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ABSTRACT In this paper, the performance of a promising technology for the next generation wireless
communications, non- orthogonal multiple access (NOMA), is investigated. In particular, the bit error
rate (BER) performance of downlink NOMA systems over Nakagami-m flat fading channels, is presented.
Under various conditions and scenarios, the exact BER of downlink NOMA systems considering successive
interference cancellation (SIC) is derived. The transmitted signals are randomly generated from quadrature
phase shift keying (QPSK) and two NOMA systems are considered; two users’ and three users’ systems.
The obtained BER expressions are then used to evaluate the optimum power allocation for two different
objectives, achieving fairness and minimizing average BER. The two objectives can be used in a variety of
applications such as satellite applications with constrained transmitted power. Numerical results and Monte
Carlo simulations perfectly match with the derived BER analytical results and provide valuable insight into
the advantages of optimum power allocation which show the full potential of downlink NOMA systems.

INDEX TERMS NOMA, BER, SIC, optimum power allocation, fairness, minimum average BER,
Nakagami-m.

I. INTRODUCTION
The expeditious development of the mobile Internet and
Internet of Things (IoT) has obtruded several challenges on
the Fifth Generation (5G) and Beyond 5G (B5G) wireless
communications systems. Such challenges include capacity
increase by a factor of 1000, data rates exceeding 10 Gb/s,
10 years battery life for machine-to-machine (M2M) com-
munications, and network latency less than 1 ms [1], [2].
Consequently, extensive research has been focused in the
last few years to develop the enabling technologies that can
satisfy such requirements, which include dense heteroge-
neous networks, full-duplex communication, energy-aware
communication and energy harvesting [3], [4], cloud-based
radio access networks [5], wireless network virtualization [6],
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advanced antenna systems [7], and efficient error correc-
tion coding [8]. Moreover, great advancements have been
achieved in terms of multiple access technologies such
as the non-orthogonal multiple access (NOMA), which
may improve the spectral efficiency and latency with
respect to orthogonal multiple access (OMA) [9]. Several
NOMA schemes have been actively investigated, which
can be categorized into two main categories, power-domain
NOMA, [10], [11] and code-domain NOMA [12]–[14]. The
focus of this paper is on the power-domain NOMA.

The performance of NOMA systems has attracted exten-
sive literature, which is mainly focus outage probability and
capacity. For example, the outage achievable rate region is
studied in [15], where the results imply that NOMA outper-
forms OMA under similar conditions. In [16], the authors
investigate a two-users NOMA system in terms of their power
allocation, through the maximization of the ergodic sum
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capacity with the constraint of minimum sum rate require-
ment, fixed total transmit power, and partial channel state
information (CSI) availability. In [17], a novel NOMA clus-
tering scheme using a power allocation mechanism is pre-
sented to reduce the computational complexity at the expense
of user fairness compared to the full search method. In [18],
with the objective of providing proportional fairness, opti-
mum power allocation and user pairing problems in multiuser
downlink NOMA are investigated. A sum rate comparison
betweenmultiple-input multiple-output (MIMO) NOMA and
OMA clusters is conducted in [19], where each cluster con-
sists of two users. In [20], various user scheduling strategies
are presented to accomplish flexible and efficient trade-offs
between capacity and user fairness in NOMA systems. In [21]
and [22], user clustering and power allocation for downlink
NOMA system have been studied thoroughly. More recently,
noticeable efforts have focused on evaluating the bit error
rate (BER) performance of NOMA systems with imper-
fect successive interference cancellation (SIC). For example,
the authors of [23] derived closed-form expressions for the
union bound on the BER of downlink NOMA with imper-
fect SIC over Nakagami-m fading channels. Although the
derived bounds are useful to estimate the BER, the results pre-
sented in [23] show that the bounds may deviate significantly
from the simulation results in certain scenarios. The average
BER performance of a NOMA system using space-shift key-
ing (SSK) in Rayleigh fading channels is investigated in [24]
where the exact BER is expressed in closed-form only for
users two and three in a three users scenario. The exact sym-
bol error rate (SER) for a downlink NOMA with imperfect
SIC is presented in [25]. Nevertheless, using the BER is more
informative when comparing different systems with different
modulation orders, and the results are limited only to the
two users scenario and Rayleigh fading channels. The exact
SER for the two users scenario in Rayleigh fading channels is
also investigated in [26]. The BER of uplink NOMA for the
two users scenario is considered in [27] under imperfect SIC
scenarios. The main limitation of this work is that the channel
fading is considered constant over the transmission block,
and hence, the channel becomes effectively an additive white
Gaussian noise (AWGN) channel. An asynchronous uplink
NOMA system based on triangle-SIC error is presented
in [28]. Similar to [27], the channel coefficients are assumed
to be fixed, hence the derived closed-form expressions can
not be used in random fading scenarios. In [29], the BER is
derived for a two users downlink and uplink NOMA systems
over Rayleigh fading channels. However, the assumption that
the links in downlink NOMA follows independent and iden-
tically distributed (i.i.d.) Rayleigh fading overlooks the large
scale fading factor, which limits the contribution of this work.
Moreover, the paper lacks in-depth insights into the analysis
of the obtained BER results.

A. MOTIVATION AND MAIN CONTRIBUTIONS
As can be noted from the aforementioned literature survey,
the BER analysis of NOMA reported in the literature is

limited to the two users scenario over AWGN [27] and
Rayleigh fading [29], while the BER for the three users sce-
nario over Nakagami-m is presented in [23] only in terms of
a Union Bound. Therefore, to the best of the authors’ knowl-
edge, there is no work reported that considers the exact BER
analysis of downlink NOMA in Nakagami-m fading channels
for two and three users scenarios. Consequently, the main
contributions of this paper are summarized as follows:

1) The exact BER performance analysis of a downlink
NOMA with imperfect SIC over Nakagami-m flat fad-
ing channel is considered, where exact analytical BER
expressions are derived for each user individually for
the cases of two and three users’ scenarios. The derived
BER expressions are verified by Monte Carlo simula-
tion.

2) The exact BER is derived in terms of a closed-form
expressions for the special case of m = 1, Rayleigh
fading, for two and three users scenarios.

3) The optimum power allocation for all users is investi-
gated based on the derived BER expressions for two
different criteria. In the first, the power allocation for
each user is allocated optimally to guarantee fairness
among all users, which is expressed in terms of equal
BER for all users. In the second, the power alloca-
tion coefficients are selected optimally to minimize the
average BER for all users.

B. NOTATIONS
To notations used throughout the paper are as follows.
Pr(·) = P(·), P (a, b) = P(a ∩ b), P(a; b) = P(a ∪ b),
P(s1 = ac, s2 = ak , s3 = av) → P(ac, ak , av), Pbni ,

P
(
b̂ni 6= bni

)
, bni = c→ b(c)ni , c ∈ {0, 1}, and sn = ai→ s(i)n ,

i ∈ {0, 1, 2, 3}.

C. PAPER ORGANIZATION
The rest of the paper is organized as follows. In Sec.
II, the system and channel models are presented. This is
followed by exact BER analysis for the two-users and
three-users downlink NOMA systems are presented in
Sec. III and Sec. IV, respectively. The optimum power allo-
cation problem is formulated in Sec. V, while numerical and
simulation results are shown in Sec. VI. Finally, the work is
concluded in Sec. VII.

II. SYSTEM AND CHANNEL MODELS
This work considers a power-domain downlink NOMA sys-
tem with N users, U1, U2, . . ., UN . The users’ equip-
ment (UEs) and the base station (BS) are equippedwith single
antennas [23]. Therefore, the transmitted signal from the BS
can be expressed as

x =
N∑
n=1

√
βnPT sn (1)

where sn is the information signal of the nth user selected
uniformly from a particular symbol constellation, PT is the
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BS transmit power, and βn is the allocated power coefficient

for the nth user such that
N∑
n=1

βn = 1. For the rest of the paper,

the transmit power PT is normalized to unity.
In flat fading channels, the received signal at the nth UE

can be written as

rn = hnx + wn (2)

where hn represents the link between the BS and the nth
user whose probability density function (PDF) is described
in Appendix and wn is the AWGN, wn ∼ CN (0,N0) .

