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ABSTRACT A low cogging torque and torque ripple are the most important qualities for electric power
steering (EPS) motors. Therefore, various design methods are employed to obtain EPS motors with these
qualities. In this study, a novel design method for the pole shape was developed by adopting a cycloid curve
to realize the desired qualities of EPS motors without reducing the torque. An evaluation index (δq) was used
to design the pole shape of the magnet and to compare the pole shape between the proposed method and the
conventional method. The proposed and conventional methods were applied to existing machine designs,
and their performances were compared using a finite-element analysis (FEA). The results of the FEA and
prototype tests indicated an improved motor performance for the proposed method.

INDEX TERMS Electric power steering (EPS), surface permanent magnet synchronous machine (SPMSM),
cycloid curve, cogging torque, torque ripple.

NOMENCLATURE
Rsi Stator inner radius
Rmo Rotor outer radius
τp Pole pitch angle
τa Pole arc angle
g Air gap length
tm Magnet thickness
Rri Rotor core outer radius
Br Remanent flux density
Rfc Fixed circle radius
Rrc Rolling circle radius
n Integer divided Rfc by Rrc
Ofc Center point for Rfc
Orc Center point for Rrc
Pc A point on cycloid curve
εc Eccentricity from Orc
Np Pole numbers
Pcet A point on the cycloid CET
Ppet A point on the cycloid PET
Pmin Point which the length εc is rotated by Orcmin
δq Length from Pmin to Rmo
Rεc Eccentric circle radius
εe Eccentricity of Eccentric circle
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I. INTRODUCTION
Electric machines are widely used for a variety of applica-
tions. Owing to its high efficiency and torque density, the per-
manent magnet (PM) motor is commonly applied to electric
power steering (EPS) systems [1], [2]. For many applications,
the cogging torque and torque ripple for an electric motor are
significant [3]–[5]. This is also true for the surface PM (SPM)
employed in vehicle EPS systems [6]. The motor requires a
low cogging torque and torque ripple for comfortable vehicle
steering [7]. An electromagnetic design for reductions of the
cogging torque and torque ripple is applied using various
design methods. The first method is step skewing in a rotor
or stator [5]. This design method is commonly adopted in
industry. However, as the amount of step skewing increases,
the torque reduction increases owing to axial flux leakage,
and the assembly cost increases [8], [9]. The second method
involves applying a pole-shape design of a magnet in an SPM
and a rotor core in an internal PM. This method reduces the
back electromotive force (EMF) by implementing an air-gap
flux wave as a sinusoidal wave [10]–[13]. Eccentric curves
are widely used in the pole-shape design method [11]–[13].
In this paper, a cycloid curve of a magnet in an SPM is
proposed for such a method.

The pole shape of the proposed magnet design method
uses selected cycloids. No studies have been performed in
which cycloids were applied to the pole-shape design in an
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electric motor, although cycloids have been applied to mag-
netic gears, having the function of increasing the torque using
an electromagnetic force instead of a mechanical contact,
as in the case of a conventional speed reducer [14]–[16].
However, the cycloid curve has not been directly applied to
the pole shape of a magnet. In general, the cycloid curve is
applied to the geometry of the teeth of a cycloid reducer in a
mechanical reducer [17].

In this study, to compare and evaluate the cycloid and con-
ventional curves, a design method using an evaluation index
(δq) was developed. By applying δq, the motor performance,
including the cogging torque and torque ripple, was compared
for cycloid and conventional curves.

Prototypes were manufactured to verify the results of a
finite-element analysis (FEA) and perform a prototype test.
The results of the FEA and prototype tests indicated that the
motor performance of the proposed method was improved.

II. CYCLOID CURVE
A. DEFINITION AND TYPE
In general, a cycloid is a curve traced by a point on a circle
rolling along a fixed circle without slippage. Thus, a cycloid
curve can be classified into six types, as shown in Table 1,
according to the position of the tracing point on the rolling
wheel [17].

B. SELECTION AND CURVE EQUATION
Among the cycloid-curve types, the curves applicable to the
magnet shape of the surface permanent magnet synchronous
machine (SPMSM) are an epitrochoid, a curtate epitrochoid
(CET), and prolate epitrochoid (PET), as shown in Table 1.
In the case of an epitrochoid, the cycloid is determined by
the radius of the circle on which the rolling wheel rolls;
thus, an epitrochoid cannot express various shapes of a curve
compared with a CET or PET. Therefore, when an epicyloid
curve is applied to a magnet shape, the analysis of the motor
performance is limited.

