
total efficient dominating set of 7. So T has a total efficient
dominating set. ]

We use a labeling algorithm, which appears in [9] for the
first time and is afterwards widely used in the literature for
solving the domination-related problem in [10] and [11]. To
obtain a polynomial time algorithm for obtaining the total
efficient dominating set of a tree, a vertex data structure
should be designed as follows.

Let r and v be two vertices with the longest path in 7.
Root the tree T at vertex r. The height of T is the maximum
distance between r and all other vertices. Let & be the height
of T . The i-th level A; (0 < i < h) is the set of vertices
of T which are at distance i from the root. For such a rooted
tree T with n vertices, we can number the vertices of 7 with
Vi, V2, ..., v, as follows. We go on every level starting from
level A to level 1.

Foreachi (1 <i < h), the vertices were traversed on level i
in arbitrary order, from left to right.

Finally, the parents of all vertices of T were listed (the
vertex v, has no parent and is represented as p(v,) = 0), and
thus, 7' can be represented by a data structure called a vertex
parent array. The vertex v, is called the root of 7. For any
vertex x, let Ty denote the subtree of T induced by vertex x
and its descendants. Let C(x) = Ng(x) NV (Ty).

Suppose that Ty is a 7;-type tree. Let ug and wg be two
support vertices of S(r, s). If [ > 1, then let u; be the center
of the star K ,, for 1 <i <. Assume that Ng(u;) N Ns(x) =
{wi}forO<i<I.

Suppose that T is a T>-type tree. Let ug be the center of
K., and u; be the center of the star Ky ,, for 1 < i < [.
Assume that Ng(u;) N Ns(x) = {w;} for 1 <i <.

Suppose that T is a T3-type tree. Let u; be the center of the
star Ky ,, for 1 < i < [. Assume that Ns(u;) N Ns(x) = {w;}
forl <i<|I.

In the following, we can assume that every 7;-type tree can
be relabeled as above.

VOLUME 7, 2019

Algorithm 1 Computes the Total Efficient Domination
Number of a Fuzzy Tree T

Input: A rooted tree T represented by its vertex parent
array [vi, va, -+, Vul.
A pair of membership functions o and u of a fuzzy tree T.
Output: Total efficient domination number of the fuzzy
tree T.
1 <@,
for allv € V(T) do
I(v) < 0;1(v) < 0;
end for
While there exists a vertex v such that d(v, v,;) > 4 do
Choose a vertex v such that d(v, v,) is maximum.
Let u, w, x, y be the parent of v, u, w, x, respectively.
Consider the subtree T, of T'.
If T, is not 7;-type tree, where i € {1, 2, 3} then return
ytef(T) =0.
If 7, is 71-type tree then
I < TU{QES < STy
If there exists a vertex u; such that C(y;) C I (1 <i <
lyor SNI # @Y oryis asupport vertex then return y.r (T) = 0.
else
Fori=1to/ do
Choose a vertex v; € C(u;) \ I such that
o(vi) + L(v;) + _ZZEC(ui)\(IU{vi}) L(t) = min{o (w) + L(w) +
2 recunaupp L@ 1w € Clu) \ I}
S <~ SU{vi};
end for
T < T—Ty;
LO) < LO+ Y es(@0)FLON+Y ey s LW
end if
end if
If T is T>-type tree then
I < 1TU{y} S < S(Ty);
If there exists a vertex u € S such that C(u) C I or S N
I # @ or yis a support vertex then return y;.r(T) = 0.
else
For i=0to [/ do
Choose a vertex v; € C(u;) \ I such that
o(vi) + L(v;) + _X:ZEC(M,')\(IU{V,'}) L(t) = min{o(w) + L(w) +
2 sectuaupey LW w e Cu) \1};
S < SU{vi}
end for
T < T—-Ty;
L(y) < L(Y)+ZW€5(U (W)+L(W))+ZWEV(TX)\S L(w);
end if
end if
If T is T3-type tree then
S <« S(Ty);
Fori=1to/ do
If C(u;) \ I # ¢ then
Choose a vertex v; € C(u;) \ I such that
o(vi) + L(v;) + _z:;ec(ui)\gu{vi}) L(t) = min{o (w) + L(w) +
2 recunaupwp L@ 1w € Clu) \ I}
S <« SU{v};
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Algorithm 1 (Continued.) Computes the Total Efficient
Domination Number of a Fuzzy Tree T
end if
end for
If there exists w; such that w; € I then
If C(u;) € 1 or u; € I then return y.r(T) =
else
T < T—-T,;I < 1U{x)
L(xl <~ Lx) + Zwe{ubw}(a(w) + L(w)) +
2weV (T M\ vy LOV;
end if
end if
If there exist u; and u; such that C(u;) U C(y;) € [ and
i # jthenreturn y,r(T) =0
If there exists #; such that C(y;) € I and C(u;) ¢ I for
J # i then
I < 1TULT < T —Ty;
L(y) < Ly + ZweSU{wi}(O(W) + L(w)) +
eV ro\supmn LW
end if
If for any u; such that C(u;) ¢ I then
T <~T-T,
L) < LO)+2es(@MFLOND+Y ey rns LOW):
L(y) < L) + mm{Zwe(s\{vl})U{w,}(G(W) +L(w)) +
Lwev s\ LW 1= 120 1)
end if
end if
end while
If T is a Py, then return y,or (T) = 0
If T is a P>, thenif V(P2)NI # @, then return y,er (T) =
else v,/ (T) = o(u) + o (v) + L(u) + L(v).
If T is a star with center vertex u, then if u € I or Ng(u) C
I, then return y.r(T) = 0O else Choose v € Ng(u) such that
o(v) + L(v) + Z_IENS(M)\(IU{V}) L(t) = min{o(w) + L(w) +
2 teNsan\auiwy L@) 1w € Ns(u) \ I} B
Vtef(T) = Zwe{u,v}(a(w) + L(W)) + ZweNg(u)\{v}) L(W)
If T is a double star, then if S(T) NI # (J, then return
Vit (T) = 0 else yir(T) = ZWES(T)(G(W) + L(w)) +

