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ABSTRACT In this paper, the performance of a promising technology for the next generation wireless
communications, non- orthogonal multiple access (NOMA), is investigated. In particular, the bit error
rate (BER) performance of downlink NOMA systems over Nakagami-m flat fading channels, is presented.
Under various conditions and scenarios, the exact BER of downlink NOMA systems considering successive
interference cancellation (SIC) is derived. The transmitted signals are randomly generated from quadrature
phase shift keying (QPSK) and two NOMA systems are considered; two users’ and three users’ systems.
The obtained BER expressions are then used to evaluate the optimum power allocation for two different
objectives, achieving fairness and minimizing average BER. The two objectives can be used in a variety of
applications such as satellite applications with constrained transmitted power. Numerical results and Monte
Carlo simulations perfectly match with the derived BER analytical results and provide valuable insight into
the advantages of optimum power allocation which show the full potential of downlink NOMA systems.

INDEX TERMS NOMA, BER, SIC, optimum power allocation, fairness, minimum average BER,

Nakagami-m.

I. INTRODUCTION

The expeditious development of the mobile Internet and
Internet of Things (IoT) has obtruded several challenges on
the Fifth Generation (5G) and Beyond 5G (B5G) wireless
communications systems. Such challenges include capacity
increase by a factor of 1000, data rates exceeding 10 Gb/s,
10 years battery life for machine-to-machine (M2M) com-
munications, and network latency less than 1 ms [1], [2].
Consequently, extensive research has been focused in the
last few years to develop the enabling technologies that can
satisfy such requirements, which include dense heteroge-
neous networks, full-duplex communication, energy-aware
communication and energy harvesting [3], [4], cloud-based
radio access networks [5], wireless network virtualization [6],
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advanced antenna systems [7], and efficient error correc-
tion coding [8]. Moreover, great advancements have been
achieved in terms of multiple access technologies such
as the non-orthogonal multiple access (NOMA), which
may improve the spectral efficiency and latency with
respect to orthogonal multiple access (OMA) [9]. Several
NOMA schemes have been actively investigated, which
can be categorized into two main categories, power-domain
NOMA, [10], [11] and code-domain NOMA [12]-[14]. The
focus of this paper is on the power-domain NOMA.

The performance of NOMA systems has attracted exten-
sive literature, which is mainly focus outage probability and
capacity. For example, the outage achievable rate region is
studied in [15], where the results imply that NOMA outper-
forms OMA under similar conditions. In [16], the authors
investigate a two-users NOMA system in terms of their power
allocation, through the maximization of the ergodic sum

134539


https://orcid.org/0000-0002-3487-3438
https://orcid.org/0000-0003-1500-1260
https://orcid.org/0000-0002-3408-237X

IEEE Access

T. Assaf et al.: Exact BER Performance Analysis for Downlink NOMA Systems Over Nakagami-m Fading Channels

capacity with the constraint of minimum sum rate require-
ment, fixed total transmit power, and partial channel state
information (CSI) availability. In [17], a novel NOMA clus-
tering scheme using a power allocation mechanism is pre-
sented to reduce the computational complexity at the expense
of user fairness compared to the full search method. In [18],
with the objective of providing proportional fairness, opti-
mum power allocation and user pairing problems in multiuser
downlink NOMA are investigated. A sum rate comparison
between multiple-input multiple-output (MIMO) NOMA and
OMA clusters is conducted in [19], where each cluster con-
sists of two users. In [20], various user scheduling strategies
are presented to accomplish flexible and efficient trade-offs
between capacity and user fairness in NOMA systems. In [21]
and [22], user clustering and power allocation for downlink
NOMA system have been studied thoroughly. More recently,
noticeable efforts have focused on evaluating the bit error
rate (BER) performance of NOMA systems with imper-
fect successive interference cancellation (SIC). For example,
the authors of [23] derived closed-form expressions for the
union bound on the BER of downlink NOMA with imper-
fect SIC over Nakagami-m fading channels. Although the
derived bounds are useful to estimate the BER, the results pre-
sented in [23] show that the bounds may deviate significantly
from the simulation results in certain scenarios. The average
BER performance of a NOMA system using space-shift key-
ing (SSK) in Rayleigh fading channels is investigated in [24]
where the exact BER is expressed in closed-form only for
users two and three in a three users scenario. The exact sym-
bol error rate (SER) for a downlink NOMA with imperfect
SIC is presented in [25]. Nevertheless, using the BER is more
informative when comparing different systems with different
modulation orders, and the results are limited only to the
two users scenario and Rayleigh fading channels. The exact
SER for the two users scenario in Rayleigh fading channels is
also investigated in [26]. The BER of uplink NOMA for the
two users scenario is considered in [27] under imperfect SIC
scenarios. The main limitation of this work is that the channel
fading is considered constant over the transmission block,
and hence, the channel becomes effectively an additive white
Gaussian noise (AWGN) channel. An asynchronous uplink
NOMA system based on triangle-SIC error is presented
in [28]. Similar to [27], the channel coefficients are assumed
to be fixed, hence the derived closed-form expressions can
not be used in random fading scenarios. In [29], the BER is
derived for a two users downlink and uplink NOMA systems
over Rayleigh fading channels. However, the assumption that
the links in downlink NOMA follows independent and iden-
tically distributed (i.i.d.) Rayleigh fading overlooks the large
scale fading factor, which limits the contribution of this work.
Moreover, the paper lacks in-depth insights into the analysis
of the obtained BER results.

A. MOTIVATION AND MAIN CONTRIBUTIONS
As can be noted from the aforementioned literature survey,
the BER analysis of NOMA reported in the literature is
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limited to the two users scenario over AWGN [27] and
Rayleigh fading [29], while the BER for the three users sce-
nario over Nakagami-m is presented in [23] only in terms of
a Union Bound. Therefore, to the best of the authors’ knowl-
edge, there is no work reported that considers the exact BER
analysis of downlink NOMA in Nakagami-m fading channels
for two and three users scenarios. Consequently, the main
contributions of this paper are summarized as follows:

1) The exact BER performance analysis of a downlink
NOMA with imperfect SIC over Nakagami-m flat fad-
ing channel is considered, where exact analytical BER
expressions are derived for each user individually for
the cases of two and three users’ scenarios. The derived
BER expressions are verified by Monte Carlo simula-
tion.

2) The exact BER is derived in terms of a closed-form
expressions for the special case of m = 1, Rayleigh
fading, for two and three users scenarios.

3) The optimum power allocation for all users is investi-
gated based on the derived BER expressions for two
different criteria. In the first, the power allocation for
each user is allocated optimally to guarantee fairness
among all users, which is expressed in terms of equal
BER for all users. In the second, the power alloca-
tion coefficients are selected optimally to minimize the
average BER for all users.

B. NOTATIONS

To notations used throughout the paper are as follows.
Pr() = P(), P(a,b) = P(anb), P(a;b) = P(aUb),
P(si = dc, 50 = ax, s3 =a,) — Plac,ar,a), Pp, =

P(bui # bui ), bui = ¢ = b, c € {0, 1}, and 5, = a; — 5%,
ief{0,1,2, 3}.

C. PAPER ORGANIZATION

The rest of the paper is organized as follows. In Sec.
II, the system and channel models are presented. This is
followed by exact BER analysis for the two-users and
three-users downlink NOMA systems are presented in
Sec. III and Sec. IV, respectively. The optimum power allo-
cation problem is formulated in Sec. V, while numerical and
simulation results are shown in Sec. VI. Finally, the work is
concluded in Sec. VII.

