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ABSTRACT This paper presents an optimization scheme to better design phononic crystals. A locally
resonant phononic crystal (LRPC) structure called square spiral with circle inside is employed to verify
the performance of the present scheme. Four geometric parameters, i.e., the side length of square scatterer,
the length of each elastic beam, the thickness of elastic beams, and the radii of inner circles, are considered
to obtain the corresponding influences on band gaps (BGs) using finite element method (FEM). According
to the significant influences of the late two key parameters, a 2-factor (the radii of inner circles, and
the thickness of elastic beams) and 7-level experiment is designed to obtain optimal BGs with better
low-frequency broadband properties. By 29 times calculations using FEM for the different combination of
levels, three relationships between the 2-factor and the first BG’s starting frequency, the first BG’s bandwidth,
and the second BG’s bandwidth, are obtained and severed as inputs to the software of response surface
methodology (RSM). The closed-form expressions of the three relationships are finally obtained to construct
optimization models and result in the optimal band gaps (BGs) between 190-300Hz and 500-600Hz. It is
expected that the present optimization scheme can be extended to material design of phononic/photonic
structures in a reasonable way.

INDEX TERMS Locally resonant phononic crystals, response surface methodology, FEM simulations, band
gaps, optimization.

I. INTRODUCTION
The noise and vibration in human life disturb the resi-
dents and even do harmful to the mental of them [1]–[5].
The frequencies of noise in human life are typically in the
range of 100-1000 Hz. Earlier, some techniques of noise
cancellation and vibration suppression were proposed, i.e.
the design and selection of structural modal parameters [6],
utilizing dynamic absorber [7], vibration isolation mass [8],
active noise control [9], active vibration control [10] and
active structural acoustic control [11], etc. Recently, as a
newly noise cancellation and vibration suppression con-
cept, phononic crystals (PCs) [12] has achieved significant
progress, and a lot of new phononic crystal structures were
proposed and attempted to be used for the noise cancellation
and vibration suppression [13]–[17].

The associate editor coordinating the review of this manuscript and

approving it for publication was Jiansong Liu .

However, in the early stage of the phonoic crystal develop-
ment, PCs were commonly computed with the Bragg scatter-
ing mechanism. The corresponding BGs reached over hun-
dred thousand Hz, which were unsuitable for the demand of
lower frequency and wider band gaps (BGs) [18]. In order
to overcome this problem, Liu et al. proposed a locally res-
onant phononic crystal (LRPC) with much lower BGs [18].
Consequently, numerous two-dimensional (2D) and three-
dimensional (3D) LRPCs structures were designed to be
possibly applied to many scenarios of the noise cancellation
and vibration suppression [19]–[25]. Meanwhile, numerical
simulation methods were developed to help the analysis and
design of LRPCs structures, such as finite element method
(FEM) [26]–[28], boundary element method (BEM) [29],
wavelet-based FEM [30], lumped-parameter model [31], sin-
gularity expansion method [32], [33] etc. It point out that
photonic crystals [34] have been succeed applied to many
engineering application area. However, tomeet the real-world
applications, the search for specific LRPC structures is still
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in progress. Moreover, Wu and his team did systematically
theoretical and experimental investigations about LRPCs
structures, which show that the numerical simulations are in
a certain agreement with experimental rusts [27], [32], [33].
Therefore, the numerical simulation, especially FEM can
be employed as a useful tool to design LRPCs structures.
However, few literatures focus on the optimization scheme
of LRPCs structures.

On the foundation of the structure data obtained by
a sequence of designed experiments, the response sur-
face methodology (RSM) is an analysis approach which
can explore the functions relevance between several fac-
tor variables and one or more response variables in cal-
culating the structure data [35]. Song et al. proposed a
mechanical parameters detection method using the FEM and
RSM [36], [37].

Motivated by the FEM simulation-based optimization
method, we develop a structural parameters optimization
scheme to obtain relatively optimal LRPC structures by
combination of the FEM simulations and RSM analysis.
More specifically, a spiral LRPC structure is designed has
low-frequency and wide band properties. Firstly, the LRPC
of square spiral with circle inside is given and the corre-
sponding band structures are calculated by FEM. Three key
geometric parameters are analyzed and only the two param-
eters are significant. Secondly, a 2-factor and 7-level exper-
iment is devised to perform the RSM analysis to obtain the
closed-form expressions of the three relationships between
structural parameters and BGs. Finally, the data are ref-
erenced after computed, and the functional combinations
are obtained between the BGs and the geometric parame-
ters. Finally, by solve the constructed optimization models,
the optimal band gaps (BGs) are obtained using interior
point method (IPT). It notes that the band structures ana-
lyzed in this research are supposed to the only propagating
modes.

