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ABSTRACT The aim of this article is to define the notion of F,-contraction and obtain some new fixed
point theorems for a new class of contractive conditions in the context of complete metric spaces. The
obtained results extend and improve the well-known results of literature by means of this new class of
contractions. As application, we discuss the electric circuit equation and apply our result to solve the second
order differential equation arising in it. To rationalize the notions and outcome, the existence of solution for
a certain Volterra-type integral inclusion is also obtained.

INDEX TERMS F,-contraction, fixed point, multivalued mappings, complete metric space, volterra-type

integral inclusion.

I. INTRODUCTION AND LITERATURE REVIEW

In nonlinear analysis, the theory of fixed points plays one of
the chief and important part and many applications in com-
puting science, physical science and Engineering. In 1922,
Stefan Banach [1] established a prominent fixed point result
for contractive mappings in complete metric spaces. Follow-
ing the Banach contraction principle Nadler [2] initiated the
notion of multi-valued contractions utilizing the Hausdorff
metric and proved that a multi-valued contraction owns a
fixed point in a complete metric space. Let (S, o) be a metric
space. For ¢ € Sand A € S, we indicate 0({,A) =
inf{o (¢, &) : & € A}. Let us indicate by N(S), the class of all
nonempty subsets of S, 28 , the class of all nonempty subsets
of S, CL(S), the family of all nonempty closed subsets of
S, CB(S), the family of all nonempty closed and bounded
subsets of S and K(S), the family of all compact subsets of
S. Let H be the Hausdorff-Pompeiu metric induced by metric
o on S, that is,

H(A, B) = max{supo (¢, B), supo (£, A)}
LeA EeB

forevery A, B € CB(S). For more details in this direction, we
refer the reader to [3]-[5].
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Now, following the lines in [6], we denote by & the set of
all continuous mappings p : (RT)> — R satisfying the
following assertions:

(o1) 0(1,1,1,2,0), p(1,1,1,0,2), p(1, 1,1, 1, 1) €(0,1],

(02) p is sub-homogeneous, that is, for all (¢1, &2, &3, &4,
¢s)e(RY) and « > 0, we have p(al1, ala, a3, als,
ats) < ap(Si, &2, 83, 4, §5);

(03) p is a non-decreasing function, that is, for ¢;, & € RT,
;i <&,i=1,...,5, wehave

p(L1, &2, 83, 84, &s) < p(&1, &2, €3, €4, &5)

andif ¢;, & e RT,i=1,...,4, then

(81,82, 83,84,0) < p(&1, 62,83, 84,0)

and

P81, £2, 83,0, 84) < p(&1, 82, 83,0, &4).
The following lemma of [7] is needed in the sequel.
Lemma 1.1: If p € £ and ¢, & € RT are such that
¢ <max{p(§,§.5,§+¢,0),0(5,8.0,0,§+0),
p(é’é"s’g+§70)’p(€7§’§’07§+§)}’

then ¢ < &.

Wardowski [8] introduced and studied a new contraction
called F -contraction to prove a fixed point result as a gener-
alization of the Banach contraction principle.
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Definition 1: Let F : R™ — R be a mapping satisfying

the following conditions:

(F1) F is strictly increasing;

(F2) for all sequence {¢,} € RY ,limy 00 & = 0 =
limy,—, 00 F(¢n) = —00;

(F3) 30 <r < Isothatlim,_, o+ "F(¢) = 0.

Consistent with Wordowski [8], we denote by F the set of
all functions F : RT™ — R satisfying conditions (Fy), (F2)
and (F3).

Definition 2 [8]: Let (S,0) be a metric space. A self-
mapping G on S is called an F -contraction if there exist some
F € F and © > 0 such that

0(Gt,GE) > 0 = 1+ F(0(G¢, GE)) < F(o(¢, £))

for¢, & €8S.

Lemma 1.2 [7]: Let (S, o) be a metric space and A, B €
CL(S) with H(A, B) > 0. Then, for every h > 1 and for
each a € A, there exists b = b(a) € B such that o(a, b) <
hH(A, B).