Because this limit is the same for a speed reducer applying
the aforementioned cycloid tooth types, to create a design
that satisfies the required performance, the eccentricity of the
point is adjusted to the trajectory point on the rolling wheel
by adopting a CET and a PET [18]. Therefore, a CET and a
PET were selected for the magnet shape in an SPMSM.

The trajectory equation for the epicycloid curve, which
forms the basis of the CET and PET, is described. An epicy-
cloid curve is a trajectory drawn by a point on the circum-
ference of a wheel with radius Rfc rolling on a fixed circle
of radius Rfc. The trajectory is indicated by the purple line
in Fig. 1.

Fig. 2 shows an enlarged view of a part of the epicycloid
curve shown in Fig. 1. In Fig. 2, Pec represents the point on
the epicycloid curve and is given in the vector loop form of
Equation (1).

−−−→
OfcPec =

−−−→
OfcOrc +

−−−→
OrcPec (1)

TABLE 1. Cycloid curve type.

FIGURE 1. Epicycloid curve.

When the vector
−−−→
OfcPec is at an angle θ with respect to the X

axis, the angle between the vectors
−−−→
OfcOrc and

−−−→
OrcPec is nθ ,
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FIGURE 2. Enlargement of the epicycloid curve.

FIGURE 3. CET curve.

where n indicates the wavenumbers for an epicycloid and can
be expressed as follows:

n =
Rfc
Rrc
. (2)

When Pec is presented in a polar coordinate system using
Equation (1), it becomes

Pet =
(
Rfc + Rrc

)
ejθ − Rrcej(n+1)θ . (3)

The Cartesian coordinate values of Pec can be expressed as
follows:{
xet =

(
Rfc + Rrc

)
cos θ −

(
Rfc + Rrc

)
cos ((n+ 1) θ)

yet =
(
Rfc + Rrc

)
sin θ −

(
Rfc + Rrc

)
sin ((n+ 1) θ).

(4)

In the case of a CET, the trajectory point of the CET exists
inside the rolling circle, as shown in Fig. 3.

The eccentricity εcet of the CET satisfies

εcet < Rrc. (5)

The Cartesian coordinate values of Pcet for a CET curve are
calculated in the samemanner as in Equations (1)–(4) and can
be expressed as follows:{

xcet =
(
Rfc + Rrc

)
cos θ − εcet cos ((n+ 1) θ)

ycet =
(
Rfc + Rrc

)
sin θ − εcet sin ((n+ 1) θ).

(6)

FIGURE 4. PET curve.

TABLE 2. Specifications of EPS motor.

In the case of a PET curve, the curve exists outside the
rolling circle, as shown in Fig. 4.

The eccentricity εcet of the PET satisfies

εpet > Rrc. (7)

The Cartesian coordinate values of Ppet for a PET curve
are calculated in the same way as those for a CET curve and
can be expressed as follows:{

xpet =
(
Rfc + Rrc

)
cos θ − εpet cos (θ · (n+ 1))

ypet =
(
Rfc + Rrc

)
sin θ − εpet sin (θ · (n+ 1)) .

(8)

III. MAGNET DESIGN USING CYCLOID CURVE
A. ANALYSIS MODEL
In this study, the proposed method for magnet design was
applied to an EPS system. Table 2 presents the specifications.

B. DEFINITION OF δq
In this study, an evaluation index δq is used to compare the
performances for the conventional and proposed curves [7].
Here, δq represents the air-gap length on the q-axis, which
has an electrical phase difference of 90◦ with the d-axis (i.e.,
the center axis of the rotor magnet flux). The value of δq
is described in Fig. 7. In this paper, δq is defined as the
distance from the intersection point of the extended curve for
the magnet shape (red dotted arc in Fig. 5) and the q axis to
the intersection point of the rotor outer radius Rmo and the q
axis. In Fig. 7, τp, τa, and Rri represent the pole pitch, pole
arc, and rotor core diameter, respectively.
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FIGURE 5. Definition of δq.

FIGURE 6. Magnet shape design using the CET curve.

C. CET CURVE
The magnet design of a CET curve is described in Fig. 6.
In Fig. 6, the number of poles Np is equal to n, as indicated
by Equation (2).

