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ABSTRACT This paper presents a novel fixed-time sliding mode control for the global fixed-time tra-
jectory tracking of robot manipulators subject to uncertain dynamics and bounded external disturbances.
A fixed-time sliding surface is proposed and a singularity-free fixed-time sliding mode control (SFSMC) is
constructed. Lyapunov stability theory is employed to prove the global fixed-time stability ensuring that both
the sliding variable and tracking errors converge globally to the origin within a fixed time. The appealing
advantages of the proposed control are that it is easy to implement with the global fixed-time tracking control
for uncertain robot manipulators featuring with faster transient, higher steady-state tracking precision, and
the settling time is independent of the initial states of robotic system. Extensive simulations and experimental
results are presented to demonstrate the effectiveness and improved performances of the proposed approach.

INDEX TERMS Robot manipulators, sliding mode control, robust control, fixed-time stability, single

inverted pendulum.

I. INTRODUCTION
During the past decades, many significant research
efforts [1]-[9] have been devoted to investigating the tra-
jectory tracking of robot manipulators subject to uncertain
dynamics and bounded external disturbances. Among them,
sliding mode controls (SMC) [1]-[4] featuring with the insen-
sitivity property to uncertain dynamics and bounded external
disturbances is a powerful method to control uncertain robot
manipulators. The formulation of SMC consists mainly of
two steps, i.e., the choice of the sliding surface and sliding
mode controller. The sliding surface is chosen such that an
SMC system can behave in a desirable fashion and then the
proposed controller is designed to guarantee that the system
can be driven to reach the sliding surface and remain on
it for further time. Since its fast convergence, simplicity of
implementation, order reduction, high robustness to external
disturbances and insensitivity to uncertain dynamics and
system parameter variations, SMC has widely been used for
the trajectory tracking of robot manipulators with uncertain
dynamics and bounded external disturbances.

Terminal sliding mode control (TSMC) [10] is an
easy-going solution for robust finite-time stable tracking
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of uncertain robot manipulators, which guarantees that both
the sliding variable and tracking errors converge globally
to the origin within a finite time. Based on this seminal
work, two TSMCs [1], [2] are developed for the trajectory
tracking of uncertain robot manipulators. However, these
TSMCs suffer from a fatal drawback, i.e., the singularity
problem [11]. Then, several different non-singular
TSMCs [3], [4], [12]-[15] have been developed to over-
come the singularity of the TSMC schemes. Among them,
the TSMCs [3], [4], [12] require the upper bound of the
lumped uncertainty involving the joint acceleration; while the
approaches [14], [15] directly use the joint acceleration in
the control law formulation. Accordingly, these non-singular
TSMCs are not easily adopted for the practical application
owing to the usage of joint acceleration [16], [17]. The
methods [18], [19] to avoid the singularity are presented by
introducing some rigorous constraints on the sliding surface.
Another method [20] to avoid the singularity is proposed by
transforming the nonlinear sliding surface to a linear one.
Zhang et al. [21] investigates a continuous sliding mode
control for uncertain robot manipulators. A chattering-free
integral sliding mode control scheme is proposed by integrat-
ing an integral sliding surface with an observer. Since both the
sliding variable and tracking errors converge globally to the
origin within a finite time, the mentioned SMCs have been
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considered as the finite-time sliding mode controls and thus
its convergence time depends on the initial states of robotic
system.

The main weakness of these finite-time sliding mode con-
trols is that the settling time depends on the initial states
of closed-loop system. It infers that the settling time of
trajectory tracking cannot acquired in advance. Recently,
a further development of the finite-time control named as
fixed-time control has been developed. In comparison with
the finite-time stable control, the fixed-time stable control
guarantees that the settling time is uniformly bounded by a
fixed time and independent of initial states. More specifically,
the approaches [22]-[25] give a detailed survey on the math-
ematical tools for the fixed-time stability and convergence
analysis of controlled systems. Tian et al. [26] proposes a
continuous output feedback control scheme for the fixed-
time stabilization of the double integrator system, where
the bi-limit homogeneous technique is used for controller
and observer design and analysis. A predefined-time con-
trol [27] is developed for a class of nonlinear dynamical
systems for which the minimum bound of the settling-time
function can be obtained as an explicit parameter of the
system in advance. Zuo [28] proposes a TSMC for fixed-time
stabilization of double integrators and applies for consensus
tracking of second-order multi-agent systems. This fixed-
time stable control is later extended for a class of nonlinear
second-order systems in the form of double integrators with
matched uncertainties and perturbations [29]. A novel fixed-
time sliding mode control [30] is developed for the single
inverted pendulum (SIP) system. The above literature review
reveals that the most existing fixed-time stable controls are
developed for linear and nonlinear affine systems and cannot
easily be used for multi-DOFs uncertain robot manipulators.

In this paper, a novel singularity-free fixed-time sliding
mode control (SFSMC) is proposed for the trajectory tracking
of robot manipulators in the presence of uncertain dynamics
and bounded external disturbances. The contributions of our
paper are as follows: (i) The proposed SFSMC is constructed
without using the acceleration of joints or the assumption
that the lumped uncertainty involving the acceleration of
joints are bounded by a constant, which not only overcomes
the singularity of commonly used TSMCs but also obtain
the fixed-time tracking of uncertain robot manipulators;
(i1) In comparison with the existing finite-time sliding mode
controls [3], [4], [12], [21], the convergence time of the pro-
posed SFSMC is independent of the initial states of robotic
system and can be acquired in advance; (iii) In comparison
with the similar fixed-time control for dynamical system
presented by [28]-[30], the main contributions of this novel
sliding surface design are twofold. It is clear from Zuo [28]
and Li [30] that the non-singular fixed-time controls are orig-
inally proposed for single-input-single-out systems and both
of them require the exact control gain matrix. Hence, they are
not directly applicable to multi-DOFs uncertain robot manip-
ulators due to it involves the unknown inertia matrix and the
dynamical coupling between multi-joints. Lyapunov stability
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theory is employed to prove the global fixed-time stability
ensuring that both the sliding variable and tracking errors con-
verge globally to the origin within a fixed time. Simulation
comparisons with the fast TSMC (FTSMC) [12] and the inte-
gral terminal sliding mode control (ITSMC) [21] have been
performed for uncertain robot manipulators. To further show
the improved tracking performance compared with the fixed-
time sliding mode controls [29], [30], thereafter, extensive
simulations and experimental results have been accomplished
for the single inverted pendulum (SIP) system and the one-
DOF mechanical system, respectively. The simulation and
experimental results demonstrate that the proposed controller
gains the performance improvement including faster transient
and higher steady-state tracking precision for trajectory track-
ing of uncertain robot manipulators.

