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ABSTRACT In this paper, an adaptive sliding mode control method based on fractional order method is
proposed for the estimation of unknown parameters in micro gyroscope system. Firstly, compared with the
traditional integer order sliding surface, the fractional order sliding surface in this paper increases the order
terms which can adjust the fractional order, and improve the control performance and precision. Additionally,
the adaptive laws are derived to tune the control parameters online based on the Lyapunov stability theorem
to deal with the uncertainty of the system. Moreover, simulation results show that the proposed control
system’s convergence speed, output signal tracking error and parameter fitting are better than the integral
sliding mode control system, proving that the proposed control method is practicable and effective.

INDEX TERMS Fractional order, adaptive control, sliding mode control, micro gyroscope.

I. INTRODUCTION
The principle of gyroscope is mainly the law of conserva-
tion of angular momentum, which is a device with sensing,
maintaining direction stability and angular motion detection.
Compared with traditional gyroscopes, micro gyroscopes
have a lot of advantages, which make them widely used in
aviation, aerospace, navigation, automotive safety, environ-
mental monitoring and other fields, especially in areas where
the size and weight requirements are extremely strict, micro
gyroscopes have extremely significant advantages.

More and more control methods are applied to the closed-
loop control system of the micro gyroscopes to improve
its performance and measurement accuracy. A novel silicon
micro gyroscope temperature prediction and control system
in a narrow space was proposed in [1]. Sliding mode control
has the advantages of fast response [2], strong robustness,
simple physical implementation, and independent design of
object parameters and disturbances. Due to these practical
and robust advantages, the sliding mode control suits various
fields, such as piezoelectric actuators [3], grid-connected
inverter [4], small-scaled autonomous aerial vehicles [5]
and randomly varying actuator faults [6]. Moreover, sliding
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mode control has been incorporated into adaptive controller
to control the MEMS gyroscopes, to regulate the amplitude
of the drive axis vibration of micro gyroscope [7]–[10]. Fei
and Zhou [11] proposed a robust adaptive control strategy
using a fuzzy compensator for a MEMS triaxial gyroscope.
The adaptive control method provides online estimation of
the key parameters and the proper control strategy for the
system [12]. In the nonlinear systems, unknown nonlinear-
ities can be approximated by intelligent methods such as
fuzzy systems and neural networks [13]–[16]. Intelligent
control methods have been investigated for dynamic sys-
tems [17]–[19]. Adaptive control with intelligent control
methods are also widely used in other systems, i.e. active
power filter system [20]–[23], and chaotic systems [24].
dynamical system [25]

To suppress the steady-state error, introducing an integer
order integral term into the sliding surface is a good approach,
which has been studied sufficiently. However, the fractional
order integral provides the controller design withmore degree
of freedom, so it is more flexible. In this regard, we can
improve sliding mode by integrating the fractional order
integral in the sliding surface and constructing an adaptive
algorithm to reduce loss of precision. In recent decades,
the fractional order integral calculus has been successfully
utilized for model analyzes and controller designs [26]–[32].
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The combination of fractional order integral and adaptive
control is also applied to the industrial applications, such as
linear motor [28], [29], lighting control [30], active suspen-
sion actuator [31], and robot manipulators [32].

Motivated by the above literatures, a fractional order slid-
ing mode control method for micro gyroscopes based on
adaptive control algorithm is proposed in this paper. Themain
characteristics of this control method are as follows:

(1) In the presence of the model uncertainties and external
disturbance, the proposed adaptive control algorithm uses
Lyapunov stability theory to design the angular velocity, cross
stiffness and damping coefficients of the system, identifies
these unknown parameters of the micro-gyroscope system
online, and meanwhile reduces the uncertainty of the system.

(2) By introducing fractional order integral into the sliding
surface to soften the controller design by adding adjustable
order, obtain smaller steady-state error than the integer order
controller, and meanwhile the control law is more flexible.
The combination of adaptive control and fractional order
can also track the trajectory of the system well, obtain high
precision and fast-tracking performance.

