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ABSTRACT The analysis of networks and graphs through topological descriptors carries out a useful role
to derive their underlying topologies. This process has been widely used in biomedicine, cheminformatics,
and bioinformatics, where assessments based on graph invariants have been made available for effectively
communicating with the various challenging schemes. In the studies of quantitative structure-activity
relationships (QSARSs) and quantitative structure-property relationships (QSPRs), graph invariants are used
to approximate the biological activities and properties of chemical compounds. In this paper, we give the
results related to the eccentric-connectivity index, connective eccentricity index, total-eccentricity index,
average eccentricity index, Zagreb eccentricity indices, eccentric geometric-arithmetic index, eccentric
atom-bond connectivity index, eccentric adjacency index, modified eccentric-connectivity index, eccentric
distance sum, Wiener index, Harary index, hyper-Wiener index and degree distance index of a new graph

operation named as ‘‘subdivision vertex-edge join’’ of three graphs.

INDEX TERMS Topological indices, degree, distance, eccentricity, subdivision vertex-edge join.

I. INTRODUCTION

Graph theory concerned with a lot of applications in a
number of domains of chemistry such as Quantitative
structure-activity and property relationships, isomer enumer-
ation, prediction of biological activities, topological charac-
terization, graph polynomials for structural analysis, quantum
chemistry, NMR spectroscopy, nuclear spin statistics, spec-
troscopy, proteomics, statistical and other procedures for
forecast of toxicity of chemical structures and so on [7],
[9], [11], [13], [15], [17], [19], [20], [31], [43], [45], [46].
The QSAR/QSPR studies made use of connection among
molecular connectivity and the properties of chemical com-
pounds, therefore a fundamental graph-theoretical character-
izations set up the principles for computer-aided predictive
toxicology and drug discovery. As a result, successful
uses of QSAR/QSPR studies have stimulated the emer-
gence of several topological indices of chemical structures
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[10]-[14], [16]-[20], [34], [43]-[45], [47]. The intermolecu-
lar interactions rely on the distance and degree criterions and
moreover, numerous physico-chemical properties of chemi-
cal structures have been proven to correlate with topological
characteristics as decent initial points. However, one may
require sophisticated bio-descriptors and quantum chemical
in addition to quantum molecular dynamics simulations for
extra precise forecasts of biological and chemical charac-
teristics, due to computationally extensive nature of such
approaches, topological techniques have constructed valuable
implementations because of the comparatively easy process
with which they can be determined. Many properties such
as receptor binding propensity, toxicity, protein-drug inter-
actions, dermal penetrations, drug metabolomics, guest-host
interactions, etc., rely on the intermolecular interactions,
pore sizes, structural parameters, electrostatic and electronic
properties various of which rely on fundamental topologi-
cal parameter distances and therefore topological descriptors
are much more appealing initiating objects to any statistical
approximation for securing structure-activity connections.
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FIGURE 1. P4VCs, P,vKy and PJ 1> (€Y UKT).

Throughout the manuscript, all considered graphs are sim-
ple and connected. For a graph H, V() and £(H) appear for
vertex and edge sets, respectively, and n and m stands for the
order and size of H, respectively. An edge with end vertices
h; and h; is recognized by h;h; € E(H). For h € V(H), the
number of edges whose an end vertex 4 is called the degree
of hin H and it is denoted by degy,(h). A (y1, yu)-path of n-
vertices is described as a graph whose vertex and edge sets
are {y1,...,yn} and {y;yi+1 : 1 < i < n — 1}, respectively.
The notions K, P, and C, are commonly used for complete
graph, path and cycle, respectively. The distance among two
vertices a, ¢ € V(H) is represented by dy,(a, ¢) and explained
as the length of shortest (a, c)-path in H. For a € V(H),
the eccentricity ecy(a) is specified as the largest distance
among a and any other vertex in .