Il. SYSTEM AND CHANNEL MODELS

This work considers a power-domain downlink NOMA sys-
tem with N users, Uy, Us, ..., Uy. The users’ equip-
ment (UEs) and the base station (BS) are equipped with single
antennas [23]. Therefore, the transmitted signal from the BS
can be expressed as

N
X = Zv BuPr5n ()

n=1
where s, is the information signal of the nth user selected
uniformly from a particular symbol constellation, Pr is the
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BS transmit power, and B, is the allocated power coefficient
N

for the nth user such that Z B, = 1. For the rest of the paper,

n=1
the transmit power P is normalized to unity.

In flat fading channels, the received signal at the nth UE
can be written as

n = hpx + wy )

where h, represents the link between the BS and the nth
user whose probability density function (PDF) is described
in Appendix and w, is the AWGN, w, ~ CN (0, Np).
Given that the channel phase 6, is estimated and compensated
perfectly at the receiver, then the received 51gna1 after phase
compensation 7, = r,e O = ,x + wy,, where w, =
wpe /o and ,, = |h,| is the channel gain. Assuming that the
AWGN is circularly symmetric, then w,, and w,, have identical
PDFs, consequently w;, and w,, can be used interchangeably.
Without loss of generality, it is assumed that the first user has
the lowest channel gain, and the second user has the second
lowest channel gain, and so forth, i.e., ] < oy < --- < an.
To enable reliable detection of all users, it is necessary to
cancel the inter-user interference (IUI), which is typically per-
formed using SIC. Therefore, the power should be allocated
in the opposite order of the channel gains, i.e., 81 > B> >

-> B

To detect the signal of the nth user, the signals of Uj,
Uy, ..., U,_1 should be detected and scaled, then subtracted
from r,, the IUI for users U,t1, Upya, ..., Uy is consid-
ered as unknown additive noise. For the first user, the IUI
from all users will be treated as noise, and thus, the max-
imum likelihood detector (MLD) given that the channel
gain hp is known perfectly at the receiver can be expressed
as [30],

ry — /»hm 3)

51 = arg m1n

where §; is the estimated data symbol, S is the set of all
possible constellation points for Uy, and 5 are the trial values
of s1. For the nth user, the detector can be described by

2

“

Sp = argr min
Sn€

( —h Z ﬁksk) — v/ Buhan

In the following sections, the exact BER is derived for
a power-domain NOMA system with two and three users.
Although the presented approach can be applied to any
phase shift keying (PSK) or quadrature amplitude mod-
ulation (QAM), the derivation becomes intractable for a
modulation order M > 4, particularly for N > 2.
Therefore, the analysis presented in this work considers
Gray coded quadrature PSK (QPSK) modulation where
S ={agp =00, a; =01, a, = 10, a3 = 11}, and all symbols
are considered equiprobable.
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FIGURE 1. The constellation diagram of the transmitted symbol x for
N =2.

Ill. NOMA BIT ERROR RATE (BER) ANALYSIS: TWO
USERS (N =2)

As can be noted from (1), the transmitted symbol x for
N = 2 is the superposition of two QPSK symbols, and hence,
it should correspond to one of the 16 constellation points
shown in Fig. 1. The bit representation for each constellation
point is given in the form of [b11 b1y by bzz], for each bit
by, {n,i} € {1, 2}, where n denotes the user index while i
denotes the bit index.

A. BER OF THE FIRST USER (U;|y_2)

For the first user, the detection is performed using (3), and
thus, no SIC is required. Based on the specific value of s,
the TUI caused by Uj, the symbol x may become one of
the four constellation points in the neighborhood of s1. The
shaded blocks in Fig. 1 show the four possible values that a
particular symbol s; may take. For example, given that 51 =
10 then x|, € {1000, 1001, 1010, 1011}. The amplitudes of
the inphase x; = 9 (x) and quadrature xg £ 3 (x) for each
constellation point are defined as

Auyipus = U1/ B1 +uzy/ B2 +uz/ B3, u; € {O, 1, iv 2}

)
where 1 £ —1. For example glven that s( ) = =y, ), then x =
1010 and x; = —/B1 — /P2 = A110’ and X9 = +/P1 +
VB2 £ Aqpo. It is Worth noting that for N = 2, uz3 = 0

regardless the values of s1 or s, however, it is used to unify
the notation throughout the paper.

The probability of error for each bit actually depends on
the values of s; and s;. For example, given that S(12) , the first
bit b1; might be detected incorrectly if §; = ag (00) or a;
(01), as shown in Fig. 1. However, P(§; = ag or a;), denoted
as P(S; = ao; a1), depends on s, as well. Therefore, the
average BER should consider all possible combinations of
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s1 and s7,
n(k
Py, =) (Pbl,-|5<11>,s<2k)> P(s(1 )Y )) . (6)
1k

By noting that s; and s> are independent, then (6) can be

written as,
3

1
T > (Pbl,-lsﬁl)’xgm). )
{1.k}=0
Case 1: 52, s For this case x| =—A: +JjA
t°1 002 > Alag,ap = 1ip TJA110,

to simplify th notations x|, 4, is written as x; ;. Consequently,
the error probability of by is given by,

Ppy, |S<12),S<20> =P(5 = ao; a1).
As can be noted from Fig. 1, P(&l = ao; a1) depends only on
the inphase component of 1, i.e., % (71) £ v and the specific
value of x. Thus,
Poyl o =P 20)

= P(-andyjp 4 2 0)

= P(n = 14, ®)
where t] = —a1A;, + n1, R (1) £ ny. Therefore,
2
1 R
Pyl o = —/ e *idny
1o /Zﬂagl a1 f,
=0 (Vr1.1) 9

where y1 1 = a%A%iO /crl%1 and Q (.) denotes the Gaussian Q
function.

Case 2: S(lz), sgl):

This case is similar to the case of sg)), hence, the error
probability is given by (9) as well.

Case 3: 5, ,522):

In this case, xo,2 = —A110 +jA110, then the error probabil-
ity can be expressed as

Pyl @ =P 20)

=P = a1d110) - (10)
Following the same approach used to derive (9) gives,
Pyl 0 =0Q (V712) (11)
where y; 2 = a,zlA%lo/a,%I.

Case 4: s(lz), sg :

The %Jrobability of error in this case is similar to the case of
s(12), s(22 .

The remaining cases, Case 5 to Case 16 are similar to Case
1 to Case 4 except that the value of s is replaced by ay, ay,
ay and a3. Substituting the results of the 16 cases in (7) gives
Py, = % [Q (M) + 0 (m)] It is also straightforward
to show that Py, = Pj,,. Therefore, the conditional BER of
the first user is given:

1
Py, = E[Phu"'Phlz]

= %[Q (Vra) +o(r2)]- (12)
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FIGURE 2. Equivelant constellation of Xsicl3, =s, and Xsic 3, s, of
the second user, N = 2.

