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ABSTRACT We provide a high order numerical methods for solving some intelligent Robot Systems, which
are governed by the fractional nonlinear variable coefficient reaction diffusion equations with delay. The
convergence of this numerical algorithm is discussed via the energy method. Besides, this algorithm can also
be extended to solve the reaction diffusion equation with multi-delays. Finally, we carry on the numerical
analysis, and the results of the numerical tests are coincide with the theoretical results.

INDEX TERMS Intelligent robot systems, compact finite difference scheme, fractional variable coefficient

reaction diffusion equation with delay, convergence.

I. INTRODUCTION

In recent years, the time fractional differential equations are
widely used in robot systems [1]-[7], control theory [8], [9],
and signal processing [10]-[12]. Diffusion control problem
of mobile actuator (robots) networks can be seen as a system
governed by fractional partial differential equation [13], [14].
The optimization and estimation problem of the trajectories
of the mobile robots can be found in [15]-[19]. However, this
paper will consider the trajectories of the mobile robots.

As a result, the research of fractional differential equa-
tions becomes an active research direction, theoretical study
can be found in [20]-[23]. As for numerical analysis,
[24]-[27] considered finite element methods, [28]-[33]
considered finite difference schemes, [34] and [35]
constructed higher order compact difference schemes,
and [36]-[38] constructed other algorithms. In fact, time
delay may appear inevitably, and it should be better to con-
sider delay in differential equation models [39]-[44]. Higher
order compact difference schemes [45]-[50] and finite ele-
ment methods [51]-[54] were considered to numerically
solve such models with delay.

Recently, some researchers turned into the study of
fractional delay partial differential equations [55]-[59].
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However, the analytical solutions of fractional delay partial
differential equations can be obtained in few cases. As for
numerical solutions for fractional delay partial differential
equations, few articles are considered on this topic, one can
refer to the articles [60]-[63].

We will study the following fractional nonlinear variable
coefficient reaction diffusion equation with delay,

7( t)aa—”— @HB( rﬂ—*( D+ f(u(x, 1)
r(x, Py X, ox c(x, Hu u(x,t),
ulx,t —s),x,1), ((x,t)e0,1)x][0,T],
(0
ulx,t) = ¢(x,t), xe][0,1], t € [-s,0], )
u(0,1) = y(1), u(l,t)=p(), te,T], A3)

Based on the skills used in [64] and multiplying (1) by
exp( f(;f b(s, t)ds), the following equivalent equation can be
obtained

r(x, t)% =(D(x, uy )y — c(x, Hu + f (u(x, t),

ulx,t —s),x,t), (x,t)e,1)x[0,T], 4)

where r(x,r) = F(x,0)exp(fy b(s,t)ds), D(x,t) =
exp(fy b(s, t)ds), c(x,t) = &x,t)exp(fy bls, )ds),
Sulx, ), ulx,t —s),x,t) =f(ulx,t), ulx,t —s),x,t)
exp(fy b(s, t)ds).
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For the reason of simplicity, we firstly consider the follow-

ing reaction diffusion equation
aﬂt
T = (DO + 1), u(x, £ = 5). x. 1),

(x,)€(0,1)x (0, T], (5

with delay instead of equation (1), where s > 0 is a constant
delay term, 0 < ¢9 < D(x) < cjisa sufficient smooth
function. Time fractional partial derivative t;’ O <a<l
is defined in the Caputo sense as the following

u 1 ! _q 0u(x, &)
i e T ©

I'(-) denotes the Gamma function.

In the following of the paper, a high order numerical tech-
nique is provided to solve (2)-(3) and (5). The convergence of
this numerical algorithm is discussed in detail. Furthermore,
the scheme can be extended to solve the reaction diffusion
equation with multi-delays. Finally, the results of the numer-
ical tests verify that the proposed numerical algorithm is
accurate and efficient.

This paper is designed as follows. A high order numerical
technique for solving the equations of (2)-(3) and (5) is con-
structed in the Section II. In Section III, we consider the con-
vergence of the constructed difference scheme. In Section IV,
we conduct several numerical tests to validate the theoretical
results. In Section V, some conclusions of the paper are
provided.