In this paper, we define the notion of F,-contraction and
establish some generalized fixed point theorem in the setting
of complete metric spaces. As application of our main result,
we discuss electric circuit equation and the existence of solu-
tion for a certain Volterra-type integral inclusion.

Il. MATERIALS AND METHODS

In this article, we utilize the family £ of all continuous
mappings o : (RT)> — R and the class £ of all functions
F : RT — R to define the notion of F, -contraction. Some
generalized fixed point theorems for multivalued mapping
G : S — CB(S) involving Housdorff metric defined by

H(A, B) = max {supo (¢, B), supo (&, A)}

€A &eB

for all A, B € CB(S), have been established. To verify the
effectiveness and applicability of our main results, the solu-
tions of Volterra-type integral inclusion are also discussed.

We take ¢p as an arbitrary point in complete metric space
S and use the hypothesis given in the statement of our main
theorem to prove {¢,} is a Cauchy sequence in S. Then by
using the completeness of (S, o), we get the convergence of
{¢,} which converges to a point {* € S. Subsequently we
prove that ¢* is a fixed point of mpping G : S — CB(S).

IIl. RESULTS

Definition 3: Let (S, o) be a metric space. A multivalued
mapping G : S — CB(S) is said to be F ,-contraction, if there
existF € F, p €& andt > 050 that

2t + F(H(G¢, G§))

(¢, £),0(¢. GO), o (&, GE),
5F<"( o(¢. GE), o(5. GO) )) -1

V¢, & e Swith HGg, GE) > 0.
From now to onward, we take (S, o) as a complete metric
space.
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Remark 1: If G : § — CB(S) is F,-contraction, then by
(3.1), we get

-2t

(8. €). 0(¢, GO). o (€. GE),
<F<p< o(2.GE). o€, G7) ))

0(¢,8),0(,G%),0(§, G8), ))

By (F1), we have

H(GZ, GE) < p (o(c,éxo(;, Go), o (&, ggf),)

0(¢,G8),0(5,60)

forall ¢, & € Swith Gt # GE&.
Theorem 1: Let G : S — CL(S) be an F,-contraction.
Then there exists {* € S such that ¢* € GC*.

Proof: Let g € S be an arbitrary and ¢; € Ggo. If
g1 = o or &1 € G¢p then ¢ is a fixed point of G and so the
proof is finished. So we suppose that ¢; # o or ¢ & G¢1.
Then o (¢, G¢;) > 0 and hence H (GZp, G¢1) > 0. From
(3.1), we get

2t + F (0(21,G¢1)
<2t +F (H(G%,T&r))

o (%o, ¢1), 0 (%0, GLo), 0 (L1, GE1),
5F<p< o(%0, G21), (21, Go) ))

<F <p (0(5“0,4“1),0'((0,El),a(;l,ggl),))

0(%0,621),0
and so
0(01,G81) < p (“@0’ é‘l)vaff(gmgfél); 00@1, gm)

Then Lemma 1.1 gives that o(¢1, G¢1) < (o, ¢1). Thus,
we obtain
2t + F (0(51,G¢1))
<2t +F (H (G, 9%1)

o (%o, £1), 0(20, G0), 0 (51, GE1)s
=F (p < (%0, G¢1), 0(81, Go) ))

a (%o, £1), (%0, 1), 0 (81, GL1),
= F<p< (%0, G61),0 ))

o (%o, ¢1), 0(Lo, £1), 0 (%o, C1)s
<F ("( 20(£0, 1), 0 ))

< F(a(%0,¢0p (1,1,1,2,0))
< F(0(%0. ¢1))

Thus
2t +F (0(£1,G81)) < F (080, £1))

Since F € [ is continuous from the right function, so there
exists a real number /2 > 1 such that

F (hH (G0, G81)) < F (H (G%o,G4)) + 1.