Recently, a new graph operation has been initiated by Wen
etal. in [51], they named it as the subdivision vertex-edge join
(SVE-join). For a graph H,, S(H,) is the subdividing graph
of H, whose vertex set has two portions, one the primary
vertices V(H,), another, represented by Z(#H,), the inserting
vertices that are end vertices of the edges of H,,. Let H, and
Hs be the other two disjoint graphs. The SVE-join of H,
with H, and H;, expressed by H‘qg > (Hy U HSI), is the
graph containing of S(H,), H, and H,, all vertex-disjoint,
and connecting the /-th vertex of V(H,) to every vertex in
V(H,) and [-th vertex of Z(H,) to each vertex in V(H;). It
can be observed that H(‘f > (Hf U HSI )is HyVH, (is attained
from S(H,) and H, by linking each vertex of V(H,) to every
vertex of V(#H,) [38]) if H, is the null graph, and is H,VH (is
attained from S(H,) and H, by linking each vertex of £(H,)
to every vertex of V(H,) [38]) if H, is the null graph. The
graphs P4V C3, P4VKy4 and P43 > (ng UK 41) are illustrated
in Figure 1.
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Sharma et al. [49] introduced the well-known eccentricity-
based index of a graph ‘H. They defined it as follows:

EHy= ) degy(hecy(h). ()
heV(H)

Gupta et al. [28] gave the concept of connective eccentric-
ity index of H as follows:

ce deg4,(h)
My =) :
heviry €U

If we use only the eccentricities of vertices of H in (1), then
we can describe the total-eccentricity index as follows [6]:

tH)= Y ecy(h). 3)
heV(H)

The mean value of the eccentricities of elements of V(H)
is said to be the average eccentricity aveg() of it [50], that
is

@

aveg(’H)z% 3 ecuh) = AG0) 4)

heV(H) "

The eccentricity versions of Zagreb indices of H were
given in [26] as follows:

MiHy = > eciyhy)),
hp, €V(H)
MoH) = D~ eenlhpecyy,). (5

hy, hpy €E(H)

The eccentric form of geometric-arithmetic index [27] of
H is as follows:

Z 2 /ecy(hpecy(hp,)

gAec H) = .
( ) eC'H(hPl) + EC’H(hpz)

(6

Iy, hpy €E(H)
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The eccentric form of atom-bond connectivity index [22]
of H is as follows:

Z ecy(hp,) + ecyy(hp,) — 2

ABC..(H) = ecy(hp,)ecy (hp,)

(N
hy, hpy €E(H)

The eccentric adjacency index is given by Gupta et al. in [29]
as follows:

Z Sy (h) ) (8)

ad H) =
S0 hevir SR

The modified type of eccentric-connectivity index [5] of H
is given in the following way:

EH)= Y Sulhecy(h). ©)
heV(H)

The eccentric distance sum index was first presented
in [30] as follows:

ENEY

(ecyi(hp,) + ecyi(hp,)dr (hp, . hyy)

{py Jipy }SV(H)
= Z ecyy(hy, YDy (hy)). (10)
hp, €V(H)
where Dy (hp)) = 3 dy(hy,, hyy).
hyp, €V(H)

The Wiener index is a distance-based graph descriptor
described by [21] as follows:

W(H) = >

{hpy By }EV(H)

1
=5 2. Duly)
hp, €V(H)

1
5 2 2 dnluihy). (D
hpy €V(H) hy, €V(H)

d?-{, (hpl ’ hpz)

The Harary index of H is explained as the sum of reciprocals
of distances among all the unordered pairs of its vertices as
follows: [42]:

1
O S —
{hp hpy }EV(H) duhpy fp,)

LYY b o
hpleV(H)hpzev(H) dyy(hpy s by,

As an extension of the Wiener index, Randi¢ put forward
the hyper-Wiener index as:

1
W =5 )
2
{hpl yhpz }EV(H)

(dH(hPI s hpy) + d72-t(hpls hpz))v

where

d3y(hp, . hpy)

A= Y

{hpy Jipy )SV(H)
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and

DDy(hp) =Y diy(hp;, hpy),
Ty, €V(H)

then

WWH) = 5 (W(H) +A(H))

-lkl'—‘ N =

== > Dyl
hy €V(H)

Y. DDy(hy). (13)
hp, €V(H)

Dobrynin and Kochetova [21] introduced the degree-
distance index of a graph H as follows:
DD(H)= Y (degy(hy,)+ degy (hp)))dy
{hpy Jipy }SV(H)
X (hpy» hpy)

> degy(hy,)Dyy(hy,)
hp, €V(H)

Y degy(hy)du(hy, hyy). (14)
hy, €V(H) hypy €V(H)

For the in depth study of these descriptors and other famous
topological descriptors, we recommended the reader to [1]—
[4], [23]-[25], [32], [33], [35]-[37], [39]-[41], [52]. Now we
state certain properties of the subdivision vertex-edge join of
three graphs in the next lemma.