Given that the channel phase θn is estimated and compensated
perfectly at the receiver, then the received signal after phase
compensation řn = rne−jθn = αnx + w̌n, where w̌n =
wne−jθn and αn = |hn| is the channel gain. Assuming that the
AWGN is circularly symmetric, then w̌n andwn have identical
PDFs, consequently w̌n and wn can be used interchangeably.
Without loss of generality, it is assumed that the first user has
the lowest channel gain, and the second user has the second
lowest channel gain, and so forth, i.e., α1 < α2 < · · · < αN .
To enable reliable detection of all users, it is necessary to
cancel the inter-user interference (IUI), which is typically per-
formed using SIC. Therefore, the power should be allocated
in the opposite order of the channel gains, i.e., β1 > β2 >

· · · > βN .
To detect the signal of the nth user, the signals of U1,

U2, . . ., Un−1 should be detected and scaled, then subtracted
from rn, the IUI for users Un+1, Un+2, . . ., UN is consid-
ered as unknown additive noise. For the first user, the IUI
from all users will be treated as noise, and thus, the max-
imum likelihood detector (MLD) given that the channel
gain h1 is known perfectly at the receiver can be expressed
as [30],

ŝ1 = argmin
s̃1∈S

∣∣∣r1 −√β1h1s̃1∣∣∣2 (3)

where ŝ1 is the estimated data symbol, S is the set of all
possible constellation points forU1, and s̃1 are the trial values
of s1. For the nth user, the detector can be described by

ŝn = argmin
s̃n∈S

∣∣∣∣∣
(
rn − hn

n−1∑
k=1

√
βk ŝk

)
−
√
βnhns̃n

∣∣∣∣∣
2

. (4)

In the following sections, the exact BER is derived for
a power-domain NOMA system with two and three users.
Although the presented approach can be applied to any
phase shift keying (PSK) or quadrature amplitude mod-
ulation (QAM), the derivation becomes intractable for a
modulation order M > 4, particularly for N > 2.
Therefore, the analysis presented in this work considers
Gray coded quadrature PSK (QPSK) modulation where
S ={a0 = 00, a1 = 01, a2 = 10, a3 = 11}, and all symbols
are considered equiprobable.

FIGURE 1. The constellation diagram of the transmitted symbol x for
N = 2.

III. NOMA BIT ERROR RATE (BER) ANALYSIS: TWO
USERS (N = 2)
As can be noted from (1), the transmitted symbol x for
N = 2 is the superposition of two QPSK symbols, and hence,
it should correspond to one of the 16 constellation points
shown in Fig. 1. The bit representation for each constellation
point is given in the form of

[
b11 b12 b21 b22

]
, for each bit

bni, {n, i} ∈ {1, 2}, where n denotes the user index while i
denotes the bit index.

A. BER OF THE FIRST USER (U1|N=2)
For the first user, the detection is performed using (3), and
thus, no SIC is required. Based on the specific value of s2,
the IUI caused by U2, the symbol x may become one of
the four constellation points in the neighborhood of s1. The
shaded blocks in Fig. 1 show the four possible values that a
particular symbol s1 may take. For example, given that s1 =
10 then x|s1 ∈ {1000, 1001, 1010, 1011}. The amplitudes of
the inphase xI , < (x) and quadrature xQ , = (x) for each
constellation point are defined as

Au1u2u3 = u1
√
β1 + u2

√
β2 + u3

√
β3, ui ∈

{
0, 1, 1́, 2

}
(5)

where 1́ , −1. For example, given that s(2)1 = s(2)2 , then x =
1010 and xI = −

√
β1 −

√
β2 , A1́1́0, and xQ =

√
β1 +

√
β2 , A110. It is worth noting that for N = 2, u3 = 0

regardless the values of s1 or s2, however, it is used to unify
the notation throughout the paper.

The probability of error for each bit actually depends on
the values of s1 and s2. For example, given that s(2)1 , the first
bit b11 might be detected incorrectly if ŝ1 = a0 (00) or a1
(01), as shown in Fig. 1. However, P

(
ŝ1 = a0 or a1

)
, denoted

as P
(
ŝ1 = a0; a1

)
, depends on s2 as well. Therefore, the

average BER should consider all possible combinations of
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s1 and s2,

Pb1i =
∑
l,k

(
Pb1i |s(l)1 , s(k)2

)
P
(
s(l)1 , s(k)2

)
. (6)

By noting that s1 and s2 are independent, then (6) can be
written as,

Pb1i =
1
16

3∑
{l.k}=0

(
Pb1i |s(l)1 , s(k)2

)
. (7)

Case 1: s(2)1 , s(0)2 : For this case, x|a2,a0 = −A11́0 + jA110,
to simplify th notations x|al ,ak is written as xl,k . Consequently,
the error probability of b11 is given by,

Pb11 |s(2)1 , s(0)2
= P

(
ŝ1 = a0; a1

)
.

As can be noted from Fig. 1, P
(
ŝ1 = a0; a1

)
depends only on

the inphase component of ř1, i.e.,<
(
ř1
)
, r1 and the specific

value of x. Thus,
Pb11 |s(2)1 , s(0)2

= P(r1 ≥ 0)

= P
(
−α1A11́0 + n1 ≥ 0

)
= P

(
n1 ≥ α1A11́0

)
(8)

where r1 = −α1A11́0 + n1, <
(
w̌1
)
, n1. Therefore,

Pb11 |s(2)1 , s(0)2
=

1√
2πσ 2

n1

∫
∞

α1A11́0

e
−

z2

2σ2n1 dn1

= Q
(√
γ1,1

)
(9)

where γ1,1 = α21A
2
11́0
/σ 2

n1
and Q (.) denotes the Gaussian Q

function.
Case 2: s(2)1 , s(1)2 :
This case is similar to the case of s(0)2 , hence, the error

probability is given by (9) as well.
Case 3: s(2)1 , s(2)2 :
In this case, x2,2 = −A110+ jA110, then the error probabil-

ity can be expressed as
Pb11 |s(2)1 , s(2)2

= P(r1 ≥ 0)

= P(n1 ≥ α1A110) . (10)

Following the same approach used to derive (9) gives,

Pb11 |s(2)1 , s(2)2
= Q

(√
γ1,2

)
(11)

where γ1,2 = α2nA
2
110/σ

2
n1
.

Case 4: s(2)1 , s(3)2 :
The probability of error in this case is similar to the case of

s(2)1 , s(2)2 .
The remaining cases,Case 5 toCase 16 are similar toCase

1 to Case 4 except that the value of s1 is replaced by a0, a1,
a2 and a3. Substituting the results of the 16 cases in (7) gives
Pb11 =

1
2

[
Q
(√
γ1,1

)
+ Q

(√
γ1,2

)]
. It is also straightforward

to show that Pb12 = Pb11 . Therefore, the conditional BER of
the first user is given:

PU1 =
1
2

[
Pb11 + Pb12

]
=

1
2

[
Q
(√
γ1,1

)
+ Q

(√
γ1,2

)]
. (12)

FIGURE 2. Equivelant constellation of xsic |ŝ1=s1
and xsic |ŝ1 6=s1

of
the second user, N = 2.

B. BER OF SECOND USER (U2|N=2)
To detect its own symbol s2, the second user should initially
detect s1 as described in (3), and then compute,

ŝ2 = argmins̃2∈S
∣∣r2,sic −√β2h2s̃2∣∣2

= argmins̃2∈S
∣∣xsich2 + w2 −

√
β2h2s̃2

∣∣2 (13)

where r2,sic = r2 − h2
√
β1ŝ1 and xsic = x −

√
β1ŝ1.

Therefore, given that ŝ1 = s1, then xsic =
√
β2s2 and

r2,sic corresponds to IUI-free QPSK signal. The constellation
diagram of xsic|ŝ1=s1 is shown in Fig. 2. On the other hand,
if ŝ1 6= s1, then xsic =

√
β1s1 +

√
β2s2 −

√
β1ŝ1 and its

constellation diagram depends on ŝ1. For example, given that
s(0)1 , ŝ(2)1 , the constellation diagram of xsic becomes as shown
in Fig. 2. The BER ofU2 depends on s1, s2 and ŝ1. Therefore,
the probability of error should be averaged over all possible
combinations,

Pb2i =
∑
v,k,l

Pb2i |s(v)1 ,s
(k)
2 ,ŝ(l)1

P
(
s(v)1 , s

(k)
2 , ŝ

(l)
1

)
. (14)

Using the chain rule,

P
(
s(v)1 , s

(k)
2 , ŝ

(l)
1

)
= P

(
ŝ(al )1 |s(v)1 ,s

(k)
2

)
P
(
s(v)1 , s

(k)
2

)
(15)

and noting that s1 and s2 are independent, then (14) can be
written as,

Pb2i =
1
16

3∑
{k,l,v}=0

Pb2i |s(v)1 ,s
(k)
2 ,ŝ(l)1

P
(
ŝ(al )1 |s(v)1 ,s

(k)
2

)
. (16)

It should be noted that the probability of correct or incor-
rect detection of b12 does not affect the error probability of
the second user bitsP2i. Therefore, it is assumed thatPb12 = 1
for all cases.