Next as

o(¢1,G81) < H (G, Gt1) < hH (Ggo, G&1)

(3.2)

(3.3)

(3.4)

VOLUME 7, 2019



A. A. N. Abdou, J. Ahmad: Multivalued Fixed Point Theorems for F,-Contractions

IEEE Access

by Lemma 1.2, there exists ¢, € G¢; (obviously, & # 1)
such that

0 (81, 82) < 0(81,G81).
Thus by (3.3), (3.4) and (3.5), we have
F(0(81, %)) < F (hH (G0, G61)) < F (H (G0, G81)) + T

(3.5)

(3.6)
which implies by (3.2) that
2t +F (0(81,82)) <2t +F (H(G%,G81) + 7
< F(o(%.¢l1) +1
Thus we have
T+ F (081, 82)) < F(o (%o, $1))- (3.7

From (3.1), we get

2t + F (0 (2, G%2))
<2t +F (H (G, G8))

(L1, 82),0(¢1,G81), 0(82, G2),
= F('O( 0(1,G8),0(82,G81) >>

o (C1,82),0(81,82),0(82,G8),
=F <p< o (01, G62). 0 ))

and so

o (82.G02) < p (“@1’ &), (1. 2. o (2, gm) |

0(¢1,68),0
Then Lemma 1.1 gives that o (¢2, G¢2) < o(¢1, &2). Thus,
we obtain

21 + F (0 (&2, G2))
<2t +F(H (G, 60))

o1, ), 0(81,G81), 0(82, Goo),
SF('O( o(t1,G8), 0%, G81) >>

o(¢1, &), 0(81, &), 0(81, £2),
SF('O( 20(81, 82,0 ))

< F(o(1,0)p1,1,1,2,0)
< F(o(31,0)) -

Thus we get
2T + F (0 (82, G8)) < F (0(81, 82))

Since F € F is continuous from the right function, so there
exists a real number /2 > 1 such that

F (hH (G¢1,G82)) < F (H (G811, G5)) + T

(3.8)

(3.9)
Next as

0 ($2,G8) <H (G4, G8) < hH (Ge1,Go)  (3.10)

by Lemma 1.1, there exists {3 € G¢o (obviously, ¢3 # &)

such that
002, 53) <0 (£,G0). (3.1D
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Thus by (3.9), (3.10) and (3.11), we have

F(0(82,83)) < F (hH (Gt1,G8)) < F (H (Gt1,G0) + 1
(3.12)
which implies by (3.8) that
2t +F (0(£2,83) <2t +F(H (G81,G0) + T
<F@©(, o)+

Thus we have

T+ F (0(82,83)) < F(0(81,82)).

So pursuing in this way we obtain {¢,} in S such that ¢, €
G¢p and

T+ F(0(Sns Ent1) < F(0(Gn—1, En))
for all n € N. Therefore by (3.14), we have

(0(Gn, Snt1)) = F(0(Gn—1,80)) — T
<F (U(gn—Z» gn—l)) -2t
<. <F(o(o, 1) —nt.

Taking n — oo, we have lim F (0(&y, $ny1)) = —oo that
n—oQo

(3.13)

(3.14)

(3.15)

jointly with (F7) gives
lim U(;}lv €n+l) =0.
n—oo
Thus from (F3), 3 r € (0, 1) so that
ngngo[a(é-m ;n—&-l)]rF (0 (&n, Cnr1)) = 0.
By (3.15) and (3.16), we obtain

[0 (Cns Sns DI F (0 (Cns Eng1)) — [0 Cns Snr DI F (0 (0, €1))
< [0, Ear D] [F (0 (G0, £1)) — nT]
— [0 (Gns EntDI'F (020, 1))
< —nt[o (&, Luyr1)]” < 0.

Taking n — oo, we have

(3.16)

lim n[o(Sn, Cay)]” = 0. (3.17)
n— 00
Hence lim n7o(&n, Cip1) = O, which implies that
n—0oo

Zflil 0 (&n, Cny1) converges. Hence the sequence {¢,} is
Cauchy in S. As (S, o) is a complete metric space, so there
exists a £* € S such that

lim ¢, =¢*.
n—od

(3.18)

Now, we prove that ¢* € G¢*. Assume on the contrary that
¢* & G¢*, then 3 np € N and a subsequence {Zy, } of {¢,}
such that o ($y,+1, G¢*) > Oforall ny > ng. Now, using (3.1)
with ¢ = Sy 41 and & = ¢*. Taking Remark 1 into account,
we have