Lemma ] Let H,, H, and H; be graphs. Then we have:

) VHG > (HY UHI)| = ni + mi + ny + n3, and
|5(Hg >(HY UHD)| = 2my +niny+minz+ma+ms.
2) dengMHyuH%)(h)

dequ (h)+nz, ifheV(H,y,
_m+2 if h € T(H,),
| degy, @ +m. ifhe VR,
degy () +my, ifh e V(Hy).

3 dyseayonn s hpy)

0, ifhy = hy,,
1, ifhyhy, € EHy), i=2,3,
or hy hy, € E(SHy)),  hp, € V(Hy),
hp, € Z(Hy) or hy, € V(Hy)
and h,, € V(H,),
orhy, € Z(H,) and hy, € V(Hy),
hpohpy & EH),  i=2,3,
or by, hy, € V(Hy), or hy, hy, € I(Hy),
or hy, € Z(Hy) and by, € V(H,),
orhy, € V(Hy) and hy, € V(H,).
3, ifhy hy, ¢ E(S(Hy)),

hp, € V(Hy) and hy, € I(H,)

hp, € V(H,) and hy, € V(Hy).
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4) ecpsparyuns)(h
|2, itheVHy orheI(H,),
|3, ifheV(H,) orhe V(Hy).
5) Suseayunn

S34,(h) + ny degyy, (h)
+2my + nina,

Sy, (h) + my degyy (h)
+mi(n3 + 2),

= dequ(h)(n3 +2)
+2my + nyny,

degy, Urp)

+ degyy, (hp,)

+2ny + 2m3 + mn3,

ithe V(H,),
if h € V(Hy),

if h € V(H,),

if b= hy hy, € T(Hy),

IIl. MAIN RESULTS
This section provides the results associated to various dis-
tance based indices of the subdivision vertex-edge join of
graphs. In next theorem, we present the formulae for eccentric
connectivity and connective eccentricity indices of subdivi-
sion vertex-edge join for three graphs.

Theorem 1: Let Hy, H, and H, be three graphs. Then we
have

1) ESCHS > (HY UHD)) = Smynz +5niny+8my +6my +
6m3.

1
2) E(HS > (HY UHD) = ¢ Smins + Smna + 12m1 +
4my + 4m3).
Proof:
1) By using Lemma I in Equation (1), we get
ECCHS > (MY UHD))
= Y 3(degy,(hy) +m)
hs€V(Hs)

+ Y 3(degy, (hy)+m)
hreV(H,)

+ ) 2degyy, (hg) +n2)
hqeV(Hy)

+ > 2m3+2)
HyeT(Hy)

= 32m3 + mn3) + 32my + n1ny)
+22my +niny) + 2mi(nz + 2)
= Smn3 + Sniny + 8my + 6my
+ 6mj3.

2) By using Lemma 1 in Equation (2), we get
A
ECHS > (HY UHD)
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_ Z deg;_[s(hs) + my
hseV(Hs) 3
de (hy) +nq
+ > T, ) T
hreV(H,)

>

hgeV(Hy)

" Z n3;—2

H,€T(Hy)

dequ (hq) + no

1 1
= =(2m3 +mn3) + = (2my
3 3
1
+niny) + 5(2m1 + niny)
1
+ Eml(ﬂ3 +2)

1
= 8(Smlng ~+ Sniny + 12my
+4my + 4m3).

This complete the proof. |
Now, we set up the precise values of the total eccentricity
and average eccentricity indices of subdivision vertex-edge
join for three graphs.
Theorem 2: Let Hy, H, and H, be three graphs. Then we
have

D) (HS > (MY UHE) = 3n3 + 3ny + 2n1 + 2m).