ZWEV(T)\S(T) L(w).
return Y (T)

Theorem 8: Algorithm 1 produces the minimum fuzzy
cardinality of a total efficient dominating set of a tree 7 in
O(n?) time.

Proof: ~We now discuss the running time of the
Algorithm 1. At each iteration of the “while” loop of the
algorithm, it take O(|V(Ty)|) time to decide T is Ti-type
tree for i = 1,2,3. If Ty is Tj-type tree or Tp-type tree,
we need O(|V (Ty)|) time to give a label of the vertex y. If Ty
is T3-type tree, we need at most O(|V(Ty)|dy(x)) time to
give a label of the vertex y. Since dy(x) < Ayn(T), we need
O(|V(T,)|An(T)) time to give a label of the vertex y. Since
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Algorithm visits each Ty of T once and Ay(T) < n — 1,
it follows that the Algorithm 1 can be computed in O(n?) time.

For the correctness of the algorithm, it is sufficient to
consider T with a vertex v such that d(v,v,) > 4. Other-
wise, the algorithm obviously produces the minimum fuzzy
cardinality of a total efficient dominating set of 7. Choose
a vertex v such that d(v, v,) is maximum. Let u, w, x, y be
the parent of v, u, w, x, respectively. Consider the subtree
T, of T. By Proposition 4, if T, is not 7;-type tree for
i € {1,2,3}, then T has no total efficient dominating set and
Yier (T) = 0. Without loss of generality, we can assume Ty
is 7i-type tree for i € {1, 2, 3}. By Propositions 5, 6, 7, it is
sufficient to prove that we obtain a minimum fuzzy cardi-
nality of a total efficient dominating set of T or T,,. So the
proof of Theorem 8§ is followed from the following three
cases.

Case 1: Ty is Ti-type tree. Let D be a yr-set of T. Then
S(Ty) € D and |D N C(u;)] = 1 for every u; € S(Ty),
where 1 < i < [. Hence if there exists a u; such that
Cu)) CI(1 <i<DorS(Tx)NI # #ory is a support
vertex, then 7 has no total efficient dominating set of 7. For
each u;, since we choose a vertex v; € C(u;) \ I such that
o) + L) + X ecquaupy L = min{o(w) + L(w) +
Y recumnaupy L@ : w € Cu\1}, it follows that we obtain
a minimum fuzzy cardinality of a total efficient dominating
set of T.

Case 2: Ty is Tp-type tree. Let D be a y;er-set of T. Then
S(Ty) € D and DN C(u;)] = 1 for every u; € S(Ty),
where 0 < i < [. Hence if there exists a u; such that
Cup) IO <i<DorSTx)NI # Poryis asupport
vertex, then T has no total efficient dominating set of 7. For
each u;, since we choose a vertex v; € C(u;) \ I such that
o) + L) + Y recwnaupy L) = minfo (w) + L(w) +
Y recumnaupey L@ : w € Cup\I}, it follows that we obtain
a minimum fuzzy cardinality of a total efficient dominating
set of T.

Case 3: Ty is T3-type tree. Let D be a y;er-set of T. Then
S(Ty) € D.If y € D, then |DN C(u;)| = 1 for every u; €
S(Ty), where 1 < i < [.Ify ¢ D, then there exists i such
that w; € D and |D N C(u;)| = 1 for every u; € S(T), where
1 <j < landj # i. Hence if there exists a u; such that
CupUw I <i<DorS(Ty)NI # @ or C(u) U
C(uj) € I (i # ), then T has no total efficient dominating set
of T. By a similar way as Case 2, in any cases, we obtain a
minimum fuzzy cardinality of a total efficient dominating set
of Ty or Ty, for some (1 < i <1).

At each iteration of the “while” loop of the algorithm,
we find a minimum fuzzy cardinality of a total efficient
dominating set of 7, or T,,. If y € I, then it is saved to
L(y).If y ¢ I , then it is saved to L(y). So by the parameters
L(y) and L(y), we know the minimum fuzzy cardinality of
a total efficient dominating set in the deleted subtree of T;,.
If d(v,v,) < 3, then the tree is Py, P>, a star or a double
star. It is easy to obtain its minimum fuzzy cardinality of a
total efficient dominating set. Hence Algorithm 1 produces
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the minimum fuzzy cardinality of a total efficient dominating
setofatree T. ]

VI. CONCLUSION

This study proposed some new results on the total efficient
dominating set of fuzzy graphs. The natural extension of
this research work is to research on other types of fuzzy
graphs. Furthermore, the fixed-parameter tractability of the
total efficient domination problem of fuzzy graphs is our
future research direction.
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