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ABSTRACT Generally, it is not easy to construct quantum maximal-distance-separable (MDS) codes with
the minimum distance greater than %—i— 1. The minimum distance of quantum MDS codes can achieve % + lor
exceed % +1 by adopting pre-shared entanglement. In this work, some new families of entanglement-assisted
quantum MDS codes that satisfy the quantum Singleton bound are constructed and the number of maximally
entangled states required is determined to make the minimum distance of some constructed codes achieve
% + 1 or exceed % + 1 by utilizing the decomposition of the defining set and g>-cyclotomic cosets of

constacyclic codes with length #, where y = > 4 1, is a power of 2 and ¢ = 1 > 4 with e = 1 mod 4
or e = 3 mod 4. Moreover, the parameters of these codes constructed in this paper are more general relative
to the ones in the literature and the minimum distance of some codes constructed in this paper is larger
than £ + 1.

INDEX TERMS Constacyclic codes, entanglement-assisted quantum codes, maximal-distance-separable

(MDS) codes.

I. INTRODUCTION

In the area of quantum information and quantum comput-
ing, after the work of Shor [37] and Stean [38], [39], much
research on quantum error-correcting codes (quantum codes
for short) has been done. Construction of good quantum
codes via classical codes is very important for quantum
information and quantum computing [3], [S], [7], [8], [16],
[19], [32], [33], [37], [40], [41], [46]. Let ¢ be a prime
power, a g-ary [[n, k, d]]; quantum code of length n is a
g~-dimensional subspace of the ¢"-dimensional Hilbert space
which can detect up to d — 1 quantum errors and correct
up to L%J quantum errors. The minimum distance of the
code is d. Quantum MDS codes that satisfy the quantum
Singleton bound, that is, 2d = n — k + 2, are constructed
from the Hermitian construction by most researchers. Some
researchers utilized constacyclic codes including negacyclic
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codes and cyclic codes to construct quantum MDS codes
based on the Hermitian construction. Constacyclic codes
have been applied to the construction of quantum MDS codes
such that the minimum distance of some codes exceeds % +1.
Kai et al. constructed two families of quantum MDS codes
by using negacyclic codes in [17]. Since then, some other
families of negacyclic codes or constacyclic codes have been
studied. More details could be consulted in [4], [18], [26],
[35], [42], [44], [45]. Although quantum stabilizer codes
can be constructed from dual-containing (or self-orthogonal)
classical codes, it is not an easy task to construct quantum
MDS codes with relatively large minimum distance. Except
for some special codes’ length, most of known g-ary quantum
MDS codes have minimum distance less than or equal to
% + 1. However, the dual-containing condition forms a barrier
in the development of quantum coding theory [28].
Recently, the discovery of the theory of entanglement-
assisted quantum codes plays an important role in the
area of quantum information and quantum computation.
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Brun et al. proposed the entanglement-assisted stabilizer for-
malism in [2]. They showed that some entanglement-assisted
quantum codes could be constructed without dual-containing
classical quaternary codes if the sender and the receiver
shared a certain amount of pre-existing entanglement [2].
An entanglement-assisted quantum code can be denoted
as [[n, k,d;c]l,. With the help of ¢ pairs of maxi-
mally entangled states, it encodes k information qubits
into n channel qubits. Some entanglement-assisted quan-
tum codes with good parameters have constructed in [1],
[14], [22], [23], [43]. In [27], Li et al. proposed the con-
cept about a decomposition of the defining set of cyclic
codes, and then they used this method to construct some
entanglement-assisted quantum codes having good param-
eters. In [34], Qian et al. constructed some families of
entanglement-assisted quantum codes by using arbitrary
binary linear codes and showed that the existence of asymp-
totically good entanglement-assisted quantum codes. In [2],
Brun et al. proposed the entanglement-assisted Singleton
bound for entanglement-assisted quantum codes, which
could be called entanglement-assisted quantum maximum-
distance-separable (MDS) codes. In [11], with the help of a
small amount of pre-shared maximally entanglement, a con-
struction of entanglement-assisted quantum MDS codes was
provided by Fan et al. Guenda et al. introduced the hull
of the classical codes and constructed some families of
entanglement-assisted quantum MDS codes in [13]. We pro-
posed the decomposition of the defining set of negacyclic
codes in [6] and then utilized this method to construct
some families of entanglement-assisted quantum MDS codes
with different lengths based on the results of [24], [27].
In [28], [29], the decomposition of the defining set of nega-
cyclic codes and constacyclic codes was utilized by Lii et al.
to construct some families of entanglement-assisted quantum
MBDS codes respectively, and some of those constructed codes
have larger minimum distance with d > ¢ + 1. In [25], con-
stacyclic codes of length n = @ were utilized by Liu et al.
to construct some new entanglement-assisted quantum MDS
codes, where r = 3,5,6,7 and ¢ = —1 mod r. In fact,
pre-shared entanglement can improve the error-correcting
ability of quantum codes. Those quantum MDS codes with
the minimum distance not exceeding % + 1 can exceed % +1
or even g + 1 by using the method of pre-shared entan-
glement. Therefore, it is necessary for us to consider the
construction of entanglement-assisted quantum MDS codes
with larger distance. Moreover, how to determine the number
of required shared pairs in the quantum coding theory to
make the minimum distance of quantum MDS codes larger
than % + 1 or even g + 1 is worth discussing. Although
Luo et al. used the Euclidean construction to research some
families of entanglement-assisted MDS codes from general-
ized Reed-Solomon codes and the parameters of the codes
constructed in [30] are new and flexible compared with
the ones from [6], [13], [29], [36], the authors just consid-
ered the Euclidean construction not Hermitian construction.
Very recently, Fang et al. utilized the Hermitian hull of
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generalized Reed-Solomon codes to present several families
of entanglement-assisted quantum MDS codes in [12], while
they did not consider the case of entanglement-assisted quan-

tum MDS codes with general length q2y_+1’ where y =12 +1

and 7 is a power of 2. Moreover, the ¢g>-cyclotomic cosets used
111 this paper to character the constacyclic codes with length

£+l is different from the ones used in [9] and we obtain some
new families of entanglement-assisted quantum MDS that are
different from those constructed in [9].