3n3 + 3ny + 2ny1 + 2my
2 HE > (HY UHL)) = .
) aveg(Hy > (H; ) PTR———
Proof:

1) By using Lemma 1 in Equation (3), we get

My > (HY UHD) = Y 3+ Y 3

hs€V(Hs) hreV(H,)
D ST 3
hqeV(Hy) hy€Z(Hg)

= 3n3 + 3ny + 2ny + 2m;.
2) By using Lemma 1 in Equation (4), we obtain

T(HS > (HY UHD)

ny +ny+n3+m
3n3 + 3ny + 2ny + 2my

ny +ny+n3+m

aveg(’Hf > ('H}/ U HSI)) =

This complete the proof. ]
Theorem 3: Let H,, H, and H, be three graphs. Then

1) MiHS & (HY UHT) = 9n3 + 9ny + 4ny + 4.

2) M2(H§>(HyUHSI)) = 9m3+9my+6n1ny+6n3my+

8mj.
Proof:
1) By using Lemma 1 in Equation (5), we get

MIHS > (HY UHD))

VOLUME 7, 2019
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>3+ ) 6y

hseV(Hs) h€V(H,)
+ o) @+ ) @
he€V(Hy) h,eT(My)

= 9n3 + 9y + 4ny + 4m;.
2) By using Lemma 1 in Equation (5), we obtain

Mo(HS > (HY UHD))

= }: 3x3

hs, hsy €E(Hy)

+ ) 3x3

hyy iy €E(Hy)

DI

hg  €V(Hy) hyy €V(H,)

+ > > 2x3

Iy €L(Hqg) hsy €V(Hs)

LD

g, Hy €E(S(Hy),

hg €V(Hy) by, €I(Hg)
= 9m3 + 9my + 6n1ny + 6n3My
+ 8my.

2x2

This complete the proof. O
Theorem 4: Let H,, H, and H; be three graphs. Then we
have
D) GAeeeMS > (MY U HD) =

2V6
T(mnz + mn3).

my + m3 + 2m; +

2 1
D/%Qﬂ%ﬁﬂ%%ﬂgnzgmﬁwm+7§mm+
min3 + 2my).
Proof:

1) By using Lemma 1 in Equation (6), we obtain

GAece(H5 > (HY UHD))

2/3 x 3 2/3x3
= 2 it X Thys

hyy hy, €E(Hy)

2/2 %3

D D D
hgy €V(Hy) hyy €V(H,)

242 x 3

Yy
hg” €Z(Hq) hs) €V(Hs)

22 %2
Z 2+2

iy hry €ECH,)

+

g, 1y, €ESH).

hg, eV(?-Lq),h;1 €L(Hy)

2 2V6
=my +m3 + ?nllh + Tm1n3 =+ 2my.
2) By using Lemma 1 in Equation (7), we obtain

ABCece(HS > (HY UHD))

VOLUME 7, 2019

3132
= 2 V 3x3

hs, hs, €E(Hy)

/3+3—
+ Z T 3x3

hyy by €E(H,y)

RO e

hqy €V(Hy) hyy €V(H,)

/2+3—
+ Z Z T 2x3
hy eI(H,,)h;leV(”H)
2+2-2
2x2

+ >
hgy iy, €E(S(Hy)),
h, eV(Hq) Hy €T(Hy)

2 2 1 1
= gy + m3 + —=niny + —=min3
3TIM T AT A
1
+| — 2m1.
(%)
This complete the proof. ]

Theorem 5: Let Hy, H, and H, be three graphs. Then we
have

g9 > HY UHD)
1
= 6(3/\41(%(1) + ZMI(Hr) + ZMI(HJ))

5
+ §(n1m2 + miny + mym3z + n3my)

1 1
+ 6n1n2(2n2 + 3n1) + 6n3m1(2n3
+3my) + 2my.
Proof: By Lemma 1 in Equation (8), we get
S T
£“HS > (MY UHD)
Z S, (hs) + my degyy (hs) + mi(n3 + 2)
3

hs€V(Hs)
N Z S, (hr) + nidegy (hy) +2my + niny

hr€V(H,) 3
degyy (hg)(n3 +2) + 2my + niny
+ >
hgeV(Hy)
dequ (hg))+ dequ (hgy)+2n2+2m3+mn3
+ > 5

H,€T(H,)