B. BER OF SECOND USER (U, |n—2)
To detect its own symbol s7, the second user should initially
detect s1 as described in (3), and then compute,

A . ~ |12
= argming,es |r2.sic — v/Pahad|
. ~ |12
= arg ming, cs |xs,'ch2 +wy — «/ﬂ2h2s2| (13)

where 125 = 1 — ha/Bi51 and x5 = x — /Bi51.
Therefore, given that 5| = sy, then x5, = +/B2s2 and
r2,sic corresponds to IUI-free QPSK signal. The constellation
diagram of xic|3, =, is shown in Fig. 2. On the other hand,
if §1 # s1, then x5 = /B1s1 + /Bas2 — +/B151 and its
constellation diagram depends on §;. For example, given that
s(lo), 3(]2), the constellation diagram of x,;, becomes as shown
in Fig. 2. The BER of U, depends on sy, 57 and §;. Therefore,
the probability of error should be averaged over all possible

combinations,

k) A
Py, = Z szi|_Y(1V)‘S(2k),3(ll)P(S(1V)v 5(2 )’ s(l )> . (14)
v,k,l

Using the chain rule,
P(st” 58 5) = P50 w0 ) P(s.587) - 15)

and noting that s; and s, are independent, then (14) can be
written as,

3
1 (@)
Ppy = 16 Z Pb2i|s(lv),s(2k),§(ll)P(Sl |s(]v)ys(2k)> . (16)
{k,l,v}=0

It should be noted that the probability of correct or incor-
rect detection of b1y does not affect the error probability of
the second user bits P»;. Therefore, itis assumed that Pp,, = 1
for all cases.

The case where v = [ corresponds to the event that §; =
s1, and the corresponding probabilities can be computed as
follows:

Case 1:5" (62,5 (5. 52

The probability P(l;(ﬁ) =0 b S(zz)) can be obtained by
considering the error probability of U; given that b(lol) = 13(101)
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s(10)) and s(zz). In this case, the conditional error probabil-

ity of by; can be computed by noting that Pp,, |Axp; =
~ 0) 7200 2

P(52 = ao; aila,, ) where Axp; — {b(“),b(ll),sg)}. The
transmitted signal amplitude for this case is x = A] iot JjA110,
thus, xsic = Ayi +JAo10 and r2 sic = d2xsic + w2. As can be
noted from Fig. 2, P(fvz = ap; ai | Azz1) depends only on the
) . . N v A
inphase component of 72 g, i.e., R (rz’s,‘c) = 12 5ic- Thus

Py |ar; = P(n2 + a24piy = 0|n2 + 04, > 0)

= P(ny > wAoio [m2 = @A) 17)

where v 4. = (¥2A01’0 +n, N (17112) £ 1, and _AOfO = Ap10.
Using Bayes’ theorem and considering the results in (16)
and (17), we obtain

7(0)
Py, |A221P(b11 |b<101>,s<22>)
= P(m2 = aA;)
x P(n2 > azAo10 [n2 > a2A,,) (18)
By noting that the right hand side of (RHS) of (18) is equal

to P(nz > apAogio,n > OQAIIO)’ then

£(0
Pp, |A221P(b(11)|b<101>’s<22>) = P(n2 > a24010)

=0 (V1) (19)

where y»1 = a%A%lO /032. For b, the error probability is
obtained using the approach used with by

2(0)
Py, IAzzlP(b il b<lol>’s<22>)

= P(n: = ety

xP(q2 4+ a2Ag10 < 0|n2 > a4 ) - (20)
As the RHS of (20) can be simplified to
P(q2 < a2Ayjy: 12 = a24¢,,), then
P”22|A221P(l;(1(i)|bj‘?,x(22)) =0 (Vr21) (1 -0 (V722))
(21)
where ¢ £ J (vvvz) and Y2 = a%Ain/a]%z.

Case 2: s(lo) (bi?), 3(10) (l;(lol)> 5(20): In this case,
~(0 0) 7200 0 .
(P21 |A222) P(b(l 1)|b(|(;),s(20)) where Ayyy — {b(l l)’ b(] 1), S(2 )} 1S
computed for x5 = A110 + jA110 and 72 sic = @2Xsic + W2,
2(0)
Ppy, |A222P(b11 |b(101),s(20))
= P(ny + a0A110 > 0)
x Py + aAp10 < 0np + aA110 > 0)  (22)

Since the RHS of (22) can be simplified to
P(n < @Ay, m2 = @A),
then

Py, |A222P(13(ﬁ)| b<lol>,s<20>) =0 (V721) — 0 (V723) (23)

where 123 = a3A%,(/0a,. For by, the error probability is
given by

~(0)
Py, |a P<b( ) (0)>
22 | A 11 |b11,s2
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=Py +azA110 > 0)
x P(q2 + 02Ap10 < 0na + 24110 > 0).  (24)

The RHS of (24) can be simplified to P(q2 < OQAOIO) X
P(n > axA;{,). and thus

Pp,, IAmP(@(ﬁ) |b<101>,s<20>) =0 (V1) (1-0(V123)) . (25)

The remaining cases, Case 3 to Case 9 where the constel-
lation points are 0110, 0011, 0111, 1000, 1001, 1100, 1101
are similar to Case 1, and Case 10 to Case 16 where the
constellation points are 0001, 0100, 0101, 1010, 1011, 1110,
1111 are similar to Case 2. By using (16), the BER of the
second user given that 131 1 = b1 can be expressed as

P = 50(v) 2 - 0 (vi2) - 0 (v733)]
~30(V73). 09

The constellation diagram of xg;, after subtracting 5| by £b11
is shown in Fig. 2 (solid diamonds). The total error probability
of the second user when b1y # by can be derived by

considering all the cases in (16).
Case 1: 5% (b0), 52 (B0, s2

The transmitted signal amplitude of this pointisx = A+
JA110, thus, x7 g = A2i0‘ The error probability for this case
is

Poni s P(B 10 o)
ba1 | Baay 11 |b(ﬁ), 5(22)
= P(nz + Ole“'O < 0)
X P(n2 + OézAziO >0 |n2 + O[ZAIIO < O) 27

where By, — {bg(;), 13511), s(zz)}. The RHS of (27) can be
simplified to P(O‘2A210 <nm< O‘ZAilO)' Thus,
~(1
Pp,, |3221P(b(11)|b<1"1>,s(22>) =0 (V/722) — 0(Vr24) (28)
where y» 4 = a%Azi /o,%z.
The error probaﬁl?ity of by, is obtained as

~(1
thz|]]33221P(b(11)|b(101)’s(22>)
= P(nz +a2Aq) < 0)
x P(q2 4+ a24010 < 0 |n2 + ad,;, <0)  (29)

By noting that the RHS of (29) can be simplified to
P(qz < azAOf()’ n < O‘ZAilo)’ then

2
PratsunP(l0, ) = 0 (V721) 0 (v722) . GO
Case 2: 5\ (b(g)>, 3@ ([)(11]))’ 5O,
The error probability of this case can be computed as

~(1
Pb21 |18222P(b(11)|b(101),s(20))
= Py + a2A110 < 0)
x P(ny + aA210 < 0np + a2A110 <0)  (31)
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The RHS of (31) can be expressed as
P(ny < a2As,, 12 < @A), and hence,

(1
Pp,, IIBmP<b(1 1)|b(101),s(20)> =0 (V725) (32)

0) 2(1) (0
where y» 5 = a%A%lo/o,%z, and By, — {bgl), B 1), (2)} .