In this paper, we utilize the decomposition of the defining
set of constacyclic codes with length i to determine the
number of pre-shared entangled states and then to construct

some new families of entanglement-assisted quantum MDS
codes with length q2_+1’ which is different from the ones used
in [12], [30]. Additionally, other entanglement-assisted quan-
tum MDS codes with the number of entangled states that is
more than 5 can be obtained by using the same method of this
paper in the Hermitian construction. The higher the number
of pre-shared entangled states, the more likely it is that the
minimum distance of quantum MDS codes will exceed % +1,
but at the same time, entanglement technology needs to con-
sume additional entanglement resources. Therefore, from the
perspective of the consumption of entanglement resources,
it is not the case that the larger the number of entangled states
are the better. In conclusion, we think it is reasonable that the
number of pre-shared entangled states is sufficient to make
the minimum distance of MDS codes exceed %—l— 1. Fur-
thermore, we can obtain more entanglement-assisted quan-
tum MDS codes with minimum distance that is more than
% + 1 relative to the ones of [10], [20] where the length of
entanglement-assisted quantum codes is less general. Some
classes of entanglement-assisted quantum MDS codes con-
structed in this paper are listed as follows.

() L, £EL 24 13, d; 1]],, where y = 12 + 1 with
tisapowerof 2, g =1 > 4 withe=1mod4and2 <d <
2912 §5 even.

) [[u, CH oy 4 6,d; 4114, where y = 1> + 1

with ¢ is a power of 2, ¢ = t° > 4 with ¢ = 1 mod 4 and
UHDg—i+142y g Gi=Dgtt43 4o ag
¥ =7 = ¥ )
2 2
B3 [, TH —2d 47, d; 511y, where y = 12+ 1 with ¢

isapowerof 2, g = t¢ > 4 withe = 1 mod 4 and —21q+§+2y' <

d S w iS even.

2d +3, d; 1]1,, where y = 2 +1 with ¢

2 2
+1 +1
4 [[‘IT, ‘17 _
2tg—2
y

isapowerof 2, g =t* withe=3mod4and2 <d <
is even.

) [1EH g “ —2d +6,d; 4]],, where y = 12+ 1 with ¢

1sap0wer0f2 q = t° with e = 3 mod 4 and HDet2r+=1
d < W is odd for ¢ > 4, or 3ngH <d < 5q5+5
odd fort =2.
qg+1 g +1
©) [[THE, 41
t is a power of 2, g = t° with ¢ = 3 mod 4 and
4 < AitDgt2-2
- Y

—2d +7,d; 5]y, where y = 2 + 1 with
2tq+2y =2 <
= — =

is even.
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The organization of this paper is as follows. In section 2,
we present some definitions and basic results of con-
stacyclic codes and entanglement-assisted quantum codes.
In Section 3, we give some families of entanglement-assisted
quantum MDS codes that are constructed by utilizing consta-
cyclic codes with length #, in which some quantum MDS

codes have larger minimum distance exceeding 4 + 1. The
conclusion is given in Section 4.

Il. PREMILINARIES

In this section, we recall some basic results about constacyclic
codes in [4], [15], [17], [18], [21], [26], [31], [35], [42],
[44], [45] and some results of entanglement-assisted quantum
codes in [2], [6], [25], [27], [28].

Let F > be the finite field with g elements, where ¢ is a
power of 2. An [n, k, d] linear code over finite field F 2 of
length 7 is a linear subspace of the vector space F;’z and its
minimum distance is d. Assume that n is a positive integer
relatively prime to g, i.e., gcd(n, g) = 1. Moreover, we have
the following result in [15], [31].

Proposition 1 (Singleton Bound [15], [31]): If an [n, k, d]
linear code C over F, 2 exists, then

k<n—d+1.

If k =n—d + 1, then C is called an MDS code.

For a nonzero element A € F;z, a linear code C
of length n over Fp is said to be A-constacyclic if
(Acp—1,c0,C1, -+ ,cp—2) € C for every (co, c1, -+ ,Cn—1) €
C. When A = —1, C is a negacyclic code. When L = 1, C is
a cyclic code.

From [17],[18],a qz-ary A-constacyclic code C over F’ 2 of
length n is precisely an ideal in F 2[x]/(x" — 1) and C can be
generated by a monic polynomial g(x) which divides x"* — A.
Assume that A € F ;‘2 is a primitive r-th root of unity, and then
exists a primitive rn-th root of unity over some extension field
of F 2, denoted by 7, such that n" = A. Let§ = n", then § is
a primitive n-th root of unity, which implies that the elements
nEt = 't are the roots of x® — A for0 < i < n — 1.
We denote the set O, = {1 +ril0 < i <n—1}L.IfCis
a A-constacyclic code over F» of length n with generator
polynomial g(x), then the defining set of the constacyclic
codeC = (g(x))isthesetZ = {i € Oy, | n' is a root of g(x)}.
For each i € O,,, the qz-cyclotomic coset modulo rn con-
taining i is C; = {i, iqz, iq4, cee ,iqZk’z} mod rn, where k
is the smallest positive integer such that ig>* = i mod rn.
The defining set Z of constacyclic C is the union of some
g*-cyclomic cosets modulo rn. The following proposition
gives the BCH bound of constacyclic codes.