Throughout this paper, we use the notation Apin{A} and
Amax{A} to indicate the smallest and largest eigenvalues,
respectively, of a symmetric positive definite matrix A. For
any x € R", the norm of vector x is defined as ||x|| = x7x
and that of matrix A is defined as the corresponding induced
norm A = )hmax{ATA}-

The reminder of this paper is organized as follows.
In Section 2, some preliminaries including the model and
properties of robot manipulators and fixed-time stabil-
ity of dynamical systems are introduced. The controller
design and stability analysis are presented in Section 3.
In Sections 4 and 5, numerical comparisons are performed.
Finally, a conclusion is included in Section 6.

Il. PRELIMINARIES
A. ROBOT MANIPULATOR MODEL AND PROPERTIES
The n-joint rigid manipulators are described as [31]

M(g)g+C(q,.9)q+glq) =1 +d )]

where g, g, ¢ € R" denote the vectors of position, velocity
and acceleration, respectively, M (g) € R™*" is the symmetric
positive definite inertia matrix, C(g, g) € R"*" stands for the
centrifugal-Coriolis matrix, g(q) € R" denotes the vector of
gravitational torque, d € R" denotes the bounded external
disturbances and is upper bounded by |d| < dy with a
known constant dyy, and T € R" is the control input.

Our design will be accomplished on the following funda-
mental facts [3], [31].

Property 1: The matrices M (g) and C(q, ¢) and the vector
g(g) are upper bounded by [31]

IM(PI = My
I1C(g, I = Cwu lI4ll
lg@ll = Gu @)

where My, Cys and Gy are some known positive constants.

The subsequent development is based on the assumption
that g is available, ¢ can be estimated by using the joint posi-
tion g properly, and the desired trajectory g4 € R" be C? for
the robotic system. Additionally, the following assumption
will be exploited [3].
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Assumption 1: The model parameters can be described as

M(q) = Mo(q) + AM(q)
C(q, q) = Colq, q9) + AC(q, @)
8(q) = go(q) + Ag(q) 3

where My(q), Co(q, q) and go(q) denote the nominal parts,
and AM(q), AC(g, q) and Ag(q) stand for the uncertain parts.
According to Property 1 and (3), the following property
can be obtained.
Property 2: The matrices AM(g) and AC(q, q) and the
vector Ag(q) are upper bounded by

IAM ()l < My,
IAC(g, DIl = Cu 4l
AN = G “

where M,,, C,,, and G,, are some known positive constants.
Without loss of generality, it is assumed that the norms of
desired vectors are upper bounded by

gall < Py, Nlgall = Pa &)

where ¢4, ¢4, §a € R" are the vector of desired position,
velocity and acceleration, respectively, and P, Py, and P, are
some known positive constants.

To facilitate the following design and analysis, we define
the vector Sig"(§) € R" and the matrix D" (§) € R™" as

Sig/(€) = [sig’ &), ..., sig'E]" 6)
D (€) = diag{|&]"}, i=1,...,n %

where diag{-} denotes the diagonal matrix, &; is the ith compo-
nent of the vector £ € R”, r is a positive constant and sig" (&;)
is a continuous function and defined as

sig" (&) = &1 sign(&)),
with sign(-) denotes the standard signum function.

The objective of this paper is to design a novel singularity-
free fixed-time sliding mode control (SFSMC) for robot
manipulators subject to the uncertain dynamics and bounded
external disturbances such that both the sliding variable and
tracking errors converge globally to the origin within a pre-
defined time.

To quantify this objective, the definition of the position and
velocity tracking errors are defined as follows

lgall = Pp,

i=1,...,n ®)

e=qg—qd, €=q—{qa ©)
B. FUNDAMENTAL FACTS

Definition 1(Fixed-Time Stability) [23]: Consider the system
x = g(t,x) with x(0) = xg, where x € R* and g : R x
R" — R"is anonlinear function which can be discontinuous.
The origin of the system x = g(¢, x) is said to be globally
fixed-time stable if the settling time function 7 is globally
bounded, i.e., there exists a fixed constant Tjpax € RT such
that T < Thax and x(¢) = O forallr > T and xy € R".

Lemma 1: Consider a scalar system [28], [32]

= —asigh (y) — Bsigf (),  y(0) = yo (10)
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where m, n, p and k are all positive odd integers satisfying
m > nand p < k, o > Oand 8 > 0 and sig» (y) and
sigk (y) are defined by (8). Then, the equilibrium point of the
system (10) is fixed-time stable, and the settling time T is
bounded by
Al n 1 p
T < Thmax = — -
= fmax am—n+,3k—p
Proof [32]: Let V(y) = y* > 0. Differentiating V(y)
along with system (10) yields

V =2y (—asig” o) - pigf )
= “2a(P)5 — 2807

m+n _ ptk

ptk
- (w phn otk +ﬁ) v (12)

(11)

The fact o Vm+m/2n=w+02k - () implies that V(y) <
—2BV@PHOLKk Tn light of 0 < ’%kk < 1, the system (10)
is globally finite-time stable due to Lemma 3.2 of [32]. Then,
since V(y) = 0 from (12) is a trivial case, assuming V (y) # 0,

we have

L&V 2( s +/3)
- = — o n
szikk dt
k—p
2k dV & _ ( Vm;n_[%kk +ﬂ> (13)
k—p ar  \"
Let z = V&=P)/2k (13) can be written as
1 k—p
—, A, |’ 14
O{ZH_S + B < k (14)
where ¢ 2 ’1‘1((2":;)) Let p(2) = [3 ﬁdz, integrating both
sides of the preceding equation yields
k—q
@(z(1)) = ¢(2(0)) — = (15)

Since the function ¢(z(¢)) is monotonically increasing,
¢(z(t)) = 0if and only if z = 0, which implies V = 0.
Thus we have

lim V=0 (16)
t—T (o)

where T (yg) denotes the settling time function given by

k k _
T(o) = ——0@E(0) = ——o* ko) (17
k—p k—p
Toward this end, it can be verified that T'(yg) is bounded by
lim 7'(yo)
Yo—> 00

. k k
= lim —w(z(O))=—k ¢(00)
-p

0~k —p

(e [T
k—p Oazl+5+ﬂz 1 ozzl+8+,3Z
k /11d+/°° 1 d
k—p oﬂz 1 azlte "

k 1+ 1 n +1 k (18)
—_ —_ & - —_
k—p \pB ¢ am—n Bk—p

A
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Using the fact that V(y(¢)) = 0 implies y(¢) = 0 completes
the proof of Lemma 1.

