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ABSTRACT Geomagnetic field variations produce geoelectric fields that can affect the operation of
technological networks at the Earth’s surface, including power systems, pipelines, phone cables and railway
circuits. To assess the geomagnetic hazard to this technology, it is necessary to model the geomagnetically
induced currents (GIC) produced in these systems during geomagnetic disturbances. This requires use of
geomagnetic data with appropriate Earth conductivity models to calculate the geoelectric fields that drive
GIC. To provide a way of testing geoelectric field calculation software, we provide a benchmark test case
by defining a synthetic geomagnetic field variation and deriving exact analytic expressions for the Earth
response based on both uniform and layered Earth conductivity models. These are then used to provide
exact analytic expressions for the geoelectric fields that would be produced by the synthetic geomagnetic
field variation. The synthetic geomagnetic data can be used as input to numerical geoelectric field calculation
software, the output of which can be tested by comparison with the analytically-generated geoelectric fields.

INDEX TERMS Geoelectric fields, geomagnetic disturbances, power systems.

I. INTRODUCTION
Geomagnetic field variations induce geoelectric fields in the
Earth and in man-made conductors at the Earth’s surface
such as power systems, pipelines, phone cables and railway
circuits, e.g. [1]. The geoelectric fields produce currents and
voltages in these technologies that can damage equipment and
create problems for system operation. There is a long history
of geomagnetic effects on these ground-based systems [2].
Cable systems have been put out of operation [3]; and changes
in pipeline potentials observed in many parts of the world
are a concern because of their possible contribution to cor-
rosion and disturbance to corrosion control [4]. However,
the greatest effects have been observed on power transmission
systems. Here, the geomagnetically induced currents (GIC)
driven by the geoelectric field flow through power transform-
ers where they cause asymmetrical saturation of the trans-
former core resulting in transformer heating, generation of
harmonics and increased reactive power consumption by the
transformers. These can lead to transformer damage [5]–[7],
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mis-operation of protective relays [8], and, in a worst case,
power blackouts [9].

To understand the geomagnetic effects on ground-based
systems, considerable work has gone into modelling the
response of the systems to geomagnetic field variations. That
work can be split into two parts, e.g. [1], [10]: the ‘‘geophys-
ical’’ part involving use of geomagnetic field recordings and
an Earth conductivity model to calculate the geoelectric fields
produced at the surface of the Earth; and the ‘‘engineering’’
part which uses the calculated geoelectric fields as input to
the appropriate network model to calculate the currents and
voltages in the system. Such calculations provide important
information that can be used in system design or planning
ameliorating actions [11], [12]. With engineering decisions
and associated expenditure being based on this modelling,
it is, of course, important that the calculations give the correct
results. The fundamental theory is well established and tested,
however, there is still a need to ensure that software imple-
mentations of the modelling theory perform as intended.
A benchmark model has been developed to provide a test
case for modelling GIC in power systems [13], and a model
and results have been provided for the calculation of potential
variations on pipelines [14]. However, there has never been a
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test case for the geophysical part of the problem: the calcula-
tion of the geoelectric fields produced by geomagnetic field
variations.

The purpose of this paper is to present an exact analytic
solution and provide a test case for the calculation of geo-
electric fields. First we explain the process of geomagnetic
induction in the Earth and derive the equations relating the
geoelectric and geomagnetic fields at the Earth’s surface.
These are then used to calculate the Earth transfer functions
for two models: a) an Earth with uniform conductivity, and
b) an Earth represented by multiple layers with different
conductivities to represent the change in Earth conductivity
with depth. Then we create a dataset of a synthetic geomag-
netic field variation and use this with the two Earth model
transfer functions to produce an exact analytic solution for
the geoelectric field in each case. The synthetic geomagnetic
field variation and the analytic solutions for the geoelectric
field provide benchmark results against which numerical cal-
culations can be tested.