The case where v = l corresponds to the event that ŝ1 =
s1, and the corresponding probabilities can be computed as
follows:
Case 1: s(0)1

(
b(0)11

)
, ŝ(0)1

(
b̂(0)11

)
, s(2)2 :

The probability P
(
b̂(0)11 = 0|b(0)11 ,s

(2)
2

)
can be obtained by

considering the error probability of U1 given that b(0)11 = b̂(0)11
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(
s(0)1

)
and s(2)2 . In this case, the conditional error probabil-

ity of b21 can be computed by noting that Pb21 |A221 =

P
(
ŝ2 = a0; a1|A221

)
where A221 →

{
b(0)11 , b̂

(0)
11 , s

(2)
2

}
. The

transmitted signal amplitude for this case is x = A11́0+ jA110,
thus, xsic = A01́0 + jA010 and r2,sic = α2xsic + w2. As can be
noted from Fig. 2, P

(
ŝ2 = a0; a1|A221

)
depends only on the

inphase component of ř2,sic, i.e., <
(
ř2,sic

)
, r2,sic. Thus

Pb21 |A221 = P
(
n2 + α2A01́0 ≥ 0

∣∣n2 + α2A11́0 ≥ 0
)

= P
(
n2 ≥ α2A010

∣∣n2 ≥ α2A1́10 ) (17)

where r2,sic = α2A01́0+ n2, <
(
w̌2
)
, n2 and−A01́0 = A010.

Using Bayes’ theorem and considering the results in (16)
and (17), we obtain

Pb21 |A221P
(
b̂(0)11 |b(0)11 ,s

(2)
2

)
= P

(
n2 ≥ α2A1́10

)
×P

(
n2 ≥ α2A010

∣∣n2 ≥ α2A1́10 ) (18)

By noting that the right hand side of (RHS) of (18) is equal
to P

(
n2 ≥ α2A010,n2 ≥ α2A1́10

)
, then

Pb21 |A221P
(
b̂(0)11 |b(0)11 ,s

(2)
2

)
= P(n2 ≥ α2A010)

= Q
(√
γ2,1

)
(19)

where γ2,1 = α22A
2
010/σ

2
n2
. For b22, the error probability is

obtained using the approach used with b21

Pb22 |A221P
(
b̂(0)11 |b(0)11 ,s

(2)
2

)
= P

(
n2 ≥ α2A1́10

)
×P
(
q2 + α2A010 ≤ 0

∣∣n2 ≥ α2A1́10 ) . (20)

As the RHS of (20) can be simplified to
P
(
q2 ≤ α2A01́0, n2 ≥ α2A1́10

)
, then

Pb22 |A221P
(
b̂(0)11 |b(0)11 ,s

(2)
2

)
= Q

(√
γ2,1

) (
1− Q

(√
γ2,2

))
(21)

where q2 , I
(
w̌2
)

and γ2,2 = α22A
2
11́0
/σ 2

n2
.

Case 2: s(0)1

(
b(0)11

)
, ŝ(0)1

(
b̂(0)11

)
, s(0)2 : In this case,(

P21|A222

)
P
(
b̂(0)11 |b(0)11 ,s

(0)
2

)
where A222 →

{
b(0)11 , b̂

(0)
11 , s

(0)
2

}
is

computed for xsic = A110 + jA110 and r2,sic = α2xsic + w2,

Pb21 |A222P
(
b̂(0)11 |b(0)11 ,s

(0)
2

)
= P(n2 + α2A110 ≥ 0)

×P(n2 + α2A010 ≤ 0 |n2 + α2A110 ≥ 0 ) (22)

Since the RHS of (22) can be simplified to
P
(
n2 ≤ α2A01́0, n2 ≥ α2A1́1́0

)
,

then

Pb21 |A222P
(
b̂(0)11 |b(0)11 ,s

(0)
2

)
= Q

(√
γ2,1

)
− Q

(√
γ2,3

)
(23)

where γ2,3 = α22A
2
110/σ

2
n2
. For b22, the error probability is

given by

Pb22 |A222P
(
b̂(0)11 |b(0)11 ,s

(0)
2

)

= P(n2 + α2A110 ≥ 0)

×P(q2 + α2A010 ≤ 0 |n2 + α2A110 ≥ 0 ) . (24)

The RHS of (24) can be simplified to P
(
q2 ≤ α2A01́0

)
×

P
(
n2 ≥ α2A1́1́0

)
, and thus

Pb22 |A222P
(
b̂(0)11 |b(0)11 ,s

(0)
2

)
=Q

(√
γ2,1

) (
1−Q

(√
γ2,3

))
. (25)

The remaining cases, Case 3 to Case 9 where the constel-
lation points are 0110, 0011, 0111, 1000, 1001, 1100, 1101
are similar to Case 1, and Case 10 to Case 16 where the
constellation points are 0001, 0100, 0101, 1010, 1011, 1110,
1111 are similar to Case 2. By using (16), the BER of the
second user given that b̂11 = b11 can be expressed as

P(1)U2
=

1
2
Q
(√
γ2,1

) [
2− Q

(√
γ2,2

)
− Q

(√
γ2,3

)]
−

1
2
Q
(√
γ2,3

)
. (26)

The constellation diagram of xsic, after subtracting ŝ1|b̂11 6=b11
is shown in Fig. 2 (solid diamonds). The total error probability
of the second user when b̂11 6= b11 can be derived by
considering all the cases in (16).
Case 1: s(0)1

(
b(0)11

)
, ŝ(2)1

(
b̂(1)11

)
, s(2)2 :

The transmitted signal amplitude of this point is x = A11́0+
jA110, thus, xI ,sic = A21́0. The error probability for this case
is

Pb21 |B221P
(
b̂(1)11 |b(0)11 , s

(2)
2

)
= P

(
n2 + α2A11́0 ≤ 0

)
×P

(
n2 + α2A21́0 ≥ 0

∣∣n2 + α2A11́0 ≤ 0
)

(27)

where B221 →

{
b(0)11 , b̂

(1)
11 , s

(2)
2

}
. The RHS of (27) can be

simplified to P
(
α2A2́10 ≤ n2 ≤ α2A1́10

)
. Thus,

Pb21 |B221P
(
b̂(1)11 |b(0)11 , s

(2)
2

)
= Q

(√
γ2,2

)
− Q

(√
γ2,4

)
(28)

where γ2,4 = α22A
2
21́0
/σ 2

n2
.

The error probability of b22 is obtained as

Pb22 |B221P
(
b̂(1)11 |b(0)11 , s

(2)
2

)
= P

(
n2 + α2A11́0 ≤ 0

)
×P

(
q2 + α2A010 ≤ 0

∣∣n2 + α2A11́0 ≤ 0
)

(29)

By noting that the RHS of (29) can be simplified to
P
(
q2 ≤ α2A01́0, n2 ≤ α2A1́10

)
, then

Pb22 |B221P
(
b̂(1)11 |b(0)11 , s

(2)
2

)
= Q

(√
γ2,1

)
Q
(√
γ2,2

)
. (30)

Case 2: s(0)1

(
b(0)11

)
, ŝ(2)1

(
b̂(1)11

)
, s(0)2 :

The error probability of this case can be computed as

Pb21 |B222P
(
b̂(1)11 |b(0)11 ,s

(0)
2

)
= P(n2 + α2A110 ≤ 0)

×P(n2 + α2A210 ≤ 0 |n2 + α2A110 ≤ 0 ) (31)
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The RHS of (31) can be expressed as
P
(
n2 ≤ α2A2́1́0, n2 ≤ α2A1́1́0

)
, and hence,

Pb21 |B222P
(
b̂(1)11 |b(0)11 ,s

(0)
2

)
= Q

(√
γ2,5

)
(32)

where γ2,5 = α22A
2
210/σ

2
n2
, and B222→

{
b(0)11 , b̂

(1)
11 , s

(0)
2

}
.