U(é’nk+17 gé-*)
<) (a(énk,:*),o(znk,g;nk),a(é*,g;*),)
- 0(§nk7 gé—*)v O‘({*, g{nk)
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<o (a(é‘nkv "), U(fnk, {nk+1), o(C*,gc"), )
- G(an’ gc*)’ O'(é'*, Cl’lk+1)

Taking n — oo, we get
o((*, G0 < p(0,0,0(%,G5%), 0%, GC),0)
which implies by Lemma 1.1 that
0<0(5*G¢") <0

which is a contradiction. Hence o (¢*, G¢*) = 0. Since G¢*
is closed, we deduce that ¢* € G¢* . Thus ¢* € G¢*. g

IV. CONSEQUENCES
In all these consequences, we assume F' € [ is a continuous
from the right function.

Corollary 1: LetG : S — CB(S). Suppose that there exist
some F € [ and v > 0 such that

2t + F(H(G5,G8)) < F (0(5,8)

forall¢, & € Swith H(G, GE) > 0. Then there exist * € S
such that ¢* € G¢*.
Proof: Consider p € £ given by p(¢1, {2, &3, 84, {5) =
1. Then the result follows from Theorem 1. O
Corollary 2: Let G : S — CB(S). Suppose that there exist
some F € F and t > 0 such that

2t + F(H(G¢,G8)) < F (0(8,G0) +0(§, G8))

V¢,& e Swith HGE, GE) > 0. Then there exists {* € S
such that £* € G¢*.
Proof: Considering p € & given by p(¢1, &2, 3, L4,
¢s5) = & + &3 inTheorem 1. ]
Corollary 3: Let G : S — CB(S). Suppose that there exist
some F € [ and © > 0 such that

2t + F(H(G¢, G8)) = F (0(8,G8) +0(£,G0))

V¢,E e Swith HGE, GE) > 0. Then there exists {* € S
such that £* € GZ*.
Proof: Considering p € &£ given by p(¢1, £2, &3, C4,
¢5) = {4 + &5 in Theorem 1. O
Corollary 4: Let G : S — CB(S). Suppose that there exist
some F € [ and v > 0 and non-negative real numbers
o, B,y witha + B+ y <1 such that

2t + F(H(G¢, GE) <F (a0 (£, §)+Bo (5, G0)+yo(E, G§))

V¢,E e Swith HGE,GE) > 0. Then there exists {* € S
such that £* € GC*.
Proof: Considering p € & given by p(¢1, &2, 83, L4,
{5) = aly + B¢ + y &3 in Theorem 1. O
Corollary 5: Let G : S — CB(S). Suppose that there exist
some F € F and v > 0 and non-negative real number
o € (0, 1] and L > O such that

2t + F(H(G¢, G8)) < F (a0 (£, §) + Lo(§, G7))

V¢, & e Swith HGE,GE) > 0. Then there exists {* € S
such that £* € GC*.
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Proof: Considering p € & given by p(¢1, &2, &3, L4,

¢5) = a1 + L&s in Theorem 1. 0

Corollary 6: [10] LetG : S — CB(S). Suppose that there

exist some F' € F and t > 0 and non-negative real numbers
o, B,v,8and Lwitha + B+ v + 6 + 2L < 1 such that

2t + F(H(Gt, G§))

-F ao (¢, €)+ Bo(¢,Ge) + ya(E, GE)
= +d80(¢,GE)+ Lo(&,G¢)

V¢, & e Swith HGE, GE) > 0. Then there exists {* € S
such that £* € G¢*.
Proof: Considering p € & given by p(¢1, &2, &3, Ca,
{5) = ol + BL + y &3 + 684 + LEs in Theorem 1. a
Corollary 7: LetG : S — CB(S). Suppose that there exist
some F € [ and v > 0 such that

2t + F(H(Gt, G§))

0(¢,8),0(8,G¢),0(&, G&),
< F'| max 0(e.GE)+0(.G0)

V¢,E € Swith HGE,GE) > 0. Then there exists {* € S
such that * € G¢*.
Proof: Considering p € & given by p(¢1, {2, 83, ¢4,

¢5) = max {¢y, &, ¢3, {4'5{5 in Theorem 1. |

If we take self mapping G : S — S in the above Corollary,
then we get the following result.