Il. THE LINEARIZED COMPACT DIFFERENCE SCHEME

In this section, we develop a high order numerical technique
for the problem of (2)-(3) and (5). We assume function
fulx, ), u(x,t —s), x, t) is sufficiently smooth and satisfies

f(u+er,vter,x, 1) —f(u, v, x, )| < caler]+ezlea], (7)

where €1, €3 are arbitrary real numbers, ¢, and c3 are positive
constants.

Firstly assume two integers M > 0 and N > 0, and let
h=1/M,t = s/n, where n > 01is a positive integer, x; = ih,
tr = kt. Define Qj; = Qj x Q¢, where Qj = {x;]0 < i <
M}, Q; = {tx] —n < k < N}, N = [T/t], and then let
{vi.‘|0 < i< M,—n < k < N} be the grid function space
defined on 2;. We introduce the notations as follows

k

k
k Viel = Vi 2k +1_2V +vi L
(SXVH_% — lTl’(Sx Vi = L hz i—
8(DS VK = (Di+%8xvff+% — D18 l, 1)/h
k k
Sok = Vie1 7 Vie1
X Vi Zh )
k=1
k
st = F(2 )[ ov _Z(dk _jo1—dg—j)V — dg_n],
where d; = (j + 1)! 7% —jl=¢ j > 0.
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In addition, we denote
Y w2y @®)
v=—(Dx)—),
0x 0x

and define U¥ = u(x;, tx), V} = v(x;, 1), 0 < i < M, —n <
k < N to be grid functions throughout this paper.

Regarding the time fractional derivative, we have the fol-
lowing Lemmas

Lemma 1 [65]: Suppose 0 <o < 1,y € C2[0, ], it holds
that

k—1

[doy(tk) — Z(dk—] 1

j=1

| 1 e y/(s)ds B %
Fd—a)Jo Gx—95* T'Q2—-0w

—di—j)y(tj) — dr—1y(t0)]l
1 l—a 227¢

< — (1427 ¢ //t 2—04.
_F(Z—a)[ 2 +2_a (1+ )]Orinlagkly()lf

In the Lemma 1 listed above, dj satisfies the following Lemma
Lemma 2 [66]: Assume 0 < «a < 1, then it holds that
(1) d; decreases monotonically with j increases, and 0 <
di <1,
(2)do =1, Z N dijo1 — di—j) = do — di—1.
Now con51der1ng (5) at the point (x;, ), we have
o

0%u
W(Xu 1) = v(x;i, 1) + f (u(xi, 1), u(xi, te — s),
X, 4),0<i<M,0<k=<N. (9

From Lemma 1, one have

o

0%u
e (io fi) = SCUK + ik, (10)
where

x 1 l—«

T To—ol 12 2o

2—a
—(1+279)]

uxi 1) 2
max |———|t
0<t<n ar?

From Taylor expansion, we then have
FuCxi, 1), uCxi, i = 8), x5, ) =f QU™ = U2,
o 3*u _
U™ i, 10+ 7% 5 i Ve, UF" 30,0 (1)
where n*f €
k—1 k=2
U077 -U
Substituting (10) and (11) into (9), we obtain

(te—2, t), Qf.‘ in between u(x;,t;) and

8UL = VE+fQUIT — U2 UF X, 00 +RE, (12)

1

where

0u _
Ry =rf + TZW(XI', 1)k, Ul-k "X 1),

Thus, (8) can be approximated by the following compact
finite difference scheme

ApVE = 8.(D8 U + 0h*), (13)

138549



IEEE Access

B. Zhou, W. Gu: Numerical Study of Some Intelligent Robot Systems Governed by the Fractional Differential Equations

where Ay, is defined as [67]
n? ,
uj + O = do(Fwf), 1<i=M—1,

uk, i=0 orM,

Ap =

where in D = D — (h2D)/12, D = (D')/D — D" /2, and D/,
D" denote the first and second order spatial derivatives of
D(x) respectively.