For b22, the error probability is evaluated as

Pb22 |B222P
(
b̂(1)11 |b(0)11 ,s

(0)
2

)
= P(n2 + α2A110 ≤ 0)

×P(q2 + α2A010 ≤ 0 |n2 + α2A110 ≤ 0 ) (33)

Since the RHS of (33) can be simplified to
P
(
q2 ≤ α2A01́0, n2 ≤ α2A1́1́0

)
, then

Pb22 |B222P
(
b̂(1)11 |b(0)11 ,s

(0)
2

)
= Q

(√
γ2,1

)
Q
(√
γ2,3

)
. (34)

For the remaining cases, Case 3 to Case 9 where the
associated symbols are 0011, 0110, 0111, 1000, 1001, 1100,
and 1101 are identical to Case 1. Case 10 to Case 16 where
the constellation points are 0001, 0100, 0101, 1010, 1011,
1110, and 1111 are similar to Case 2. Therefore, the total
error probability when b̂11 6= b11can be expressed as

P(2)U2
= Q

(√
γ2,1

) [
Q
(√
γ2,2

)
+ Q

(√
γ2,3

)]
+ Q

(√
γ2,2

)
−Q

(√
γ2,4

)
+ Q

(√
γ2,5

)
. (35)

Finally, the exact total BER for the second user is given as the
sum of the results of the two scenarios where b̂11 = b11 and
b̂11 6= b11,

PU2 =
1
2

5∑
i=1

viQ
(√
γ2,i

)
, v = [2, 1,−1,−1, 1] . (36)

C. AVERAGE BER, N = 2
The average BER can be evaluated by averaging over the
PDFs of all γn,c values, which are given in Appendix. There-
fore, by substitutingN = 2 and n = [1, 2] in the ordered PDF
in (93), the exact average BER of the first and second users
can be simplified to

PU1 =
1

π0(m)

2∑
c=1

2∑
k=0

∞∑
i=0

(−1)k Si

(
m
γ 1,c

)m(1+k)
×

∫ π
2

0

(i+ mk)!(
1

2 sin2(ψ1,c)
+

m (1+k)
γ 1,c

)i+mk+1 dψn,c (37)

and

P̄U2 =
1

π0(m)

5∑
c=1

∞∑
i=0

vcSi

(
m
γ 2,c

)2m

×

∫ π
2

0

(i+ m)!(
1

2 sin2(ψ2,c)
+

2m
γ 2,c

)i+m+1 dψ2,c (38)

FIGURE 3. The transmitted superimposed signal constellation for N = 3.

where v = [2, 1,−1,−1, 1]. It is interesting to note that for
the special case of Rayleigh fading channel where m = 1,
the BER for both users can be expressed in closed-form as,

P̄U1 =
1
4

2∑
c=1

1−
1√

1
γ 1,c
+ 1

 (39)

and

P̄U2 =
1
2

5∑
c=1

vc

(√
γ 2,c

γ 2,c + 1
−

√
8γ 2,c

2γ 2,c + 1
+ 1

)
(40)

where v = [2, 1,−1,−1, 1].

IV. NOMA BIT ERROR RATE (BER) ANALYSIS: THREE
USERS (N = 3)
This section presents the derivation of the BER for a
three-users NOMA system, N = 3, which generally fol-
lows the derived N = 2 case. The transmitted signal con-
stellation is given in Fig. 3. The first, second, and third
users’ signals are shown in the form of [s1, s2, s3]. The
binary bit representation for the three users are represented
as
[
b11 b12 b21 b22 b31 b32

]
, for each bit bni, n = [1, 2, 3],

and i = [1, 2] which denotes bits’ indices.

A. BER OF FIRST USER (U1|N=3)
The error probability of the first user can be obtained directly
from Fig. 3. The probability of error for each bit depends
on the values of s1, s2 and s3. For example, given that s(2)1 ,
s(3)3 , the first bit b11 might be detected incorrectly if ŝ1 = a0
(00) or a1 (01), as shown in Fig. 3. Therefore, the average
BER should consider all possible combinations of s1, s2
and s3,

Pb1i =
∑
c,k,v

Pb1i |s(c)1 ,s
(k)
2 ,s(v)3

P
(
s(c)1 , s

(k)
2 , s

(v)
3

)
. (41)

134544 VOLUME 7, 2019



T. Assaf et al.: Exact BER Performance Analysis for Downlink NOMA Systems Over Nakagami-m Fading Channels

Because s1, s2 and s3 are mutually independent, (41) can be
written as

Pb1i =
1
64

3∑
{c,k,v}=0

Pb1i |s(c)1 ,s
(k)
2 ,s(v)3

. (42)

The error probability of the first user is derived by considering
all possible combinations, which can be derived as follows:
Case 1: s(0)1 , s(2)2 , s(2)3 :
For this case, x = A11́1́ + jA111, consequently, the error

probability of b11 is given by,

Pb1i |s(0)1 ,s(2)2 ,s(2)3
= P

(
ŝ1 = a2; a3

)
(43)

As can be noted from Fig. 3, P
(
ŝ1 = a2; a3

)
depends only on

the inphase component of ř1, i.e., r1 = α1A11́1́ + n1, and the
specific value of x. Thus,

Pb1i |s(0)1 ,s(2)2 ,s(2)3
= P(r1 ≤ 0)

= P
(
α1A11́1́ + n1 ≤ 0

)
= Q

(√
γ3,1

)
. (44)

Following the same approach, Table 1 shows the summary
of Case 2 to Case 4. The remaining 60 cases, Case 5 to 64
in Fig. 3, can be obtained following the same approach, and
hence, the total BER of the first user can be expressed as

PU1 =
1
4

4∑
v=1

Q
(√
γ3,v

)
. (45)

B. BER OF SECOND USER (U2|N=3)
The BER of the second user depends on the detection result
of the first user and the SIC process as illustrated in Fig. 4.
The first case is when ŝ1 = s1, which is represented in Fig. 4.a
while the other case is when ŝ1 6= s1, which is depicted in Fig.
4.b. To detect its own symbol s2, the second user should
follow the SIC process described in (13). It should be noted
that the error probability of the second user is not affected by
the detection result of the second bit of the first user b12. The
BER ofU2 depends on s1, ŝ1, s2 and s3. Therefore, the average
BER for b2i is the average of all possible combinations,

Pb2i =
∑
g,l,k,v

Pb2i |s(g)1 ,s(k)2 ,s(v)3 ,ŝ
(l)
1
P
(
s(g)1 , s

(k)
2 , s

(v)
3 , ŝ

(l)
1

)
=

∑
g,l,k,v

Pb2i |s(g)1 ,s(k)2 ,s(v)3 ,ŝ
(l)
1
P
(
ŝ(l)1 |s(g)1 ,s(k)2 ,s(v)3

)
×P

(
s(g)1 , s

(k)
2 , s

(v)
3

)
=

1
64

3∑
{g,l,k,v}=0

Pb2i |s(g)1 ,s(k)2 ,s(v)3 ,ŝ
(l)
1

×P
(
ŝ(l)1 |s(g)1 ,s(k)2 ,s(v)3

)
(46)

With the aid of Fig. 4.a, the total BER for the scenario where
ŝ1 = s1, or more specifically, where b̂11 = b11 is obtained as
follows:
Case 1: s(0)1

(
b(0)11

)
, ŝ(0)1

(
b̂(0)11

)
, s(2)2 , s(2)3 :

TABLE 1. Summary of cases 1 to 4 for U1, N = 3.

FIGURE 4. Equivelant constellation of (a) xsic |b̂11=b11
and

(b) xsic |b̂11 6=b11
of the second user, N = 3.

The probability Pb21 |A321 , A321 →

{
b(0)11 , b̂

(0)
11 , s

(2)
2 , s

(2)
3

}
can be evaluated by considering the error probability of U1
given A321. In this case Pb21 can be computed by noting that
Pb21 |A321 = P

(
ŝ2 = a0; a1|b(0)11 , b̂

(0)
11 , s

(2)
2 , s(2)3

)
. The transmitted

signal amplitude of this case is x = A11́1́ + jA111, thus,
xsic = A01́1́ + jA011 and r2,sic = α2xsic + w2. Therefore,

Pb21 |A321 = P
(
n2 + α2A01́1́ ≥ 0

∣∣n2 + A11́1́ ≥ 0
)

= P
(
n2 ≥ α2A011

∣∣n2 ≥ α2A1́11 ) (47)

where r2,sic = α2A01́1́ + n2. Therefore,

Pb21 |A321P
(
b̂(0)11 |b(0)11 ,s

(2)
2 ,s(2)3

)
= P(n2 ≥ α2A011)

= Q
(√
γ3,5

)
(48)

where γ3,5 = α22A
2
011/σ

2
n2
.

For b22 bit, the error probability is obtained in a similar
approach as b21

Pb22 |A321P
(
b̂(0)11 |b(0)11 ,s

(2)
2 ,s(2)3

)
= P

(
q2 ≤ α2A01́1́

)
×P

(
n2 ≥ α2A1́11

)
= Q

(√
γ3,5

)(
1− Q

(√
γ3,1

))
.