Lemma 2: For 0 < « < 1, the following inequality
holds [28]

14+«

> il > (Z |x,-|2) (19)
i=1 i=1

Lemma 3: For k > 1, the following inequality holds [28]
n n K
D bl =al (Z |xl-|> (20)
i=1 i=1

Ill. CONTROL DESIGN AND STABILITY ANALYSIS

To facilitate the subsequent control design and stability anal-
ysis, we begin with the open-loop error system development
aimed to obtain an upper bound of the lumped uncertainty that
does not involve the joint acceleration. Thereafter, the con-
trol formulation presents the fixed-time sliding surface and
fixed-time stable control law, along with fixed-time stability
analysis.

A. OPEN-LOOP SYSTEM DEVELOPMENT
Based on Assumption 1, the system (1) can be rewritten as
Mo(9)g + Colg, @)+ 8o(q) =T+ p 2D
where the lumped uncertainty p € R" is defined as
p=—AM(@)§— AC(q. )q—Aglp)+d (22
In light of (1) and (3), it follows that

AM(q)g = E(t — C(q, ¢)q — 8(q) +d) (23)
where E € R™*" defined by [16]
E =1, Mo@M '(q) (24)

and I, denotes the n x n identity matrix.
Observed by the work, once M(g) is chosen as [16]

2
My = I (25)
n+r
where y1 and y; are two known positive constants defined by
nsu@|=r 26)
then E is upper bounded by [16]
IEIl <o 27)
with o stands for a known positive constant given by
o = Y2 — V1 (28)
Vi + 9

Note that M (g) is written as My in the subsequent develop-
ment owing to the My(g) defined by (25) is a constant matrix.

By virtue of Properties 1 and 2, Assumption 1, (23)
and (27), the lumped uncertainty p given by (22) is upper
bounded by [16]

lpll < a0+ ailgl* +o Izl (29)

where o is defined by (28) and a;, i = 0,1 denote two
positive constants that depend on the robotic system.
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B. CONTROL FORMULATION
Firstly, a nonlinear function f (x) is proposed as follows [33]

| Kasigh @) +KpsWlx, if [x| <8

FO =1 Gy, ifss OV

where x denotes the variable, r = o + 1, « and § are some
positive constants withae = 1 — 6, § € (0, exp(—1)), sig’ (x)
and sig®(x) are the continuous function and defined by (8)
and

_—l-m§ §2a-2 a1
“T G —sms P a—sns
The first derivative of f(x) with respect to x is
Kar|x|" " Kp( x| Ins+ 18X, if x| <8
hxy =" " : (32)
alx|*, if |x] =6

Note that the choice of K, and K}, guarantees that the func-
tion f (x) and its derivative A(x) are continuous when |x| = 8.
f(x) and h(x) are bounded by ks |x| and kj, respectively,
where these two positive constants ks and kj are defined
as [33]

§%=2 _1—1né
kf =
a—346Ind
s 30{—2_ _ 80{—1 $%1Ins
b = O D=4 s s
a—46Iné

The proof of the upper bounds of f(x) and A(x) can be
found in [33]. Figure 1 gives an illustration of f(x) and A(x)
with their bounds for § = 0.2 and ¢ = 1 — §. Observed by
Figure 1, clearly, f(x) and h(x) are continuous function and
upper bounded by kr|x| and A(x), respectively.

To facilitate the subsequent design and analysis, the vector
F(e) € R" and the diagonal matrix B(e) € R"*" are defined
as follows

F(e) = [f(e).f(e2),...... fen” (34)
B(e) = diag {h(e))}, i=1,2,....n (35)

where ¢; is the ith component of the vector e given by (9), and

f(e;) and h(e;) are described by (30) and (32), respectively.
Based on the above nonlinear function, a vector of

singularity-free fixed-time sliding surface is designed as

S =&+ C1F(e) + C2Sigh(e) (36)

where C;, C; € R™" are two positive definite diagonal

matrixes, § > 1 denotes a known positive constant, and

Sigﬂ (-) and F (e) are defined by (6) and (34), respectively.
Upon differentiating S with respect to time, we have

$ =&+ C1B(e)é + C:DP(e)e (37)

where DA~1(.) and B(e) are defined by (7) and (35),
respectively.

After substituting (9) and (37) into (21), the error closed-
dynamic equation for S takes

MyS=t+p+1 (38)
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(a) f(z) and its bounds.