Here acting the operator A, on both side of (12), we obtain
Ap8eUF = 8,(D8, U + Apf QUET! — UF2,
U oxi i) + R T<i<M—1,1<k <N, (14

1

where Rf.‘ = AhR’(ji + O(h*). It can be easily shown that
RE < Cr(z>™+h*), 0<i<M,1<k=<N, (15

where Cy > 0 is a constant.
Equations (2) and (3) can be discretized as

UF = ¢(xi, 1),
U§ =y,

Using uf to replace Ul.k in (14), (16) and (17), ignoring Ri.‘,
we have the following numerical algorithm

0<i<M,-n<k=<0, (16)
Uy =Bm). 1<k<N. (17

Apdut = 8, (D8 + Apf ! — k2,

Wi xin), 1<i<M—1,1<k<N,
(18)
W =), 0<i<M, —n<k<0, (19
uf =y, Uy =p), 1<k <N. (20)
For each time level, the compact difference

scheme (18)-(20) is a linear traditional system with strictly
diagonally dominant coefficient matrix, therefore the pro-
posed scheme has a unique solution.

Ill. THE CONVERGENCE OF THE COMPACT

DIFFERENCE SCHEME

To study the convergence of the scheme proposed above, we
first give some Lemmas before we provide the convergence
theorem. Assuming 0 < ¢4 < D < cs, |(%)’| < cq
and |%| < cg, Where c4, ¢5 and cg are positive constants.
Introduce grid function space belong to €2 as follows,

Vo = {ulu = (uo, uy, - - -, up), up = upr = 0}

Suppose u, v € Vy, 9, we have the following notations,

M—1

) =h Y i, ull =/, w),
i=1

lulloo = max ful,

1<isM-1
M—-1
(But, 8xv) = h ) (et 1)(Exvi 1),

i=0

[8xult = +/{Sxu, Sxu),
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M—1
(Butt, 8:v)py = h ) Dy 1)ty )Gy, 1),
i=0

|5xu|1ﬁ =/ (8xu, (qu)[)

By the definition of [Syu|,;, one can easily obtain
Lemma 3.

Lemma 3: For Y u € V0, we obtain /ca|dculi <
|5xu|1b = «/c_5|5xu|1

Lemma 4 [68]: ForV u € V), o, we have

1 1
lulloo = Z18xulr. lull = —6|5x14|1-

To prove the convergence analysis, we introduce
Lemma 5 as follows,

Lemma 5 [68]: Assume {F¥|k > 0} to be non-negative
sequence, and satisfies

k
Fktl §A+B7:ZF1, k=0,1,---,
i=1

then we have

FFHl < AP k=0,1,2,---,

where A and B are non-negative constants.

Wedenoteei.‘ = Ul.k —ué‘,O <i<M,-n<k<N.By
subtracting (18)-(20) from (14), (16) and (17) respectively,
we have

Ansitef = 8(Dsce); + Awpl +RY,

1<i<M-1,1<k<N,

k=0, 0<i<M,-n<k<0,

k=0, e, =0 1<k<N, 1)
where p¥ = fQUF' — U2 UF" xi 00 — FuET! —

K22 06 g ).
Theorem 1: Let u(x, t) be the solution of (5) and (2)-(3),

and {u¥|0 < i < M, —n < k < N} be the solution of (18),
(19) and (20). Then, we have

u

leflloo < C(x>™ + 1%, 1<k <N, (22)

where C is a positive constant independent of / and 7.
Proof: First, multiplying (21) by h(Sf‘e{F , then summing
up index i, we obtain

M—1
hY " (Andfed)(s5el)
i=1

M-1 M—1
=hy_ Ge(Dse))Oel) + 1 Y (Awpb)ofel)
i=1 i=1
M—1

+h Y (ROG ), (23)

i=1

where | <i <M — 1,1 <k < N. Then we estimate equa-
tion (23) term by term. By using the discrete Green formula,
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we have

h Z(Ahéo‘ek )(8% ek

]’l2 M—1
—h Z(a;*e{?)z +hi >
i=1 i=1
2 M—1
(826%ek)(6%e )—h— Z(SOX( 8"‘6)")(8“ )
2 M—1
= [l8%ek |12 — —h Z(a 5 )(8:87 ef)
N ‘(D)mat b = (Bim1drel 4
12 4 2h
i=1
M—
= 187t |I* - —||6 set| Z
(%)H—l - (’f{)lsa ks
% t z+1
> ||8%k)? — IIS”e"II —h—zcsllé"‘e"ll
- 24
2 K
= (3 = 5ge0l8re I (24)

