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ABSTRACT This paper studies the fully distributed tracking problem for high-order nonlinear multi-
agent systems (MASs) with directed graph. Unlike global Lipschitz condition, the nonlinear function we
considered only needs to be a continuously differential one. A recursive state transformation and adaptive
control technique are employed to design the tracking controllers. First, a discontinuous fully distributed
tracking controller is developed for MASs. Under this controller, the follower agents track the leader agent
asymptotically. Second, a continuous fully distributed tracking controller is purposely presented for MASs
to avoid the chattering problem may caused by discontinuous controller. Finally, a numerical example is
given to verify the effectiveness of those two fully distributed controllers.

INDEX TERMS Multi-agent systems, fully distributed, tracking control, directed graph, nonlinear system.

I. INTRODUCTION

Past two decades witnessed the rapid development of dis-
tributed control of MASs for its practical applications in engi-
neering. Typical designs of distributed controllers for MASs
can be found in books [1]-[3] and the references therein.
However, those distributed controllers need the global topol-
ogy information of MASs, such as the spectral set of Lapla-
cian matrix. When a MAS contains too many agents, it is
difficult to compute such global topology information. It is
a challenge to design distributed controllers for nonlinear
MASs without using any global topology information.

For nonlinear MASs, there are three basic assumptions for
the nonlinear functions: global Lipschitz assumption, neural
network approximation assumption and manifold assump-
tion. The global Lipschitz condition is the most common
assumption for nonlinear MASs. Most cooperative control
targets of such kind of nonlinear MASs can be achieved by
linear state feedback control methods [14]—[17]. A nonlinear
function satisfies neural network approximation assumption
means that it can be approximated by the product of a known
basis function and an unknown neural network weight matrix.
The control mechanism is that the unknown neural network
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weight matrix is cancelled by a neuro-adaptive one [18]-[23].
Manifold assumption is a standard assumption for cooper-
ative output regulation of nonlinear MASs. The manifold
assumption is the key to ensure solvability of cooperative out-
put regulation [24]-[27]. Apart from those three assumptions
of nonlinear MASs mentioned above, other kinds of assump-
tions of nonlinear MASs were seldom studied [8], [9], [13].
Fully distributed control, which does not use any global
topology information, has attracted many researchers’ atten-
tion. Yu and his coauthors firstly studied fully distributed
cooperative control problems for second-order nonlinear
MASs with undirected graph via agent-based adaptive
gains [4]. Li et al. [5] proposed both edge-based and node-
based fully distributed algorithms for general linear MASs.
Li also extended edge-based adaptive protocol to MASs
with Lipschitz nonlinear dynamics [6]. Based on edge-based
adaptive technique, Zhang studied fully distributed robust
synchronization of Lur’s MASs with incremental nonlineari-
ties in [7]. Papers [4]-[7] only took MASs with undirected
graph into account for the reason of symmetrical Lapla-
cian matrix of undirected graph. By using Lyapunov design
method, Wang firstly proposed a new kind of adaptive control
method for fully distributed tracking problem of first-order
nonlinear leader-follower MASs with directed graph in [8],
and extended this control method to second-order nonlinear
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MASs [9] and general linear MASs [10]. Based on adaptive
control method in [8], Li er al. [11] and Wang et al. [12]
studied fully distributed control for general linear and high-
order nonlinear MASs with directed graph. Wang studied
the fully distributed tracking problem of nonlinear strict-
feedback MASs with directed graph in [13].

Inspired by works mentioned above, this paper investigates
the fully distributed tracking problem of high-order nonlinear
MASs with directed graph. Unlike global Lipschitz assump-
tion, neural network approximation assumption and manifold
assumption, the nonlinear function in this paper only needs
to be a continuously differential function. Wang and his
coauthors had studied fully distributed tracking problems for
first-order and second-order nonlinear MASs with such kind
of nonlinearity in [8], [9]. Fully distributed tracking control
for high-order nonlinear MASs with continuous differential
function is still unsolved. Although fully distributed con-
tainment control of high-order nonlinear MASs was studied
by Wang in [12], the nonlinear function should satisfy an
assumption stricter than global Lipschitz condition. Moti-
vated by backstepping control technique, we firstly give a dis-
continuous controller. In consideration of chattering problem
that may be brought by discontinuous controller, we present
a continuous controller to achieve fully distributed tracking
task. In the end, simulation examples are employed to verify
the proposed fully distributed tracking algorithms.