FIGURE 1. f(x) and h(x) with their bounds.

where the lumped uncertainty p € R" is defined by (22) and
the nominal part n € R" is described as follows

n = CiMyB(e)é + CaMoDP~ ! (e)é
—Co(g, 9)q — go(q) —Moga (39)

For system (38), the first step to accomplish our objective
is to design a fixed-time sliding mode control subject to
uncertain dynamics and bounded external disturbances such
that the sliding variable (36) converges to the origin (i.e.
S = 0) within a fixed time. Then, the singularity-free fixed-
time sliding mode control (SFSMC) is defined as

T=—n+170+T1T (40)
where 1 € R" is defined by (39) and
70 = —K;Sig"(S) — K»Sig"(S) 41
71 = —b(S)w 42)
with
b(s) = 1 ST ISII # 0 43)
0, ISI=0

(a0 +arlgl® +o lizo = nl) @44y

w =
1—0
where K1, K; € R™" denote two positive definite diagonal
matrixes, vi > 1 and 0 < vy < 1 are some positive constants,
and o, ap and a; are defined by (28) and (29), respectively.
After substituting (40) into (38), we have

M()S'z‘r()—i-‘l:] +p (45)

C. STABILITY ANALYSIS
For system (45), we are in a position to state the following
result.

Theorem 1: Given the uncertain robot manipulators for
S given by (45), firstly, the proposed SFSMC defined
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by (40)-(44) ensures that the tracking trajectory converges
globally to the fixed-time sliding surface (36) (S = 0)
within a fixed time T;.. Then, the tracking errors along with
the fixed-time sliding surface (36) converge to an arbitrary
small domain of the origin Bs = {e; ||e;| < §} within a fixed
time 7Ty, and thereafter arrive at the origin asymptotically.
Then, the convergence time independent of the initial states is
guaranteed for the uncertain robot manipulators. The settling
time is derived as

T < Toax 2 T, + T, (46)

where 7, and T denote the reaching and sliding time, respec-
tively. They are defined as

2 2
Ir= S K000y — 1) donn (K2} (1 — 72) “n
2 2
T < + 48
TT il —a) (B -1) (48)

Proof: To aid subsequent proof, the stability analysis of
the proposed SFSMC can be divided into the following two
steps, i.e., the stability analysis in reaching phase and sliding
phase.

Step 1 Stability Analysis in Reaching Phase:

In reaching phase, for system (45), the objective of this step
is to prove that the sliding surface defined by (36) converges
globally to the origin within a fixed time 7, given by (47).
Firstly, the positive definite Lyapunov function candidate for
system (45) is proposed as follows

1
V= zSTMOS (49)

Note that My is a constant matrix from (25) and then
differentiating V with respect to time along the trajectory of
dynamics equation (45), we have

V =S"Mp$ (50)
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After substituting (45) for MOS' into (50) yields
V=5"(w+7+p) (51)
Then, substituting (40)-(44) into (51), we have obtained
V = —ST(K;Sig" () + K2Sig"(5) —w S| + 5" p
< —ST(K1Sig" ($)+K2Sig”? (SN —w IS+l IS (52)
By utilizing the upper bound of p defined by (29), it fol-
lows that
V < —wlSIl+ (o +arllgh* +o I ISl
—ST(K;Sig" (S) + K»Sig"(S))
< —wlISll + (a0 + a1llglI* + o o — nl) S]]
+o lrll IS] — ST (K1Sig" (S) + K2Sig™(5))  (53)
where the fact ||t]| < |[to — n|| + ||71]| is used from (40).
In light of (44), we have obtained
—w S|l + (ao + a1 gl + o llro — n) ISIl + o 7]l S]]
=1 —=owlSIl —owlSII+o Tl IS
+ao + aillgl* + o llro — D IS
—ow (Sl +olnll Sl
=0 (54)

Note that in the derivation of (54) the fact that ||z(] = w
with w > 0 is involved from (42) and (44).
Upon substituting (54) into (53), we have

vV < —STK;Sig" (S) — STK»Sig"™(S) (55)

By Lemmas 2 and 3 and the facts of vj > 1 and 0 <
vy < 1, we have

n
STKSig" ($) = Amin{K1} Y | ISiI"
i=1

1+vy

2

> domin{Kin 7 (Z |si|2> (56)
i=1

n
STK1Sig"(S) = Amin{Ka} Y IS;I' 2
i=1
Lty
2

> Amm{Kz}<Z |si|2> (57)

i=1

Upon utilising (56), (57) and the fact [V = IS11? with
I = y1 + y» from (25) and (49) to (55), we
have

V< —Amin{Ki}n ™2 (V)27 — Aminf{K2} (V)72 (58)

Obviously, if V' # 0, then let y = V be the solution to
the differential equation (10). Accordingly, it follows from
Lemma 1 and ‘Comparison Principle’ of differential equa-
tions [34] that the tracking trajectory will reach the sliding
surface (i.e. § = 0) within a fixed time 7, defined by (47).
Note that V = 0 implies S = 0 from (36) and (49).
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Step 2 Stability Analysis in Sliding Phase:

In sliding phase, the objective of this step is to prove that
the position tracking errors along with the sliding surface (36)
converges globally to the origin.

Once S = 0 (ie. § = &+ C|F(e) + C2Sigh(e) = 0
according to (36)), the trajectory of robot manipulators enters
the sliding phase from the reaching phase. According to (30)
and (36), the convergence of tracking errors on sliding phase
can be decomposed into the following two cases.

Case a: When |e;(T,)| = 4, according to (30), (34)
and (36), the dynamics of e; are

6 = —cisig¥e)) — casighP(e)), i=1,....n (59

Obviously, then let y = ¢; be the solution to the differential
equation (10). Accordingly, it follows from Lemma 1 and
‘Comparison Principle’ of differential equations [34] that the
tracking error e; converges to an arbitrary small domain of the
origin Bs = {e; ||e;] < &} within a fixed time T given by (48).

Case b: When |e;(T,)| < &, similarly, the dynamics of e;
are

éj=—cy; (KaSigr(ei)+Kh5|eilei> —cysighen), i=1,....n
(60)

For system (60), the positive definite Lyapunov function
candidate is proposed as

Vi = —¢ 61)

Differentiating V| with respect to time along with the
system (60), we have

Vi = eié;
1 il 2 1
= —c1iKaleil ™™ — c1iKpd e} — caileilPTT(62)

Based on the facts of K, > 0 and K, > 0 with § €
(0, exp(—1)), we can obtain the result Vi < 0. On the fun-
damental of Lyapunov theorem, the states of the system (60)
converge globally to the origin asymptotically.

According to the stability analysis of Cases a and b,
we can obtain the fact that the position error ¢;(¢) of robotic
system converges globally to an arbitrary small domain of
the origin Bs = {e;||e;| < 8} within a fixed time T given
by (48) and thereafter arrives at the origin asymptotically.
This completes the stability analysis in sliding phase.