II. THE STRUCTURE OF A UNIT CELL
A. A SQUARE SPIRAL WITH CIRCLE INSIDE
Fig.1. shows two unit cells for the LRPC of square spiral
with four circles inside, which is nominated as M1 and M2,
respectively. Obviously, each LRPC structure has four spiral
elastic beams surround the four circle/arc elastic beams, and
the scatterer is embedding in the center of the structure. The
spirals are on each side of the LRPC have two horizontal and
three vertical elastic beams. The unique difference between
Figs.1(a) and (b) is the four circle and arc elastic beams.

As shown in Fig.1, a is the lattice constant of the unit cell,
b is the unique thickness of elastic beams, c is the side length
of square scatterer, r1 is the radius of outer circle, r2 is the
radius of inner circle. Moreover, d , e, f , g, h, and i are the
length of each elastic beam, respectively, and the thickness of
the square frame is fixed to 5× 10−4 m.
In the finite element simulations, the geometric parameters

ofM1 are: a = 32×10−3 m, b = 5×10−4 m, c = 8×10−3 m,
d = 15 × 10−3 m, e = 5 × 10−3 m, f = 25.5 × 10−3 m,

FIGURE 1. A unit cell named M1 and M2: (a) M1, (b) M2 (Unit: m).

TABLE 1. The mechanical parameters of the two materials.

g = 2.75 × 10−3 m, h = 1.53 × 10−3 m, i = 4 × 10−3 m,
r2 = 3× 10−3 m, r1 = 3.5× 10−3 m.
The material of elastic beams and the frame are PA6,

and the scatterer is piezoelectric ceramic. The mechanical
parameters of the two materials are listed in Table.1.

By utilizing FEM analysis software Comsol, the BGs are
calculated. As shown in Fig.2, eight frequency bands are
obtained and two BGs (the first BG: 201.5 Hz to 293.8 Hzin
associate with P1 and P2, the second BG: 500.8 Hz to 607.3
Hzin associate with P3 and P4) are clearly shown between
the dash line Q1 and Q2,, Q3 and Q4, respectively, where Q1
and Q2 denote the lower and upper edges (the starting and
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FIGURE 2. The band structures of M1 (piezoelectric ceramic).

terminal frequencies) of the first BG, Q3 and Q4 represent the
lower and upper edges (the starting and terminal frequencies)
of the second BG. It notes that the wave vector k of P1, P2,
P3, and P4 are: 0.5833, 0.0833, 2.4167 and 0.5833.

The displacement mode shape of M1 in associate with Q1,
Q2,, Q3 and Q4 are shown in Fig.3.

From Fig.3, the vibration of P1 is concentrated in upper-
lower beams. The deformations of the upper-lower beams
are large, whereas the frame remains unchanged. Moreover,
the deformations of the scatterer and the right-left beams are
small. For displacement mode shape of P2, vibration is cen-
tralized in the right-left beams, the magnitude of deformation
is small in the upper-lower beams and the frame, and the
scatterer is little affected by the vibration. For P3, the defor-
mations are similar to P1. In mode shape P4, the four beams
are out of shape, and the frame and scatterer are presenting
torsional mode.

In Table.1, the Young’s modulus and density of elastic
beams and the frame are much lower than those of the scat-
terer. Therefore, the vibration pattern is exactly a mass-spring
system, the scatterer can represent the mass and the elastic
beams act as the mechanical springs. Under the procedure
of the Mie scattering, the low-frequency longitudinal wave
is converted into the transverse wave. The scatterer transverse
has a greater impact in every unit cell, because of the destruc-
tive interference, and then the two main BGs are engendered
around the center mass (the scatterer) resonant frequencies.

Generally, LRPC BGs are dependent on the mass of scat-
terer. If we use a material with a higher density (lead)
than ceramic as the scatterer material, the band structures
are shown in Fig.4. The first BG: 156.4 Hz to 285.2 Hzin
associate with U1 and U2, the second BG: 456.5 Hz to
567.6 Hzin associate with U3 and U4. Compared with Fig.2,
it obviously the starting frequencies of M1(lead) is lower than
those of M1(piezoelectric ceramics) and the corresponding
bandwidths are a little large.

However, in the present investigations, the higher density
material of scatterer is not considered for we fixed the
scatterer material to piezoelectric ceramics (might be used for
energy harvest).

Moreover, the full four circles elastic beams of M1 limits
the range of motion of the scatterer. If we chose the four

FIGURE 3. The displacement mode shape of M1: (a) Q1, (b) Q2, (c) Q3,
(d) Q4, corresponding to points P1, P2, P3, and P4, respectively.
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FIGURE 4. The band structures of M1 (lead).