Il. PROBLEM STATEMENT AND PRELIMINARIES
A. PROBLEM STATEMENT
In this paper, we consider fully distributed tracking con-
trol problem of high-order nonlinear MASs with directed
topology.

Consider a networked system of N + 1 agents depicted by
the following high-order nonlinear dynamic:

Xij1 = Xi2,

Xip = X3,

xl’,n:f(xl.)-’_ul.a i=15"'7NaN+17 (1)
where x; = [x;1, ... ,x,-,n]T € R",u; € R are the state and

input of agent i, respectively; f(-) : R — R is a continuously
differential function. The agent labelled by N + 1 is the leader
agent, others are the follower agents.
The concerned tracking problem is depicted as follows.
Definition 1: For MASs (1), if there exists a distributed
controller u;(t), such that

tl_l)r&||xl(t)_xN+1(t)||:O9 VZ:13’N (2)

then follower agents track leader agent asymptotically.
For leader agent, we have the following Assumptions.
Assumption 1: The state xy1 of leader agent is bounded
by an unknown number by 41 > 0, i.e., [[xy+1]| < by+1-
Assumption 2: The input uy 41 of leader agent is bounded
by a known constant T > 0, i.e., luy+1| < 7.
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B. PRELIMINARIES

In this paper, a directed graph G = (V,&,A) is used
to describe the topology of MASs (1), where V =
{vi, ..., v~, vN+1} denotes the agent set, £ € V x V denotes
the edge set, and A = [a;] € RVTD*WN+D denotes the
adjacency matrix. If agent v; can get relative state information
from agent v;, then there is a directed edge (v;,v;) € £ and
the adjacency weights a; > 0; otherwise a;; = 0. In this
paper, we only consider directed graph without self-loop, i.e.

aij = 0.d; = Z;V: 41'1 a;j denotes the degree of agent v; and
D = diag{d), ..., dy+1} denotes the degree matrix of G.
Edge sequence (v, vig-1)), [ =1, ..., k, denotes a directed

path from agent v;o to agent v; ;. Agent v; is said to be the
root of G if there exists at least one directed path from v; to
any other agent v;,j # i,j € {1,...,N + 1} and d; = 0.
L = D — A denotes the Laplacian matrix of graph G.

The following Assumption and lemmas are needed to
design fully distributed tracking controllers.

Assumption 3: Leader agent vyyp is the root agent of
digraph G.

If Assumption 3 holds, the associated Laplacian matrix L
of G can be expressed into the following form:

L L
L=|: 1 2] Ly e RVN 1, e RNX,

Oixnv| O
Lemma 1 [20]: If Assumption 3 holds, then L is non-
singular. Denote 1y = [1,..., 117, q = [ql,...,qN]T =

Ll_llN and Q = diag{l/q1,...,1/gn}. Then, both Q and
oL, + LITQ are positive definite matrices.

Lemma 2 [28]: If a and b are nonnegative real numbers
and p and ¢ are positive real numbers such that 1% + %1 =1,

< M
then ab < p+ 7

1ll. DISCONTINUOUS TRACKING CONTROLLER DESIGN
In this sector, we will give a discontinuous controller for
MAS:s (1) to solve fully distributed tracking problem.

N+1
Let& =[&1,...,&al" =31} aj(xi — x;) be the local
cooperative state of agenti,i = 1, ..., N. Hence, we get the
dynamics of &; as follows:
&in = &2,
§io = &3,
N+1 N+1

Ein =Y ajui—u)+ Y agf) —fGx)). (3
=1 =1
For each follower agent, we perform the following state
transformation

¢i = D&, 4)
where & = [¢i1, ..., ¢in]T and satisfies
Gin = &1,
iz = &in+ 261,
Cin = Cin1 + 2Lin—1. Q)
141595
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From (5), one can easily verify that transformation matrix D
is a lower triangular matrix with diagonal elements being 1,
1.e.,

1 0 0 0
da.1 1 0 0

D= |d1 diz2 1 0], (6)
dp1 dpo dpz ... 1

where d;j,i = 2,...,n,j = 1,...,i — 1, are positive
constants. Then, we obtain the dynamics of ¢; as follows:

Cin =i — 281,
Cin =iz —28io,
. ;1—1 N+1
Sin = Zdn,kéi,kﬂ + Z aij(ui — uy)
k=1 j=1
N+1
+ ) @) — f(x). %)
=1

Remark 1: For nonlinear MASs, the most typical assump-
tion is global Lipschitz condition (see references [14]-[17]).
Since nonlinear function f(-) does not satisfy global Lip-
schitz condition, the commonly used linear state feedback
control method can not complete the tracking control task.
Inspired by backstepping control technique of nonlinear sys-
tems, we propose recursive state transformation (5). Unlike
virtual control law of backstepping control method, transfor-
mation (4) is a linear one and transformation matrix D is only
determined by dimension 7.

Let e; = x; — xy 41 be the tracking error of agent i. Denote

e = [elT, ...,e{,]r,
§=15.....en1"
c=lgf gyl
It is easy to obtain the following equation
¢ =y ®D)s = (L1 Q@ De. (3)

If Assumption 3 holds, L; is nonsingular. Hence, tracking
control problem of MAS (1) is solved if there exists a dis-

tributed control law u;, i = 1, ..., N, such that
lim ¢(r) = 0. )
—>o0
Based on transformation state ¢; ,,i = 1,..., N, we pro-

pose the following dynamical tracking controller for each
follower agent

ki = Gi(Cin)C iy i(0) = 1,

Ui = —SkiWi(67,)in — Tsgn(Gin), (10)
where ¢;(-) is a nonlinear function determinezzd later,
¥i(-) > 1 is a nondecreasing function satisfying wf(;fn) >

max{®;(¢i.n), 1¢inl l5*2} and sgn(-) is the signum function.
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Theorem 1: Suppose Assumptions 1, 2 and 3 hold, the
fully distributed tracking problem of MASs (1) is solved by
discontinuous controller (10).

Proof: Take the Lyapunov function as follows:

N N n—1

5
V=Y R Yy [ aea

i=1 i=1 k=1
N K; gfn
+ )y — / Yi(s)ds,  (11)
;2%‘ o

where Ag is the minimum eigenvalue of QL; + LITQ, Ki =
ki — i; with k; being a constant parameter to be determined,
and B;(-) is a continuous nondecreasing positive function to
be determined, i = 1,..., N.
The time derivative of V along with trajectory of (7)
and (10) is
N n—1

N
Vi=ho Y &iki+ Y Y BileR)G Gk — 28ik)

i=1 i=1 k=1
N N . 2
Ki 2 . Ki CIV,,
) Vi) Gindin + Y | Yiods. (12)
i 1 it 2ai Jo
Since B;(-) is a nondecreasing function, we have

Bi¢2)GikCik+1 < BiCROTH + B kst

Hence, for the second term of V (12), we obtain

N n—1
DN BileROGa ikt — 28ik)
i=1 k=1
n—1 N
< =YY BRI+ Y BRI, (13)
i=1 k=l i=1
Denote
8 = [ V1) - kNUNEN DNl
_ n—1
fi =FC) = fOnD) + ) dnk@iks1 — Xn1k41),
k=1
and F = [fl, . ,fN]T. For the third term of V (12), we get

N i ‘
Z _l,wi(é‘i?n)gi,ngi,n
im1 i

N N+1
= Z q—l_lﬁi(éfn);“i,n . Z a;jj(u; — uj)
i=1 j=1
N+1 n—1
+ Y a(fe) = f) + ) duiikt
j=1 k=1

N N i
=Y @yt —Yi(g)Ein(sen(Gin) — sgn(Zin)
i=1 j=1 qi
N

+ 3 aina gwi(cf,,x,-,n(—rsgn(gn) —un 1)
i=1 !

—58"oLE + BT QL F. (14)
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Notice that, for any ¢; , € R,

G (s (G) — sEn(Ei) < 0,

s
q—’_wi<;i?n>;i,,z(—rsgn(;i,n) —uy41) <0 (19)
1
From Lemma 1, one has

—58To1,8 = —ZET(QL, + LT Q)&

5 T
< ——XME" E. 16
= 5% (16)

By Young’s inequality, one gets

Ao gl g 1
2% =t o 220
py AL e
< DOgTgy ML FTE, (17)
2 20

eloL F < = FT'L oo, F

where A = ||L1TQQL1 . Since leader state xy 1 is bounded
and f'(-) is continuous differential, there exists a smooth func-
tion p(-) > 0, such that

il < plei, bysDlleill, i=1,...,N.