Now we denote A =
formula, one obtain

t*I'(2 — @). By the discrete Green

M-1
h> " (6c(Ds,e)f )65 el

i=1

M—
= Z +1/2(3xe§+1/2)(5?5x€§+1/2)
M—
— k k
= Z Diy1/2(8:€f 11 )I8x€fy 1 0
k— 1

= D dijor = di Sl — di18eely
j=1
k—1
——{|a Pty = D (i1 — di)(8ue 816,

j=1
— dy—1(8x€", 8¢€%) )

k—1
< ——{|5 My =Y (drjot — di))
j=1
k|2 12 k|2 02
[8xe |lﬁ+|8x61|1b 4 1|8xe |1b+|3xe |1b
2 - 2
1182 A2 |ve |
= =51 = Y g1 —dey)—1PL (29)
j=1
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By the Cauchy-Schwarz inequality, one obtains

M-1 (k)2
hy " REFe )<hZ< += (5 0%

&
= Ellellz + 5||6§‘e"||2. (26)

Similarly, from the Cauchy-Schwarz inequality and the con-
dition of (7), we have
M-1
hY " (Aph)ered)
i=1
M—1
<hy (Aeal2ef ™" -
i=1
= A+ As + A3 + Ay + As. 27

k—2 k— k
e; "I+ cale; DI e |

Applying e-inequality, we have

M—1
h _
A= 1 D (@lRel = e+ ealel T DIs e |
i=1
M—1 k—1 2
h (c22¢f 7 — e | + eslef ') o k2
=5 Z[ o + (5 D]

2M
hey k=l _ =2y
= 12¢ Z Qeiy —eip)

+—||6;”ek||2

2 M—
+ o Z
12¢ H—l

2
2 k=12 k—2 3 k—n 2
(II€ 1%+ e 212 )+ 150 IIE il

+ ﬁIIS?‘e"II : (28)

In a similar way, we have

5h M—1
k—1 k—2
Ay = 3 ._E (c212e; 7" — ¢,

k— k
| + c3le; " DIST e; |

2
< 2<|| P L) 423 3 ek
5 o k2
+_||5 e, (29)
Az = Z(QIZel i —el 1|-|—c3|e |)|8f‘e§‘|
< 2(||e" NP+ 121 + oo 3 et
+—||8;”ek|| : (30)
Av=og Z@l?ef‘ S Bt )

(h(B»_l)w?e,’F |
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C% k=12 k=22 C% k—n )2
< 22 - — 3 —n
< 38(I|€ 1=+ lle" |l )+248||€ l
2.2
8C6/’l P
+T||3fte -, €1}
1
—55 D (eal2el ) = e+ ealef D
i=1

D/
(h(5>,-+1)|8?e§‘|

< é<||e’<—1||2 + e 21 + ine"—ﬂﬁ
— 3¢ - 24
+ %usz’e"n? (32)
Substituting (28)-(32) into (27), we get
M—1
h Y (Ap el

i=1

C% k—1,2 k=22

= S0 4 1)
2
3||e" "||2+( + 2 )||6°"‘||2 (33)

Inserting (24), (25), (26) and (33) into (23), we obtain

2 K
;- ﬁca)na‘”e"n
TP P |8, eJ|
< =512 = ) i —diy)

j=1

L)

2
k—
3t

2<|| k= 1|| + [lek =212 )+ >
£

2h
e &cgh k)2
+(—+7)||5;16’ -+

_Rk 2
2 2,9” -+

€ 2
SlsEe. (34
2
2/3—ceh? /24
1+cZh? /24
h is chosen to be small enough to guarantee ¢ > 1/3 in this
paper, thus we arrive at