(49)

Case 2: s(0)1

(
b(0)11

)
, ŝ(0)1

(
b̂(0)11

)
, s(2)2 , s(0)3 :

Based on Fig. 4.a, the error probability of b21 is given by

Pb21 |A321P
(
b̂(0)11 |b(0)11 ,s

(2)
2 ,s(0)3

)
= P

(
n2 ≥ α2A1́11́

)
×P

(
n2 ≥ α2A011́

∣∣n2 ≥ α2A1́11́ ) (50)
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By noting that the RHS of (50) can be simplified to
P
(
n2 ≥ α2A011́

)
, and consequently it is straightforward to

show that

Pb21 |A322P
(
b̂(0)11 |b(0)11 ,s

(2)
2 ,s(0)3

)
= Q

(√
γ3,6

)
(51)

where γ3,6 = α22A
2
011́
/σ 2

n2
, A322→

{
b(0)11 , b̂

(0)
11 , s

(2)
2 , s

(0)
3

}
.

For b22 bit, the error probability is obtained as

Pb22 |A322P
(
b̂(0)11 |b(0)11 ,s

(2)
2 ,s(0)3

)
= P

(
q2 ≤ α2A01́1́

)
×P

(
n2 ≥ α2A1́11́

)
= Q

(√
γ3,5

)
×
(
1− Q

(√
γ3,2

))
. (52)

Case 3: s(0)1

(
b(0)11

)
, ŝ(0)1

(
b̂(0)11

)
, s(0)2 , s(2)3 :

The error probability of this case can be evaluated as

Pb21 |A323P
(
b̂(0)11 |b(0)11 ,s

(0)
2 ,s(2)3

)
= P

(
α2A1́1́1 ≤ n2 ≤ α2A01́1

)
= Q

(√
γ3,6

)
− Q

(√
γ3,3

)
.

(53)

where A323→

{
b(0)11 , b̂

(0)
11 , s

(0)
2 , s

(2)
3

}
.

For b22 bit, the error probability is obtained as

Pb22 |A323P
(
b̂(0)11 |b(0)11 ,s

(0)
2 ,s(2)3

)
= P

(
q2 ≤ α2A01́1́

)
×P

(
n2 ≥ α2A1́1́1

)
= Q

(√
γ3,5

)
×
(
1− Q

(√
γ3,3

))
. (54)

Case 4: s(0)1

(
b(0)11

)
, ŝ(0)1

(
b̂(0)11

)
, s(0)2 , s(0)3 :

The error probability of b21 can be evaluated as

Pb21 |A324P
(
b̂(0)11 |b(0)11 ,s

(0)
2 ,s(0)3

)
= P

(
α2A1́1́1́ ≤ n2 ≤ α2A01́1́

)
= Q

(√
γ3,5

)
− Q

(√
γ3,4

)
.

(55)

where A324→

{
b(0)11 , b̂

(0)
11 , s

(0)
2 , s

(0)
3

}
.

For b22 , the error probability can be expressed as

Pb22 |A324P
(
b̂(0)11 |b(0)11 ,s

(0)
2 ,s(0)3

)
= P

(
q2 ≤ α2A01́1́

)
×P

(
n2 ≥ α2A1́1́1́

)
= Q

(√
γ3,5

)
×
(
1− Q

(√
γ3,4

))
. (56)

By taking into account the remaining 60 cases from Case 5
to 64, the total BER of the second user when b̂11 = b11 can
be expressed as

P(1)U2

=
1
4
Q
(√
γ3,5

) (
6−

4∑
v=1

Q
(√
γ3,v

))

+
1
4

∑
i

diQ
(√
γ3,i

)
, i ∈ {3, 4, 6} , d = [−1,−1, 2] .

(57)

The same approach is adopted for the scenario where b̂11 6=
b11. The transmitted signal constellation after subtracting ŝ1
when b̂11 6= b11 is shown in Fig. 4 (b).
Case 1: s(0)1

(
b(0)11

)
, ŝ(2)1

(
b̂(1)11

)
, s(2)2 , s(2)3 :

The transmitted signal in this case is x = A11́1́ + jA111,
which after subtracting ŝ1 = −

√
β1 + j

√
β1 becomes xsic =

A21́1́ + jA011. The error probability can be computed as

Pb21 |B321P
(
b̂(1)11 |b(0)11 ,s

(2)
2 ,s(2)3

)
= P

(
α2A2́11 ≤ n2 ≤ α2A1́11

)
= Q

(√
γ3,1

)
− Q

(√
γ3,7

)
(58)

where B321→

{
b(0)11 , b̂

(1)
11 , s

(2)
2 , s

(2)
3

}
and γ3,7 = α22A

2
21́1́
/σ 2

n2
.

For b22 bit,

Pb22 |B321P
(
b̂(1)11 |b(0)11 ,s

(2)
2 ,s(2)3

)
= P

(
q2 ≤ α2A01́1́

)
×P

(
n2 ≤ α2A1́11

)
= Q

(√
γ3,5

)
Q
(√
γ3,1

)
. (59)

Case 2: s(0)1

(
b(0)11

)
, ŝ(2)1

(
b̂(1)11

)
, s(2)2 , s(0)3 :

The error probability of b21 for this case can be derived as,

Pb21 |B322P
(
b̂(1)11 |b(0)11 ,s

(2)
2 ,s(0)3

)
= P

(
α2A2́11́ ≤ n2 ≤ α2A1́11́

)
= Q

(√
γ3,2

)
− Q

(√
γ3,8

)
(60)

where B322→

{
b(0)11 , b̂

(1)
11 , s

(2)
2 , s(0)3

}
and γ3,8 = α22A

2
21́1
/σ 2

n2
.

The second bit b22 error probability can be represented
as

Pb22 |B322P
(
b̂(1)11 |b(0)11 ,s

(2)
2 ,s(0)3

)
= P

(
q2 ≤ α2A01́1́

)
×P

(
n2 ≤ α2A1́11́

)
= Q

(√
γ3,5

)
Q
(√
γ3,2

)
.

(61)

Case 3: s(0)1

(
b(0)11

)
, ŝ(2)1

(
b̂(1)11

)
, s(0)2 , s(2)3 :

Similar to the previous cases, the error probability for this
case can be derived as follows.

Pb21 |B323P
(
b̂(1)11 |b(0)11 ,s

(0)
2 ,s(2)3

)
= P

(
n2 ≤ α2A2́1́1

)
= Q

(√
γ3,9

)
(62)

where B323→

{
b(0)11 , b̂

(1)
11 , s

(0)
2 , s

(2)
3

}
and γ3,9 = α22A

2
211́
/σ 2

n2
.

The error probability of b22 is

Pb22 |B323P
(
b̂(1)11 |b(0)11 ,s

(0)
2 ,s(2)3

)
= Q

(√
γ3,5

)
Q
(√
γ3,3

)
. (63)

Case 4: s(0)1

(
b(0)11

)
, ŝ(2)1

(
b̂(1)11

)
, s(0)2 , s(0)3 :

The probability of error for b21can be computed as:

Pb21 |B324P
(
b̂(1)11 |b(0)11 ,s

(0)
2 ,s(0)3

)
= P

(
n2 ≤ α2A2́1́1́

)
= Q

(√
γ3,10

)
(64)

where B324 →

{
b(0)11 , b̂

(1)
11 , s

(0)
2 , s(0)3

}
and γ3,10 =

α22A
2
211/σ

2
n2
.
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FIGURE 5. Equivelant constellation of the third user, N = 3.

For b22 error probability

Pb22 |B324P
(
b̂(1)11 |b(0)11 ,s

(0)
2 ,s(0)3

)
= P

(
q2 ≤ α2A01́1́

)
×P

(
n2 ≤ α2A1́1́1́

)
= Q

(√
γ3,5

)
Q
(√
γ3,4

)
. (65)

By considering the other 60 cases, Case 5 to Case 64,
the total BER of the second user when b̂11 6= b11 can be
represented as

P(2)U2
=

1
8
Q
(√
γ3,5

) ( 4∑
v=1

Q
(√
γ3,v

))
+

1
4

∑
i

diQ
(√
γ3,i

)
,

i = [1, 2, 7, 8, 9, 10] , d = [1, 1,−1,−1, 1, 1] .

(66)

The total BER for the second user is evaluated by combin-
ing (57) and (66)

PU2 =
1
8

10∑
i=1

giQ
(√
γ3,i

)
,

g = [1, 1,−1,−1, 6, 1,−1,−1, 1, 1] . (67)

C. BER OF THIRD USER (U3|N=3)
The error probability of the third user is calculated based
on Fig. 5. The BER of U3 depends on s1, s2, s3, ŝ1 and ŝ2
and. Therefore, the average BER for b3i is the average of all
possible combinations.