Notice that { = (L1 ® D)e. According to Lemma 7.8 in [30],
there exist continuous functions 9; x(-) > 0, such that

N n
Z Zbi,kﬂi,k(éi,k)ifk, (18)

N
FTF = <
= i=1 k=1
with b; ; being the unknown constants related to byy1, D
and L.
Since positive function ¥;(-) is nondecreasing, one can get

the following inequality:

s ;-i?n
—2”’ / x/fl<s)ds<—¢,<<:,n);,,,wl(cm>cm
qi Jo

Letting
a= ._%A K ¢-€§% =6
q; 0 i i >in’ p >
5 5 5

3,853, . % 6
b:qi )‘()Ki ¢i wigi,nv ng.

vJ\J!

_3
6

According to Lemma 2, we obtain

¢i(§i,n)§i?n1ﬁi(€fn)§fn

56]: 0K; 2

¢z(§t n)w (;, n)gt n-

1 2
< Wﬁbi(é’i,n){i,n +

Because x; > 0, «; is nondecreasing and Kl < 1. Since

Vi) = Li = 1....N, are nondecreasing and satisfy

7 (62, = max{i(Zin), 14inl ), we obtain

= / B < s D+ RV
(19)
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Substituting (13) - (19) into (12) gives

N
1% < - Z Z Bi (ka);i%k + Z ﬁi(gi?n)gt%n

T Ao Z Ridi (G, +

i=1

12 6)\'5 ¢I(§l n)gl n*

Let b; = max;—
Vs € R. Choosing

nbig and 0;(s) = maxg=1,.. . %ik(s),

.....

Bi(ch) = § be(clm Di(Cin) = 20,(Cin)-
We get
N n—1 )\‘0
V<__Zzgzk+ Zgzn
= lk 1
19)\QHTH
+—Zb9(;n>cm >

5 1
+ 0 Z Rl + s biGinEi

i=1 12¢7%4
Selecting k; = 2A2b + 5 2 6 5o We obtain
)\0 N n—1 )»0 N
‘ 2 2
V< —?ZZCi,k"‘?ZQn
i=1 k=1 i=1
9X0H -
+ )‘«OZKlqsl(;l n)§1 n _ZQTC"
=1
Note that
N
BTE =) k)G
i=1
2
W (65 = $ilGin).
We get
N n—1 O N
R 3D DI o) DS (20)
i=1 k=1 i=1

According to LaSalle’s Theorem (see Theorem 4.4 of [29]),
(20) means that ¢ will converge to zero asymptotically and
adaptive parameters k;, i = 1, ..., N are bounded. Since { =
(L1 ® D)e, we obtain lim;_, », e(?) = 0, i.e., tracking control
problem of MASs (1) is solved. Note that x; > 0. k; are not
only bounded but also monotonically increasing, i.e., k; will

converge to some finite values. [ ]
Remark 2: From (11), one can observe that Lyapunov
function V depends on Ay and ¢;,i = 1,...,N, which
141597



IEEE Access

Z. Liu et al.: Fully Distributed Tracking Control of High-Order Nonlinear MASs

are global topology information. However, Lyapunov func-
tion V are only used to prove that tracking controller (10)
can solve fully distributed tracking control problem of MASs
(1). Dynamical controller (10) is generated by ¢;,, which
can be got by state transformation (4) of local cooperative
state &;. Hence, dynamical controller (10) is a fully distributed
controller.

IV. CONTINUOUS TRACKING CONTROLLER DESIGN
Due to the discontinuity of signum function sgn(-), fully
distributed tracking controller (10) is discontinuous as well.
In fact, discontinuous control input may yield chattering
problem, and even damage the actuator. In this section, we
use boundary layer technique to approximate discontinuous
function sgn(-) and o-modification technique to modify the
dynamics of adaptive gains.

We give continuous fully distributed tracking controller as
follows

ki = $i(Gin)tl, — ol — 1), ki(0) = 1,
—5kiVi(GE)Gin — Th(Gin), (21)

where o is a small positive number, A(-) is a continuous
function defined as:

uj

N ALEY}
h(s) = { Is|
3 if |s| <6,

with § > 0 being the width of boundary layer.