This paper is organized as follows. In the second part, the
dynamic model of micro gyroscopes is introduced. The third
part introduces the adaptive fractional sliding mode control
method, and proves the stability of sliding mode motion
and the reachability of the sliding mode surface base on the
Lyapunov stability theory. The proposed method is simulated
and compared with the integer order adaptive sliding mode
control in the fourth part. The fifth part draws the conclusion.

II. DYNAMICS OF MICRO GYROSCOPE
The driving mode and sensing mode of micro gyroscope
can be considered as a spring-mass-damping second-order
system. The basic dynamic model of micro gyroscope is
shown in Figure 1.

The rotational coordinates system of the micro gyroscope
model is established. The x-axis is the direction of micro
gyroscope driving vibration, the y-axis is the direction of
micro gyroscope sensing vibration, the z-axis is the direction
of input angular velocity. The basic dynamic equation of the
micro gyroscope will be written as follows:

mẍ + dx ẋ + kxx = ux + 2m�zẏ+ m�2
z x + m�̇zy (1)

mÿ+ dyẏ+ kyy = uy − 2m�zẋ − m�̇zx + m�2
z y (2)

where m is the mass of the mass block, dx , kx , ux and dy, ky,
uy denote the damping coefficients stiffness coefficients and
control inputs, in x-axis and y-axis, respectively, �z is the
angular velocity on the z-axis.

Considering the influence of the structural error, the basic
dynamic equation can be obtained as:

mẍ + dxx ẋ + dxyẏ+ kxxx + kxyy = ux + 2m�zẏ (3)

mÿ+ dxyẋ + dyyẏ+ kxyx + kyyy = uy − 2m�zẋ (4)

where dxx , dyy and kxx , kyy denote the x-axis and y-axis’
damping coefficients, and stiffness coefficients, respectively,

FIGURE 1. Dynamic model of micro gyroscope.

dxy and kxy are the coupling stiffness coefficients and coupling
damping coefficient.

In order to reduce the complexity of controller design,
the dynamics model is dimensionless. Dividing both sides
of equations (3)-(4) by mass blocks m of micro gyroscope,
reference length q0 and natural resonance frequency ω0, and
getting the dimensionless model as:

q̈
q0
+

D
mω0

q̇
q0
+

K

mω2
0

q
q0
=

u

mω2
0q0
− 2

�

ω0

q̇
q0

(5)

where q =
[
x
y

]
, q̇ =

[
ẋ
ẏ

]
, q̈ =

[
ẍ
ÿ

]
, D =

[
dxx dxy
dxy dyy

]
,

K =
[
ωxx ωxy
ωxy ωyy

]
, u =

[
ux
uy

]
, � =

[
0 −�z
�z 0

]
.

The form in which equations (5) are rewritten as vectors is
as follows:

q̈+ Dq̇+ Kq = u− 2�q̇ (6)

III. ADAPTIVE FRACTIONAL SLIDING MODE
CONTROLLER DESIGN
Fig. 2 is a block diagram of adaptive fractional order sliding
mode control system.

FIGURE 2. Block diagram of adaptive fractional order sliding mode
control system.

Considering the parameters uncertainty and external dis-
turbance in the micro gyroscope system, the Eq. (6) can be
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expressed as:

q̈+ (D+ 2�+1D)q̇+ (K +1K ) q = u+ d (7)

where 1D and 1K are the uncertainties of unknown param-
eters D+ 2� and K , d is the external disturbance.

Then f is defined as lumped parameter uncertainty and
external disturbance, represented as:

f = d −1Dq̇−1Kq (8)

The Eq. (7) can be modified as:

q̈+ (D+ 2�) q̇+ Kq = u+ f (9)

The lumped parameter uncertainty and external distur-
bance f is assumed to satisfy:

‖f ‖ ≤ ρ (10)

where ρ is a given positive constant.
The fractional sliding mode surface is defined as follows:

s = ce+ ė+ λeDα−1 (11)

in which α is a fractional order used to obtain more accurate
performance; e denotes the tracking error defined as e = q−
qr where qr is the actual position; ė denotes the differential
of the tracking error defined as ė = q̇− q̇r ; c and λ are given
positive constants.