Accordingly, in light of the discussion of Steps 1 and 2,
we can conclude that the tracking trajectory converges firstly
to the sliding surface (36) within a fixed time 7, given by (47).
Once S = 0, the tracking error e;(¢) along with the proposed
fixed-time sliding surface converges globally to an arbitrary
small domain of the origin Bs = {e; ||e;| < 6} within a fixed
time T given by (48) and thereafter arrives at the origin
asymptotically. This completes the proof.

Remark 1: The proposed SFSMC does not refer to
model parameters in the control law formulation and would
gain global fixed-time tracking of robot manipulators in
the presence of uncertain dynamics and bounded exter-
nal disturbances. Compared with the existing finite-time
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TSMCs [2]-[4], the settling time of the proposed approach
is independent of the initial states and can be calculated in
advance. Moreover, the proposed SFSMC removes the alge-
braic loop problem [16] existed in the TSMCs for uncertain
robot manipulators [2]-[4].

Remark 2: It is important to note that the non-singular
sliding surfaces for fixed-time convergence has been pro-
posed by Zuo [29] and Li and Cai [30]. Compared with the
non-singular fixed-time sliding mode control (NFSMC) of
Zuo [29] and the fast fixed-time sliding mode control
(FFSMC) of Li and Cai [30], the proposed singularity-free
fixed-time sliding mode cntrol (SFSMC) uses the freely cho-
sen power constants satisfying 1 < r <2and0 < o < 1;
while the NFSMC of Zuo [29] requires odd integers satisfying
my > n;, p1 < q1 < 2p1, and ml/nl —pl/ql > 1, and
the FFSMC of Li and Cai [30] couples the proportional gain
and power gains together, and hence the proposed SFSMC
has a large possibility to give a faster convergence over
the NFSMC of Zuo [29] and FFSMC of Li and Cai [30].
The proposed SFSMC has a simple structure and it is easy
to implement with multi-DOFs robotic systems. Moreover,
a novel nonlinear function (30) is applied in the proposed
sliding surface (36). As a consequence, a faster convergence
of the proposed sliding surface (36) (S = 0) is expected.

Now let us illustrate the claim of Remark 2 with one-DOF
case by using the convergence comparisons of the NFSMC,
FFSMC and the proposed SFSMC in sliding phase. The
sliding surface of the NFSMC is [29]

S = e+ sighP1 (k&) (63)
with
1
K(e) = aj |e|m|/n|—l71/111 + c1 >0 (64)

where m1, ny, q1 and p; are odd integers satisfying m; > nj,
pi <qi <2piandm;/ni—pi/qi > 1,and a; and ¢| denote
some positive constants.

While the sliding surface of FFSMC is [30]

S = sig(e) + %sigz_wz(é + kisigh(e))  (65)
where kj > 0,ky > 0,a2 > land | <a; <2 —1/as.

The same initial state e(0) = 0.5. The parameters of the
proposed SFSMC are chosenasa = 0.7,§ = 03, r = 1.7
and 8 = 1.1; while the parameters of the NFSMC are chosen
asay = c; = 1,m;/n; =2.5and q; /p; = 1.5, and that of
the FFSMC [30] are k; = k = 1,a; = 1.1 andap; = 1.5.
The convergence of these three sliding surfaces are illustrated
in Figure 2. It can be seen from Figure 2 that the proposed
sliding surface given by (36) has faster convergence than the
sliding surface of the NFSMC and FFSMC defined by (63)
and (65) in sliding phase, respectively.

Remark 3: To reduce the undesired chattering of the pro-
posed SFSMC, the following boundary layer method is used
to replace the discontinuous control of (42). That is [30]

T ==Y (pw, SHw (66)
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FIGURE 2. Comparison among the sliding surfaces of SFSMC,
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with

_ exp(pyS) — 1
Viow $)= S (67)

where p,, denotes a known positive constant.

IV. SIMULATION COMPARISONS

In order to analyze the effectiveness of the proposed SFSMC,
the following simulation comparisons have been accom-
plished in comparison with the finite-time and fixed-time
sliding mode controls [12], [21], [29], [30].

A. SIMULATION COMPARISONS FOR UNCERTAIN ROBOT
MANIPULATORS
To the best of our knowledge, the proposed SFSMC yields
the first fixed-time sliding mode control for uncertain robot
manipulators. Then, the objective of this part is to show
the performance improvement of the proposed SFSMC com-
pared with the existing finite-time sliding mode controls of
uncertain robot manipulators [12], [21].

The dynamics of two-DOFs robot are given by [3]

| H1 +2Hc08(q2)  H3 + Hpcos(q2)
M) = |: H3 + Hcos(q2) Hy (68)
.. _ | —Hasin(g2)q1  —2H>sin(q2)q1
€. 9= [0 H>sin(q2)q2 ©9)
T
_ | Hscos(q1) + Hecos(q1 + q2)
8@ = |: Hecos(q1 + q2) (70)
with

H = (m +m2)r12 +m2r22 +Ji,
Hy=H3s+J>
Hs = (m1 +mp)rig1,

Hy =mprir
H; = m2r22,
Hg = myrg; (71)

The parameters of robot manipulators are summarized as
follows: J1 = J, = 5.0 kg - m, m; = 0.5 kg, my = 1.5 kg,
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r1 =1.0m,rn = 0.8 mand g = 9.8 m/s>. The nominal
value of m; and m; are m; = 0.4 kg and my = 1.2 kg.

By using (68) and the given system parameters, the lower
and upper bounds of the inverse inertial matrix M (q) defined
by (26) are given by y; = 0.09 and y» = 0.2, and hence My =
6.891, and 0 = 0.38 given by (25) and (28), respectively.
Note that My (g) of the ITSMC [21] and the proposed SEFSMC
are different from the FTSMC [12], but Co(g, ¢) and go(q)
of the ITSMC [21] and the proposed SFSMC are selected in
the same way as the FTSMC. In general, for the FTSMC,
Mo(q), Co(q, @) and go(q) are chosen by replacing m; and my
of (68)-(71) with the nominal ones /7; and 7.