The minimum length from the origin to the point on
the CET curve occurs at the angle θmin between the line
−−−−−−→
OfcOrcmin and the X axis. For the CET curve, when consider-
ing the eccentricity εcet , θmin can be expressed as follows:

θmin = n
2π
Np
, (9)

where n ranges from 0 to Np − 1. When θmin is substituted
into Equation (6), the minimum length Lcetmin is calculated
as follows:

Lcetmin = Rfc + Rrc − εcet . (10)

The maximum length Lcetmax from the origin Ofc to a point
along the CET curve occurs at the angle θmax . Here, Lcetmax
is calculated using the following equation:

θmax =
π (2n+ 1)

Np
. (11)

FIGURE 7. Magnet shape design using PET curve.

The maximum length Lcetmax is equal to the known
parameter Rmo, as shown in Fig. 5, which is calculated using
Equation (12) when θmax is substituted into Equation (6).

Rmo = Lcet max = Rfc + Rrc + εcet . (12)

The length δq is equal to the distance between Lcetmin and
Lcetmax , as shown in Fig. 5. Here, δq can be expressed as
follows:

δq = 2εcet . (13)

To define the magnet shape using the CET curve for δq, the
unknown parameters Rfc and Rrc can be expressed as follows:

Rrc =
2Rmo − δq
2
(
Np + 1

) . (14)

Rfc = NpRrc. (15)

D. PET CURVE
A magnet shape design with a PET curve is described
in Fig. 7. Because the eccentricity εpet of the PET curve is
higher than that of the CET curve, it is calculated as follows:

εpet = Rrc + ε
′

pet . (16)

Using Equations (8) and (15), the Cartesian coordinates of
the PET curve can be expressed as follows:xpet =

(
Rfc + Rrc

)
cos θ −

(
Rrc + ε

′

pet

)
cos ((NP + 1) θ)

ypet =
(
Rfc + Rrc

)
sin θ −

(
Rrc + ε

′

pet

)
sin ((NP + 1) θ).

(17)

Similar to the case of a CET curve, the maximum distance
Lpetmax from the originOfc to the PET curve can be expressed
as follows:

Rmo = Lpet max = Rfc + 2Rrc + ε
′

pet . (18)
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FIGURE 8. δq calculation for PET curve.

For a PET curve, the unknown parameters Rfc and Rrc can
be obtained using Equation (16). Here, Rrc is identical to that
in Equation (14) and can be expressed as follows:

Rrc =
Rmo − ε

′

pet

Np + 2
, (19)

where ε′pet is the unknown parameter in Equation (18). How-
ever, Rfc must be expressed in terms of δq to define the PET
curve. In the case of the PET curve, ε′pet is higher than that
of the CET curve. Therefore, the starting point begins with
point P ′min inside Rfc. To define δq of the PET curve, it is
necessary to calculate the coordinate values of point Pmin,
as shown in Fig. 7.

Here, Pmin is the endpoint of line
−−−−→
OrcPmin when Rrc is

rotated by the angle Npθmin. For an easier calculation, if Pmin
is on the X axis, as shown in Fig. 8, it is possible to satisfy
Equation (16). When ypet = 0, as in Equation (16), this
equation can be transformed into a higher-order equation to
determine the value of θmin.

Because this equation becomes an Np + 1-order equation,
δq is calculated using the iterationmethod, as shown in Fig. 9.
The iteration method in Fig. 8 calculates δq by applying
Rmo = 19 and Np = 6, as shown in Table 2.

E. ECCENTRIC CIRCLE
In general, to reduce the cogging torque, an eccentric curve is
employed [11]–[13]. In this study, an eccentric curve is used
for comparison with the cycloid curve. To apply an eccentric
circle to a magnet shape, the eccentricity εec and circle radius
Rec should be calculated using the known parameters δq, Rmo,
andNp described above. The known and unknown parameters
for the eccentric curve are described in Fig. 10. The circular
equation for Rmo can be expressed as follows:

x2 + y2 = R2mo. (20)

FIGURE 9. Flow chart of δq calculation for the PET curve.

FIGURE 10. Magnet shape design with an eccentric curve.

The circular equation passing point Pδq with radius Rδq can
be expressed as follows:

x2 + y2 = R2δq = (Rmo − δq)
2 . (21)
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FIGURE 11. Magnet shape at δq = 4.5.