Proposition 2 (The BCH Bound for Constacyclic Codes
[18], [21] ): Let C be a g*-ary A-constacyclic code of length 7.
If the generator polynomial g(x) of C has the elements {'*" |
0 < i < d — 2} as the roots where 1 is a primitive
rn-th root of unity, then the minimum distance of C is at
least d.
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Leta? = (ag, a(f, ..

vector a = (ag, ay, - --
and v = (vo, V1, --
product is defined as

, aZ_ 1) denote the conjugation of the

s an—1). For u = (up, uy, -+, up—1)

,Vu_1) € F" , the Hermitian inner
q2

(, v = uovd +uvl + -+ up_ v

The Hermitian dual code of C can be defined as
CH={ue F | (u,v)n =0forall v € C}.

If C € C1*, then C is called Hermitian self-orthogonal
code. If C+" C (C, then C is a Hermitian dual-containing
code. From [4], [18], we can see that the Hermitian dual
C1h of a A-constacyclic code over F, o, 1s a A~ 9-constacyclic
code. If C is an [n, k, d] constacyclic code over F’ pe with
defining set Z, then the Hermitian dual CLh has a defining
set Z = {z € O] — gz mod rn & Z}. Furthermore,
the following result gives us a sufficient and necessary condi-
tion for a constacyclic code to be a Hermitian dual-containing
code.

Lemma 1 ([4], [18]): Let C be a qz-ary A-constacyclic
code of length n with defining set Z. Then C contains its
Hermitian dual code if and only if Z N —gZ = @, where
—qZ ={—gzmod rn | z € Z}.

In the following of this section, we recall some results of
entanglement-assisted quantum codes in [2], [6], [25], [27],
[28].

Theorem 1 ([2], [6], [25], [27], [28]): If C = [n,k,d]qz
is a classical code and H is its parity check matrix
over F Pl then there exist entanglement-assisted codes with
parameters

[[n, 2k —n+c,d; clly,

where ¢ = rank(HHT) is the number of maximally entangled
states required and H T is the conjugate transpose matrix of H
over I ey

Proposition 3 ([2], [6], [25], [27], [28]): If C is
an entanglement-assisted quantum code with parameters
[[n, k, d; c]ly, then C satisfies the entanglement-assisted Sin-
gleton bound n+ ¢ — k < 2(d — 1). If C satisfies the equality

ntc—k=2d-1),

then it is called an entanglement-assisted quantum MDS
code.

Ill. CONSTRUCTIONS OF ENTANGLEMENT-ASSISTED
QUANTUM MDS CODES

In [25], [28], the authors proposed the definition for the
decomposition of the defining set of constacyclic codes that
containing cyclic codes and negacyclic codes.

Definition 1 ([25], [28]): Let C be g*-ary A-constacyclic
code of length n with defining set Z. Assume that Z; = Z N
(—qZ) and Zy = Z \ Z;1, where —qZ = {rmm — gqx|x € Z}.
Then Z = Z; U Z; is called a decomposition of the defining
set of C.
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Lemma 2 ([25], [28]): Let Z be a defining set of qz—ary
A-constacyclic code C with length n, where gcd(n, q) = 1.
Suppose that Z = Z; U Z; is a decomposition of Z. Then the
number of entangled states required is ¢ = |Z;].

Similar to Lemma 3.1 in [26], we can obtain Lemma 3 as
follows.

241

Lemma 3: Letn = % and s , where y =
1> 4+ 1,ris apower of 2and ¢ = 1° > 4 with e = 1 mod 4
ore = 3mod 4. Then Cs = {s}, and Cs_(g41)i = {s — (¢ +
Di, s+ (q+ i} for 1 <i <1

. P+l
Theorem 2: Letn = 5 and s = , where y =

t?+1,tisapowerof 2and g = t° > 4 withe = 1 mod 4. If C
is a g>-ary A-constacyclic code whose defining set is given by
Z = Ulecs_(qﬂ)i, where 1 <§ < tq;tz, then C+" C C.
Proof: We only need to consider that Z N —gZ = ¥} from
Lemma 1. If Z N —qgZ # , then there exist two integers
iand j, where 1 < i,j < tq—tz, such that s — (g + 1)i =
—g(s — (g+ 1)))¢** mod (g + D)n for k € {0, 1}. We can seek
some contradictions as follows.
(1)Ifk =0, thens—(g+ 1)i = —q(s — (¢ + 1)j) mod (g +

D)n, which is equivalent to 0 = gj + i mod n. For 1 <i,j <
1g—1*

_ (gty+Dn
= 2

(g+y+Dn
2

, we consider the following cases.
(i) Whenl <j < ‘17" we have

g+1=<qgi+i
2
—t tqg—t
g +4
v y
q2_t2

IA

<n=

It is in contradiction with the congruence 0 = ¢j + i mod n.
(i) When £H2=1 < j < 222 et j/ = j — £ for 1 <
j < q77t Then we have 0 = g(j' + ‘%t) + i mod n, which is

equivalent to 0 = gj/ — % + i mod n. Moreover,
(r =tg+y—1
0< —runv—
14
tq+1
—g+1-1
tq+1
<q - (AL

2 g —
SCI Iq V<
14

n.

It is in contradiction with the congruence 0 = ¢j/ — % +
i mod n.