II. GEOMAGNETIC INDUCTION
A. BASIC PROCESSES
Geomagnetic field variations originate from electric currents
in the ionosphere and magnetosphere above the Earth. The
incident geomagnetic field variations induce electric currents
in the Earth that, themselves, create a magnetic field. Thus the
geomagnetic field variations observed at the Earth’s surface
are comprised of an ‘‘external’’ part from the ionospheric
and magnetospheric sources and an ‘‘internal’’ part produced
by the induced currents. Within the Earth the magnetic field
created by the induced currents acts to cancel the external
magnetic field variations, leading to a fall-off of the magnetic
field amplitude with depth within the Earth – an example
of the ‘‘skin depth’’ effect. The geoelectric field associated
with the induced currents depends on the Earth conductivity
and frequencies of the geomagnetic field variations. At the
frequencies of concern to ground infrastructure, 10−5 to 1 Hz
(i.e. periods of 1 sec to 24 hrs), the fields penetrate tens to
hundreds of kilometres into the Earth, so the Earth conduc-
tivity down to these depths has to be taken into account in the
calculation of the geoelectric field.

B. ELECTROMAGNETIC THEORY
The theory for geomagnetic induction in the Earth relat-
ing the electric and magnetic fields at the Earth’s surface
started with the work of Cagniard [15] and Wait [16], was
developed by Price [17] and Wait [18] and has evolved
into the well-established Magnetotelluric (MT) geophysical
technique [19], [20]. The theory now includes methods that
take account of the effects of the ionospheric-magnetospheric
source structure e.g. [21], [22] and of the three-dimensional
(3-D) conductivity structure of the Earth, see review in [23]
and references therein. However, for many practical appli-
cations, where detailed information on the magnetic source
fields or the Earth conductivity structuremay not be available,

geoelectric field calculations can be made by assuming a
spatially uniform ‘‘plane wave’’ magnetic source field and
a one-dimensional (1-D) model of the Earth conductivity
structure that takes account of the variation of conductivity
with depth but neglects lateral variations in conductivity. The
methods for making these calculations have been presented
by many authors e.g. [24]–[26]. We summarize the derivation
here, in order to provide a complete derivation, starting from
first principles, of the analytic solution for the geoelectric
field test case.

The relations between the geoelectric (E) and geomagnetic
(B) fields in the Earth are governed by Maxwell’s equations.
For the frequencies of concern, mentioned in Section II.A,
and the conductivities, σ , in the Earth, the displacement
currents are negligible. Then, assuming a time (t) variation
of the form ei2π ft (f = frequency), Maxwell’s equations can
be written as

∇ × E = −i2π f B (1)

∇ × B = µ0σE (2)

where the magnetic permeability is set equal to the free
space value µ0 = 4π · 10−7 H/m. In a region of uniform
conductivity σ , equation (2) implies that ∇ · E = 0. Then
taking the curl of (1) and using (2) gives the diffusion equation

∇
2E = k2E (3)

where the propagation constant k is defined by

k =
√
i2π f µ0σ (4)

Let us use the standard geoelectromagnetic coordinate sys-
tem, in which the Earth’s surface is the xy plane and the
x, y and z axes point northwards, eastwards and downwards,
respectively. We assume that the horizontal variations of the
geoelectric and geomagnetic (variation) fields are much less
than the variation with depth (‘‘plane wave assumption’’),
i.e. the fields practically only depend on the z coordinate.
Then equation (3) reduces to

d2E
dz2
= k2E (5)

Equation (5) enables solving E in the Earth, and equation (1)
can then be used for determining B.
The relation between the orthogonal horizontal geoelectric

field, E = E(f), and magnetic field, B = B(f), components in
the frequency domain at the Earth’s surface is, by definition,
the ‘‘Transfer Function’’ K = K(f), i.e.

E(f ) = K (f )B(f ) (6)

Here E(f ) and B(f ) form a right-handed pair where the
electric field is rotated 90 degrees counterclockwise from the
direction of the magnetic field. Thus, K (f ) gives the relation
between either Ex(f ) and By(f ) or –Ey(f ) and Bx(f ).
It is worth pointing out that the transfer function K (f ) is

closely related to the ‘‘Surface Impedance’’ Z (f ) commonly
used in magnetotelluric studies: Z (f ) = µ0K (f ). The electric
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field can also be related to the rate of change of the magnetic
field, g(t) = dB(t)/dt . Noting that in the frequency domain
g(f ) = i2π fB(f ), we obtain from (6)

E (f ) = K (f )B (f ) =
K (f )
i2π f

i2π fB (f ) = C (f ) g(f ) (7)

where C(f ) given by

C(f ) =
K (f )
i2π f

(8)

is called the ‘‘Magnetotelluric Relation’’.
If the conductivity, σ , is spatially constant within a region,

then the propagation constant k is independent of z, and
solving E = E(f ) from equation (5) gives