Corollary 8: Let (S, o) be a complete metric space and let
G : S — S. Suppose that there exists some F € [ andt > 0
such that

2t + F(0(G¢, G8)

- F 0(£.8),0(,G5), 08, G§),
< F ( max o(¢.Geya (6.5

forall¢, & € Switho (G, GE) > 0.Then there exists {* € S
such that £* = GC*.

Corollary 9: Let G : S — CB(S). Suppose that there exist
some F € F and t > 0 such that

2t + F(H(G¢, G§))

o (2. €). 07, GE), 06, GE).
=F (ma"{ o (¢, ), o (€, G7) }) “-1)

V¢, € € Swith HGE, GE) > 0. Then there exists {* € S
such that ¢£* € G¢*.
Proof: Considering p € & given by p(¢1, {2, 83, ¢4,

{5) = max {1, &2, {3, ¢4, {5} in Theorem 1. O
Corollary 10: Let G : § — CB(S). Suppose that there
exist some F € F and t > 0 such that

2t + F(H(G¢, G§))
<F <maX {G(C,E), o(¢, QC);G(S, gg)’
U(C,QE)+U($,QC)D

2

V¢, & e Swith HGL,GE) > 0. Then there exists {* € S
such that * € G¢*.
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Proof: Considering p € & given by p(¢1, &2, 3, L4,
§5)=max{§1,%,%}inTheoreml. O
V. APPLICATIONS
A. APPLICATION TO ELECTRIC CIRCUIT EQUATION
In this subsection we apply our result to solve electric circuit
equation which is in the form of second order differential
equation. It is conventional that electric circuit contains an
electromotive force E, a resistor R, capacitance C and an
inductance L. If the current / is the rate of change of electric
charge Q with respect to time ¢, I = %. We are familiar with
the following relations:

1)V =1IR;
(i) V =%
(i) v = L4

Now by Kirchhoffs voltage law, the sum of these voltage
drops is equal to the supplied voltage, i.e.,

IR + Q +Ld1 = V()
C dr

or
d’Q  dQ  Q
L—+R—+==V(
ar N te ®
00 =0, Q/O=0. (5.1
The Green function associated to (5.1) is given by
—s5e™D 0<s<t<1
G(t,s) = {—tef(‘_’), 0<t<s<l, (5.2)

where T > 0 1is a constant, calculated in terms of R and L. Let
S = C([0, a], R™) be the set of all non negative real valued
functions defined on [0, «]. For an arbitrary ¢ € S, we define

{I;(t)l e‘“} . (5.3)

I¢ll; = sup
tel0,a]

Define 0:S x S — R by

o(¢.&) =llc =&l = sw {0 —s01e). 54
t€[0,a]

Then clearly (S, o) is a metric space. We now state and the
prove the result for the existence of a solution of the LCR-
circuit equation of the second order differential equation:
Theorem 2: LetG : C([0, a]) — C([0, a]) be self mapping
such that the following condition hold:
there exists a function K : [0, a] x [0, a] x R — R such
that

IK(,5,¢) — K(t, 5, &) < 12 2" M(¢, £)

where
0(¢,8),0(¢,G¢),0(&,G§),
M(¢, §) = max 0(¢,G8)+0o(&,Gt)
2

for all t,s € [0,a], {,€ € C([0,a]) and © > 0. Then
equation (5.1) has a solution.

VOLUME 7, 2019

Proof: Above problem is equivalent to the integral
equation

t
¢() :/ G(t, 5)K(t,s, £(s))os, (5.5
0

t € [0, a]. Consider G : C([0, a]) — C([0, a]) defined by

t
G @) :/0 G(t, 5)K (1,5, 5(s))os (5.6)

fort € [0, a]l and @ > 0. Then clearly ¢ * is a solution of (5.5),
if and only if ¢* is a fixed point of G. Now

G (1) — GEM®)I

t

Sf G(t,9) |K(t,s,8(5) — K(2,5,8(s))|os
0
t

< f G(t,5)t2e 7 M(C, E)o's

0
which implies

G (1) — GE®)I
'
< / tzefztezmefzmM(g“, E)G(t, s)os
0

IA

t
222 M@, E)]l, x /0 PHG(, o

21t

e |M(Z, 6, [—‘12

IA

(2rr—tte ™ 47 — 1)i|

This implies that

G (1) — GE@))| e >

<e 2T IME, 6, x (1 —=2tr+ 1™ — 7).
Thus
16 (@) — GENI,

< e TIME ), x (1 —2tt +tte™™ — 7).