1 1
=3 (M1 (Hy) + 2mim3 + nzmy(n3 + 2)) + g(Ml(Hr)
+ 2nymy+, 2mpmy + nyn3)
1
+ 3 (Zml(n3 +2) + 2mony + n%nz)
1
+ E(Ml(Hq) + 2nomy + 2mzmy + m%n3)

After simplification we acquire required result. This com-
plete the proof. |
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Theorem 6: Let H,, H, and H, be three graphs. Then we
have
E(HS > (HY UHD))
= ZMI(Hq) + 3M1(Hr) + 3M1(,Hs)
+10(nima + miny + mim3z + n3my)
+nino(2ny + 3n) + nym1(3nz + 2my)
+ 8my.
Proof: By Lemma 1 in Equation (9), we get
E(HS > (HY UHD))
= Z 3(S1,(hs) + my degyy (hy) + mi(n3 + 2))
hs€V(Hs)

+ > 3w, () + nidegyy, (hy) + 2my + ning)
hy€V(H,)

+ D 2(degy, (hy)(n3 +2) + 2may + nino)
hqeV(Hy)

+ Z 2(dequ (hgy) + dequ
H,€T(Hy)

X (hgy) + 2np + 2m3 + mn3)

= 3 (Mi(Hy) + 2mim3 + nzmy(n3 + 2)) 3(M(H,)

+2n1my + 2nomy + nm%)

+2 (2ma013 +2) + 2mamy + iz ) + 2(Mu (Hy)

+ 2nomy + 2m3my + m%n3)

After simplification we get required result. This complete
the proof. g

Theorem 7: Let Hy, H, and H, be three graphs. Then we
have

ds1yS A
EBHS > (MY UHD)
=6n3(ny — 1)+ 6m(ny — 1) +4ni(n; — 1)
+ 5n1ny + 10nymy + 4m% + 18nyn3
+S5min3 + 10n1n3 + 12n1my +4m% — 20my
— 6my — 6ms.
Proof: By Lemma 1 in Equation (10), we get
d. S T
EBHT > (MY UHD))

-(x =

hs€V(Hs) heN3; (hs)UL(Hy)

+ ) > 3x2

hAEV(HA) hE(V(Hs)\N’Hy (h_;))UV(Hq)

+ ) Z3x3>

hs€V(Hs) hreV(H,)

+< > > 3x1

hr€V(Hr) heNgy, (hr)UV(Hy)

> 2.

hr€V(Hr) he(V(H)\N#, (he))UL(Hy)

3x1

3x2

143386

+ > Z3x3>

hr€V(H,) hyeV(Hs)
Z 2x1

H(

thV(’Hq) hENs('Hq)(hq)UV('Hr)

> 2

hg€V(Hy) he(V(H)\{hgHUV(Hs)

+ > > 2x3>

hg€V(Hy) EI(Hq)\N5<Hq)(hq)

+< > > 2x 1

hy €Z(Hy) heNs ) IV (Hy)

Ly 2

1y €T(Hq) heXH\ B DUV (H,)

+ Y > 2x3>

hy€L(Hy) hg€V(HP\NS 31y

=<3 3 (egy,(h)+m)+6 Y (n3—1

2x2

2x2

hs€V(Hy) hs€V(Hy)
— degyy (h) +n)+9 > n2>
hyeV(H,)
+<3 D" (degyy, (hy) +n1)
hyeV(Hy)
+6 Y (m—l-—degy, (h)+m)+9 Y n3>
hreV(H,) hreV(H,)
+<2 Y (egy, (hg) +m)+4 Y (u—1+n3)
thV(Hq) thV(Hq)
+6 Y (ml—dequ(hq))>+(2 > (m3+2)
hqeV(Hy) hyeT(Hy)
+4 Y m—1l4+m)+6 Y (n1—2)>
hy€Z(Hg) hyeZ(Hy)

= 302m3 +mn3) + 6(n% —n3 — 2m3 + nin3) + 9nons
+3Q2my +n1nyp) + 6(n% —np — 2mp + nomy) + 9nong
+2Q2my +nny) + 4(n% —ny +nn3)+6(nym;—2my)
+2mi(n3 +2) +4mi(m; — 1 + np) + 6m(n) — 2)

= 6n3(n3 — 1) + 6np(ny — 1) +4ni(ng — 1) + Sniny
+ 10nom; + 4m% + 18nyn3 + Sminz + 10n1n3
+ 12nymy + 4m% — 20m; — 6my — 6ms.