E = Se−kz + Rekz (9)

where S and R are related to the amplitudes of downward and
upward propagating waves, respectively. Substituting E from
(9) into (1) yields

B =
k

i2π f

(
Se−kz − Rekz

)
(10)

C. UNIFORM EARTH
Let us first assume that the Earth is uniform, i.e. σ is spatially
constant in the half-space z > 0. Equations (9) and (10) give
the solutions for the electric and magnetic fields in the Earth.
However, in this case, there is no bottom plane for reflection,
which means that there is no upward propagating wave, and
so R = 0. Consequently (9) and (10) become

E = Se−kz (11)

B =
k

i2π f
Se−kz (12)

Utilizing the definition (6) of the transfer function K (f ),
equations (11) and (12) give

K (f ) =
E(z = 0)
B(z = 0)

=
i2π f
k
=

√
i2π f
µ0σ

(13)

D. LAYERED EARTH
In practice the Earth conductivity varies in all directions, but
the greatest variation is with depth and the Earth is often
represented by a 1-D model comprised of N horizontal layers
with specified conductivities (σ1,. . . , σN ) and thicknesses
(l1,. . . , lN ). The bottom layer N is a uniform half-space,
so lN = ∞. As above, we assume that the horizontal varia-
tions of the geoelectric and geomagnetic fields are much less
than the variation with depth, i.e. the fields are considered
to only depend on the z coordinate. Then the electric and
magnetic fields are expressed by (9) and (10) in each layer
with k = kn =

√
i2π f µ0σn (n = 1,. . . , N ). Thus

E = Sne−knz + Rneknz (14)

B =
kn
i2π f

(
Sne−knz − Rneknz

)
(15)

where 0 ≤ z ≤ ln and Sn and Rn are the amplitudes of a
downward and upward propagating wave at the top surface of

layer n. (Note that here, for each layer, the location of z = 0 is
set at the top surface of each layer, not at the Earth’s surface.)
As the bottom layer N is a half-space, RN = 0.

We now outline derivation of transfer function K = K (f )
for the N -layer Earth. We can assume that N > 1 since if
N = 1 the Earth is uniform, which was already discussed
in Section II.C. Let us denote the ratio of E to B at the top
surface of layer n by Kn. As layer n = N is a uniform half-
space, the value of KN is directly obtained from formula (13),
which expresses the uniform-Earth transfer function. Thus

KN =
i2π f
kN
=

√
i2π f
µ0σN

(16)

In each layer the solutions of (14) and (15) for the top of the
layer (z = 0) and bottom of the layer (z = ln) give

Kn = ηn
Sn + Rn
Sn − Rn

(17)

Kn+1 = ηn
Sne−knln + Rneknln

Sne−knln − Rneknln
(18)

where ηn =
i2π f
kn

is the ‘‘Characteristic Function’’ of layer n.
Solving Rn from (18) and substituting into (17), as shown

in [27], gives

Kn = ηn
Kn+1

(
1+ e−2knln

)
+ ηn

(
1− e−2knln

)
Kn+1

(
1− e−2knln

)
+ ηn

(
1+ e−2knln

) (19)

Formula (19) is a recursive relation for calculating Kn at the
top surface of layer n from Kn+1 at the top surface of the
underlying layer n+1. The initial value in the application of
formula (19) is KNgiven by equation (16). This is the input
to calculate Kn at the top surface of the next layer up. This is
then used in the calculation for the next layer, and so on, up to
the Earth’s surface. The final value is the transfer function
K = K1 relating E = E(f ) and B = B(f ) at the Earth’s
surface.

Formulas (13) and (19) give the transfer function as com-
plex values at each frequency. The amplitude and phase
are easily calculated from the real and imaginary compo-
nents [27]. It should be noted that the multi-layer transfer
function is exact, as is the uniform-Earth transfer function,
but in the multi-layer case the transfer function can only be
expressed by the recursive relation (19) with the initial value
from (16) whereas the transfer function for a uniform Earth
has a simple explicit formula (13).