FIGURE 5. The band structures of M2 (piezoelectric ceramics).

FIGURE 6. The influence of the length of the radii of inner arcs.

arc elastic beams of the LRPC structure (M2), as shown in
Fig.1(b), the band structures are shown in Fig.5. The first BG:
170.2 Hz to 284.3 Hzin associate with V1 and V2, the second
BG: 432.7 Hz to 553.4 Hzin associate with V3 and V4. Com-
pared with Fig.2, the starting frequencies of M2(piezoelectric
ceramics) is lower than those of M1(piezoelectric ceramics),
and the two bandwidths are a little large.

However, as shown in Fig.6, the influence of BGs is mono-
tonically increasing at the decreasing of radii of inner arcs.
Therefore, it optimization scheme is unnecessary for such
type of structures.

Generally, in the case of none optimization, the BGs of
the LRPC is in the low frequency. However, the BGs are
closely related to the resonant frequencies of the mass-spring
system, which possibly influenced by geometric parameters.
Therefore, it is possible to obtain optimal BGs by optimizing

FIGURE 7. The influence of the side length.

the geometric parameters in the present LRPC of square spiral
with four circles inside.

B. THE EFFECT OF THE SIDE LENGTH OF
SQUARE SCATTERER ON BGS
In this section, the impact of the side length of square scatterer
c on the BGs is investigated. A series of the side length c
(in the range of 6× 10−3m to 8× 10−3m) are considered and
the results are shown in Fig.7.

The upper and the lower edges of the red and black areas
are the starting and terminal frequencies of the first and sec-
ond BGs, respectively. The regularity of the red and black
areas indicated that the variation of the starting and terminal
frequencies is almost kept unique as c decreased. Therefore,
the parameter c has very little effect on the BGs, which
can be excluded from the key geometric parameters for BGs
optimization.

C. THE EFFECT OF THE LENGTH OF
EACH ELASTIC BEAM ON BGS
To investigate the influence of the length of each elastic beam,
we take one of the length of elastic beam e (in the range of
5 × 10−4m to 17.5 × 10−4m) for an example, the change of
two BGs along with the length of elastic beam e, is shown
in Fig.8 (a). We find that the variation of the bandwidth can
be neglected (the upper and the lower edges of the two BGs
are nearly smooth), therefore this parameter is also not the
key parameter to influence BGs. Fig.8 (b) shows the change
of two BGs along with the length of elastic beam d , both the
two BGs are monotonously increasing or decreased and the
original selection d = 15× 10−3 m is the relatively best one.
It notes that for the length of other elastic beams d , f , g, h,
and i (shown in Fig.1), the influence laws are similar to e and
d discussed herein.

D. THE EFFECT OF THE THICKNESS OF
ELASTIC BEAMS ON BGS
The spiral turns are preclude owing to the limitation of the
structure size. Therefore, we focus on the influence of the
thickness of elastic beams b (from 5×10−4m to 15×10−4m)
and the results are shown in Fig.9. With the increase of b,
the bandwidth of the first BG climbs up (from 5× 10−4m to
7.5× 10−4m) and then declines (from 7.5× 10−4 m to 15×
10−4m), whereas both the starting and terminal frequencies
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FIGURE 8. The influence of the length of elastic beam e and d .

FIGURE 9. The influence of the thickness of elastic beams.

are increased. Moreover, as the b increase, the bandwidth
of the second BG decrease, and the starting frequency of
the second BG increase first and after that it preserves an
approximate constant, the terminal frequency of second BG
increases (from 5×10−4m to 10×10−4m) and then dwindles
(from 12.5 × 10−4m to 17.5 × 10−4m), whereas the whole
bandwidth decrease with a large b. From the above analysis,
we find that the thickness b of elastic beams is a key parameter
to obtain a relative optimization BGs.

E. THE EFFECT OF THE RADII OF INNER CIRCLES ON BGS
Generally, the obstructions of wave conduction of the ring
beams are determined by the radii of inner circles. The
four ring beams with the inner circle radii r2 do effect on
bandwidths of the BGs. Suppose r2 is changed from 3 ×
10−3m to 0m, the results are given in Fig.10.
As illustrated in Fig.10, the unapparent trend of the starting

and terminal frequencies of the first BG is manifest as slow
decreasing, and the bandwidth is substantially retained. The
main influence of the radii of inner circles is the second BG.
The starting and terminal frequencies of the second BG is
increases (r2 is changed from 3 × 10−3m to 2.5 × 10−3m)

FIGURE 10. The influence of the radii of inner circles.

rapidly first and then decreases (r2 is changed from 2.5 ×
10−3m to 0m) sluggishly.Moreover, the bandwidth of the sec-
ond BG increases (r2 is changed from 3 × 10−3m to 2.75 ×
10−3m) and then decreases (r2 is changed from 2.75×10−3m
to 0m). In conclusion, the results indicate that r2 do tiny
contribute to the bandwidth of the first BG but the second
BG is impacted greater.