Theorem 2: Suppose Assumptions 1, 2 and 3 hold, track-
ing error e and adaptive gains «;,i = 1,...,N, are
uniformly ultimately bounded under continuous tracking
controller (21).

Proof: Consider the following Lyapunov function

candidate
Q%k
/ Bi(s)ds
0

0 N 1N
2
3>
2 2
N 2
+Y 5 fgi'"w()d (22)
-— i($)ds.
~2giJo

i=1 i=1 k=1
Then, we get the time derivative of V as follows

n—1

N n—1

V=20 Riki+ )Y BilCH)Gx Gk — 28ik)
i=1 k=1

'M2

Il
<N

1

+

M=

N . a2
Ki 2 . Ki in
—Yi(Gi ) 8inin + —/ J()ds.  (23)
in(g’ Cing ;:1 2 Yi(s)ds.  (

1

1

For the first term of V (23), we have

Kiki = /?i¢i(§i,n)§f,, —oki(ki — 1),
and
—okiki— 1) = —mzz - a(,z,- — i,
<-Zi2y —(fz,- —1)% (24)

2 l

141598

For the third term of V (23), we have

Z wl(c, indin

DHWE

=1 ]:

I/fz(é“l WCin(A(jn) — h(Cin))

aiN+1 : Vic2)Ein(—Th(Ein) —

Mz

UN+1)

i=1

—58T0L2 + ETQL,F. (25)

Notice that, for any [£; | > 6,
%wi(cfnm,n(h(cj,n) — h(gi) <0,
%wi(;i?,,>;,~,n<—rh(;i,n> —uvi) <0 (26)
And, for any [&; 5| <8,

Ki 2 2 2
T;lm’(;i,n)gi,n(h({j,n) — h(&in) = ;T’Ciwi(a )3,

;%(Ci,n)fi,n(—fh(fi,n) —un+1) < —TKii(87)8.

i
Since «x; = k; + ki, one gets
2 2 2 ~ 2 2 _ 2
— Tk i(87)8 = —TkiYi(87)8 + —Tkihi(87)8
1 1 1

Hence, we get

ZZ“U

i=1 j=1

I/fz(é‘l n)é-l n(h(Q n) h(é‘i,n))

+ Z ai, N+1 Iﬂl(é‘l n);l n(— fh@t n) — UN+1)

i=1

< Z —d TRiYi(8%)8 + Z —d TRii(3%)8

i= 1
g2
< Z JRite Q7
i=1
where ¢ = YN | (ﬁdﬁﬂﬁ(#)az + %dit/?n/f,-(Sz)S).
For the fourth term of V (23), we have
2q f Wl(s)ds = _(pl(;l n){l nwl(gl n)é‘l n
1

I

o inn

-1 / Vi(s)ds.
2q; 0

From the dynamics of «; in (21), it is easy to verify that
ki(t) > 1 for allt > 0. Both x; > 1 and v¥;(-) > 1 ensure

that 22 (ki — 1)f0’" ¥i(s)ds > 0. Thus, one gets
[ei gl n
2 s Vi(s)ds < —¢1(C1 n)f,nlﬂz@,n)fl a o (28)
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We only analyse the differences in this proof, the rest
analysis is same as that of Theorem 1. Then, we have

20 N n-1 20 N o N
A DI T D M D DLk SN )
i=1 k=1 i=1 i=1

with ¢ = ¢ + X0, Sk — D%

According to Ultimate Boundedness Theorem (see The-
orem 4.18 of [29]), (29) indicates that { will converge to a
neighbourhood of origin asymptotically and adaptive param-
eters k;, i = 1, ..., N are bounded. [ |

Remark 3: In order to develop continuous tracking con-
troller, we introduce continuous function A(-) in fully dis-
tributed tracking controller (21). The cost is that tracking
error only asymptotically converges into a neighbourhood
of origin. According to the definition of ¢, we can guar-
antee a satisfactory tracking error e by choosing relatively
small § and o.

V. SIMULATIONS

We use a numerical example to verify the effectiveness of
both discontinuous and continuous tracking controllers (10)
and (21) in this section. Consider a nonlinear MAS with six
agents described by

Xi,1 = X2,
Xi2 = Xi3,

Xi3 = —x2—051 —x;2)x;3+u;, i=1,...,6.