By taking the Fourier transform, any time variation of the
geomagnetic field can be decomposed into its frequency com-
ponents; each multiplied by the corresponding transfer func-
tion values from the above formulas to give the geoelectric
field frequency components. The inverse Fourier transform,
i.e. summation of these components, then gives the electric
field in the time domain [26].

III. SYNTHETIC TEST MAGNETIC FIELD VARIATION
To test the calculation of geoelectric fields using the above
relations, we need a specified geomagnetic field variation
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TABLE 1. Parameters of synthetic magnetic field variation.

that we can use to generate an exact analytic solution for
the geoelectric field that will be produced. From Fourier’s
theorem we know that any function can be represented as a
sum of cosine and sine functions [28]. Studies of geomag-
netic disturbances have shown spectra with the amplitude
decreasing with increasing frequency [26]. To provide a syn-
thetic magnetic field variation that reproduces this behaviour,
we define a test magnetic field variation as the sum of seven
sine waves:

B (t) =
7∑

m=1

Am sin (2π fmt +8m) (20)

with amplitudes, Am, approximately proportional to 1/fm, and
phases, 8m, assigned arbitrary values as shown in Table 1.
The amplitudes and phases of the frequency components are
also shown in Fig. 1. The rate of change of the magnetic field,
dB(t)/dt , is easily obtained from (20) and is given by

dB (t)
dt
=

7∑
m=1

2π fmAmcos (2π fmt +8m) (21)

IV. EARTH RESPONSE
As shown in Section II, the Earth transfer function K(f),
as well as themagnetotelluric relation C(f), can be determined
exactly in the case of a multi-layer Earth using a recursive
relation, and if the Earth is uniform K(f) and C(f) even
have simple explicit formulas. To provide Earth responses
for testing geoelectric field calculations, we use two Earth
models: (1) with a uniform conductivity, and (2) with layers
of different conductivities.

A. MODEL 1: UNIFORM EARTH, RESISTIVITY = 1000 ω-m
As a first approximation to the Earth conductivity, in the
absence of more specific information, the Earth can be mod-
elled as a uniform half-space with a specified resistivity. The
resistivities within the crust of the Earth can range from 100 to
10,000 �m, so an average value of 1000 �m is often used.
The transfer function is then simply obtained from (13), and
equation (8) gives the magnetotelluric relation.

B. MODEL 2: LAYERED EARTH, QUÉBEC MODEL
To provide a higher resolution Earth model for geomagnetic
hazard assessments, it is possible to use a layered-Earth

FIGURE 1. Spectrum for synthetic test magnetic field variation:
a) Amplitude, b) Phase.

model that represents the variation of Earth conductivity with
depth. An example of such a model is the one for Québec
that has been used in a number of studies e.g. [29], [30].
This model consists of 5 layers with, from the top down,
thicknesses and resistivities: 15 km, 20,000 �m; 10 km, 200
�m; 125 km, 1000�m; 200 km, 100�m; above a half space
of 3 �m. The transfer function in this case is given by the
recursive relation (19), and equation (8) can again be used
for determining the magnetotelluric relation.

C. EARTH RESPONSE FUNCTIONS
The transfer functions for Models 1 and 2 are shown
in Fig. 2 for the range of frequencies relevant to GIC. Sim-
ilarly, Fig. 3 shows the magnetotelluric relation for the two
models. For the frequencies in the test magnetic field spec-
trum, the transfer function K (f ) values for a uniform Earth,
from (13), are shown in Table 2, while the values ofK (f ) for a
multi-layer Earth, from the recursive relation (19), are shown
in Table 3. The values for the magnetotelluric relation C(f ),
for a uniform Earth, from (8), are shown in Table 4, while the
values of C(f ) for a multi-layer Earth, from (8), are shown
in Table 5.

V. GEOELECTRIC FIELD
The geoelectric field depends on the geomagnetic field vari-
ation and the transfer function of the Earth as shown in
equation (6). Thus each frequency component of the test
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FIGURE 2. Amplitude and phase of the transfer function K (f ) for a 1000
�m uniform Earth (dashed lines) and for a multi-layer Earth (5-layer
Québec model) (solid lines).