Four geometric parameters, i.e., the side length of square
scatterer c, the length of each elastic beam ed , f , g, h, and i,
the thickness of elastic beams b, and the radii of inner cir-
cles r2, are discussed to obtain the corresponding influences
on BGs, and the significant influences of the late two key
parameters b and r2 are finally determined.

III. RSM ANALYSIS
RSM is a reasonable experimental design method to obtain
data relationships for numerical and physical experiments.
The functional relationship between factors and response
values is fitted by multiple quadratic regression equation.
In the present, the thickness of elastic beams b, and the radii
of inner circles r2 served as two factors; the first BG’s starting
frequency (indicate as I ), the first BG’s bandwidth (indicate
as F), and the second BG’s bandwidth (indicate as S) are sev-
ered response values. Therefore, the RSM can be employed
to calculate the functional relationships between the factors
and response values. To obtain more accurate functional
relationships, 7-level of each factor is selected and hence a
2-factor and 7-level experiment is designed. The range of
the two factors r2 and b are restricted from 2 × 10−3m to
3× 10−3m and 5× 10−4m to 10× 10−4m, respectively. The
RSM analysis is carried out by the software Design-expert
involves the 29 combinations of r2 and b under different
level. By 29 times calculations using FEM analysis software
Comsol, we obtain 29 values for I , F and S, respectively.
The third-order model is used for the RSM fitting of

each response. Take the predicting I for example, the model
fitting value (denoted by F-value) of the RSM is 1208.8,
which has great significance and the corresponding ‘‘F-
value’’ only reaches 0.01% error due to the uncertainty.
Table.2 shows the characteristic value of the predicting I . The
value of ‘‘R-Squared’’ is 0.9983 indicate that the coincidence
degree between the experimental data and the predicting
data is 99.83%. Moreover, the different between ‘‘Adj R-
Squared’’ and ‘‘Pred R-Squared’’ is merely 0.08% means
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TABLE 2. Characteristic value of the model.

FIGURE 11. The externally studentized residuals.

that the regression result has remarkable effect. ‘‘Adeq Pre-
cision’’ attains 104.09, which is far outweigh the baseline
value 4, and further proves the data is very adequate. More
theoretical details about the RSM analysis can be seen in
Ref. [35].

To further observe the residuals and to obtain the more
accurately andmore intuitive error exhibition, the graph of the
externally studentized residuals is plotted in Fig.11. As shown
in Fig.11, 96.6% points are in the range of -3 to 3, 93.1%
points are in the range of -2 to 2, the distribution of those
points are basically tallied with the properties of standard
normal distribution.

Fig.12 shows the predicted versus actual 29 starting fre-
quencies of the first BG using FEM analysis software
Comsol. In Fig.12, we can see clear that every predicted
value is almost entirely with the actual value. It represents
that the accuracy of the functional relationship between
the predicting I and the two key parameters r2 and b is
reliability.

The relationship between the 2-factor and the first BG’s
starting frequency for predicting I is obtained by RSM anal-
ysis and the closed-form expression is:

I = 599.59642− 80, 81337r2 + 48.13497b

+ 1.98902r2b+ 3.13163r22 − 4.59857b2

− 0.0325522r22b-0.032385r2b
2

− 0.040319r32 + 0.16102b3 (1)

At the same time, the closed-form expression of the rela-
tionship between the 2-factor and the first BG’s bandwidth

FIGURE 12. The Predicted v.s. Actual starting frequency (Hz) of the first
BG.

for predicting F is represented by:

F = −937.59512+ 48.72026r2 + 268.80315b

− 0.63195r2b− 1.96564r22 − 32.30676b2

+ 8.46116E − 003r22b+ 3.91916E − 003r2b2

+ 0.026703r32 + 1.22532b3 (2)

And the predicting S for the second BG’s bandwidth (the
relationship between the 2-factor and the second BG’s band-
width) can be given by:

S = 104.42560− 59.21849r2 + 217.41900b

− 3.96664r2b− 3.18057r22 − 26.95625b2

+ 0.045822r22b+ 0.094892r2b2

− 0.048853r32 + 1.13884b3 (3)

The effect of the noise cancellation and vibration suppres-
sion in the present LRPC structure is impacted by the whole
bandwidth. Therefore, the whole bandwidth is the total value
of the predicting F and S, and the corresponding relationship
can be expressed as W = F + S based on equivalent weight
method.