It can be easily verified that nonlinear function (1 — x; 2)x; 3
does not satisfy the common global Lipschitz condition.
The topology of MASs is described by following adjacency
matrix:

S = OO OO
SO = O O
S oo o~
- o O O O
OO O OO
O = O = =

0 0 0 0 O

It can be seen that the leader agent is the root of directed
topology.

Since the dimension of agent state is 3, we give the trans-
formation matrix D as follows:

1 0 0
D=|2 1 0
4 4 1

The initial states of leader agent are [—0.8, 0.5, 017, and the
control input of leader agent is ug = —0.1 cos(¢). The numer-
ical simulation shows that the leader state is bounded. Hence,
the leader agent satisfies both Assumption 1 and Assump-
tion 2. Next, we give simulations for both discontinuous and
continuous fully distributed tracking controllers.

VOLUME 7, 2019

[ follower 1 follower 2 follower 3 follower 4 follower 5 leader|
-0.2F 1

State xi

FIGURE 1. Trajectories of MASs with discontinuous controller (10).

T T T T
follower 2 follower 3 follower 4 follower 5]

T
[ follower 1

L L L L L L
0 05 1 15 2 25 3 35 4
Time s

FIGURE 2. Adaptive parameters «; of discontinuous controller (10).

(i) Discontinuous tracking controller (10).
Since |ug| < 0.1, we choose T = 0.1 and give the following
discontinuous tracking controller

ki = (1+¢3)¢5. 6(0) = 1,
—5ki(1+ ¢75)°¢i3 — 0.1sgn(g;3).  (30)

Under discontinuous fully distributed tracking controller
(30), states x;, adaptive gains «;, and inputs u; of follower
agents are shown in Figs. 1 - 3 respectively. One can observe
that follower agents track leader agents asymptotically, adap-
tive parameters converge to some finite values and control
input u; frequently changes its control directions in a short
period.

(ii) Continuous tracking controller (21).

We choose modification parameter ¢ = 0.1 and width of
boundary layer § = 0.1. The continuous tracking controller
is given as follows

Ui

ki = (1+¢2)¢ — 0.1k — 1), ki(0) = 1,
—5ki(1 + ¢73)°6i3 — 0.1h(&;.3). (31)

Under continuous fully distributed tracking controller (31),
the trajectories of MASs, adaptive gains and control inputs

uj

141599
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follower 4 follower 5|

follower 3

follower 2

follower 1

control inputs

-0.15

-02
3995 3996 3997 3998  3.999 4

L L L L L L L
0 05 1 15 2 25 3 35 4
Time s

FIGURE 3. Control inputs u; of discontinuous controller (10).

follower 4 follower 5

follower 2 follower 3

[ follower 1 leader|

~04f 4

-06 B

State xi
o
° o
T ]
|
/
L L

2
Time s

FIGURE 4. Trajectories of MASs with continuous controller (21).

follower 4 follower 5|

follower 3

follower 2

follower 1

adaptive gains

Time s

FIGURE 5. Adaptive parameters «; of continuous controller (21).

are shown in Figs. 4 - 6. We can see that boundary
layer and o-modification techniques guarantee that track-
ing errors and adaptive parameters k; are uniformly ulti-
mately bounded, and control inputs u; are continuous. From
Fig. 5, the o-modification technique can prevent «; from
growing infinitely. By comparing Fig. 3 and Fig. 6, we can

141600

follower 4 follower 5|

follower 3

follower 2

follower 1

conron inputs
L
IS
T
o
S o
s B
B 8
3 &
L

Time s

FIGURE 6. Control inputs u; of continuous controller (21).

conclude that continuous tracking controller can avoid fre-
quent changes of control direction effectively.

VI. CONCLUSIONS

Fully distributed tracking problem of high-order nonlinear
MASs with directed topology was studied in this paper.
We gave two kinds of fully distributed tracking controllers for
this problem. The first one is a discontinuous controller which
ensures follower agents track leader agent asymptotically.
The second one is a continuous controller which only guar-
antees relatively small tracking error by selecting suitable
parameters. At last, a third-order nonlinear MAS is given to
verify the proposed tracking controllers.
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