(iii) When U=Daty=0=Di 5 o 24=91 'y here 3 < 9 <

y (- 1g— -1t

t (here, if there exists t > 4), letj’ = j— forl <
j < q77t. Then we have 0 = g(j + C=D=C =Dty 4 i mod n,

which is equivalent to 0 = gj' — W,—Hﬂ_l) + i mod n.
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Moreover,
A+g+y—-@-1
0 <
14
=@ -Dhg+y-@ -1
B Y
, @ —Dg+@ -1 .
=q — +1
I4
-0 —Dtg—y —0+2
B 14
2
—2tg—y —1
L4 v=" _,
14
It is in contradiction with the congruence 0 = ¢j/ —

@=Dg+@=1) | i mod n.

Y

(2)Ifk = 1,then s—(g+1)i = —q(s—(g+1)j)¢*> mod (¢+
1)n, which is equivalent to gj = i mod n. From 1 < i,j <
tq—t

, we consider the following cases.

(i) When 1 <j < =X, we have

Y
(y —0)q+1*
0< —— 27~
1
B tqg — 12
Y
= gj-i
2
_t —
L-=r _,
14

It is in contradiction with 0 = gj — i mod n.
(i) When £2=1 < j < 24;2’,1etj/ =j—Ltforl <j <

q77t. Then we have i = q(j' + q77t) mod n, which is equivalent

toi=gqj —@mod n. Moreover,
—t)g—1
0<(J/ )q
14
_ tq+ 1
14
, g+
- 14
2
—2tg—1
<L =a=
Y

2
It is in contradiction with 1 < i < 4=,
(iii) When ‘”‘”‘”yﬂ <j< P where3 < <
t (here, if there exists t > 4), letj = j — @—Dg—@—1x

1<j < qT_t.Then we have i = q(j’—{-w)modn,

for

which is equivalent to i = ¢ — W/ﬂ mod n.
Moreover,
t+Dg—1t+1
0< ————
14
v -@-Dg-@ -1

14
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, @ =Dig+@ -1

=q
14
¢ —tg—0+1
h Y
2_31q—2
_£-34-2
14
It is in contradiction with i = gj — @=DE@=D 64 5,

From the above discusszion, the result follows. O
Theorem 3: Letn = qy—'H and s = w, where y =

2+ 1, ¢ is a power of 2 and ¢ = ¢ > 4 with e = 1 mod 4.
If C is a ¢>-ary A-constacyclic code of lengzth n with defining
set Z = U?=0Cs—(q+ i for 0 < 8 < “" then there exist
entanglement-assisted quantum MDS codes with parameters
P41 +1 . 2tqg+2 .

[[T’ ———2d+3,d;1]],, where 2 < d < == iseven.

Proof: From Lemma 3, we can assume that ti{le defining
set of constacyclic code C is given by Z = U?:OCS—((]H)i for

_2 . . .
0<s< ’qyl ,and then C is a constacyclic code with parame-

P41 P4l s

ters [*——, =5——28 —1, 25 +2] » from Propositions 1 and 2.
If6 =0,then —gZNZ = —gC; N Cy = C;. From Lemma 2,
we have ¢ = 1. Then there exist entanglement-assisted
quantum MDS codes with parameters [[qz—ﬂ, Cimn 2d +
3,d; 1]], from Theorem 1 and Proposition 3, where d = 2.
Asforl <§ < ﬂ, we assume that the defining set of C
can be divided into two mutually disjoint subsets, i.e., Z =
Zo U Z, where Zp = Cy; and Z| = U?ZICS_(q+1),' and the
defining sets Zy and Z; can generate constacyclic codes Cy
and C; respectively. Let the parity check matrices of C, Cy
and C; over F e be H, Hyp and H1, respectively. Therefore,

Hy
n=(i):

HoH|
HH )

and

.I.
Hut = ( o
HiH]

From Theorem 2, we have H{H T 0. Moreover, we have
H()HJf =0, and HlHT = 0 from

Cs N —q(U_ Cs_(g+13i) = —q(Cy N (U Cs_(g41)0) = 9.

Hence, we obtain that

nnit = ((HoH] 0.
0o 0

It is easy to see that Zy N —gZp = {s}, and then
rank(Hng ) = 1. From Lemma 2, ¢ = 1. Therefore,
there exist entanglement-assisted quantum MDS codes with

parameters [[#, # —2d+3, d; 1]], from Theorem 1 and

Proposition 3. U
Example 1: Ift = 4and e = 5, then ¢ = 1024 and n =

61681. Therefore, there exist entanglement-assisted quantum

MDS codes from Theorem 3 that are listed in Table 1.

VOLUME 7, 2019

TABLE 1. Sample parameters of entanglement-assisted quantum MDS
codes constructed from Theorem 3.

q n [[n, k, d; cl]q
1024 61681 (61681, 61680, 2; 1]] 1024
1024 61681 [[61681, 61676, 4; 1]]1024
1024 61681 [[61681, 61672, 6; 1]] 1024
1024 61681 [[61681, 61668, 8; 1]]1024
1024 61681 [61681, 61664, 10; 1]]1024
1024 61681 (61681, 61660, 12;1]]1024
1024 61681 [61681, 61656, 14; 1] 1024
1024 61681 [61681, 61652, 16; 1]]1024
1024 61681 [ 61681,60744,470; 1 }1024
1024 61681 [[61681,60740,472; 1]]1024
1024 61681 [[61681,60736,474;1]]1024
1024 61681 [[61681,60732,476; 1]]1024
1024 61681 [[61681, 60728, 478; 1]]1024
1024 61681 [ 61681,60724,480; 1 }1024
1024 61681 [[61681, 60720, 482; 1]]1024
. _ P+l _ 2 .
Lemma 4: Letn = = where y =t~ + 1, t is a power

of 2and g = t¢ > 4 withe = 1 mod24 or e = 3(mod 4).
Assume that s = w and B = @ + 1, where 8 =
s — Mz(n_l). Then C; = {s}, and Cgr(y+1i = {B + (¢ +
Di, B —(g+ D@+ D} for0 <i < %53
2