For by;, the error probability is evaluated as

()
Pb22 |]B222P(b] 1 |b(10|),s(20))
= P(ny + a2A110 < 0)
x P(q2 + a2Ao10 < 0np + apA110 <0)  (33)

Since the RHS of (33) can be simplified to
P(q2 < a2hpip M2 < OtzA“O) then

Pp,, |B222P<1A7(111)|b(101),s<20>> =0(V721) Q2 (Vr23). (34

For the remaining cases, Case 3 to Case 9 where the
associated symbols are 0011, 0110, 0111, 1000, 1001, 1100,
and 1101 are identical to Case 1. Case 10 to Case 16 where
the constellation points are 0001, 0100, 0101, 1010, 1011,
1110, and 1111 are similar to Case 2. Therefore, the total
error probability when b 11 # byican be expressed as

Py =0 () [0 (V722) + @ (v723)] + 2 (V722)
—0(V724) +2(V123). 3

Finally, the exact total BER for the second user is given as the
sum of the results of the two scenarios where b;; = b1; and
by # b,

15
=2 2ol

C. AVERAGE BER, N =2

The average BER can be evaluated by averaging over the
PDFs of all y, . values, which are given in Appendix. There-
fore, by substituting N = 2 and n = [1, 2] in the ordered PDF
in (93), the exact average BER of the first and second users
can be simplified to

ii g m m(1+k)
(=D" S ( )

1 k=0 i=0

V7). v=12,1,-1,-1,1].  (36)

2
P
U = nr(m) CZ
3

(i + mk)!
< e e O
(2sin2(1//1,c) Yie )
and
5 o 2m
Py, = S;
. nF(m)?Z“ ’<m>
7 (i +m)!
X/o ) Tmrid¥2.c  (38)
(zst(wz?c) )
134544

3I(x)

Any| @ 04 g ® [J [ 4 o ®
101010 101000 100010 100000 001010 001000 000010 000000

Ani| @ @ ( ] o (] @ (] (]
101011 101001 100011 100001 001011 001001 000011 000001

Al @ [ J [ ] [ ] [ J [ J
101110 101100 100110 100100 001110 001100 000110 000100

A L ® (] () (] o (4
101111 101101 100111 100101 001111 001101 000111 000101
0

—Aii L] g ]
111010 111000 110010 110000 011010 011000 010010 010000

—Aiy| @ [ [ ] [ ] [ ] [ (] [ ]
111011 111001 110011 110001 011011 011001 000011 010001

—Ani| @ [ ] [ [ J [ ]
111110 111100 110110 110100 011111 011100 010110 010100

A [ [ [ ] ® [ ] [ [ ]
111111 111101 110111 110101 001111 011101 010110 010101
—Ain —Aui —An —Auii 0 Arii Ayig A Ay ER(;)

FIGURE 3. The transmitted superimposed signal constellation for N = 3.

where v = [2, 1, —1, —1, 1]. It is interesting to note that for
the special case of Rayleigh fading channel where m = 1,
the BER for both users can be expressed in closed-form as,

- 1 1
PU1=Z; 1—F (39)
and
. 1 V2.c 8Y2.c
F.=3 ;vc (\/72,c 1 \/272,c 1 1) o
wherev =1[2,1, -1, —1, 1].

IV. NOMA BIT ERROR RATE (BER) ANALYSIS: THREE
USERS (N = 3)

This section presents the derivation of the BER for a
three-users NOMA system, N = 3, which generally fol-
lows the derived N = 2 case. The transmitted signal con-
stellation is given in Fig. 3. The first, second, and third
users’ signals are shown in the form of [sq, s2, s3]. The
binary bit representation for the three users are represented
as [b11 b1z ba1 by b3y b32], for each bit b,;, n = [1, 2, 3],
and i = [1, 2] which denotes bits’ indices.

A. BER OF FIRST USER (U;|n=3)
The error probability of the first user can be obtained directly
from Fig. 3. The probability of error for each bit depends
on the values of s1, 5o and s3. For example, given that s(z)
), the first bit b1, might be detected incorrectly if §; = ag
(00) or a; (01), as shown in Fig. 3. Therefore, the average
BER should consider all possible combinations of sy, s
and s3,

k
Poy = Y Polyo o wP(s1” 8 50) . @

c,k,v
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Because s1, 52 and s3 are mutually independent, (41) can be
written as
1 3
Py = 61 Z Pbukﬁ”,sgkhsg”- 42)
{c,k,v}=0

The error probability of the first user is derived by considering
all possible combinations, which can be derived as follows:
.0 2 (2,
Casel:s,", 55", sy
For this case, x = A +JALL consequently, the error
probability of b1 is given by,

Pyyilgo 0 @ = P(31 = az; a3) (43)

As can be noted from Fig. 3, P(fvl = ay; a3) depends only on
the inphase component of 7y, i.e., t] = 1A + 0, and the
specific value of x. Thus,

Pb1i|s(10>’s<22>’s<32> =P <0)
= P(nA +n1 <0)
=0 (V/7.1)- (44)

Following the same approach, Table 1 shows the summary
of Case 2 to Case 4. The remaining 60 cases, Case 5 to 64
in Fig. 3, can be obtained following the same approach, and
hence, the total BER of the first user can be expressed as

4
1
Py, =12 0(V¥a)- (45)
v=I

B. BER OF SECOND USER (U,|y_3)

The BER of the second user depends on the detection result
of the first user and the SIC process as illustrated in Fig. 4.
The first case is when §; = 51, which is represented in Fig. 4.a
while the other case is when §1 # s, which is depicted in Fig.
4.b. To detect its own symbol sy, the second user should
follow the SIC process described in (13). It should be noted
that the error probability of the second user is not affected by
the detection result of the second bit of the first user b1>. The
BER of U; depends on sy, 51, 57 and s3. Therefore, the average
BER for by; is the average of all possible combinations,

& &) W )
> szi|S(f>,s<2“,sg"’jf)P(sl 525535
gLk i

_ ()
= > sz,-|S(1g>’s(2k>’sgv>’§<ll>l’(s1 [0 0
gLk

@ (k) v
XP(S1 2S5 5 83 )
3

1
) 6_4{ sz:} onZi|S(1g)~v(zk)ﬁs(3”,§ﬁ”
&b,k vi=

Pyp,,

2
x P (S 1 |x(lg)’x(2k) »S(3V) ) (46)

With the aid of Fig. 4.a, the total BEI} for the scenario where
51 = s1, or more specifically, where by; = by is obtained as

follows: ©) (4,0 ©) (20) 2 @
Case 1: s, (bn),s1 (b”),s2 , 83
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TABLE 1. Summary of cases 1 to 4 for U;, N = 3.

[ Case (v) | x [ s1,82,83 [ 30 |
2 A2
. ai AT
1 Ajii +JA | ao,a2,a2 o
ni
2 A2
- o‘lAlil
2 Aji; +3A111 | ao,a2,a0 oz,
2 42
. ai AT
3 A +iAin | a0 a0,a2 | —
n
2 A2
. aiA
4 A1+ 354 | ao,a0,a0 | —LyHL
“1
I(sic) |
A | @ [ ] [ ] [ ] [ ) [ ) [ ) [}
1010 1000 | 0010 0000 1010 1000 0010 0000
Api| @ [} [ ] [ [ J [ J [ ] [ J
1011 1001 | 0011 0001 1011 1001 0011 0001
0 0
—Aoi | @ [ ] [ ) [ [ )] [ ] [ ) [ ]
1110 1100 | 0110 0100 1110 1100 0110 0100
—Ao1 | @ [ [ J [ ] [ [ ] [ ] [
11t 1101 | 0111 0101 111 1101 0111 o101
—Ao1x —Ao1i U(a)Aun Ag1 R (xsic) 04y, —Axi (b'*Azil —A21i R (Xsic)

FIGURE 4. Equivelant constellation of (a) xic|; _, ~and
11=Pn

b) xgjc | of the second user, N = 3.