Multiplying (34) by 21, and letting ¢ = , where

k—1
1817 < Z(dk_,-_l —di- 1517

+ 524312 4 1k 22 )4 226 5

+ 311 RK %

From Lemma 3 and Lemma 4, and (15), we obtain

k—1
8. I} < —Z(dk_, 1 — di I8N}
j=1

3 261c3
+ —c,%(rH + 0% 218,
Cc4 Ccy4

B 1312 7
+ 18,72 + 12643|8xek "2, (35)
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By denoting
_1 2 2 2
Cy = —TI'(2 — o) max{3Cy, 26c5/3, 13¢3/12} > 0,
c4

We notice . = 7*I"(2 — «), and for 0 < 7 < 1 we have
t* < 1. Then from inequality (35), we obtain

8¢ I} < —Z(dk_] 1= de ISy

j=1
+ Cel(T27% + h*)? 4 18,8713 4 18,6723
+ 1847
From Lemma 2 and Lemma 5, we have
k—1
|8:ek |7 < Crexp(3Ck + Z(dk_J 1 —di—)
J 1
(_L,Z—Ol + h4)2
c
= CexpBCe + (1 — )T +1i')’
4
< Ci(T>" + K, (36)
where C1; = Cy exp(3Cy + E—Z) From Lemma 4, we have
¥ lloo < VC1(220 + h42/2 = C(x> + h¥).
The proof is completed. |

Remark 1: Analogous to (2)-(3) and (5), we can obtain the
corresponding compact difference scheme for (2)-(4) as the
following scheme

An(rf8uf) = 8e(D8w)f — cfuf + Anf Quf ™t — 1l 72,
k—n

u; " xinty), 1<i<M-1,1<k=<N,
0<i<M, —n<k<O,

Wk = o, 1),
W = (), uly =B 1<k <N.

Remark 2: The scheme considered in the paper can also be
extended to solve the following equations with multi-delays
o

= (D)ux)x +f(ulx, 1), u(x, t — s1), u(x, r — s2),

e
Jux, t —sg),x, 1), (x, 1) €(0,1)x(0,T],
ulx,t) = ¢(x,t), x€l0,1], t € [—s,0],
w©,1) = y(@), u(l,1)=p@),1e€0,T],

wheres; > 0,i=1,2,--- ,g,and s = 1max {si}.
<

<i=q

IV. NUMERICAL TEST

In this section, two numerical tests are considered to validate
the performance of the proposed scheme (18), (19) and (20).
Introduce the following notation to stand by the maximum
error

e(h, v) = max | U* — ut|s,
1<k<N

and we also introduce the convergence order in time and space
log(e(h, t1)/e(h, 1))

Rate, =
e log(t1/72)
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TABLE 1. Numerical errors and convergence orders in time direction with
h = 1/2000.

T a=0.3 a=0.5 a=0.8
e(h, ) Rater e(h, T) Rater e(h, ) Rater
150 2.002¢-005 * 8.928¢-005 * 6.499¢-004 *
17100 6361006 1654 3.203¢-005 1479 2.844¢-004 1192
1150 3.242¢-006 1662 1755¢-005 1.484 1.752¢-004 1195
1200 2.007¢-006 1.666 1.144¢-005 1487 1.242¢-004 1196

TABLE 2. Numerical errors and convergence orders in spatial direction
with z = 1/2000.

h a = 0.25 a = 0.5 a =0.75
e(h, ) Ratey, e(h, 1) Ratey, e(h, 7) Ratey,
178 3.082e-003 * 3.007e-003 * 2.907e-003 *
/12 6.114e-004 3.989 5.978e-004 3.984 5.825e-004 3.965
1/16 1.945e-004 3.982 1.903e-004 3.979 1.882e-004 3.927
120 7.963e-005 4.001 7.811e-005 3.991 7.974e-005 3.849
log(e(hy, )/e(h2, 7))
Ratey, =

log(h1/h2)

In the Rate; and Ratej, of converge, we require that 4 and
is fixed and small enough.