This complete the proof. ]

Theorem 8: Let Hy, H, and H, be three graphs. Then we
have

WHS > HY UHD)
= (1} + 3 + 3 + ) — (1 +ny + n3
+5my) — (mp + m3) + nyny + 3nyn3

VOLUME 7, 2019
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+2nymy + min3 + 2nyin3 + 3nymy. —14m)+3 Z (n; — 2))

! €L

Proof: By Lemma 1 in Equation (11), we get | Hg€L(Hy)
= —(2m3 + min3 + 2n3 — 2n3 — 4m3 + 2n1n3 + 3mon

W(HqSD(H},)U’HSI)) 2( 3 113 3 3 3 113 213

1 < Z Z { +2my + niny + 2n% — 2ny — 4my + 2nomy + 3nons
= — 5 B _
s eV CHy) heNa, (mUT(Hy) +2my 4+ niny + 2ny] — 2n1 + 2nin3 + 3nymy — 6my
+ Z Z 2 +my(n3 +2) + 2mi(my — 1 +n2) + 3mi(m —2)>

hs€V(Hy) he(V(Hs)\Nag; (s DUV (H )
s (hsy a =4+ m+n3+md) — (m +ny +n3 + 5my)

+ Z Z 3 — (my + m3) + niny + 3npn3 + 2nomy + myns

hs s hr r
V() hrV(Hr) +2n1n3 + 3nymy.
+ 2 > 1
hy€V(H,) heNgy, (WUV(H,) This complete the proof. O
Theorem 9: Let Hy, H, and H, be three graphs. Then we
+ Z Z 2 have
hy€V(H,) he(V(Hr)\Nay, (h)UL(Hg)
S % z
+ Z Z 3 H(Hq > (H, UH))
hy€V(H,) he V(H, 1/13 1
YL ReVL) :—<—m1+m2+m3+2n1n2+—n1(n1
5> S 8 :
1 1
hg€V(H ) heNs (3 (hg) IV (H,r) -+ E;12(n2 -+ Eng(ng -1

ha€V(Hy) he V(H )\ g DUV (H)

+ 2 > 3 1>.

2
hg€V (M) 1, €T(Hy)\Ns(31)(hg) T5m

+ 2 > 2 2 21
+my n2+2n3+§n1 +n3 §n2+§n1

+ ( Z Z 1 Proof: By Lemma 1 in Equation (12), we get
h €T(Hy) heNs 1) (H)UV(Hy) S VI
o o H(H, > (H) UHY))

+ D ) 2 1 1
W €T (Hy) he(TH N\, DIV(H,) =51 X > 1
hs€V(Hs) heNqy; (hs)UL(Hy)
3D S SRR 1
W, €T (Hg) hy€V(H)\Nsrig) () + ) > 5
s €V CHy) he(V(H)\Nagg ()Y (H,)

_ 1 d h 1
—5< > (degyy, (hy) +m) f Y Y !

hs€V(Hy)
hs€V(Hs) hr€eV(H,)
+2 ) (n3—1—degy, (hy) +m)

1
hy€V(Hy) + D > 1

hy ) h hy)UY
+3 Z n + Z (dengr(h,) €V(Hr) heN3y, (hr)UV(Hg) |
hs€V(Hy) hr€V(H,) 1
+ D > .
)2 ) (o~ 1~ degy, (hy) i €V(H,) he(VH,)\Nag, (b )VUT(Hy)
hrEV(Hr) 1
D DD DR
+m)+3 ), mt ) (degy,(hy) e VCH,) e VM)

hreV(H,) hg€V(Hy) 1

+m)+2 > —1+m3) > 2 1

hq€V(Hg) heNs1y)(hg) UV (H,)

hgeV(Hy) 1

+3 3 (m — degy, (hy) + 2 > 5
hg€V(Hy) hg€V(Hq) he(V(H )\ hgHUV(Hs)

1

+ 2)+2 -
Z (n3 +2)+ Z (my + Z / Z 3
HeT(Hy) h,eT(Hy) hg€V (M) HyeT(H ) \Nsrg) (hy)
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(= 4