The derivative of the Eq. (11) is as follows:

ṡ = cė+ ë+ λeDα (12)

The Eq. (12) can be modified as:

ṡ=− (D+ 2�) q̇− Kq+ u+ f + cė+λeDα − q̈r (13)

According to the hitting condition of the sliding mode
control ṡ = 0, the following formula can be obtained:

− (D+ 2�) q̇− Kq+ u+ f − q̈r + cė+λeDα=0 (14)

The equivalent control law can be obtained by Eq. (14):

ueq = (D+ 2�) q̇+ Kq+ q̈r − cė− λDαe (15)

The design of switch control law is as follows:

usw = −ρ
s
‖s‖

(16)

Using the method of combination of equivalent sliding
mode control and switching control, the control law u of
fractional order sliding mode control is expressed as follows:

u = (D+ 2�) q̇+ Kq+ q̈r − cė− λDαe− ρ
s
‖s‖

(17)

According to the general idea of adaptive control,
the unknown real values of D, K and � are replaced by the
estimated values of D̂, K̂ and �̂, and the adaptive algorithm
of D̂, K̂ and �̂ are designed to update the estimated values of
the system in real time to ensure the stability of the system.

Then Eq. (15) and Eq. (17) can be rewritten as:

u′eq = −cė− λD
αe+

(
D̂+ 2�̂

)
q̇+ K̂q+ q̈r (18)

u′ = ueq + usw

= −cė− λDαe+
(
D̂+ 2�̂

)
q̇+K̂q+ q̈r − ρ

s
‖s‖
(19)

Estimation error D̃, K̃ and �̃ are defined as follows:
D̃ = D̂− D
K̃ = K̂ − K
�̃ = �̂−�

(20)

Substituting Eq. (19) – (20) into Eq. (8) generates:

q̈− q̈r + cė+ λDαe

= − (D+ 2�) q̇+
(
D̂+ 2�̂

)
q̇

−Kq+ K̂q−1Kq−1Dq̇− ρ (t)
s
‖s‖
+ d (21)

Substitute Eq. (12) into Eq. (21), it is revealed that:

ṡ = − (D+ 2�) q̇+
(
D̂+ 2�̂

)
q̇

−Kq+ K̂q−1Kq−1Dq̇− ρ
s
‖s‖
+ d (22)

Then combined with Eq. (8), (20) and (22), the following
expression is obtained:

ṡ = −
(
D̃+ 2�̃

)
q̇+ K̃q+ f − ρ

s
‖s‖

(23)

Select the Lyapunov candidate function as:

V =
1
2
sT s+

1
2
tr
{
D̃M−1D̃T

}
+

1
2
tr
{
K̃N−1K̃T

}
+
1
2
tr
{
�̃P−1�̃T

}
(24)

where M = MT > 0, N = NT > 0, P = PT > 0, M , N and
P are positive definite symmetric matrices. tr {·} represents
the tracing operation of the matrix.

The first derivative of Eq. (24) can be obtained as follows:

V̇ =sT ṡ+ tr
{
D̃M−1 ˙̃DT

}
+tr

{
K̃N−1 ˙̃KT

}
+tr

{
�̃P−1 ˙̃�T

}
(25)

Substitute Eq. (23) into Eq. (25), it is revealed that:

V̇ = sT
(
D̃q̇+ 2�̃q̇+ K̃q+ f − ρ (t)

s
‖s‖

)
+tr

{
D̃M−1 ˙̃DT

}
+ tr

{
K̃N−1 ˙̃KT

}
+ tr

{
�̃M−1 ˙̃�T

}
(26)

Since D, K and � are symmetric matrices, then there are
D = DT ,K = KT and� = −�T , and there is sT D̃q̇ = q̇T D̃s
for the matrix D, namely:

sT D̃q̇ =
1
2

(
sT D̃q̇+ q̇T D̃s

)
(27)

Similarly, it can get the equations for the matrix K and �:

sT K̃ q̇ =
1
2

(
sT K̃q+ qT K̃ s

)
(28)
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TABLE 1. Root mean square error of different orders.