®) siclpyy by

o 0 200 2 (2
The probability Py, [as,, Azl — Hb(“), b(1 1), s(2 ), sg )}
can be evaluated by considering the error probability of U
given A3zpj. In this case Pj,, can be computed by noting that

Ppylag, =P S2 = aop; a |b(10|> i’(](i) s(22) ng)>. The transmitted
signal amplitude of this case is x = ~A1ii + jA111, thus,
Xsic = Agij +JAoi1 and ra sic = a2Xsic + wo. Therefore,

Poylasy = P(n2 + a24i; 2 0[ny + 4,47 2 0)
= P(n2 > Ao11 [m2 > 2Aj,,) 47

where v g = OtzAO i +na. Therefore,

2(0
Pp,, |A321P<b(11)|b§({),s<22>,s§2)> = P(n2 > a2A011)
=0 (V/735) (48)

where y3 5 = a%A%“/aé.
For by bit, the error probability is obtained in a similar
approach as by

~(0
szz|A321P(b(ll)lb(lol),sgz),sf)) = P(qz =< 062A01'1')
x P(n2 > wAq)))

= 0(vr3)(1 =2 (V)
(49)

Case 2: S(10) (b(l(?), 3(10) (2(1(?), S(zz), s(30):
Based on Fig. 4.a, the error probability of by is given by
2(0
Py, 14z, P(b(l l) |b(l(i),s(22),s(30) )
= P(n2 2 c2Ayy)
xP(ny > A i |n2 > azAm) (50)
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By noting that the RHS of (50) can be simplified to
P(ny > oA, ;). and consequently it is straightforward to
show that

(0
Pb21 |A322P(b(1 ])|b(](1)7s(22)’s20)> = Q (\/ 7/3,6) (51)

0) 20 2 0
where y3 6 = a%Aéli/aﬁz, Azyp — {bil), b<11), s(2 ), sg s

For by; bit, the error probability is obtained as

7(0
Ph22|A322P<b(1 l)|b(10l),s(22),sgo)> = P(q2 = “2A0fi)
x P(n2 = arAyy)
= 0 (V735)
x (1-0(/r2). (52
Case 3: 5 %303), 5O (50). 0. 52
The error probability of this case can be evaluated as
Py, |A323P<i7(101)|b(101),s(20),s(32)) = P(azAiil =m = OQAOil)
=0(V736) — Q0 (V133) -
(33)
where Azyz — {b(lol), 13(1()1), s(zo), ng)}
For by, bit, the error probability 1s obtained as
720
Pb22|A323P<b(1 1)|b<,2>,s<2°>,sgz>> = P(q2 < cyi)
x P(ny = a2 )
=0 (V735)
x (1-0(V33)). (5%
Case 4. s(lo) (bg?), 3(10) (l?g?), S(20)’ sgo):
The error probability of by can be evaluated as
70
Pp,, |A324P(b2 1)|b(1(§),s<20),s(30>> = P(azAiii =m = azAOIi)
=0(V75) — 0(V734)
(55)
where Azyqy — {b(lol), Bﬁ), S(20)’ sgo)].
For by, , the error probability can be expressed as

Pb22|A324P<B(101)| bg()l)J(zohng)) = P(q2 < 2A)
X P(I‘Lz > Olel'ﬁ)
= 0(V753)
< (1-0(m). 66

By taking into account the remaining 60 cases from Case 5
to 64, the total BER of the second user when b;; = by can
be expressed as

(1)
PU2

= J0(v7) (6—iQ(w3—,v))

v=1
1 .
+3 Zd,-Q(N/yg,',») , ief3,4,6},d=[-1,-1,2].
(57)
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The same approach is adopted for the scenario where b1y #
b11. The transmitted signal constellation after subtracting §;

when by # by is shown in Fig. 4 (b).

Case 155 (62,52 (3. 2. o

The transmitted signal in this case is x = A tJAN,
which after subtracting §; = —+/B1 + j«/B1 becomes xy =

A,{i +JAo11. The error probability can be computed as

7
Py, |Eszlp<b11 |b<l°1>,s<22>,s<32>) = P(m2A;); =m < wdyy)
=0(V13.1) — Q(Vr3.7) (58)
where B3y — {b(lol), l;(lll), S(22), ng)} and y37 = a%A
For by, bit,
()
Pb22|B321P(b11 |b(101),s<22),5;2>) = P(q2 = 052A01'1')
x P(ny < wAy)))
=0(V15)0(Vr31). (59
Case 2: s(lo) %ﬁ‘i)), 3(12) (lAJ(]l])), S(22), sgo):
The error probability of b for this case can be derived as,

2 2
211/ e

()
Pp,, |IB3322P(b11 |b<l°1),s(22),s§°)) = P(azAélf =m= Ole]’]l’)
=0 (V132) — Q(V/733) (60)

pO ) (@) (0)

2
whereIB%322—>{ 11011552 583

} and y3 8 = a%Azil/J‘%Z'
The second bit by, error probability can be represented
as

() _ y
Pb22|B322P(b“ |b(1(i)?552)a5g0)) - P(q2 =< aZAOII)
x P(n2 < aAy)f)

= 0(V135) 2(V732).
(61)

O (O @ (pMD) O (2.
Case 3: s, (b” ), 5 (b” ), Sy 583
Similar to the previous cases, the error probability for this
case can be derived as follows.

(D) _ y
sz] |]B323P(b11 |b(1(i)’s(20)3552)> - P(nz =< (XZAZ]])
= 0 (V739) (62)
0) 72(1 0 2
where B33 — Lb(l 1), b(] 1), s(2 ). sg )} and y39 = a%A;i/o&z.
The error probability of by; is

szz|13323P(13(111)Ib<101>,s<20>’sg2>) =0 (V/735)Q(V733). (63)

Case 4: s\ (b(lol))’ 3 ég(lll)), s, s
The probability of error for byjcan be computed as:
(1)
Py, |Bzz4P<b11 |b(1°1),x(2°>,s§°)> = P(nz < O‘?Aiii)
= 0 (V¥3.10) (64)
where B3y — { B, 50, 4O, ng)} and 1 =
242 2
3A%11 /05,
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O%siclByy=byy Ba=bay ® siclByy=byy Bayebas

®siclbyy2byy Bormbyy * XsiclByyebyy Byuobyy (i)
. . a | | * * ° ® |4y
10 00 10 00 10 00 10 a |
0
& & [ ] ] * * [ ] ® (Ao
11 01 11 01 11 01 11 01
R(Xsic) ~Azy —Ani —Az1 —Ai —Ag21 —Api  —Agr 0 Agos

FIGURE 5. Equivelant constellation of the third user, N = 3.

For by; error probability

() _ ..
PralaiP(B1 1,0 0 0) = P(az < 024y
x P(ny < a2d i)
= 0(V735) 0 (V134). (65
By considering the other 60 cases, Case 5 to Case 64,

the total BER of the second user when 1311 # b11 can be
represented as

4
Py = éQ (v733) (ZQ (m)) £ a0V,
v=1 i

i=[1,2,7,8,9,10], d=1[1,1,—-1,—-1,1,1].

(66)

The total BER for the second user is evaluated by combin-
ing (57) and (66)

10
1
Py, = ngiQ(\/)G,i),
i=1
g=[1,1,-1,-1,6,1, -1, =1, 1, 1]. (67)

C. BER OF THIRD USER (Us|n_3)

The error probability of the third user is calculated based
on Fig. 5. The BER of Uz depends on s1, s, 53, §1 and 5
and. Therefore, the average BER for bj3; is the average of all
possible combinations.