Hy€L(Hg) heNs 214 ()UV(Hy)

Y

hy€L(Hg) he @ (HP\ g HUV(Hr)

D MDD

Wy €T(Mg) hg€V(Hg)\N (31, (h})

1
= 5( > (degyy, (hs) +m)
hs€V(Hs)

1
+ 3 Z (n3—1-— degHS(hs) + np)

hs€V(Hs)

1

t3 D mt Y (egy () +m)
hseV(Hs) heV(H,)

1

+5 D (=1 —degy, (h)+m)
hr€V(H,)

1

t3 D mt Y (degy,(hy) +m)
hr€V(H,) hgeV(Hy)

1 1

+5 D m—l4m)ts Y (m —degy, (hy)
ha€V(Hy) ha€V(Hy)

1

+ D 3D+ Y m—l4m)
hy,€T(Hy) B, eT(Hy)

1

+3 2 (n1—2)>
h;leI(H,,)

1 1 1
= 5(2m3 + mn3 + E(n% —n3 —2m3 +nin3) + §n2n3

1 1
+2my +niny + E(n% —ny —2my 4+ nymy) + 3

1 1 2
+2my +niny + 5”1("1 —1+n3)+ 3mm = 3m

1 1
+mi(n3 +2) + Eml(ml —1+m)+ §m1(n1 - 2))
= Y s 2mm 4 L — 1)
AN my — mp +—m3 niny 2”1 ni

1 1 )
+ 5”2(”2 -D+ 5”3(”3 —D+m (nz +2n3 + §n1>

2 1 1,
+n3 §n2+§n1 +§m .

This complete the proof. 0
Theorem 10: Let H4, H, and H be three graphs. Then we
have

WW(HS > (HY UHD))
3 3
= E(n% +n§ +n§ +m%) — E(nl + ny
23
+n3) + 5 2(my + m3) + niny
+ 6nyn3 + 3noymy + minz + 3nin3
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+ 6n1m;.

Proof: By Lemma 1 in Equation (13), we need to find
only A(’Hf > (HY UHD)).

AMHS > (HY UHD))

:% 3

hieV(HT >HYUHT))

DDH?D(H}’UH?)(M)

=%< )

h1 €EVHS >(HY UHT))

2
Z dH;f D(%yuﬁg)(hl ' h2)>
hy€V(HZ >(HY UHT))

5 x o

hs€V(Hs) heNqy  (hy)UL(Hy)

+ 2 2 @7

hs€V(Hy) he(V(H)\N31, (hs DUV (Hy)

FY Yery Y

hs€V(Hs) hreV(H,) hr€V(Hr) hy Ny, (WUV(Hy)

+ Y > )y

hr€V(Hy) heV(H)\Nwg, (e ))UL(H )

Py Y

heV(H,) hyeV(Hy)

D SE S

thV(Hq) hGNS(Hq)(hq)UV(Hr)

p> 2, e

ha€V(Hy) heW(H )\ {hgHUV(H)

D D S

thV(Hq) hé] EI(Hq)\NS('Hq)(hq)

+< > >, A

h;EI(Hq) heNS(Hq)(h;)UV(’HS)

+ Y > )y

hy €I(Hy) he L HP\MhGHUV(H,)

D DD SNCY

Hy€T(Hy) hy€V(Hg)\Ns(rg) ()

1
hSGV(HS) hsev(Hs)

— degyy (hs)+n1)+9 Z ny+ Z (degyy, (hy)
hs€V(Hs) heV(H,)

+m)+4 Y (mp— 1 —degy, (hy)+m)
hreV(H,)

+9 Y m+ Y (degy, (hy) +m)
hreV(H,) hqeV(Hy)

+4 ) m—14n)49 Y (mi —degy, (hy)
ha€V(Hy) ha€V(Hy)
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+ Y m+D+4 D (m—1+m)
B, eT(My) hye€L(Hy)

+9 Z (n —2))

H,eT(Hy)

1
= §(2m3 + mn3 + 4n§ —4n3y — 8m3 + 4nns

+9nyn3 + 2my + niny + 4n§ —4dny, — 8my + 4npymy

+9nyn3 + 2my +nyiny + 4n% —4ny +4nin3 + 9nymy

—18m; +mi(n3 +2) +4my(m; — 1 + np)
+9mq(nq —2))

= 2(n% +n% +n§ + m%) —2(ny +np +n3 +5m)
—3(my + m3) + niny + Ynonz + dnymy + mnj

+4nyn3 + 9nymy. (15)

Therefore by using Theorem 8 and (15) in (13), we get the

required result. This complete the proof.