Pb3i =
∑

g,k,v,l,c

Pb3i |s(g)1 ,s(k)2 ,s(v)3 ,ŝ
(l)
1 ,ŝ

(c)
2

×P
(
s(g)1 , s

(k)
2 , s

(v)
3 , ŝ

(l)
1 , ŝ

(c)
2

)
=

∑
g,k,v,l,c

Pb3i |s(g)1 ,s(k)2 ,s(v)3 ,ŝ
(l)
1 ,ŝ

(c)
2

×P
(
ŝ(l)1 , ŝ

(c)
2 |s(g)1 ,s(k)2 ,s(v)3

)
P
(
s(g)1 , s

(k)
2 , s

(v)
3

)
=

1
64

3∑
{g,k,v,l,c}=0

Pb3i |s(g)1 ,s(k)2 ,s(v)3 ,ŝ
(l)
1 ,ŝ

(c)
2

×P
(
ŝ(l)1 , ŝ

(c)
2 |s(g)1 ,s(k)2 ,s(v)3

)
· (68)

Table 2 presents the four different possible scenarios for this
user.

It should be noted that both b12 and b22 bits do not affect
the error probability of the third user, hence it is assumed that
Pb12 = Pb22 = 1. As for the first scenario where b̂11 = b11

TABLE 2. The four possible cases for the third user.

and b̂21 = b21, the error probability of the third user is derived
according to Fig. 5 (solid circles) and (68).
Case 1: s(0)1

(
b(0)11

)
, ŝ(0)1

(
b̂(0)11

)
, s(2)2

(
b(1)21

)
, ŝ(2)2

(
b̂(1)21

)
, s(2)3 :

The transmitted signal x = A11́1́ + jA111 is subtracted by
ŝ1 and ŝ2, hence, xsic = A001́ + jA001. The error probability
for this case can be obtained as follows.

Pb31 |A331P
(
b̂(0)11 , b̂

(1)
21 |Ä331

)
= P(n3 ≥ α3A001)

= Q
(√
γ3,11

)
(69)

where A331 →

{
b(0)11 , b̂

(0)
11 , b

(1)
21 , b̂

(1)
21 , s

(2)
3

}
, Ä331 →{

b(0)11 , b
(1)
21 , s

(2)
3

}
, n3 , R

(
w̌3
)
and γ3,11 = α23A

2
001/σ

2
n3
.

The second bit b32 error probability is derived as follows.

Pb32 |A331P
(
b̂(0)11 ,b̂

(1)
21 |Ä331

)
= P

(
q3 ≤ α3A001́

)
×P

(
n3 ≥ α3A1́11

)
)

= Q
(√
γ3,11

) (
1− Q

(√
γ3,1

))
.

(70)

where q3 , I
(
w̌3
)
.

Case 2: s(0)1

(
b(0)11

)
, ŝ(0)1

(
b̂(0)11

)
, s(2)2

(
b(1)21

)
, ŝ(2)2

(
b̂(1)21

)
, s(0)3 :

The error probability of this case is expressed as

Pb31 |A332P
(
b̂(0)11 , b̂

(1)
21 |Ä332

)
= P

(
α3A1́11́ ≤ n3 ≤ α3A001́

)
= Q

(√
γ3,11

)
− Q

(√
γ3,2

)
.

(71)

A332 →

{
b(0)11 , b̂

(0)
11 , b

(1)
21 , b̂

(1)
21 , s

(0)
3

}
and Ä332 →{

b(0)11 , b
(1)
21 , s

(0)
3

}
.

For b32 , the error probability can be obtained as

Pb32 |A332P
(
b̂(0)11 ,b̂

(1)
21 |Ä332

)
= P

(
q3 ≤ α3A001́

)
×P

(
n3 ≥ α3A1́11́

)
= Q

(√
γ3,11

)
×
(
1− Q

(√
γ3,2

))
. (72)

Case 3: s(0)1

(
b(0)11

)
, ŝ(2)1

(
b̂(0)11

)
, s(0)2

(
b(0)21

)
, ŝ(0)2

(
b̂(0)21

)
, s(2)3 :

The error probability of this case is derived as

Pb32 |A333P
(
b̂(0)11 , b̂

(0)
21 |Ä333

)
= P(n3 ≥ α3A001)

= Q
(√
γ3,11

)
. (73)

A333 →

{
b(0)11 , b̂

(0)
11 , b

(0)
21 , b̂

(0)
21 , s

(2)
3

}
and Ä333 →{

b(0)11 , b
(0)
21 , s

(2)
3

}
.
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The error probability for b32 is

Pb32 |A333P
(
b̂(0)11 , b̂

(0)
21 |Ä333

)
= P

(
q3 ≤ α3A001́

)
×P

(
n3 ≥ α3A1́1́1

)
= Q

(√
γ3,11

)
×
(
1− Q

(√
γ3,3

))
. (74)

Case 4: s(0)1

(
b(0)11

)
, ŝ(2)1

(
b̂(0)11

)
, s(0)2

(
b(0)21

)
, ŝ(0)2

(
b̂(0)21

)
, s(0)3 :

The error probability of this case is obtained as

Pb31 |A334P
(
b̂(0)11 , b̂

(0)
21 |Ä334

)
= P

(
n3 ≤ α3A001́

)
−P

(
n3 ≤ α3A1́1́1́

)
= Q

(√
γ3,11

)
−Q

(√
γ3,4

)
. (75)

A334 →

{
s(0)1 , ŝ

(2)
1 , s

(0)
2 , ŝ

(0)
2 , s

(0)
3

}
and Ä334 →{

b(0)11 , b
(0)
21 , s

(0)
3

}
.

For b32 is as follows

Pb32 |A334P
(
b̂(0)11 , b̂

(0)
21 |Ä334

)
= P

(
q3 ≤ α3A001́

)
×P

(
n3 ≥ α3A1́1́1́

)
= Q

(√
γ3,11

)
×
(
1− Q

(√
γ3,4

))
. (76)

By taking into consideration the other 60 cases, Case 5 to
Case 64, which are obtained in a similar manner, the total
BER for the first scenario where b̂11 = b11 and b̂21 = b21
can be represented as

P(1)U3
=

1
4
Q
(√
γ3,11

) (
8−

4∑
i=1

Q
(√
γ3,i

))

−
1
4

[
Q
(√
γ3,2

)
− Q

(√
γ3,4

)]
. (77)

As for the other scenarios, a similar procedure is followed
as for the case b̂11 = b11 and b̂21 = b21. The analysis for
b̂11 = b11, b̂21 6= b21, b̂11 6= b11, b̂21 = b21 and b̂11 6= b11,
b̂21 6= b21 is based on Fig. 5 and (68). The final total BER
results for this scenario is respectively given by,

P(2)U3
= 2− Q

(√
γ3,1

)
− Q

(√
γ3,2

)
− Q

(√
γ3,4

)
−Q

(√
γ3,14

)
+ 2Q

(√
γ3,13

)
+ Q

(√
γ3,11

)
×

(
4−

4∑
i=1

Q
(√
γ3,i

))
(78)

P(3)U3
= Q

(√
γ3,11

) ( 4∑
i=1

Q
(√
γ3,i

))
+ Q

(√
γ3,2

)
+Q

(√
γ3,4

)
(79)

and

P(4)U3
= Q

(√
γ3,1

)
− Q

(√
γ3,15

)
+

18∑
i=16

Q
(√
γ3,i

)
+Q

(√
γ3,11

) ( 4∑
i=1

Q
(√
γ3,i

))
(80)

where γ3,12 = α23A
2
021́
/σ 2

n3
, γ3,13 = α23A

2
201/σ

2
n3
, γ3,14 =

α23A
2
201́
/σ 2

n3
, γ3,15 = α23A

2
22̀1́
/σ 2

n3
, γ3,16 = α23A

2
22̀1
/σ 2

n3
,

γ3,17 = α
2
3A

2
221́
/σ 2

n3
, γ3,18 = α23A

2
221/σ

2
n3
. By combining the

results in (77), (78), (79) and (80), the total BER for the third
user can be computed as

PU3 =
1
4

[(∑
i

viQ
(√
γ3,i

))]
,

i = [2, 4, 11, 13, 14, 15, 16, 17, 18] ,

v = [−1,−1, 12, 2,−1,−1,−1,−1,−1]. (81)