In view of these relationships, we can optimize the two key
structural parameters r2 and b.

IV. THE OPTIMIZATION AND VERIFICATION
OF THE STRUCTURE
Based on the relationships calculated in the previous section,
this section focuses on the optimization of the LRPC struc-
ture. To restrict the noise cancellation and vibration sup-
pression frequency less than 200 Hz, we can construct a
single-object optimization function based on W = F + S.
Moreover, the range of I can be employed as a constrained
condition for the objective function on the basis of the appli-
cation situation below 200 Hz. Hence, I can be limited to
equal or lower than 200 Hz. For the other two constrained
conditions, r2 and b can be restricted to 2 × 10−3m ≤ r2 ≤
3× 10−3m and 5× 10−4m ≤ b ≤ 10× 10−4m.
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TABLE 3. The results of the final optimal BGs calculated using the interior
point method.

TABLE 4. The verification of the optimal BGs by FEM using the
optimization geometric parameters of the LRPC structure.

Based on the above analysis, the optimization model of the
present LRPC structure is defined as:

Maximum W = F + S (4)

s.t.


2× 10−3m ≤ r2 ≤ 3× 10−3m
5× 10−4m ≤ b ≤ 10× 10−4m
I ≤ 200Hz

(5)

Interior point method is commonly used to deal with con-
strained optimization problems. After calculations, the results
of the final optimal BGs are showed in Table.3.

Observing Table.3, the starting frequency of the first BG
is obviously below 200 Hz, and the whole bandwidth is the
widest comparingwith the single-factor analysis in Section II.
The ultimate aim is to obtain the optimal BGs, thus the
optimal data are verified by FEM software Comsol using
the optimal structural parameters b = 5.31 × 10−4m and
r2 = 2.793× 10−3m (as shown in Table 3).

The verification results are shown in Table 4. Comparing
with Table.3, b, r2, I , F , S, and W are in good agree with
those in Table 4. The absolute relative errors of I and W is
0.67% and 0.62%, respectively. According to the tiny errors,
the present optimization scheme and the corresponding opti-
mal LRPC structure can be extended to design material struc-
tures as well as to use for the noise cancellation and vibration
suppression. It worthy to point out here that 29 combina-
tions is the standard experimental design for 2-factor and
7-level experiment of the RSM analysis. The precision is also
guaranteed by the readability analysis of RSM, as shown in
Section III.

V. CONCLUSION
In this paper, an optimization scheme is proposed to better
design phononic crystals. Take a LRPC structure for example,
its BGs are calculated using FEM software Comsol. It is
found that the present LPCR structure has the good BGs
for for noise cancellation and vibration suppression in daily
life. The influences of geometric parameters on BGs are
investigated, which are including the side length of square
scatterer c, the lengths of all elastic beams (e, d , f , g, h,
and i), the thickness of elastic beams b, and the radii of inner
circles r2. Furthermore, the two key geometric parameters
(b and r2) on BGs are determined, and thereafter a 2-factor
and 7-level experiment is designed to solve the optimal BGs

using an optimization model solved by the interior point
method. The optimal geometric parameters are: r2 = 2.793×
10−3m and b = 5.31×10−4m, and the corresponding starting
frequency of the first BG is 191.8Hz, the first BG’s bandwidth
F = 115.9 Hz, the second BG’s bandwidth S = 108.4 Hz,
and the whole bandwidth W = 222.9 Hz.
It is notes that the presented LRPC structure can be applied

in daily life to suppress frequency range from 200Hz-300Hz,
500-600Hz (e.g. the rumble of starting the car engine).
In addition, this optimization scheme is generally can be used
for other PCs to obtain the optimal BGs, or can be employed
to help the new material design with better properties.

Except for the noise cancellation and vibration suppres-
sion usage of the present optimization scheme, the LRPC of
square spiral with circle inside or other LRPC structures can
also be extended to support signal acquisition to filter out
low frequency components (rotary speed and its harmonics)
and retain high frequency components (fault features) for
fault detection in mechanical systems [38]–[40] when the
accelerometers are mounted on the LRPC plate. It is worthy
of point out that the relatively complex LRPC structures are
still in trial running. Therefore, the further work is to produce
physical LRPC structures (composite structures) using a 3D
printer (might be technological maturity soon) and tested in
the anechoic chamber to prove the good performance.
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