Proof- 1If j = %ﬂ“ then 1 + (¢ + 1)j = s. This
implies that s must be in O, (see Sec.2). Since s¢* = s(g> +
1—1) = smod (g + Dn, it follows that C; = {s}. For0 <i <
253, we have Cg (g1 = {B+(g+ Di. B — (g + DG+ 1)}
from

(B + (g + Didg?
@+ Dr—1
= [s — f

n—1 5
S—(Q+1)(T—1)q

+ (g + Dilg?

n—1 , n—1 5 .
S—((]‘i‘l)[T(é] +1)—T—l(q + 1)+

n—1
B —(qg+ D(i+ 1)mod (g + Dn

and

(B—(q+ D+ 1)
(@+ D —1)
2

n—1 5
s—(q—}-l)(T—H—}-l)q

=[s— —(g+ DG+ D¢

n—1
2

= s+ D+ -
+Gi+ D@+ D —i—1]
Es+(q+1)(%+i+1)
= B+ (¢+ 1)imod (g + n.
Moreover, we show that Cgy (g1 = {B+(g+1)i, B—(g+

1)(i + 1)} is disjoint for 0 < i < 1=3 In fact, we assume that

2
. . . . . . n—3
there exist two integers i and j, 0 < i # j < “5= such that
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Cgig+1)i = Cpi(g+1)> and then we have B + (g + )i =
(B + (g + 1)j)g* mod (g + 1n for k € {0, 1}.

Ifk =0, we have B+ (¢+1)i = B+ (¢g+ 1)j mod (g+ 1)n,
which is equivalent to i = j. It is in contradiction with 0 <
i#j< 52

Ifk = 1, wehave B+(¢+1)i = B—(¢+1)(j+1) mod (¢g+
D)n, which is equivalent to i +j = n — 1 mod n. It is in
contradiction with 0 < i +j < n — 3. Therefore, the result
follows. R g

Theorem 4: Letn = qy—H, where y = 2+1,tisa power
of2and g = ¢ > 24 with ¢ = 1 mod 4. Assume that s =
Wandﬁ = %—i—l,whereﬂ:s—w.lfc
is a g*-ary A-constacyclic code whose defining set is given
by Z = U_,Cp(g+1)i» Where 0 < 8 < %, then
ctrcc.

Proof: We only need to consider that Z N —gZ = ( from
Lemma 1. If Z N —gZ # {J, then there exist two integers i
and j, where 1 <i,j < W, such that

B+ (q+ )i =—q(B+(q+ 1)j)g** mod (g + n

for k € {0, 1}. We can seek some contradictions as follows.
(HIfk =0,then B+ (g+1)i = —q(B+(g+ 1)) mod (¢g+

1)n, which is equivalent to gj + i = "_‘2’_1 mod n. For 0 <

i,j < w, we can consider the following cases.
(i) When 0 <j < %}’:_t, we have

O0<g+i
- qg—2y —t N t+1)g—3y —t+1
- 2y 2y
¢ —Qy—Dg—3y—t+1
= 2
¢ +1-yqg—y
< _—_—m—
2y
_n—q—1
= S
It is in contradiction with the congruence ¢gj + i =
% mod 7.
(i) When 41 < j < 2022022 ot ) = j — 42270 with
2y 2y 2y
_ 24 g ) oy
1<j < %—;.Thenwehave ‘le# =q( + %)4—
i mod n, which is equivalent to 0 = ¢j + %‘;ﬂ’_l +

i mod n. Moreover,

gy —tH+y—1
<—

0
2y
—qy — -1
<q + qy —tq+vy Li
2y
-t —qy—tqg+y—1 t+1)g—3y —t+1
Sqq LT -ty +( )g — 3y
2y 2y 2y
P —(y+t—Dg—2y—1t
= < n.
2y

It is in contradiction with the congruence 0 = ¢j/ +

%‘;ﬂ/—l—i—imodn.
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(iii) When w <j < MU where 3 <

¥ < t (if there exists t > 4), letj = j — w

2
with 1 < j/ < 2L Then we have q‘“;# = q( +

2y
W) + i mod n, which is equivalent to 0 =

2
g + =21 —yq;(l’—l)q“”"l + i mod n.
If ¥ is an even, then we have 0 = ¢ +

_’9_V"_(g;l)"’+y+l + i mod n. Moreover,

A4+tg—t+y+1
0<
2y
0 —yqg— @ —Dgt+y+1
2y
0 —yqg—@ —Dgt+y+1
+1
2y
-t O —yqg—O —-Dgt+y+1
il vqg—( )qt +y
2y 2y
+(t+1)61—3y—t+1
2y
(3 —Dg—2y—1-2
< 2y
It is in contradiction with the congruence 0 = ¢j +

—0—yq—(—Dgt+y+1 .
2 + i mod n.

If ¥ is an odd, then we have
i mod n. Moreover,

<qg-+

<gqg +

< n.

2
g +yg+@—Dig—y+9 _ o
2y =q +

0<gqg
<q i
q—t+(t+1)q—3y—t+1
2y 2y
P +q—3y—t+1
<n
2y

<

P+yq+2g—y+3

It is in contradiction with 0 < 2y =

PAyg+@—Dig—y+9 _ ¢*+yq+(—=2)ig—y+i—1
2y ) 2
(v) When 22 < j <

2 2z B -
. tg—t"2y .
J - with 1

CHl-yg—y _

<n.