Ppy = E P b3i|S(lg)’s(2k)*‘Y(3V)’§(1[)’§(2C>

g,k,v.lc
< B(sP, 0, 0,50, 50)

2 Poulgp 5050
gkl c ‘
RO @ (k)
><P(s1 ) 8y |sgg>,sgk>,sgV>)P(S1 5253 )
3
D>
64

{g.k,v.1,c}=0
A(l) A
xP (S(l)’ 5(20)|S§g)’s<2k>,sgv)) : (68)

Table 2 presents the four different possible scenarios for this
user.

It should be noted that both b1, and b,y bits do not affect
the error probability of the third user, hence it is assumed that
Py, = Pp,, = 1. As for the first scenario where lAm = b1

Py, §8) 50 () 50 50
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TABLE 2. The four possible cases for the third user.

[ Scenario [ Uj Detection | Us Detection |
1 v

XIXIN[ N

2 X
3 v
4 X

and 1321 = by1, the error probability of the third user is derived
according to Fif. 5 (solid circles) and (68).

L0 (10 20) (7)) @ (D) «2) (7D (2,
Case 1: 5, b“),s1 <b11>,s2 (bzl),s2 &bz]),%.

The transmitted signal x = Ajir HJAI is subtracted by

51 and 57, hence, x5ic = Ay,; + jAoo1. The error probability
for this case can be obtained as follows.

~2(0) 201
Pb31 |A331P<b(11)v b51)|A331> = P(n3 > a34001)

=0 (V¥3.11) (69)

0) 7200 1) 701 2 N

0) (1) (2 .
{b(“), b;l), s(3 )l, 2R (W3) and y3,11 = a%A%Ol/o£3.

The second bit b3, error probability is derived as follows.

7(0) 2(1
Pb32|A331P<b(1 1),b(21)|1§331> = P(q3 < a3A;)
x P(n3 = a3 )
=0 (vmn) (1-0(y/7.))).
(70)
where q3 £ J (13).
.0 (O A0 (20 D (D) @ (DY) (0.
Case 2:s, (b“),sl (bn>,s2 <b21>,s2 <b21),s3 :
The error probability of this case is expressed as
720 2D
Py, |A332P(b11 2 by |A332) = P(O‘3Aili =m3 = O[3A001)
=0(vmn) -0 (V2).
(71)
A332 — {b(lol), Z)(l(i)’ b(211), 13(211), S(30)} and A332 —
0 1) (0
biysbaps sy -
For b3, , the error probability can be obtained as
7(0) 7.(1)
Pb32|A332P<b11 b3 |A332) = P(q3 = 0‘3Aooi)
x P(ny = a3y )
=0 (V.11
x (1-0(V132))- (72)
.0 (O @ (7O (O (O ~0) (7000} (2.
Case 3:s) %11>,s1 (b“>,s2 <b21>,s2 (bzl),s3 :
The error probability of this case is derived as

2(0) 720
Poss s P(B B 11, ) = Ps = csdoon)

=0 (V¥3.11) - (73)

0) 700 0) 700 2 X
A333 — {b(ll)’b(ll)’b(Zl)’bgl)’sg)} and A333 d

© .0 @
{bn’bzw% }
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The error probability for b3, is
© 72(0)
Ppyy | a33:P (bll > b( |A;;;) = P(q3 = O‘3’4001)
x P(n3 > a3Ajj;)
=0 (V73.11)
x (1-0(V133))- (74
Case 4: s(lo) (b(l(i)), 3(12) (13(101) >, s(zo) (b(zol)>, 3(20) (1;(22)), ng):
The error probability of this case is obtained as
©0) 2(0)
Ppy 14z, P (bll)’ b( |A;34) = P(ng = a3A001)
—P(n3 < a3Aj)
=0(V»1)—-0(Vr34). (75

A334 e {S(lo), 3‘(12), S(ZO), Sg)), Sgo)} and A334 —
0 1) (0)
{bll ’ b21 537 (-

For b3, is as follows
Pb32|A334P(b§1 ’ 2)|A314) = P(CB S Ol?’AOOi)
x P(n3 > a3Ai{)
=0 (V7n)
< (1-0 (V7). a6

By taking into consideration the other 60 cases, Case 5 to
Case 64, which are obtained in a similar manner, the total
BER for the first scenario where lAJ“ = b1 and 1321 = by
can be represented as

1
P(L}§=1Q 28T (8—ZQ Vs;)
1
1 [0 (V732) —Q(Vrsa)]. (D

As for the other scenarios, a similar procedure is followed
as for the case bu = bu and b21 = by;. The analy51s for

b11 = b1, byt # bay, b1y # bir, bay = byy and byy # by,
b21 # by is based on Fig. 5 and (68). The final total BER
results for this scenario is respectively given by,

Py =2-0(y/y1) - 0 (V732) — 2 (Vr3a)
—Q(Jm_1)+2Q(m)+Q(M)

< ZQ m,) (78)

P((i) NZET)) (ZQ J73.0) >+Q(«/V3,2)
+ 0 (V73.4) (79)

and

ZQ )/31

i=16

NZRT (ZQ m) (80)

PE‘,?:Q(\/)/M) )/31

134548

2
where y3, 12 = A021/0n3, Y3, 13 = ajA3), /05, V314 =
A2 Lo} = o?A% Jo = a?A% Jo
201/ ny V315 3 221/ “%’ ¥3.16 3 221/ n3’

Y317 = 012A /am, ¥3.18 = a3 221/0’ . By combining the
results in (7'/2) (78), (79) and (80), the total BER for the third
user can be computed as

(o)

i =24 11,13, 14,15,16,17,18],
v=1[=1,-1,12,2,—1,—1,—1, -1, —1].  (81)

Py,

D. AVERAGE BER, N = 3

Similar to the N = 2 NOMA system, the average BER of
N = 3 NOMA system can be evaluated by averaging over
the PDFs of all y, . values, which are given in Appendix.
Therefore, by substituting N = 3 and n = [, 2, 3] in the
ordered PDF in (93), the exact average BER of the first,
second, and third users can be simplified to

4nr(m) Z Z Z ( ) 1

=1 k=0 i=0

m m(1+k)
X S,‘ f—
Vl,c

Py, =

3 (i 4+ mk)!
X - d 82
/(; ( 1 m(1+1<))’+’”k+1 Yie (82
2sin2(w1 c) Vi

_ m(2+k)
Po= 5o zl kzmzoj( 0 s ()

(i +m(l +k))!

7
x /(; ) 24k o4 V2.e
(ZSiHZ(WZ,c) Ve )
g= [1517_17_156715_17_17151] (83)
and

18 oo 3m
Pu, = 87rF(m)ZZVC ’(- )

z (i+2m)!
x - dys.c,
/0 < 1 3m )l+2m+l ¢

Zsinz(i//ip) V3.c
cef2 411,13, 14,15, 16, 17, 18},

-1,12,2, -1, -1, -1, -1, —1]. (84)

v=[—-1,

The closed-form average BER for the first, second, and third
users over Rayleigh fading channel (m = 1) are shown in
(85), (86), and (87), respectively.