The external disturbances are

2sin(f) + 0.5 sin(20071) 1"
cos(2t) + 0.5 sin(2007¢)

= (72)
The desired trajectory g4 = [q41, qdz]T (rad) are pre-
sented as follows

7 7
ga1 = 1.25 — 5 exp(—1) + 70 exp(—41)

1
gaz = 1.25 4+ exp(—t) — 1 exp(—4t) (73)

The sampling period is 1 ms. The initial conditions are
defined as follows

q(0) =[1.0, 1.5]",  4(0) =10, 01" (74)

Upon the above simulation conditions, the simulation com-
parisons are performed with the fast terminal sliding mode
control (FTSMC) [12] and the integral terminal sliding mode
control (ITSMC) [21] for uncertain robot manipulators. The
FTSMC is given as

S = e+ Sig"(e) + SigM(e) (75)
T = —Mo(q) |:MzS + (¢ + M1)”§—” + F

+15" (. + DD () sig?= @) (76)

s = |m5' @] (o +orlal +e2121?) a7

Fy = =My ' (q)(C(q, &)+ £0(q)) — Ga (78)

where M| and M, are the design positive constants, b;, i =
0, 1, 2 denote the known positive constants, and I'; and I'»
stand for the positive definite diagonal matrices.

A observer defined by the work [21] is given as

X1 = X2 + (n — w)sign(er)
% =Myt = Colq. q — g0(q) — Moga) + 2 (79)

where x| = e, x = é, X1 and X, stand for the estimation of
x1 and x, n denotes a positive constant and

w= =PI gt alal +o el 0)

where y1, y2, a1, ap and o are defined as (26) and
(29), respectively, and the integral terminal sliding mode
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FIGURE 4. Position tracking error of SFSMC, ITSMC and FTSMC.
control (ITSMC) [21] are

t
S=% +/ [K,,Sig“‘(xl(a))—i—KdSigo‘z(xz(o))]da (81)
0

T=7T14+10 (82)
11 = Co(q, §g+ go(q@) + Moga (83)
T = —My [K,Sig" (x1) + K4Sig*(x2)]
1t
—My [Alsigl/z(S) + f Azsign(S)do} (84)
0

where K, and K, are two positive definite diagonal matrices,
ar =201 /(a1 + 1) with 0 < &1 < 1, and A1 and 1 are two
design positives.

Remark 4: For a fair comparison, the parameters of the
FTSMC and ITSMC are the same as the work [12], [21]. For
the proposed SFSMC, the parameters are selected by trailing
the position tracking error until an improved performance
is obtained without using excessive control input. They are
listed in Table 1.

Figure 3 depicts the better tracking performance of
SFSMC. The position tracking errors, zoomed position
tracking errors and the requested input torques are shown
in Figures 4-6, respectively. Observed by Figure 4, these three
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FIGURE 5. Zoomed position tracking errors of SFSMC, ITSMC and FTSMC.

TABLE 1. The parameters of SFSMC, ITSMC and FTSMC.

Controllers Parameters
0=0.3, a=0.7, r=1.7
B =1.9, C1 =3Iz, Co =3I
SESMC Ki=Ky=5l, v =25
vo = 0.5, ag =12, a1 = 2.2
ap =12, a1 =28, n=2
ITSMC [21] Kp =TI, Kq =512
a1 =0.5, A1 =2 =2
T1=diag{2, 2}, M1 = My =2
FTSMC [12] o= diag{5/3, 5/3}, bo = 12
by =2.2,b =2.8

controllers ensure that the trajectory of system states track the
desired trajectories completely after a transient. Moreover,
the proposed SFSMC without using the excessive control
inputs obtains faster transient and higher steady-state tracking

Input torque of first link

— SFSMC ||

Torque [Nm]

Torque [Nm]
:
I
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(a) The input torque of first link.

FIGURE 6. Requested inputs of SFSMC, ITSMC and FTSMC.
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precision in comparison with the FTSMC and ITSMC from
Figures 4-6. By using the approximation of discontinuous
function (67) instead of the boundary layer to avoid the
chattering, in addition, it is clear that the proposed SFSMC
obtains higher steady-state precision than the FTSMC and
ITSMC from Figure 5.

In order to show the advantages of the proposed SFSMC,
the tracking errors plot of the proposed SFSMC with the same
parameters given by Table 1 and three different initial states
has been accomplished in Figure 7. These three different
initial states are as follows

Case 1 : ¢(0) = [1.0, 1.5]7,
Case2: ¢(0) = [1.5, 0.5]7,
Case 3 : ¢(0) = [—0.5, 3.5]7,

4(0) = [0, 01"
40y = [0, 01"
4(0) = [0, 017 (85)

According to the reaching and sliding time given by (47)
and (48), without any retuning of the control parameters,
the settling time is bounded by a constant Ty = 4.21 s.
Observed by Figure 7, the settling time of the proposed
SFSMC with three different initial states are upper bounded
by 2 s, which further verifies the upper-bound estimation
in Theorem 1 (i.e., T < Tmax = 4.21 s). In comparison
with the settling time of the finite-time sliding mode controls
(see (4), (10) and (13) of [12] and (11) and (40) of [21]),
in addition, the upper bound of the convergence time of the
proposed SFSMC given by (47) and (48) is a known constant
(Tmax = 4.21 s) regardless of the initial states and robot
model.

In order to show the effect of control parameters on the
tracking performance of the proposed SFSMC, the tracking
errors plot in sliding phase (S = 0 according to (6), (8),
(30), (34) and (36)) with three sets of parameters has been
accomplished in Figure 8. These three sets of parameters are

Input torque of second link
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g
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0 1 2 3 4 5 6
E -5
Z
Gé_ -10
o FTSMC
= -15 i i i i

0 1 4 5 6

3
Time t[s]
(b) The input torque of second link.
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FIGURE 8. Convergence of SFSMC with different parameters.
as follows
Pl:a=0.7, §=03,8=15 Ci=C=2
P2:0 =07, 6=03, =19, Ci=C=2
P3:0 =07, 6=03,=19,Ci=C=5 (86)

According to the sliding time (48), with retuning of the
control parameters, the settling time of P1, P2 and P3 is
bounded by different constants (according to (48), P1
Tmax = 5.33s; P2 : Thyax = 4.44 s; P3 : Thnax = 1.77 55 ).
Observed by Figure 8, the proposed SFSMC with three sets
of parameters have different upper bounds which are always
bounded by their upper bound of the settling time regardless
of the initial states (i.e., P1 : T < Tpmax = 5.33 s; P2
T < Thmax = 444 s; P3 0 T < Tpax = 177 s; ).
The simulation comparisons in Figure 8 further verifies the
upper-bound estimation in Theorem 1 (i.e. T < Tmax)-
Obviously, the gains C; and C, have more influence on the
tracking performance than the 8. However, the control input
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TABLE 2. Comparison of control performance.