Evidently, (1 — 27t + tte ' — e_”) < 1, so we have

G @) — GEO), < e > IM(&, &),
that is
o (G(), GE) < e " IME&, E)ll; -

Taking logarithm both sides, we get

In (0 (G(¢), G(€)) < In (2 1M, Il ).
which implies
2t +1n (0 (G(¢0), G€)) = In (IME. )]l).

Hence all the conditions conditions of result § are satisfied by
taking F () = In(t) for t > 0 and G has a fixed point which is
the solution of differential equation arising in electric circuit
equation. |
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B. APPLICATION TO VOLTERRA-TYPE
INTEGRAL INCLUSION
The aim of this subsection is to apply the established results
to obtain the existence of solutions for a determined Volterra-
type integral inclusion. Consider the Volterra-type integral
inclusion as

t

c@®)ef@ —}—/K(t, s, ¢(s)os, te€la,b] 6.7

where f € Cla, b] is a given real-valued function and K :
[a, b] x[a, b] xR — K.,(R) and K,,,(R) indicates the class of
nonempty compact and convex subsets of R and ¢ € C[a, b]
is the unknown function.

Let C([a, b], R) be endowed with the metric

0(¢,8) = (max [£(r) —&§()]) = max [¢(7) —&@)] (5.8)
tela,b) tela,b]

forall ¢, & € Cla, b]. Subsequently (C[a, b], 0)is acomplete
metric space.

We will suppose the following conditions:

(Ay) for each ¢ € Cla,b], K : [a,b] x[a,b] xR —
K., (R) is such that K(z, s, £(s)) is lower semicontinuous in
la, b]x [a, b],

(Ap) there exists some continuous function [ :
[a, b] — [0, 400) such that

ke (2, 8) — ke (2, 5)|
< I(z, s) {max{[¢ (s) — &), [£(s) — K (2,5, S ()],
1E(s) — K (2,5, E()), 1$(s) — K(2,5,5())I,
E(s) — K(z, 5, £(s)I}}

forallz,s € [a, b], ¢, & € Cla, b].
(A3) there exists some T > 0 such that
sup

t
/ I(t, s)os < e *°.
tela,b] Ja

Theorem 3: With the assertions (A1)—(Az), the integral
inclusion (5.7) has a solution in Ca, b).
Proof: Let S = Cla, b]. Define the multivalued map-
ping G : S — CB(S) by

[a, b] x

t
gc = {S e S:E(r) ef(t)—l—/ K(t,s, ¢(s)os, t € la, b]}.

It is simple and direct that the set of solutions of the integral
inclusion (5.7) synchronizes with the set of fixed points of G.
Thus, we have to show that with the stated conditions, G has
at least one fixed point in S. For it, we shall examine that the
conditions of Corollary 9 are satisfied. g

Let ¢ € & be arbitrary. For the multivalued operator
K:(t,s) : [a,b] x [a,b] — K(R), it act in accordance
with the Michael’s selection theorem that there exists a con-
tinuous function k. (¢,s) : [a,b] x [a,b] — R such that
ke(t,s) € Kg(t,s) for all t,s € [a,b]. It follows that
o+ fat ke(t,s)os € G¢. Hence G¢ # ¢. It is an obvious
matter to prove that G¢ is closed, and so specific aspects are
excluded (see also [13]). Moreover, since f is continuous on
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[a, b] and K. (t, s) is continuous on [a, b] x [a, b], so their
ranges are bounded. It follows that G¢ is also bounded. Hence
G¢ € CB(S).