The circular equation of an eccentric curve applied to the
magnet shape can be expressed as follows:

x2 + (y− εec)2 = R2ec = (Rmo − εec)
2 . (22)

The Y axis value yδq of the intersection point between
Equations (20) and (21) can be expressed as follows:

yδq = (Rmo − δq) cos
(
π

Np

)
. (23)

Equation (29) for x2 can be expressed as follows:

x2 = (Rmo − δq)2 − y2. (24)

The unknown parameter εec can be calculated by substituting
Equations (22) and (23) into (21).

εec =
δq2 − 2Rmoδq

2
(
yδq − Rmo

) . (25)

The unknown parameter Rec is calculated using the geometric
relationship shown in Fig. 10.

Rec = Rmo − εec. (26)

IV. MAGNET SHAPE ANALYSIS
The motor performances are analyzed using the finite-
element method (FEM) for the magnet shape designs of
cycloid and eccentric curves. To analyze the performance
of the motor, no-load and load analyses are conducted. For
the no-load analysis, the back EMF and cogging torque are
analyzed, whereas for the load analysis, the average torque
and torque ripple are analyzed.

A. MAGNET SHAPE DESIGN MODEL
Fig. 11 shows the magnet shape for comparing the cycloid
and eccentric curves at the specific value of δq = 4.5. The
solid lines represent the magnet shapes for τa. The dotted
lines represent the trajectory curve for τp. In Fig. 11, Lpa
indicates the length from the origin to the intersection point
of each curve for τp. The value of Lpa exhibits little difference
between the PET and CET at δq = 4.5, as indicated by
Table 3. As shown in Table 3, the reference curve has a value
of δq = 0, and its objective is to compare the performances
of the cycloid and eccentric curve models.

TABLE 3. Comparison of Lpa.

FIGURE 12. Fundamental component and THD for the back EMF.

FIGURE 13. Cogging torque and waveform.

B. NO-LOAD ANALYSIS
A no-load analysis was conducted to verify the electrical
characteristics, such as the back EMF and cogging torque
with no input currents.

Fig. 12 shows the fundamental component and total har-
monic distortion (THD) of the back EMF for each curve
according to δq. The fundamental component and THD of
the back EMF for a PET and CET cycloid converge at con-
stant values. However, the eccentric curve decreases sharply.
Therefore, the changes in the fundamental component and
THD for a cycloid curve are stable compared with those for
an eccentric curve.

Fig. 13(a) shows the cogging torque (peak-to-peak value)
for δq. In the case of cycloid curves, the fundamental com-
ponent converges to a constant value, in contrast to the
eccentric curve. To compare the cycloid and eccentric curves,
Fig. 13(b) shows the one-period waveform of the cogging
torque at a specific value of δq = 4.5. In general, the
one-period angle of the cogging torque θ1ct , which is the
mechanical angle, can be expressed as follows [19]:

θ1ct =
360

LCM (Ns, Np)
. (27)

In Equation (26), LCM and Ns indicate the least common
multiplier and the number of slots, respectively. In this study,
θ1ct = 20◦, according to Equation (26).
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FIGURE 14. Average torque and torque ripple at the maximum torque.

TABLE 4. Magnets and rotor assemblies.

C. LOAD ANALYSIS
First, the demagnetization of all magnets, including the lower
thickness on both sides of each magnet, was verified in the
cycloid and eccentricity models via FEA.

The average torque and torque ripple were analyzed
through a load analysis for δq by supplying the current corre-
sponding to the maximum torque, as shown in Table 2.

Fig. 14(a) shows the average torque for δq. For a cycloid,
the change in the average torque is similar to that of the
fundamental component for a back EMF, as shown Fig. 12(a).
This confirms that the back EMF is proportional to the
torque [19]. Fig. 14(b) shows the torque ripple for δq. For
a cycloid, the value decreases and converges to a constant.
For an eccentric curve, the value decreases and increases
sharply. The change in the torque ripple is similar to that of
the cogging torque, as shown in Fig. 13(a)

V. EXPERIMENT
A. PROTOTYPE
To verify the performances of the cycloid and eccentric
curves, the manufacturing tolerance should be considered.
The delta q index was adopted by considering two factors:
the fulfillment of the target performance and robust design
considering the tolerance on dimensions. To compare the
performances of the cycloid and eccentric curves according
to the foregoing considerations, a value of 4.5 was selected
for δq, as shown in Fig. 11. In the case of δq = 4.5, the PET
and CET models can be regarded as a single model, because
there are no differences between the two models with regard
to the geometric and motor characteristics, as discussed
in Chapter III. Therefore, the PET and CET models with

TABLE 5. Measured shape of magnet.