Y
(t+1)g—3y—t+1 S
e let j/ =

< Jj = %5

2
q(’ + W) +imod n, which is equivalent

Then we have

2y
to q2+(2y_;)yq+t+l_y = gj' 4+ i mod n. Moreover,
0<gqg
<q i
- q—t +(t+1)q—3y—t+1
2y 2y
P +q—3y—t+1
< <n.
2y

It is in contradiction with the congruence
F+Qy—Dg+t+1—y
2y
(2) If k = 1, then

B+ g+ Di=—q(B —(g+ 1)+ 1) mod (g + Dn,

= ¢j' + i mod n.
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which is equivalent to i = gj + —4— "+q !

1 1 )
%, we can consider the following cases.

(i)WhenOgjg%

mod n. From0 < i,j <

t
, we have

P +yqg+l—y
2y
P+yqg+l—y
2y
2
qg—2y—t g +yq+l—y
<gq +
2y 2y
2 —(y+Dg+1—y
2y

0<

< g+

It is in contradiction with 0 < i < w
(11) When ;t < ] < W letJ — .]_ q—g;/—t
with 1 < j < 4. Then we have i = ¢(f + 15— 27’ 1y +
2 p—
pRRL +V§“ b4 mod n, which is equivalent to i =
—(r+)g—y—1
2y

a +
mod n. Moreover,

(y—tg—y—1

0
< 2)/
—(y+tg—y—1
<q+ (y+Hg—vy
2y
< ,+—(V+t)q—y—1
2y
g—t  —qy—1g—y—1
<
_qu + 2
t+1)g—3y —t+1
+( )q — 3y
2y
P —(y+t—Dg—4y —t
= < n.
2y

It is in contradiction with 0 < i < w

(111)Whenw <j< Mg—tzy where3 < 9 <
@—=Dg—@—-Di=2y with

t (if there exists r > 4), letj/ = j — ”

1<j < ‘72—7. Then we have i = g(j

2 —_ . . . . .
w mod n, which is equivalent to i = ¢j +
25—t —
Y9 —vq (gy Dat=y+1 16d n.
If ¢ is an even, then we have i = ¢’ +

—(y+@—Dt)g—y—9+1

mod n. Moreover, we have

2y
t+Dg—y—t+1
0<
2y
<(y—(l9—1)t)q—y—l9+1
< 2
—(y+@=Dt)g—y -0 +1
<q+ (y +( )q —y
2y
, —y+@-=-DHg—y—-v+1
=q +
2y
—t —(W-Dtyg—y —9+1
Sqq +(y ( ¥)q —y
2y 2y
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P H Gy —dg—y -9 +1
_ 5
_ iy —4ng—y-3
< 5

<n.

It is in contradiction with 0 < i < w

If ¥ is an odd, then we have i + £ +(V+(172y1)t)q+”+19 =
¢j’ mod n. Moreover,

P+ +2g+y+3

0
< 2y
2
-1
<y 4 +y+@-Dt)g+y+9
2y
t+Dg—3y —t+1
< >
P+ +@—Dg+y+9
+
2y
_ @+ Qy—1g-2y
< <n
2y

*—1q
2y -

It is in contradiction with ¢ < gj’ <

2
tq—t (t+1)g—3y—t+1
(v) When % I e
1q—1* =2y
2y

<Jj= Jletj = j—
. . 7t . .,

; w1th21 <j < ‘12—)/ Then we have i = ¢q( +

"’_tzy_2y) + 4 +7’2";1_V mod n, which is equivalent to i =

2
v q-—Qy—Dg—y—t+l
q + 2

mod n. Moreover,

¢ +g—y—t+1

0 <
2y
2
—Qy—Dg—y—t+1
§q+q Ry —Dg—-vy
2y
2 _ NV — vy —
Sql.,Jrq Qy—Dg—y—t+1
2y
2
—t —Qy=Dg—y—t+1
Sqq L4 Qy—Dg—vy
2y 2y
24> —Qy +t—Dg—y —t+1
< n.
< 2
(t+1)g—3y—t+1

It is in contradiction with 0 < i < 2
From the above discussions of (1) and 2), the result

follows. " ]

Theorem 5: Let n = q—'H, where y = 2+ 1,tis a
power of 2 and ¢ = ¢ > 4 with ¢ = 1 mod 4. Assume
that s = Wandﬁ = q2+q+1 where 8 = s —
(g

M If C is a g%-ary A-constacyclic of length n with

(t+1Dg—3y— t+1+
defining set Z = U,_, K4 Cpygeni for 1 < ¢ <
(2t—2)g+2t+2

2y , then there exist entanglement-assisted quantum

2 2
[ 4 _2d 46, d; 41,
(CHr 12y o g < B0 g oqq,

MDS codes with parameters [

where

Proof: From Lemma 4, we can assume that the

def1n1n§ set of constacyclic code C is given by Z =
Y=

(t+Dg=3y—t+1 t+1
2t—=2)g+2t42
2y

Uio & Cﬂ+(q+1)l- forl <¢ < , and then
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£
Y

+ 2¢ ]qz from Proposi-

(t+Dg—y—t+1
tions 1 and 2. If ¢ = 1, then Z = U,_, B

Since _qcﬁ+(q+l)(t+l)q2—yy—t+l C

it follows that

. . . 2
C is a constacyclic code with parameters [’IV—H,

(t+Dg—y—t+1 2 (t+Dg—t+1
Y ’ 14

Cp+(g+Di-
BH(g+ (e

ZN—qZ
(g Syt
= Uiz Cpt(g+ni Y Cﬂ+<q+l>w)
gyt
N=qUiy Corgrni U Cpy g @riay=ra)
(g 3yr4l
=WUig 7 Cpag+ni
(A S
N(—q Ui—o ’ Cﬂ-i—(q-i—l)i))
g Syt
© Uizo Corarni N (=4Ch 4 g 1) eeigyor1))