Controllers lelliar ITlgcr

SFSMC 3.1463 x 10~ % 9.1150
ITSMC [21] 4.2653 x 10— 7 9.7362
FTSMC [12] 6.2688 x 10~ 4% 9.6456

will be increased with the increasing gains C; and C,. Thus,
the parameters selection of our paper is a balance between the
tracking performance and the control input torque.

To further quantize the steady-state tracking performance
of the proposed SFSMC, the following integrated absolute
error (IAE) and energy of control input (ECI) [35] are com-
pared after 2 seconds at the beginning of simulation compar-
isons.

N

lelliag = Zjne(k)n2 (87)
N

Itllger = Z|r<k>||2 (88)

where N is the total number of samples, and e(k) and t(k)
stand for the position tracking error and the control input of
joint at the k—th sampling instant, respectively. The compar-
isons of two performance indexes are summarized in Table 2.
As shown in Table 2, the proposed SFSMC without using
an excessive ECI can obtain the minimal IAE than the
FTSMC and ITSMC. The comparison results of Table 2 are to
further verify the performance improvement of the proposed
SFSMC in comparison with the existing finite-time sliding
mode controls for uncertain robot manipulators [12], [21].

B. SIMULATION COMPARISONS FOR SIP SYSTEM

For the existing fixed-time sliding mode controls (FSMC)
[29], [30], the exact control gain has been required in the
formulation of the fixed-time sliding mode control. It means
that these FSMCs cannot directly adopted for uncertain robot
manipulators (see Remark 2). Then, in order to obtain a fair
simulation comparisons, numerical comparisons have been
accomplished for the single inverted pendulum (SIP) system
in comparison with these FSMCs [29], [30].

First, consider the following SIP system

fC] = X2

. (89)
b=f+bu+td
where
g1 sin(xy) — mix3 cos(x;) sin(x1) /(me + m)
- 1[4/3 = mcos?(x1) (me + m)]
cos(xl)/(mc + m) (90)

143 — meos(x1) [ (me + m)]

where x; and x; denote the angular position and velocity of
the pole, respectively, u stands for the applied force and d
denotes the external disturbance.
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The parameters of SIP system are summarized as follows:
me=1kg,m=0.1kg, [ =0.5mandg; =9.8 m/s’. The
sampling period is 1 ms. The initial states are set as x1(0) = 1
and x»(0) = 0.5. The desired trajectories x14 and the external
disturbance d are given as

x1q = sin(0.57t), d = sin(10x1) + cos(x2) 1
The tracking errors denoted by e, e> € R are defined as
el =X| —Xid, €y =X2—Xq 92)

Accordingly, the dynamics equation for e and e; can be
given as

a=e (93)
ey=f—X1g+bu+d

According to (30), (36) and (40)-(44), the proposed
SESMC for the SIP system is derived as

S = ey + Cif(e1) + Casighler) (94)
u=—b"" [f — X144 Cih(er)es + C2Bler [P 1e;
+ky (o, )+ azsig” (S) + e3sig(S)] (95)

where sign(-), f(-), A(-) and ¥ (p, S) are defined by (8), (30),
(32) and (67), respectively.

The comparisons are performed with the fast fixed-time
sliding mode control (FFSMC) [30] and the non-singular
fixed-time sliding mode control (NFSMC) [29]. The FFSMC
is [30]

k
S = sigh(er) + ——2—sig> ey + kisigh (e1))  (96)
2a2 -1
u=—b" [f — X1 + kyayleg 17! (kg + 62)
1
+asig” (S) + csigh(S) + kY (p, S) o7

where k1 > 0,k > 0,k > 0,a; > 1,1 < ay <2—1/a2,
y1 > 1,0 <y < 1, ¢¥(p, S)is defined by (67) and

1 . . kia .
¢ =—sig/2(er+kysigi(er))+ 2 (e, +kysig”i(er) (98)
ko 2ay—1
The NFSMC for SIP is given as [29]
S = ey + sighP (ker) (99)
u=—b"'[f — ¥4+ ysign(S)

p1 -4 1- e igis
+q_/< PLpclea]” 71| azsig™ (S) + casig? (S)
1

+L [al <@ - lﬂ) sigmllnﬁm/qlfl(el)lcze%
bK ni

q1
_&KIQI/PlSigqu/Pl(ez)} (100)
q1
where
1
K(€1) = >0 (101)
ailey|™m/m-pila 4 ¢
sin (3250 ) it eat/n 1 < o,
e = 2 T ’ - (102)
1, otherwise
149760

TABLE 3. The parameters of SFSMC, FFSMC and NFSMC.

Controllers Parameters
0=02, a=08,r=18, g=1.1
SFSMC C1 =5 C2=15,a3=3
c3 =057 =11, 72 =0.8
k1 =5, ko =0.1, a1=1.1
FFSMC [30] a=3,a=c=1,v1=5/3
Y2 =5/9, k=2, p=100
ay1=c1=2,a2=c2=1, m; =9
NFSMC [29] nt=5p1=7q=9 me=5
ng=3,p2=5¢g2=9, 11 =0.1
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FIGURE 9. Position of joints of SFSMC.
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FIGURE 10. Position tracking errors of SFSMC, NFSMC and FFSMC.

The parameters of the FFSMC and NFSMC are the same as
the work [29], [30]. For the proposed SFSMC, the parameters
are selected by trailing the position tracking error until an
improved performance is obtained without using excessive
control input. They are listed in Table 3.

Figure 9 depicts the better tracking performance of the
proposed SFSMC for the SIP system. The position tracking
errors, zoomed position tracking errors and the requested
input torques are shown in Figures 10-12, respectively.
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FIGURE 12. Requested input of SFSMC, NFSMC and FFSMC.