FIGURE 15. Equipment and curve for the measurement.

TABLE 6. Measurement errors for magnet surface.

δq = 4.5 are referred to as the cycloid models.
Table 4 presents the magnets manufactured for the cycloid,
eccentric, and referencemodels selected fromTable 3, as well
as their prototypes assembled into the rotor core.

Table 5 presents the measurement results of the mag-
net shapes for the PET, eccentric, and reference models
assembled in the rotor (from Table 4). For the measurement,
noncontact three-dimensional scanning equipment was used,
as shown in Fig. 15(a). The number of measured data for each
curve was 720, as indicated by the blue lines in Fig. 15(b).

In Table 5, the red dots represent the measured data, and
the black line represents the designed shape for a one-pole
magnet.

Table 6 shows the measured errors of the magnet shape
for the cycloid, eccentric, and reference models. The mea-
sured errors indicate the difference between the measured and
designed magnet shape distances (blue line) for the radial
direction distance R, as shown in Fig. 15(b).

B. NO-LOAD TEST: COGGING TORQUE
The cogging torque was measured for each prototype,
as shown in Table 7. The measurement speed was 1 rpm.

The cogging-torque waveforms for the prototype from the
FEA and measurement results are shown in Fig. 16.

Table 8 presents the cogging torque (peak-to-peak) for
the FEA and test results. For the PET and eccentric model,
the cogging-torque measurements were higher than the FEA
results.

The difference in the cogging torque is attributed to a
manufacturing error. As shown in Table 8, the manufacturing
error was smaller for the cogging torque of the PET than for
that of the eccentric model, as there was little difference in
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TABLE 7. Cogging torque test setup.

FIGURE 16. Test results for cogging torque waveform.

TABLE 8. FEA and test results for the cogging torque.

FIGURE 17. Load-test setup.

the cogging torque between the test and FEA results for the
PET.

For the reference model, the measured values were similar
to the FEA results.

C. LOAD TEST: AVERAGE TORQUE AND TORQUE RIPPLE
A current is supplied at the maximum torque to verify the
average torque and torque ripple. The Id = 0 control method
was applied using an SPMSM [19]. Fig. 17 shows the test
equipment used for the torque measurement.

Table 9 shows that the errors in the test results of the
FEMwere≤1.2% for the average torque. Additionally, it was
confirmed that the average torque of the PET model was
improved compared with that of the eccentric model. In the
case of the torque ripple, the errors of the test results com-

TABLE 9. Torque measurements of FEA and test results.

FIGURE 18. Torque waveform for FEA and test results.

FIGURE 19. FEA and test results for prototypes.

pared with the FEA results were large, whereas the FEA
results exhibited the same tendency as the measured values
when a prototype was used. Even in this case, the torque
ripple of the PET model was reduced compared with that of
the eccentric model. Fig. 18 shows the FEA and test results
for the torque waveform with an electrical angle of 360◦.
Fig. 19 shows the FEA and test results of prototypes for

the cogging torque, average torque, and torque ripple. The
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TABLE 10. Comparison of normalized value based on reference.

performances of the PET model were improved compared
with those of the eccentric model.

VI. CONCLUSION
The cogging torque and torque ripple are the key qualities
of a motor for enhancing the control precision and driving
sensibility of vehicles, robots, and other devices. Thus, it is
necessary to reduce the cogging torque and torque ripple.
In this study, a design method for the magnet shape using
a cycloid curve was developed. According to the reference
design results, a PET and a CET were selected among the
different cycloid-curve types.

To compare the proposed curves with the conventional
curves applied to the magnet shape, the evaluation index δq
was employed. Using δq, a design method was developed
for the cycloid (PET and CET) and conventional curves.
Prototypes were manufactured to verify FEA results. For a
comparison and evaluation of the prototypes using the pro-
posed cycloid and conventional curves, δq = 4.5was applied.

The results of the FEA and experiment indicated that the
motor characteristics for a cycloid-curve magnet shape were
improved compared with those for a conventional curved
magnet. Therefore, using the proposed cycloid curve, a cog-
ging torque and torque ripple can be applied without reducing
the average torque.
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