O

Theorem 11: Let'H,, H, and H, be three graphs. Then we

have

DD(HS > (HY UHD))
= —Mi(Hs) = M(H,) —2M1(Hy)
+nina(ng +ny —4) +4my — 1)(my
+my + m3) + 3mn3(my +n3 — 2)
+ 6(myny — naymy + n3my + nam3)
+4n3m3z + 3nin(n3 + my) + Snzmy(ny
+n2) + 2my(5my — 6).

Proof: By Lemma 1 in Equation (14), we get

DD(HS > (HY UHD))

-(x %

hy€V(Hy) heNpy, (h)UL(Hy)

> 2

hy€V(Hy) he(V(H)\N1, (hs))UV(Hg)

+ Y Y 3(deg7_ts(hs)+m1))

hs€V(Hs) hreV(H,)

1(deggy, (1) + mi)

2(degyy, (hy) + m1)

HX X e em
hr€V(H ) heN3y, (hr)UV(Hy)
+ > > 2(degyy, (hy) +n1)

hr €V(H ) he(V(H)\Nay, (e ))UL(Hy)

+ Y 3(degHr(h,)+n1)>

hreV(Hy) hsyeV(Hs)

+ ( ) S idegy, (h) + m)
hq EV(Hq) /’lENS(’Hq)(hq)UV(Hr)
+ Y > 2(degyy, (hg) + n2)

hq€V(Hq) heV(H )\ {hg DUV (Hs)
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> 2

2(degy, (hg) + nz))
hq€V(Hg) hy€L(H)\N5(314)(hg)

SO MR
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< D" (degjy (h) + mt + 2my degyy, (hy)
hyeV(Hy)

+2 > (13 — 14 ny)(degyy (hy) +mi)
hseV(Hy)
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+3ny Z (degHS(hS) + my ))
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+20u —1+n3) Y (degyy, (hy) +n2)
ha€V(Hy)
+3 )" (midegy, (hy)
hqeV(Hy)

— deg%_tq(hq) +nomy; — np dequ(hq))>
+(m1<n3 +2)% 4 2my(n3 + 2)(my — 1+ n2)

+3my(n3 + 2)(n; — 2))

Mi(Hy) + m%n3 +4mymz +2(n3 +n; — 1)

x (2m3 + mn3) — 2M(Hy) — 4mym3 + 6nom3

+ 3nominy + Mi(H,) + n%nz +4dnimyp

+2(ny — 14+ ny) —2M(H,;) — 4nymy + 6n3my
+3nynanz + M(Hy) + nm% + dnom +2(ny+ny—1)
x (2my + ning) + 32m} — My (Hy)+ninamy —2namy)
+mi(n3 +2)(n3 + 2+ 2m; — 2 4 2ny 4+ 3n; + 6)
—Mi(Hg) = M(H;) = 2M1(Hy) + mina(ng +ny — 4)
+4(n — D(m1 + my + m3) + 3minz(m; + n3 — 2)

+ 6(myny — npmy + namy + noms) + 4dnyms
+3nin2(n3 + my) + Snzmy(ny + n2) + 2mi(Smy — 6).

This complete the proof. U

CONCLUSION

The analysis of graphs and networks through structural prop-
erties is a research topic with growing significance. One of

the

approaches in investigating structural characteristics is

discussing the quantitative measure that encodes structural
statistics of the entire network by a real number. In this
article, we have provided the results related to the eccentric-
connectivity, connective eccentricity, total-eccentricity, aver-
age eccentricity, Zagreb eccentricity, eccentric geometric-
arithmetic, eccentric atom-bond connectivity, eccentric adja-
cency, modified eccentric-connectivity, eccentric distance
sum, Wiener, Harary, hyper-Wiener and degree distance
indices of subdivision vertex-edge join of graphs.
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