D. AVERAGE BER, N = 3
Similar to the N = 2 NOMA system, the average BER of
N = 3 NOMA system can be evaluated by averaging over
the PDFs of all γn,c values, which are given in Appendix.
Therefore, by substituting N = 3 and n = [1, 2, 3] in the
ordered PDF in (93), the exact average BER of the first,
second, and third users can be simplified to

P̄U1 =
3

4π0(m)

4∑
c=1

2∑
k=0

∞∑
i=0

(
2
k

)
(−1)k

× Si

(
m
γ 1,c

)m(1+k)
×

∫ π
2

0

(i+ mk)!(
1

2 sin2(ψ1,c)
+

m (1+k)
γ 1,c

)i+mk+1 dψ1,c (82)

P̄U2 =
3

2π0(m)

10∑
c=1

1∑
k=0

∞∑
i=0

(−1)k Sigc

(
m
γ 2,c

)m(2+k)
×

∫ π
2

0

(i+ m(1+ k))!(
1

2 sin2(ψ2,c)
+

m (2+k)
γ 2,c

)i+m(1+k)+1 dψ2,c,

g = [1, 1,−1,−1, 6, 1,−1,−1, 1, 1] (83)

and

P̄U3 =
3

8π0(m)

18∑
c=1

∞∑
i=0

vcSi

(
m
γ 3,c

)3m

×

∫ π
2

0

(i+ 2m)!(
1

2 sin2(ψ3,c)
+

3m
γ 3,c

)i+2m+1 dψ3,c,

c ∈ {2, 4, 11, 13, 14, 15, 16, 17, 18} ,

v = [−1,−1, 12, 2,−1,−1,−1,−1,−1]. (84)

The closed-form average BER for the first, second, and third
users over Rayleigh fading channel (m = 1) are shown in
(85), (86), and (87), respectively.

P̄U1 =
1
4

4∑
c=1

(
1−

√
2γ

3,c

2γ 3,c + 3

)
(85)

P̄U2 =
1
4

[
10∑
c=1

gc

(√
2γ 3,c

2γ 3,c + 3
−

3
2

√
γ 3,c

γ 3,c + 1
+

1
2

)]
,

g = [1, 1,−1,−1, 6, 2,−1,−1, 1, 1] (86)
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and

P̄U3 =
1
4

∑
c

vc

(
−

√
2γ 3,c

2γ 3,c + 3
− 3

√
2γ 3,c

2γ 3,c + 1

+ 3

√
γ 3,c

γ 3,c + 1
+

1
2

)
c ∈ {2, 4, 11, 13, 14, 15, 16, 17, 18} ,

v = [−1,−1, 12, 2,−1,−1,−1,−1,−1]. (87)

It is worth noting that the BER analysis derived in the
paper for the single-antenna system can be generally extended
to the multiple antenna case given that the received signal
can be modeled as described in (2). However, the averaging
process should take the equivalent channel distribution into
consideration. For example, if the users are equipped with
multiple receiving antennas and selection combining (SC) is
adopted, then the received signals at all users will follow (2)
except that the channel distribution will follow the model
described in [31], and thus, the proposed derivation in this
work can be applied to derive the BER in this scenario.

V. POWER ALLOCATION PROBLEM
The power allocation problem is formulated for two different
objective functions using the derived exact BER expressions
for N = 2 and N = 3 NOMA systems. The first objective is
to obtain the power coefficients β̈n that minimize the overall
average BER of all users. The second objective function is to
evaluate the power coefficients which Provide fairness among
all users. Fairness in this work is considered as equal BER for
all the users.

The optimum power allocation for minimizing the average
BER is formulated as follows:

min
βn

1
N

N∑
n=1

P̄Un (88a)

subject to:
N∑
n=1

βn = 1 (88b)

βl > βk , l 6= k, l < k, {l, k} ∈ {1, 2, . . . ,N } (88c)

where the first constraint limits the maximum transmit power,
which is normalized to unity. The second constraint is used
assure that the power allocated to each user is inversely
proportional to its channel gain, i.e., β1 > β2 > · · · >

βN are assigned for the users with the channel gains α1 <
α2 < · · · < αN , respectively. The problem in (88b) is a
constrained non-linear optimization problem which is solved
using the Interior-Point Optimization (IPO) algorithm [32].
As a consequence, the obtained solution is generally sub-
optimum due to the absence of an exact solution. Never-
theless, it can be demonstrated that (88b) is concave, and
thus, the obtained results are near-optimum (N-optimum).
The discrepancy between the optimum and N-optimum solu-
tions which result from the numerical solutions are generally
negligible.

FIGURE 6. BER for the first and second users, N = 2, m = 0.5, 1, 2 and 3,
and � = 1.

The power allocation for achieving fairness among the
NOMA users is formulated as follows:

P̄Ul = P̄Uk , ∀{l, k} ∈ {1, 2, . . . ,N } , l 6= k (89)

The constraints for the second optimization problem are sim-
ilar to those in the first optimization problem and the solution
can be obtained using the same approach. By noting that (89)
has a single crossing point, then similar to the case of (88b),
the solution can be considered N-optimum.

VI. NUMERICAL AND SIMULATION RESULTS
This section presents numerical and Monte Carlo simulation
results for N = 2 and N = 3 downlink NOMA systems.
All users are assumed to be equipped with a single antenna,
and the channel between the BS and each user is modeled as
an ordered Nakagami-m flat fading channel. The randomly
generated channels are ordered based on their strength, where
the weakest channel is assigned to the first user and the
strongest channel is assigned to N th user. The transmitted
symbols for all users are selected uniformly from a Gray
coded QPSK constellation. The total transmit power from the
BS is unified for all cases, PT = 1.
Fig. 6 presents the analytical and simulated BER perfor-

mance of the two users scenario,N = 2 for power coefficients
β1 = 0.7 and β2 = 0.3,� = 1 and various values ofm over a
range of Eb/N0, where Eb/N0 = 1/N0. As can be noted from
the figure, the analytical results obtained using (37), (38),
(39), and (40) perfectly match the simulation results for all
the considered values of m and Eb/N0. It is worth noting that
the m = 1 case corresponds to the derived to the Rayleigh
fading case.

Fig. 7 is generally similar to Fig. 6, except that it considers
the three users scenario, i.e., N = 3. The power allocation
coefficients are β1 = 0.8, β2 = 0.15 and β3 = 0.05.
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FIGURE 7. BER for the first, second, and third users in the N = 2, m = 0.5, 1, 2 and 3, and � = 1.

The figure clearly shows the perfect match between the ana-
lytical results obtained using (82)-(87) and simulation results
for all m values and over the entire Eb/N0 range. As can
be seen from Figures 6 and 7, the performance of the first
user is more sensitive to the variations of m as compared to
the second and third users, which is due to the fact that the
fading effect becomes less significant for the near users.

Fig. 8 compares the exact BER and union bound [23] for
N = 2, m = 1, β1 = 0.7 and β2 = 0.3. It can be noted
that the union bound is generally tight in the high Eb/N0
range, particularly for the second user. For example, the gap
between the exact BER and union bound at Eb/N0 = 20 dB
is about 2 dB for the first user and 1 dB for the second user.
At low Eb/N0, the gap may increase to 3 dB. Therefore,
using the exact BER expression is critical when accurate BER
estimates are desired.

Fig. 9 shows the BER for N = 3 under perfect and
imperfect SIC for different values of m. Although the perfect
SIC assumption may tremendously reduce the BER analysis,
the results presented in Fig. 9 show that such assumption is
too optimistic, particularly for U3. As expected, the results
for U1 with/without SIC are identical because U1 detection
does not involve a SIC process. For U2, the impact of the
perfect SIC assumption is apparent at low SNRs, because at
high Eb/N0, U1 signal is mostly detected correctly, and thus,
the results with/without SIC converge. The third user U3 is
the one whowill experience the maximum difference because
the probability that the two SIC operations are performed
successfully is relatively small. Therefore, the BER with

FIGURE 8. Exact BER and union bound for the first and second users,
N = 2, m = 1 and � = 1.

and without SIC for U3 will exhibit substantial difference.
Moreover, asm increases, the BERwith perfect and imperfect
BERs become closer, particularly at high SNRs, which is due
to that fact that for high values of m the fading is less severe,
which implies that the probability of having successful SIC
operations is higher as compared to the low m values.
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FIGURE 9. Perfect and imperfect BER for the first, second, and third users in the N = 3, m = 0.5, 1 and 2, and � = 1.

TABLE 3. Optimum power allocation to achieve fairness, for m = 1.

TABLE 4. Optimum power allocation to achieve fairness, for m = 3.