TABLE 4. Comparison of control performance.

Controllers llelliar ITllzcr

SFSMC 1.174 x 10~ % 9.0844
FFSMC [30] 7.4912 x 10~ % 9.0837
NESMC [29] 2.3818 x 104 9.0852

Observed by Figure 10, these three controllers ensure that
the trajectory of the system states track the desired trajec-
tories completely after a transient. We can conclude from
Figures 10-12 that the proposed SFSMC also shows the
improved tracking performance such as faster transient and
higher steady-state tracking precision for SIP system over the
existing fixed-time sliding mode controls [29], [30] with the
exact control gain b.

Similar to (87) and (88), these two performance indexes
are summarized in Table 4 to further quantize the steady-state
tracking performance of the proposed SFSMC, FFSMC and
NFSMC for SIP system.

As shown in Table 4, the proposed SFSMC without using
an excessive ECI can obtain the minimal IAE than the
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FIGURE 14. Position of joint by using SFSMC.

FFSMC and NFSMC. The comparison results of Table 4 are
to further verify the improved tracking performance of the
proposed SFSMC for SIP system over the fixed-time sliding
mode controls [29], [30].

Upon the basis of the above simulation comparisons in
Sections A and B, whether the exact control gain b is
known or not, the proposed SFSMC always achieves the
improved performance such as faster transient and higher
steady-state tracking precision than the existing finite-time
and fixed-time sliding mode controls [12], [21], [29], [30].

V. EXPERIMENTAL RESULTS

In this section, the effectiveness of the proposed controller are
further validated with experiments on a one-DOF mechanical
system as shown in Figure 13. The link of the one-DOF
mechanical system is driven by an AC motor with the asso-
ciated driver. The position of link is obtained from a 17 bit
absolute encoder. This position information is transmitted
into an Advantech industrial computer (IC) by the interface
board PCL-833. The control torque is transmitted into the
motor through the board PCL-726. The program is written
with Microsoft Visual C++ 6.0.

The gravity torque of the robot is g (¢) = 1.14 cos(g) (Nm).
The sampling period is 7 = 2 ms. The desired trajectory
is g1 = 1.25 — 7/5exp(—t) + 7/20exp(—4t) (rad). The
initial states are selected as zero. For a fair comparison, in this
section, the parameters of the SFSMC, ITSMC and FTSMC

149761



IEEE Access

L. Zhang et al.: Fixed-Time SMC for Uncertain Robot Manipulators

0.5 ‘
——SFSMC
0
s
[
=05 : : ‘
5 0 2 4 6 8
£ 05 ‘ : ‘
o - - =-|ITSMC
C
2 O jiemmmemmmmmm s s s s ]
£-05 : : ;
5 0 2 4 6 8
@ 0.5 ‘
g FTSMC
0,
-0.5 : : :
0 2 4 6 8
Time t [s]

FIGURE 15. Experimental position tracking errors.

T 2
£ 0
[0] 2 |
5~ —— SFSMC
o -4 : : - ]
l_ i i i

0 2 4 6 8

Torque [Nm]
|
o '."_.!
1
I
5
%)
<
o

—4[ ; :
0 2 4 6 8
Time t[s]

Torque [Nm]
S
=
_|
%)
=
I

FIGURE 16. Experimental control torque.

will be selected by trailing the ECI of control input until
faster transient and higher steady-state tracking precision are
obtained without using the excessive ECI. The parameters of
the proposed SFSMCarea = 0.7,§ =0.3,r = 1.7, = 1.9,
,32 = 0.5, ag = 12, a) = 2.2, V] = 1.1, V) = 0.5, ag = 12,
a; =2.2,C; =5,C; = l,and K = K, = 4. The parameters
of the FTSMCare I'y = 1.5, T, = 14, M =1, M, =1,
by = 20, b1 = 12, and by = 2.8; while the parameters of the
ITSMCare Ay = A2 = 1,1 = 0.5, b9 = 12, b = 2.8 and
K,=K; =4

Figure 14 depicts the improved tracking performance
of the proposed SFSMC for one-DOF mechanical system.
Figures 15 and 16 show the position tracking errors and the
requested inputs of the SEFSMC, FTSMC and ITSMC, respec-
tively. Obviously, from Figures 15 and 16, the experimental
results further verify that the proposed controller achieves an
improved tracking performance such as faster transient and
smaller steady-state tracking error without using an excessive
control input.
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TABLE 5. Comparison of control performance.

Controllers lelliar ITlgcr
SFSMC 1.36 x 103 0.013

FTSMC [12] 3.6x 103 0.031

ITSMC [21] 6.8 x 103 0.018

Similarly, we use IAE and ECI defined by (87) and (88) to
quantize the improved performance of the proposed SFSMC
than that of FTSMC and ITSMC. These two performance
indexes defined by (87) and (88) are compared after 2 seconds
at the beginning of the experimental comparisons. The com-
parisons of these two performance indexes are summarized
in Table 5.

As shown in Table 5, the proposed SFSMC without using
an excessive ECI can obtain the minimal TAE than the
ITSMC [21] and FTSMC [12]. According to the experimental
results, the position error of the proposed SFSMC takes lesser
convergence time than the ITSMC and FTSMC. The com-
parison described by Table 5 further verifies the improved
tracking performance of the proposed SEFSMC.

VI. CONCLUSION

In this paper, a novel singularity-free fixed-time sliding mode
control have been developed for global fixed-time tracking
of robot manipulators subject to uncertain dynamics and
bounded external disturbances. Advantages of the proposed
approach includes the elimination of singularity completely
and having an ability for the convergence of both sliding
surface and tracking errors within a fixed time. The pro-
posed control ensures that the total settling time of the robot
system is independent of the initial states and can be esti-
mated in advance. In comparison with the existing fixed-time
sliding mode controls [29], [30], the proposed SFSMC can
be used for multi-DOFs robot system directly. The devel-
oped approach offers an alternative to improve the fixed-
time tracking performance of uncertain robot manipulators.
The future work includes the development of the proposed
SFSMC to the velocity-free fixed-time sliding mode control.
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