4 p—
. 1 2y,
Py, =~ - | —2 85
=i fm) “

10 — —
1 2 3 . 1
e \m st
=1 y3,c + y3,c +

g=[1717_15_176727_17_17171] (86)

Py, =
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and

2)/3 [

2730 V3.c
Py, = - ve | — 3 | —————
v Z ‘ ( \/2y3c+3 273 +1

730 1
+3/—=+5
J/3’C+1 2)
ce{2,4,11,13,14,15,16,17, 18},

v=[-1,-1,12,2, -1, -1, -1, -1, —1]. &7

It is worth noting that the BER analysis derived in the
paper for the single-antenna system can be generally extended
to the multiple antenna case given that the received signal
can be modeled as described in (2). However, the averaging
process should take the equivalent channel distribution into
consideration. For example, if the users are equipped with
multiple receiving antennas and selection combining (SC) is
adopted, then the received signals at all users will follow (2)
except that the channel distribution will follow the model
described in [31], and thus, the proposed derivation in this
work can be applied to derive the BER in this scenario.

V. POWER ALLOCATION PROBLEM
The power allocation problem is formulated for two different
objective functions using the derived exact BER expressions
for N = 2 and N = 3 NOMA systems. The first objective is
to obtain the power coefficients f, that minimize the overall
average BER of all users. The second objective function is to
evaluate the power coefficients which Provide fairness among
all users. Fairness in this work is considered as equal BER for
all the users.

The optimum power allocation for minimizing the average
BER is formulated as fOHOWS‘

mln — ZPUn (83a)
subject to:
N
Y Bu=1 (88b)
Bi =Pk, l#k 1<k, {l,k}e{l,2,...,N} (88c)

where the first constraint limits the maximum transmit power,
which is normalized to unity. The second constraint is used
assure that the power allocated to each user is inversely
proportional to its channel gain, i.e., 81 > B2 > --- >
By are assigned for the users with the channel gains o) <
a < .-+ < ap, respectively. The problem in (88b) is a
constrained non-linear optimization problem which is solved
using the Interior-Point Optimization (IPO) algorithm [32].
As a consequence, the obtained solution is generally sub-
optimum due to the absence of an exact solution. Never-
theless, it can be demonstrated that (88b) is concave, and
thus, the obtained results are near-optimum (N-optimum).
The discrepancy between the optimum and N-optimum solu-
tions which result from the numerical solutions are generally
negligible.
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FIGURE 6. BER for the first and second users, N =2, m =0.5,1,2 and 3,
andQ=1.

The power allocation for achieving fairness among the
NOMA users is formulated as follows:

Py, =Py, V{l,k}e{l,2,....,N}, l#k (89

The constraints for the second optimization problem are sim-
ilar to those in the first optimization problem and the solution
can be obtained using the same approach. By noting that (89)
has a single crossing point, then similar to the case of (88b),
the solution can be considered N-optimum.

VI. NUMERICAL AND SIMULATION RESULTS

This section presents numerical and Monte Carlo simulation
results for N = 2 and N = 3 downlink NOMA systems.
All users are assumed to be equipped with a single antenna,
and the channel between the BS and each user is modeled as
an ordered Nakagami-m flat fading channel. The randomly
generated channels are ordered based on their strength, where
the weakest channel is assigned to the first user and the
strongest channel is assigned to Nth user. The transmitted
symbols for all users are selected uniformly from a Gray
coded QPSK constellation. The total transmit power from the
BS is unified for all cases, Pr = 1.

Fig. 6 presents the analytical and simulated BER perfor-
mance of the two users scenario, N = 2 for power coefficients
B1 =0.7and B, = 0.3, 2 = 1 and various values of m over a
range of Ej /Ny, where Ej/Ng = 1/Ny. As can be noted from
the figure, the analytical results obtained using (37), (38),
(39), and (40) perfectly match the simulation results for all
the considered values of m and E},/Ny. It is worth noting that
the m = 1 case corresponds to the derived to the Rayleigh
fading case.

Fig. 7 is generally similar to Fig. 6, except that it considers
the three users scenario, i.e., N = 3. The power allocation
coefficients are f1 = 0.8, o = 0.15 and B3 = 0.05.

134549



IEEE Access

T. Assaf et al.: Exact BER Performance Analysis for Downlink NOMA Systems Over Nakagami-m Fading Channels

10°

107

1072 F

BER

107

H — Theoretical
O m=05 i
* m=1 q
O m=2 o
* m=3
10,5 I I I I I I I I
0 5 10 15 20 25 300 b 10 15 20 25
E,/Ny(dB) E,/Ny(dB)

FIGURE 7. BER for the first, second, and third usersinthe N =2, m=0.5,1,2and 3,and = 1.

The figure clearly shows the perfect match between the ana-
lytical results obtained using (82)-(87) and simulation results
for all m values and over the entire Ej,/Np range. As can
be seen from Figures 6 and 7, the performance of the first
user is more sensitive to the variations of m as compared to
the second and third users, which is due to the fact that the
fading effect becomes less significant for the near users.

Fig. 8 compares the exact BER and union bound [23] for
N =2 m=1, 8 = 0.7 and B = 0.3. It can be noted
that the union bound is generally tight in the high E,/Ny
range, particularly for the second user. For example, the gap
between the exact BER and union bound at E;, /Ny = 20 dB
is about 2 dB for the first user and 1 dB for the second user.
At low Ej/Ny, the gap may increase to 3 dB. Therefore,
using the exact BER expression is critical when accurate BER
estimates are desired.

Fig. 9 shows the BER for N = 3 under perfect and
imperfect SIC for different values of m. Although the perfect
SIC assumption may tremendously reduce the BER analysis,
the results presented in Fig. 9 show that such assumption is
too optimistic, particularly for Us. As expected, the results
for U; with/without SIC are identical because U; detection
does not involve a SIC process. For U, the impact of the
perfect SIC assumption is apparent at low SNRs, because at
high E}, /Ny, U signal is mostly detected correctly, and thus,
the results with/without SIC converge. The third user Us is
the one who will experience the maximum difference because
the probability that the two SIC operations are performed
successfully is relatively small. Therefore, the BER with
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and without SIC for Uz will exhibit substantial difference.
Moreover, as m increases, the BER with perfect and imperfect
BERSs become closer, particularly at high SNRs, which is due
to that fact that for high values of m the fading is less severe,
which implies that the probability of having successful SIC
operations is higher as compared to the low m values.
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FIGURE 9. Perfect and imperfect BER for the first, second, and third usersinthe N=3, m=0.5,1and2,and 2 = 1.

TABLE 3. Optimum power allocation to achieve fairness, form = 1.

N =2 N =3
Ey/No || 1 [ B2 Bi [ B2 [ B3
0 0.838 | 0.186 0.500 | 0.27 0.23
10 0.851 0.151 0.790 | 0.114 | 0.095
20 0.916 | 0.083 0.818 0.151 0.029
30 0.981 0.018 0.890 | 0.095 0.014

TABLE 4. Optimum power allocation to achieve fairness, for m = 3.

N =2 N =3
Ey/No || B1 [ B2 Bi [ B2 [ B3
0 0.830 | 0.17 0.490 | 0.24 0.27
10 0.841 0.159 0.700 | 0.201 0.099
20 0.903 | 0.097 0.806 0.145 0.049
30 0.962 0.038 0.850 | 0.088 | 0.062

Tables 3 and 4 present the optimum power coefficients that
provide equal BER for all users. The results are obtained for
different values of E,/No, N = 2,3, and m = 1, 3. As can be
noted from the results in Table 3, most of the power is actually
allocated for Uy, particularly at high SNRs. For N = 2, the
first user is allocated more than 98% of the total power at
Ep/Ny = 30 dB, and it is about 89% for N = 3. Moreover,
the range of values that the power coefficients might be
allocated depends drastically on N. The same trends can be
noted for the m = 3 case in Table 4. Nevertheless, the power
given to the first user generally decreases by increasing m as
the impact of the AWGN becomes more noticeable.
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TABLE 5. Optimum power allocation to achieve minimum average BER,
m=1.