Tables 3 and 4 present the optimum power coefficients that
provide equal BER for all users. The results are obtained for
different values of Eb/N0, N = 2, 3, and m = 1, 3. As can be
noted from the results in Table 3, most of the power is actually
allocated for U1, particularly at high SNRs. For N = 2, the
first user is allocated more than 98% of the total power at
Eb/N0 = 30 dB, and it is about 89% for N = 3. Moreover,
the range of values that the power coefficients might be
allocated depends drastically on N . The same trends can be
noted for the m = 3 case in Table 4. Nevertheless, the power
given to the first user generally decreases by increasing m as
the impact of the AWGN becomes more noticeable.

TABLE 5. Optimum power allocation to achieve minimum average BER,
m = 1.

Table 5 shows the N-optimum power coefficients which
minimize the average BER for N = 2, 3, and m = 1.
As can be noted from the table, the power allocation should
be performed meticulously to achieve the desire results.
Although the exact results are different, the observations
about the power coefficients generally follows those of the
BER fairness case. Moreover, the power allocation requires
the knowledge of the Eb/N0 at the transmitter. For example,
the value of β2 drops by about 50% when the Eb/N0 is
increased from 20 to 30 dB.

Fig. 10 presents the BER using the N-optimum power coef-
ficients that minimize the average BER, in addition, two other
curves obtained using fixed power values are used where
β1 = 0.7, and 0.9 for N = 2, and {β1 = 0.84, β2 = 0.12},
and {β1 = 0.9, β2 = 0.07} for N = 3. As can be noted from
the figure, allocating the power coefficients appropriately
might save the need to use adaptive power values. On the
other hand, large deviations from the N-optimum power val-
ues might result in severe BER degradation.
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FIGURE 10. The average BER for N = 2 and N = 3 for two different power
levels and the minimum value, m = 1.

TABLE 6. Average computational time needed to achieve the minimum
average BER, N = 3, m = 1, 2, and 3.

Table 6 shows the average computational time needed
to find the minimum average BER for the three users sce-
nario. It can be noted that as Eb/N0 increases, the average
computational time increases as well. such performance is
obtained because the BER sensitivity to the power coeffi-
cients is higher at small BER values, which prolongs the
search process. The same behavior is obtained by increasing
the value of m.

Figures 11 and 12 show the effect of the fading factor on the
performance of each user for NOMA systems with N = 2, 3
where Eb/N0 = 10, and 18 dB. Power allocation coefficients
at Eb/N0 = 10 dB are assigned as follows, β1 = 0.84,
β2 = 0.16 and β1 = 0.67, β2 = 0.27, and β3 = 0.06 for
the two and three users’ systems, respectively. For the case
where Eb/N0 = 18 dB, the power allocation coefficients are
β1 = 0.88, β2 = 0.12 and β1 = 0.84, β2 = 0.13, and
β3 = 0.03 for the two and three users’ systems, respectively.
It should be noted that the power allocation coefficients are
the optimum values that minimize the average BER. As can
be seen from Figures 11 and 12, the BER performance of all
users highly depends on the fading parameterm. Additionally,
it is shown that m affects the performance of the higher

FIGURE 11. BER for the first, and second users at various m values, � = 1,
N = 2 NOMA system.

FIGURE 12. BER for the first, second, and third users at various m values,
� = 1 and N = 3.

order users more than the lower order users, which is due
to the ordering of users based on the channel conditions
that resulted in an enhanced performance for higher order
users. Moreover, when Eb/N0 increases, the effect of m on
the performance increases because the BER will be mostly
determined by the fading.

VII. CONCLUSION
This work presented the performance of a downlink NOMA
system in terms of BER where exact BER expressions were
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derived for different users over Nakagami-m fading channels
for two and three users’ scenarios, where imperfect SIC
is considered. The BER can be evaluated numerically for
general m values, as one of the integrals does not have an
analytical solution. For the special case of Rayleigh fading,
m = 1, closed-form expressions are derived for several cases
of interest. Moreover, constrained nonlinear optimization
problems which aim to find the optimum power coefficients
that minimize the average BER and achieve fairness among
the users were formulated. The obtained results showed that
the power coefficients should be selected accurately to avoid
large BER differences between different users.

APPENDIX
AVERAGE BER OVER NAKAGAMI-M FADING CHANNEL
The average BER for a NOMA system over Nakagami-
m fading channel follows the order statistics of Nakagami-
m distribution. Based on order statistics theory, the general
ordered PDF of the channel gain of the nth user can be
expressed as [33],

fn (αn) = Knf (αn) [F (αn)]n−1 [1− F (αn)]N−n (90)

where Kn = N !
(n−1)!(N−n)! , f (αn) and F (αn) are respectively

the PDF and CDF of Nakagami-m distribution with parame-
ters m and �,

f (αn) =
2mmα2m−1n

�m0 (m)
e

(
−
mα2n
�

)
(91)

F(αn) =
1

0 (m)
8

(
m,

mα2n
�

)
(92)

where 0(m) is the upper incomplete Gamma function, � =

E
(
α2n
)
, m =

�2

Var(α2n)
, and 8(a, z) =

∫ z

0
ta−1e−tdt

is the lower incomplete Gamma function [34]. Therefore,
the ordered PDF of the nth channel gain over Nakagami-m
channel is

fn(αn)

=
2Knmmα2m−1n

�m [0 (m)]n
e

(
−
mα2n
�

)

×

[
8

(
m,

mα2n
�

)]n−11− 8
(
m, mα

2
n

�

)
0 (m)


N−n

. (93)

Because the lower incomplete Gamma function is raised to
a power, rendering the integral analytically for m > 1 is
intractable. Therefore, the infinite series representation of the
lower incomplete Gamma function can be used [35],[
8

(
m,

mα2n
�

)]µ
=

(
mα2n
�

)mµ
[0 (m)]µ e−

µmα2n
� ×

∞∑
i=0

Siα2in

(94)

where

Si =


aµ0 , i = 0

1
ia0

i∑
z=1

(z (µ+ 1)− i) azSi−z, i 6= 0,

az =

(m
�

)z
0(m+ z+ 1)

, z = 0, 1, ...,∞. (95)

In addition, the term

1− 8

(
m,mα

2
n

�

)
0(m)

N−nis expanded using
binomial theorem [36]1− 8

(
m, mα

2
n

�

)
0 (m)


N−n

=

N−n∑
k=0

(
N − n
k

)

×

−8
(
m, mα

2
n

�

)
0 (m)


k

. (96)

Now, γn,c for a Nakagami-m channel follows the Gamma
distribution G (k, θ) where k = m, and θ = �

m , with the
following PDF and CDF

f (γn,c) =
mmγm−1n,c

γmn,c0(m)
e−

mnγn,c
γ̄n,c (97)

and

F
(
γn,c

)
=

8
(
m, mγn,c

γ n,c

)
0(m)

(98)

respectively, where γ n,c = A2u2u2u3�/σ
2
n and c is the index

parameter.
The ordered PDF of γn,c of the nth channel can be

expressed using (90), (94), and (97), as follows

fn(γn,c) =
Kn
0(m)

N−n∑
k=0

(
N − n
k

)
(−1)k e

−
m γn,c
γ n,c

(n+k)

×

(
m
γ n,c

)m(n+k) ∞∑
i=0

Siγ i+m(n+k−1)n,c
. (99)

In order to evaluate the average BER of the nth user over
Nakagami-m channel, (99) and the alternative representation
of the Q function defined by [37] are utilized. Moreover,
the following integral is used [36],∫

∞

0
x te−bxdx =

t!
bt+1

, t ∈ {0, 1, . . . , b} > 0. (100)

The general average BER for user n is given by,

PUn =
∫
∞

0
Q
(
γn,c

)
fn
(
γn,c

)
dγn,c

=
Kn

π0(m)

∞∫
0

π
2∫

0

1

e
γn,c

2 sin2(ψn,c)

N−n∑
k=0

(N−n
k

) (−1)k

e
m γn,c
γ n,c

(n+k)
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×

(
m
γ n,c

)m(n+k) ∞∑
i=0

Siγ i+m(n+k−1)n,c
dψn,cdγn,c

=
Kn

π0(m)

N−n∑
k=0

∞∑
i=0

(N−n
k

)
(−1)k Si

mm(n+k)

γ
m(n+k)
n,c

×

π
2∫

0

[i+ m(n+ k − 1)]!(
1

2 sin2(ψn,c)
+

m (n+k)
γ n,c

)i+m(n+k−1)+1 dψn,c.
(101)

Although the integral in (101) does not have an analytical
solution, it can be easily solved numerically.
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