FIGURE 3. Track trajectory of x-axis and y-axis of micro gyroscope. (a)
Adaptive fractional order sliding mode control. (b) Adaptive integral order
sliding mode control.

sT �̃q̇ =
1
2

(
sT �̃q̇− q̇T �̃s

)
(29)

Substitute Eq. (27) – (29) into Eq. (26), it can be repre-
sented as:

V̇ = sT
(
f − ρ (t)

s
‖s‖

)
+

1
2

(
sT D̃q̇+ q̇T D̃s

)

FIGURE 4. Tracking error of x-axis and y-axis of micro gyroscope. (a)
adaptive fractional order sliding mode control. (b) adaptive integral order
sliding mode control.

+ tr
{
D̃M−1 ˙̃DT

}
+

1
2

(
sT K̃q+ qT K̃ s

)
+ tr

{
K̃N−1 ˙̃KT

}
+

1
2

(
2sT �̃q̇− 2q̇T �̃s

)
+ tr

(
�̃P−1 ˙̃�T

)
(30)

Because of ˙̂D = ˙̃D, the Eq. (30) is simplified as follows:

V̇ = sT
(
f − ρ

s
‖s‖

)
+ tr

{
D̃
[
M−1 ˙̂DT+

1
2

(
sT q̇+q̇T s

)]}
+ tr

{
K̃
[
N−1 ˙̂KT

]
+

1
2

(
sT q+ qT s

)}
+ tr

(
�̃
[
P−1 ˙̂�T

]
+

1
2

(
2q̇sT − 2sq̇T

))
(31)

In order to guarantee V̇ ≤ 0, let

tr
{
D̃
[
M−1 ˙̂DT +

1
2

(
sT q̇+ q̇T s

)]}
= 0,
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FIGURE 5. Control input of X and Y axes of micro gyroscope. (a) adaptive
fractional order sliding mode control. (b) adaptive integral order sliding
mode control.

tr
{
K̃
[
N−1 ˙̂KT

]
+

1
2

(
sT q+ qT s

)}
= 0,

and

tr
(
�̃
[
P−1 ˙̂�T

]
+

1
2

(
2q̇sT − 2sq̇T

))
= 0.

The adaptive laws of D̂, K̂ and �̂ are designed as follows:
˙̂DT = −

1
2
M
(
q̇sT + sq̇T

)
˙̂KT
= −

1
2
N
(
qsT + sqT

)
˙̂
�T
= −P

(
q̇sT − sq̇T

) (32)

In order to analyze system stability, Eq. (31) is rewritten as
follows:

V̇ = sT
(
f − ρ

s
‖s‖

)
= sT f − sTρ

s
‖s‖

≤

∥∥∥sT∥∥∥ ‖f ‖ − ρ ‖s‖ = ‖s‖ (‖f ‖ − ρ) (33)

FIGURE 6. Adaptive identification of dxx , dxy , dyy . (a) adaptive fractional
order sliding mode control. (b) adaptive integral order sliding mode
control.

Since ‖f ‖ ≤ ρ, Eq. (33) can be expressed as:

V̇ ≤ ‖s‖ (‖f ‖ − ρ) ≤ 0 (34)

According to Eq. (34), V̇ is semi-negative definite, that
is, the system tracking trajectory can reach the designed
fractional sliding mode surface in finite time. Integrating

V̇ with respect to time, we have
t∫
0
‖s‖ (‖f ‖ − ρ (t))dt ≤

V (t)−V (0). Since V (t) and V (0) are bounded, and V (t) is

non-increasing, then
t∫
0
‖s‖ (‖f ‖ − ρ (t))dt is also bounded.

According to the Barbalat lemma and inference, we can
get lim

t→∞
s (t) = 0, in other words, the tracking error and

fractional sliding mode surface converge asymptotically to
zero, the system is asymptotic stability.

IV. SIMULATION STUDY
The adaptive fractional order sliding mode control method is
simulated with MATLAB/Simulink, and the sliding surface
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FIGURE 7. Adaptive identification of ω2
x , ωxy , ω2

y . (a) adaptive fractional
order sliding mode control. (b) adaptive integral order sliding mode
control.

is designed as an integer sliding mode surface, which is
compared with the proposed method.