(t+1D)g—3y—1+1

U<Cﬂ+(q+l)% N(=qUyg = Cp+(g+1)i)

U (—qcﬂ_,_(q_,_l)wl)q;yyfrﬂ N Cﬂ+(q+l)(r+l)q27yyft+l )

=C —y—i+1 UC - _e
Br(gr ) DI 2 T g (RS

From Lemma 2, we have ¢ = 4. Therefore, there exist
entzangler;lent—assisted quantum MDS codes with parameters
[[M qV—H —2d + 6, d; 411, from Theorem 1 and Proposi-

tion 3, where d = (FDIZIHFIH2y [p o ¢ < —(Zt 2)g+21+2

then the defining set of C can be divided into three mutually

disjoint subsets, i.e., Z = Zy U Z; U Zp, where Zy =
(t+1)g—3y—t+1

s

Uy Cprg+Dis Z1

(t+1)g— 3;/ —t+1

- Cﬁ+(q+1)(%) andZp =

U Cp+(g+1)i- The defining sets Zy, Zy, Zp can

(t+l)q+y —1+1
generate constacychc codes Cp, C; and C; respectively. Let
the parity check matrices of C, Cy, C1 and C; over F, p be H,
Hy, H and H», respectively. Therefore,

Hy
H=|H |,
H>
and
HoH| HOH!TT HOH%
HH' = | H\H]  HH — HH]
HyH)  HyH{  HyH]

From the proof of Theorem 4, we have HOH(])L = 0, and
then

0 HoH| HoH)
HH' = | mH] HH  HH]
HyH)  HyH  HyH]

136648

Since _qcﬁ+(q+1)% = Cﬂ+(q+1)(<t71)(q;ryl)+zfy), then
rank(Hng) = rank(HoHlT) =2 and
0  HoHl HoH]
HH' = | HH] 0 0
HH) 0 HH]
In order to obtain
0  HoH 0
HA =\ gl o o
0 0 0

we only need to show that HOH;L = 0 and H2H2Jr = 0. we
disucss two cases as follows.
(1) We have H2H2T = 0. In fact, from Lemma 1, it only
need to conls)ider thzlit ZrN—qZr = B. 1 ZpN—qZ> # 0, where
(t+Dg—3y—t+
S a— 2t—2)q+2t+2
2 =U_ iyt Cprigrnifor2 < ¢ < CBIEER,
= =

which is equivalent to Z, = ulec for

B+(gH+1)( (z+|)q2—Vy—t+| +i)
1<¢< w,then there exist two integers i and j,
where 1 <i,j < —(2t72)q;it+272y’ such that
t+Dg—y—t+1 |
B+ g+ LY +i)
2y
t+Dg—y—t+1
2y

+ g

—q(B + (g + I)(
mod (g + )n

fork € {0, 1}, where 1 <i,j < W

If k = 0, then we have 0 = £ + ¢j + i mod n, and

then from 1 < i,j < W we can seek some

contradictions by considering the followmg cases.

(1)WheH1§J§qy,wehave
O<q+1+q;
14
—t
<gi+i+ I
Y
q—1
< -
q 2y
2t — g +2t+2—-2 —t
4! )q v 4t
2)/ Yy
P +ig—2y+2
= < nn.
2y
It is in contradiction with the congruence 0 = ‘17_’ +qj +
i mod n.
(11)Whenq ’+2V <J< 2qy2t letj = j— forl <j <

4-' Then we have 0= 7 +q(G + q—yt) +1i mod n, which

P =2)q+2t+2
2y

is equivalent to = ¢/ + i mod n. Moreover,

we have
0<qg+1
<q'+i
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qg—t
< -
= 4( 2y )
(2t —2)qg+2t+2—-2y
+
2y
P (=g +2+2-2y
= >

< n,

. . . . . . 2 -_— . .
which is in contradiction with ‘H(’;ﬂ = gj'+imod n.

(iii) When Z=Da=0=Didy i 2200 where 3 <
¥ < 2t — 3 (here, if there exists the case of r > 4). Let

i =j—wmrl <j < %.Thenwehave

= qT_’ +q(' + W_D%#H—i mod n, which is equivalent
00 = =D —((9—1)t—2)qg—2t

2y +¢j +imod n.
If ¢ is an odd, then we have 0 = *((ﬁ’])’*zz))/qfﬁ“*” +
gj + i mod n. Moreover,
0 < (4t +4q+2y +4—4
2y
_Qr-@-Dr+2g+2y -4+ 12
< 7y
O =Dt —2)g+0 —1+21
<qg+1- (( ) )q + +
2y
9 — )t =g+ —1+2
< ti- (« ) )q + +
2y
g—t (2 —-2q+2t+2-2y
=q +
2y 2y
(O =Dt —2)g+19 — 142t
2y
¢ —1qg =2y
< — <n,
2y
which is in contradiction with 0 = *((’9’1)’*22;‘1*’”1*2! +
gj + imod n. i
If ¥ is an even, then we have 0 = £ ’((”’l)t;}%)q*”H*Z’ +
gj + i mod n. Moreover,
0. TG +Hg+2y +6—4
2y
F+Qy—@—Dt+2)g+2y —0+2-2t
< %
2
SO =D —2)g—D+2—2
<qr14 7@ D=2
2y
2
gy — (-t —=2)g—0+2—2¢
<qgyip TT@ D2
2y
g—t  @Qr-=2g+2t+2-2y
=q +
2y 2y
PO —Dt—2g—D0+2—2
_l’_
2y
24> — 2tq — 2y
< —<n,
2y
which is in contradiction with 0 = £=(@=Di=2g—0+2-2t |