N =2 N =3
Ey/No@B) [ B [ B2 Bi [ B2 [ B3
0 0.810 | 0.189 0.546 | 0.320 | 0.132
10 0.842 | 0.157 0.670 | 0.273 | 0.057
20 0.896 | 0.103 0.860 | 0.116 | 0.023
30 0.943 | 0.056 0.946 | 0.046 | 0.007

Table 5 shows the N-optimum power coefficients which
minimize the average BER for N = 2, 3, and m = 1.
As can be noted from the table, the power allocation should
be performed meticulously to achieve the desire results.
Although the exact results are different, the observations
about the power coefficients generally follows those of the
BER fairness case. Moreover, the power allocation requires
the knowledge of the E; /Ny at the transmitter. For example,
the value of B> drops by about 50% when the E,/Np is
increased from 20 to 30 dB.

Fig. 10 presents the BER using the N-optimum power coef-
ficients that minimize the average BER, in addition, two other
curves obtained using fixed power values are used where
B1 = 0.7,and 0.9 for N = 2, and {B; = 0.84, B, = 0.12},
and {81 = 0.9, B, = 0.07} for N = 3. As can be noted from
the figure, allocating the power coefficients appropriately
might save the need to use adaptive power values. On the
other hand, large deviations from the N-optimum power val-
ues might result in severe BER degradation.
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levels and the minimum value, m = 1.

TABLE 6. Average computational time needed to achieve the minimum
average BER, N =3,m =1, 2, and 3.

[ Es/No (dB) [ m=1(sec) [ m=2(sec) || m = 3(sec) |

0 0.0181 0.0199 0.0209
5 0.0213 0.0254 0.0277
10 0.0222 0.0279 0.0296
15 0.0232 0.0299 0.0330
20 0.0258 0.0325 0.0351
25 0.0299 0.0363 0.0386
30 0.0376 0.0394 0.0410

Table 6 shows the average computational time needed
to find the minimum average BER for the three users sce-
nario. It can be noted that as Ej;/Ny increases, the average
computational time increases as well. such performance is
obtained because the BER sensitivity to the power coeffi-
cients is higher at small BER values, which prolongs the
search process. The same behavior is obtained by increasing
the value of m.

Figures 11 and 12 show the effect of the fading factor on the
performance of each user for NOMA systems with N = 2,3
where Ej,/Ng = 10, and 18 dB. Power allocation coefficients
at E,/Ng = 10 dB are assigned as follows, ;1 = 0.84,
B> = 0.16 and By = 0.67, B = 0.27, and B3 = 0.06 for
the two and three users’ systems, respectively. For the case
where Ep /Ny = 18 dB, the power allocation coefficients are
B1 = 0.88, Bo = 0.12 and B; = 0.84, B = 0.13, and
B3 = 0.03 for the two and three users’ systems, respectively.
It should be noted that the power allocation coefficients are
the optimum values that minimize the average BER. As can
be seen from Figures 11 and 12, the BER performance of all
users highly depends on the fading parameter m. Additionally,
it is shown that m affects the performance of the higher
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order users more than the lower order users, which is due
to the ordering of users based on the channel conditions
that resulted in an enhanced performance for higher order
users. Moreover, when Ep /Ny increases, the effect of m on
the performance increases because the BER will be mostly
determined by the fading.

VIi. CONCLUSION
This work presented the performance of a downlink NOMA
system in terms of BER where exact BER expressions were
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derived for different users over Nakagami-m fading channels
for two and three users’ scenarios, where imperfect SIC
is considered. The BER can be evaluated numerically for
general m values, as one of the integrals does not have an
analytical solution. For the special case of Rayleigh fading,
m = 1, closed-form expressions are derived for several cases
of interest. Moreover, constrained nonlinear optimization
problems which aim to find the optimum power coefficients
that minimize the average BER and achieve fairness among
the users were formulated. The obtained results showed that
the power coefficients should be selected accurately to avoid
large BER differences between different users.

APPENDIX

AVERAGE BER OVER NAKAGAMI-M FADING CHANNEL
The average BER for a NOMA system over Nakagami-
m fading channel follows the order statistics of Nakagami-
m distribution. Based on order statistics theory, the general
ordered PDF of the channel gain of the nth user can be
expressed as [33],

Jn (an) = Kyf (ap) [F (an)]n_l [1-F (O‘n)]N_n (90)
where K, = #&V_n)!, f (o) and F (wry,) are respectively

the PDF and CDF of Nakagami-m distribution with parame-
ters m and €2,

2mma2m—l (_ %“%
= —"1 91
flan) = gt e 1)
Flaw = —— (m, "% (92)
ay) = —— | m,

T (m) Q
where I'(m) is the upper incomplete Gamma functlon Q=
E(ag), m = (2) and ®(a,z7) = t” le~'ar

is the lower incomplete Gamma function [34] Therefore,
the ordered PDF of the nth channel gain over Nakagami-m
channel is

fn(an)
2
2K, m"a2m—! (-t

= ——¢
Q[T (m)]"
N-—n

Xp@@ﬂ”“ﬂﬁ@ o

Q ' (m)

Because the lower incomplete Gamma function is raised to
a power, rendering the integral analytically for m > 1 is
intractable. Therefore, the infinite series representation of the
lower incomplete Gamma function can be used [35],

[o(n53)] () oo T

i=0
(94)
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where
ag, i=0
Si=11¢
’ %Z(z(w 1) —i)a,Si,, i#0,
z=1
(8)°
a =—>%  7=0,1,..,00. (95)
© Tm+z+1)
N—n
(] m,mg”
In addition, the term | 1 — ¥eD) is expanded using

binomial theorem [36]

D ma,z, N=n N—n
m —a N — n)

T B

k=0
SN K
—d m,m;“n
% - )

X

Now, ¥y, for a Nakagami-m channel follows the Gamma

distribution G (k,0) where k = m, and 6 = % with the
following PDF and CDF
my ! e
SWne) = me Y 7
and
o (m rgync>
F(yne) = — el (98)

T(m)

respectively, where y,, . = Agzuzmﬂ /o'n2 and c is the index
parameter.
The ordered PDF of y,. of the nth channel can be

expressed using (90), (94), and (97), as follows

N—n

K, N —n 2 (nik)
_1k Yn,c
F(m)2< k >( re

m m(n+k) 00 ]
x (_ ) D Sy mertkh - (99)
Ve i—

JonWne) =

In order to evaluate the average BER of the nth user over
Nakagami-m channel, (99) and the alternative representation
of the Q function defined by [37] are utilized. Moreover,
the following integral is used [36],

OOt—bx 1!
/Oxe dx:blH,

The general average BER for user n is given by,

tef{0,1,...,b} > 0. (100)

FU,, = /() 0 (yn,c)fn (Vn,c) an,c

o0 k
— o | / Pl
e 2*'“?21;»”) par S R

(&
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(101)

Although the integral in (101) does not have an analytical
solution, it can be easily solved numerically.
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