We now analyze that (2.19) holds for G on S with some
t>0and F € F,ie.,

2t + F(H(G¢4, G52))

(1,82, 0(81,G¢1), 0(82,GEo),
§F<max{ 0 (61.G¢2). 062, G 1) })

for ¢1, ¢ € S . Let & € G¢ be arbitrary such that

t
§1(1) € f(1) +/ K(t,s,l1(s)os

fort € [a, b] holds. Itimplies that V' ¢, s € [a, b], F k¢, (2, 5) €
K (t,5) = K(t, s, £1(s)) such that

t
b0 =10+ [ ko505
a
fort € [a, b]. For all ¢y, & € S, it follows from (A7) that

H(K(t,s,¢1) —K(t,s, )

max{[Z1(s) — &), [¢1(s) — K(2, s, $1(s)],

[62(s) — K (2, 5, Q2(s)I, [S1(5)—K (2, 5, §2(5)),
[52(s) — K(t, 5, £1(s))[}

This implies that 3 z(z, 5) € K, (¢, s) such that

ke, (2, 8) — 2(t, 9)|

max{|¢1(s) — &a(s)l, [¢1(s) — K (2, 5, £1(9))],

[2(s) =K (¢, 5, 22(s))], 1S1(9) =K (2, 5, 2(s)),
[2(s) — K(t, 5, £1(s)|}

=1, 5)

=1, s)

forall ¢, s € [a, b].

Now, we can deal with the multivalued mapping U defined
by

Ut,s) = K, (t, ) N {u € R : |ke, (1, 5) — u
< Iz, 9)[51(s) — La(s)]}

Hence, by (A1), U is lower semicontinuous, it implies that
there exists a continuous mapping k¢, (¢, ) : [a, b] x [a, b] —
R such that k;, (¢, s) € U(t, s) for ¢, s € [a, b]. Then &,(t) =
F(@®) + [l ke, (t, s)os satisfies that

t
E(0) € f(1) + / K(t,s, &(s)os, 1 € [a,bl.
t € [a, b]. Thatis & € G¢, and

1&1(1) — &2(0)
1
=< / |k;l (t,8) — ke, (2, s)\ os

t
< / 12, 9121(s) — E2(s)los

max{|¢1(s) — &2(s)],

1C1(s) — K(t, 5, £1(s))],
[62(s) — K (2, 5, S2(s)|, ¢ O
121(s) — K(t, 5, £2(5))1,
[62(s) — K(t, 5, C1(s))[}

t
< max /l(t,s)
a

tela,b]
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0(21,G82),0(82,G¢1)

for all ¢, s € [a, b]. Hence, we have

2t o (L1, 82),0(81,G¢81),0(82, G¢p),
oG f)=e ma"{ 0 (01, G82), 0(62, G¢1) }

Interchanging the roles of ¢ and ¢» , we obtain that
H(G¢1,G¢2)

< 72" max {

< ¢ 2" max {

0 (81, 82), 081, G¢ 1), (82, GCo), }

o (L1, &), 0(¢1,G¢1), 0(82, GEo), }
0(81,G¢2),0(82,G¢1)

Taking natural log on both side, we have

2t +1n (H(G¢4, G¢r))

o (81, 62),0(21,G¢1), 0(82, GEo),
= (max{ 0 (t1.GL2). 0(02. GC)) })

Taking F € F defined by F(t) = In(¢) for ¢ > 0, we have

2t + F(H(G¢4, G52))

o1, 8),0(81,G¢1),0(82,GEn),
SF(max{ 0(51,G¢2), 0(82,G¢1) })

All other conditions of Corollary 9 immediately follows by
the hypothesis by taking the function p € & given by

(L1, 82, 83, 84, &5) = max {1, &2, £3, &4, {5} and the given
integral inclusion (5.7) has a solution.

VI. CONCLUSION

In this article, we have defined the notion of F,-contractions
to establish new fixed point results for a new class of con-
tractive conditions in the context of complete metric spaces.
The given results extended and improved the well-known
results of Banach, Kanan, Chatterjea, Reich, Hardy-Rogers,
Berinde and Ciri¢ by means of this new class of contractions.
As application of our main results, the existence of solution
of second order differential equation and a certain Volterra-
type integral inclusion is also investigated. Our results are
new and significantly contribute to the existing literature in
fixed point theory.
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