FIGURE 3. Amplitude and phase of the magnetotelluric relation C(f ) for a
1000 �m uniform Earth (dashed lines) and for a multi-layer Earth (5-layer
Québec model) (solid lines).

magnetic field waveform (20), with amplitudes and phases
given by Table 1, is combined with the corresponding transfer
function value. The resulting geoelectric field is given by

E (t) =
7∑

m=1

|Km|Amsin (2π fmt +8m + θm) (22)

TABLE 2. Transfer function K (f ) for the frequencies in the synthetic test
magnetic field variation for a 1000 �m uniform Earth.

TABLE 3. Transfer function K (f ) for the frequencies in the synthetic test
magnetic field variation for a multi-layer Earth (5-layer Québec model).

TABLE 4. Magnetotelluric relation C(f ) for the frequencies in the
synthetic test magnetic field variation for a 1000 �m uniform Earth.

TABLE 5. Magnetotelluric relation C(f ) for the frequencies in the
synthetic test magnetic field variation for a multi-layer Earth (5-layer
Québec model).

where the transfer function amplitude, |Km| and phase
θm are given by Table 2 for a uniform Earth and by
Table 3 for a multi-layer Earth. Multiplying the |Km| and
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TABLE 6. Parameters of electric field waveform for a 1000 �m
uniform Earth.

TABLE 7. Parameters of electric field waveform for a multi-layer Earth
(5-layer Québec model).

Am terms and adding the phases in (22) gives the geoelectric
field

E (t) =
7∑

m=1

Emsin (2π fmt + ϕm) (23)

with the amplitudes Em and phases ϕm as given in Table 6, for
a uniform Earth, and in Table 7 for a multi-layer Earth. The
amplitudes and phases of the frequency components are also
shown in Figs. 4 and 5.

VI. TESTING GEOELECTRIC FIELD SOFTWARE
The formulas derived in the previous sections are designed to
be applied for testing software used in calculating geoelec-
tric fields from geomagnetic field measurements and a 1-D
model of Earth conductivity. Equation (20) can be used to
generate a set of synthetic test magnetic field data to use as
input to the software. The software can then be applied with
the uniform or multi-layer Earth to calculate the geoelectric
field that would be produced by these magnetic field data.
Equation (23) with the parameters fromTable 6 or Table 7 can
then be used to calculate the exact geoelectric field values
that would be produced, and these can be compared with the
output of the software.

The standard output from magnetic observatories is mag-
netic field values measured with a sampling interval of 1
minute. Magnetic field measurements are also made with
sampling intervals of 1 second, 5 seconds and 10 seconds.
Equation (20) enables generatingmagnetic field datawith any

FIGURE 4. Spectrum for test electric field variations in the case of a 1000
�m uniform Earth a) Amplitude, b) Phase.

FIGURE 5. Spectrum for test electric field variations for a multi-layer
Earth (5-layer Québec model) Amplitude, b) Phase.

of these sampling intervals. The duration of the data set can be
chosen to match typical data lengths for which the software
is designed to operate.
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FIGURE 6. Synthetic test geomagnetic field variation obtained from
equation (20) with the parameter values in Table 1. The centre day of the
3-day dataset is shown.

As an example of using the test data, consider testing soft-
ware designed to work with magnetic data with a sampling
interval of 1 second and to calculate geoelectric field values
for a complete Universal Time (U.T.) day. Equation (20) is
used to generate magnetic field data for 3 consecutive days.
Fig 6 shows the magnetic field variations on the centre day.
The magnetic field data can be used with the uniform or
layered Earth model to calculate the geoelectric fields. The
exact geoelectric fields for these two cases, given by (23)
with the parameters from Table 6 or Table 7, are shown in
Figures 7a and 7b.

The data sets obtained are provided on the IEEE Data-
Port. It is necessary to emphasize, referring to Section II.B,
that B expressed by equation (20) with the parameter values
given in Table 1 and shown in Fig. 6 and E expressed by
equation (23) with the parameter values given in Table 6 or
Table 7 and shown in Fig. 7a or Fig. 7b represent either
E and B pair: Ex and By or −Ey and Bx .

VII. DISCUSSION
Software implementations of geoelectric field calculations
often use the ‘frequency domain’ method because of the com-
putational efficiencies of the Fast Fourier Transform (FFT).
An FFT of the geomagnetic field variation gives the magnetic
field spectrum, and each spectral component is then multi-
plied by the corresponding complex value of the Earth trans-
fer function to give the geoelectric field spectrum. An inverse
FFT of the geoelectric field spectrum then gives the geoelec-
tric field in the time domain [28].