The parameters of the micro gyroscope are selected as
follows:
m = 1.8× 10−7kg, dxx = 1.8× 10−6N · s

/
m, q0 = 1µm,

dxy = 3.6×10−7N · s
/
m, dyy = 1.8×10−6N · s

/
m, ω0 =

1kHz,
kxy = 12.779N

/
m, kyy = 95.92N

/
m, �z = 100rad

/
s.

The dimensionless parameters of the micro gyroscope cal-
culated from the above data are as follows:
dxx = 0.01, dxy = 0.002, dyy = 0.01, ω2

x = 355.3, ωxy =
70.99, ω2

y = 532.9, �z = 0.1.
In the experiments, the initial conditions for setting the

system are: q1 (0) = 0, q̇1 (0) = 1, q2 (0) = 0, q̇2 (0) = 1;
the expected trajectory of the micro gyroscope’s two axes is
set as: qr1 = sin(4.17t), qr2 = 1.2 sin(5.11t); the fractional
order sliding mode surface parameters are set as: c = 85,
λ=1, α = 0.99; the adaptive fixed gain is set as: M =

diag (200, 200), N = diag (950, 950), P = diag (120, 120);

FIGURE 8. Adaptive identification of �z . (a) adaptive fractional order
sliding mode control. (b) adaptive integral order sliding mode control.

the estimated initial values of the three-parameter matrix is
set as: D̂ (0) = 0.95 ∗ D, K̂ (0) = 0.95 ∗ K , �̂ (0) =
0.95∗�; the upper bound of the system uncertainty and exter-
nal disturbance is set as: ρ = 10; the random signal d =[
0.5∗randn (1, 1) ; 0.5∗randn (1, 1)

]
is considered as lumped

uncertainty.
In order to determine the order of fractional order, let

α = 0.1, 0.3, 0.5, 0.8, 0.99, and calculate the root mean
square error of different orders respectively, RMSE =

sqrt
(
sum

(
(qi − qri)2

)/
n
)
, where i = 1, 2, and n is the

observation times. Table 1 shows the root mean square error
of different orders. By comparison, the fractional order α =
0.99 is selected in the simulation experiment.
Set the simulation time to 60s, and the simulation results

are shown in Fig. 3 – Fig. 8. Fig. 3(a) is the tracking tra-
jectory of x-axis and y-axis obtained by adaptive fractional
order sliding mode control for micro gyroscope. Fig. 3(b)
is the tracking trajectory obtained by adaptive integer order
sliding mode control. Fig. 4 are the tracking errors in the
x-axis and y-axis using two different controllers, showing
that the tracking error of adaptive fractional order sliding
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mode control system can converge to zero in a limited time
well. Fig. 5(a) and (b) show the control input of the x-axis
and y-axis of the two kinds of controller, and the control
effect of the adaptive fractional order sliding mode control
law is better. Fig. 6 – Fig.8 are the adaptive identification of
unknown parameters of micro gyroscope system. It can be
seen that unknown parameters can converge to their truth
values in both cases, but the convergence effect of the adap-
tive fractional order sliding mode control law is much better.
The root means square error of the two-axis tracking error
of adaptive integral order sliding mode control is 0.0094 and
0.0132, respectively. Compared with the root mean square
error and simulation results of the adaptive fractional order
sliding mode control, the trajectory tracking of the adaptive
sliding mode control method based on fractional order is
smaller than that based on the adaptive integral order sliding
mode control method.

V. CONCLUSION
In this paper, an adaptive sliding mode control method based
on fractional order is proposed to estimate the unknown
parameters of micro gyroscope system. Compared with the
integral order sliding mode surface, the fractional order slid-
ing mode surface increases the order term related to the frac-
tional order, and moreover improves the control performance
and precision. Fractional order integral is more flexible than
the integer order one, which provides the controller design
with another degree of freedom, i.e., the order. In addition,
the parameters of the micro gyroscope can be adaptively
updated based on the Lyapunov analysis and the stability
of the closed-loop system can be guaranteed with the pro-
posed control strategy. Consequently, the fractional order
and the adaptive algorithms are utilized to guarantee the
high-precision and fast-response performance with robust-
ness against uncertainties. The simulation results demon-
strate that the adaptive fractional sliding mode controller has
the benefits of higher tracking precision and properly faster
response than the conventional adaptive integral order sliding
mode controller.
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