Example 1: Considering the following problem, where
D(x) =x*+1,

0%u au(D( )8u)
— (D) —
ar* 0x 0x

ulx,t —0.2)
= Tre—on " e®D:
(x,1) € (0,1) x (0, T],
x e[0,1], t € [—0.2,0],
u(l, 1) =2t t € (0, 1],
(37)

u(x, t) = 12t cos(2mx),
u(0, 1) = r2te,

the exact solution of (37) is u(x, ) = 2% cos(27x), and

ra
G(x,n) = [(F(—Jg)o{)r2 + 472(x? + Dr* ) cos(2mrx)
t —0.2)% cos(2
+ 4 xt* T sin(2mx) — ( )" cos@rx)

14+(t—0.1)4+22 cos2(2mx)

Now we conduct the numerical analysis by implementing
our linearized compact difference scheme.

Table 1 and 2 show the numerical results of Example 1.
Table 1 reports that the numerical errors in time directions
for different . We can find that the time convergence order
is 2 — «. In Table 2, when we fixed the temporal step
T = 1/2000, numerical errors in the spatial direction are
presented with @ = 0.25, 0.5, 0.75. The results show that the
convergence orders in spatial direction is 4.

Furthermore, we make the error analysis with different
o chosen. Figure 1 presents the error planes of different o
respectively, where we can find that the numerical errors are
negatively correlated with «. Figure 2 gives the the absolute
values of the approximation solutions of Example 1 for differ-
ent . In conclusion that smaller solutions can be taken with
bigger «.
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3 @=0.2 3 =0.4

Error

Error
Error

FIGURE 1. Error planes under different « for Example 1, where
7 =h=1/100.

a=02 a=04

FIGURE 2. The absolute values of numerical solutions for Example 1
under different «.

TABLE 3. Numerical errors and convergence orders in time direction with
h = 1/1000.

T a = 0.4 a =0.6 a =0.8
e(h,T) Rater e(h,T) Rater e(h, T) Rater
1/200 2.811e-006 7.877e-006 * 2.901e-005 *
1/300 1.338e-006 1.830 4.366e-006 1.456 1.794e-005 1.185
1/400 8.036e-007 1.773 2.881e-006 1.445 1.276e-005 1.184
1/500 5.439e-007 1.749 2.090e-006 1.438 9.793e-006 1.187

Example 2: This example considers the following problem,

9 ?u 9
e I TR M e (0 — u(x, t —0.2))

1% axz  ox

+G(x, 1), (x,1) €(0,1) x(0,T],
x e€[0,1], t € [-0.2,0],
u(l,t) =0, t € (0, 1],

u(x, 1) = 12 sin(2wx),
u(0,1) =0,
(38)

the exact solution of (38) is u(x, ) = ¢*sin(27rx), and
t2—oz

I'G—ow
—27t% cos(2x) + 12(t — 0.2)* sin*(27x).

Gx,1)=[e™ + 472t — 1?]sin(27rx)

The problem in Example 2 can be solved by using the
applying algorithm referred in Remark 1. The numerical
results are shown in Table 3 and Table 4. From the results,
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TABLE 4. Numerical errors and convergence orders in spatial direction
with = = 1/2000.

T a=0.2 a =05 a=0.8
e(h, ) Rater e(h, ™) Rater e(h, ) Rater
18 2.051e-003 * 2.032¢-003 * 2.016¢-003 *
112 4.075¢-004 3.986 4.037¢-004 3.986 4.016¢-004 3.979
116 1.303¢-004 3.964 1.292¢-004 3.962 1.296¢-004 3933
120 5.339¢-005 3.997 5.299¢-005 3.992 5.411¢-005 3913

we can draw a conclusion that the numerical results are in
accordance with the theoretical results.

Remark 3: The numerical examples considered in this
paper can be used to model the system of mobile robotics with
wireless sensor networks. Each robot has limited sensing and
communication ability. The robots can coordinate with each
other to control the diffusion process by temporal and spatial
feed back closed loop control [69], [70].

V. CONCLUSION

We provide a high order numerical technique for fractional
nonlinear variable coefficient reaction diffusion equation
with delay. The convergence of this numerical algorithm
is considered. Two numerical experiments are provided to
support the theoretical results and validate the efficiency of
the compact difference scheme.
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