The geoelectric field can also be calculated directly in the
time domain by convolving the geomagnetic field variation
with the impulse response of the Earth. The impulse response
is the inverse Fourier transform of the Earth response function
determined in the frequency domain. We may consider the
‘‘High Pass’’ impulse response associated with the transfer
functionK (f ) or the ‘‘LowPass’’ impulse response associated
with the magnetotelluric relation C(f ). The ‘‘Low Pass’’
impulse response, which thus relates the geoelectric field

FIGURE 7. Exact geoelectric field obtained from equation (23) with
(a) the parameter values given by Table 6 for a 1000 �m uniform Earth,
and (b) given by Table 7 for a multi-layer Earth (5-layer Québec model).
The centre day of the 3-day dataset is shown.

to the rate of change of the magnetic field, dB/dt, can be
calculated more easily. The impulse responses can be calcu-
lated for a uniform Earth [31] and for a layered Earth [32].
The use of the analytic test calculations shown in this paper
has proved valuable in evaluating how the accuracy of the
geoelectric field calculation is affected by truncation of the
impulse response [31]. It is shown in [31] that, in order
to obtain a sufficient accuracy, the ‘‘High Pass’’ impulse
response may be truncated much earlier than the ‘‘Low Pass’’
impulse response.

Here we have used a uniform conductivity model and a
layered conductivity model to derive analytic solutions that
are used to generate the test data. However, the use of the
test datasets is not confined to calculations for a uniform or
layered Earth. Three-dimensional (3-D) conductivity struc-
tures can give rise to geoelectric field and geomagnetic field
variations that are not orthogonal. In these cases the geoelec-
tric field and geomagnetic field components are related by a
tensor transfer function:[

Ex
Ey

]
=

[
Kxx Kxy
Kyx Kyy

] [
Bx
By

]
(24)

Thus the northward component of the geoelectric field, Ex ,
can be written

Ex (f ) = Exx (f )+ Exy (f ) (25)
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FIGURE 8. Comparison of (a) synthetic electric field and (b) electric field
for March 1989, both calculated using the Québec Earth model.

where

Exx (f ) = Kxx (f )Bx (f ) (26)

Exy (f ) = Kxy (f )By (f ) (27)

Similarly, the eastward component of the geoelectric field,
Ey, can be written

Ey (f ) = Eyx (f )+ Eyy (f ) (28)

where

Eyx (f ) = Kyx (f )Bx (f ) (29)

Eyy (f ) = Kyy (f )By (f ) (30)

It can be seen that these equations are of the same form as
equation (6) so the synthetic magnetic field and calculated
geoelectric field can be used to test the calculation of the
geoelectric field parts given by (26), (27), (29) and (30).

The synthetic geomagnetic field variations and the analyti-
cally derived geoelectric fields are both completely artificial.
However, the spectrum for the synthetic geomagnetic field
variations was chosen to correspond to a typical geomagnetic
spectrum found to occur during actual geomagnetic distur-
bances; thus the synthetic geomagnetic field variations and
analytically derived geoelectric fields can be considered rep-
resentative of the fields occurring during a real geomagnetic
disturbance. To illustrate this we calculate the geoelectric

field and scale up the values by a factor of 30 to repre-
sent a larger event (Fig 8a). This can be compared with the
geoelectric field calculated for an interval of the March 13,
1989 geomagnetic storm and shown in Figure 8b. The simi-
larity in the shape of the variations shows that the synthetic
geomagnetic field variations presented in this paper could,
in principle, be used in other studies as a credible proxy for a
real geomagnetic disturbance.

VIII. CONCLUSION
A synthetic geomagnetic field variation has been defined
comprising seven frequency components of different ampli-
tudes and phases.

Earth transfer functions for a uniform Earth model and a
layered Earth model have been calculated exactly for these
seven frequencies.

Combining the formulas for the synthetic geomagnetic
field variation and the transfer functions allows the associated
geoelectric field to be exactly specified.

The synthetic geomagnetic field variations and the associ-
ated geoelectric field can be used as benchmark data sets for
testing geoelectric field calculation software [27].

This provides a way of validating software for use in
assessing the geomagnetic hazard to power systems and
pipelines.
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