Y . 2)/
qj’ + i mod n.
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(iv) When (2173)q7§2t73)t+2y < < Q2gkeddy

— NI i~ for 1 < f < ‘12—;’. Then we have

Y
0= ‘1_’_|_ q(G'+ W)—Hmod n, which is equivalent
t00 = ¢ 2 — (2t =3)tg+2q—41+4

~+qj’ +i mod n. Moreover, we have

2y
0. CHBI+Ha+2y —4r+4
2y
2
-2t —=3tg+2qg—4t+4
SH]Jrq ( g +2q
2y
2
—Q2t—=Ntg+2g—4r+4 ,
<9 ( g +2q bgf i
2y
qg—t (Q2t—=2)q+2t4+2-2y
< +
2y 2y
¢ — @2t =g +2q— 4t +4
_|_
2y
24> — (212 —4t)g — 2t +6 -2y
= <n,
2y

which is in contradiction with then congruence 0 =
qz_(21_3)£?/+2q_4[+4 + ¢/ + imod n.

Ifk = 1, then we have gj = i+ @ mod n, and then from
1<i,j< w we can seek some contradictions
by considering the followmg cases.

(i)When1 <j < qy , we have

tq+y+1

14
tq+1
14
(2t =2)g+2t+2-2y
= 2

0 <

<i+

tq+1
L

14
(4t —2)qg+2t+4 =2y
<

2y

<dq,

2
. . . o e . . q —[q
which is in contradiction with ¢ < gj < T

. —t42 . 2q—2t P . —t
(11)When% <j< ffz—y,let/ =J—’12—yf0r1 <

j' < %! Then we have ’qy“ +i=q( + %) mod n, which

3tq 2

is equivalent to i = gj/ + i mod n. Moreover,

¢+ Qy —3t)g—2
<

0
2y
2 3
5qj’+q 3tq -2
2y
—t 2 _3tg—2
Sq(qz )4 4 q
Y 2y
2% —4tg -2
= — <n,
2y

which is in contradiction with 1 < i < %
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(iii) When Z=Da=00=Dity - ;< ”’gyl’f, where 3 <
¥ < 2t — 3 (here, if there exists the case of t > 4), letj/ =
j— EEDE @D for | < f < %.Thenwehave%—l—

i=q( + W) mod 7, which is equivalent to i =

2
@—Dyg —2()/19-1-1)%1—2 +ql/ mod 7.
If ¥ is an odd, then we have i = %ﬁj’fﬁ*l +¢gj' mod n.

Moreover,
2t +2)g—2t+2
0 <

2y
Gy =@+ Dng-v -1
< 2
@+ Dtg+0+1
=q- >
Y
qj,_(z9+1)tq+l9+1
< 2
g—t @ +Dg+0+1
<q -
2y 2y
-0+ ig—1-0
= >
q* —5Stqg—4
— <n,
< >

which is in contradiction with 1 <i < M‘iﬂ.

y
—@W+Dtg—o
2y

If ¥ is an even, then we have i = i +¢j mod n.
Moreover,
P+ Gr+2)g—2+4
0<
2y
P+Qy—09t—1)g—10
=< 2y
2
-0+ Dg—9v
<+ ( g
2y
2 _ _
qu/+q @+ Drg—29
2y
2
—t — W+ Drg—9
<t ( g
2y 2y
2 _ _
- 2q° — 6tg — 4 -

3

2y

which is in contradiction with 1 < i < w

> )
(iv) When (21—3)q—§2t—3)t+2y < j < Q2gad-dy g

2y
__(2;—3)512—(21—3» +j=jforl <j < qz—;t. Then we have
% +i=q( + W) mod n, which is equivalent
i = P =212 —1)g—21+2

-/
% + gj' mod n. Moreover, we have

to

- P+ +2)g—2t+2

0
2y
G — Q2 —t)g—2+2
< +4q
2y
2 2
g —Qt"—t)g—2t+2 ,
< +qj
2y

136650

g—t G —Q*—1g—2+2
q +
2y 2y
2% —21%q — 2t +2
<

2y

IA

n.

(2t—=2)q+2t+2-2y
2y .
(2) We have HyoH. I —0.In fact, from Lemma 1, it only
needs to show that
(t+1)g—3y—t+1

2y
(Uizo

It is in contradiction with 1 < i <

Ch+(g+1i)
{ —
M =401 Cp gyt 1) = 0,

where 1 < ¢ < w. Assume that there exist two
integers i, j, where 1 < j < % and 0 < i <
%, such that B + (¢ + )i = —q(B + (¢ + )G +
—(t+l)q2_yy_t+l))q2k mod (g + Dn.

Ilfk =0, Ehen we have B+ (g+ Di= —q(B+(q+ 1)+
047 =1+1)) mod (¢ + 1)n, which is equivalent to gj + i —

(21 —2)q+21+2—2y
- 2y

t—Dg—y+i+1
2 Y

] = O mod n, where 1 < j <
o (t+Dg=3y—t+1
and0 <i < 3y .
t

(i)When1 <j < qz;y, we have

- Qy—t+g+y—t—1
2y
t—Dg—y+r+1
_ %
t—g—y+rt+1
2y
¢ —tqg @t+Dg—3y—1t+1
2y + 2y
t—1g—y+t+1
_ %
¢ —(t=2)g—2y -2

= <n,

2y

which is in contradiction with the congruence gj + i —
w = 0 mod n.
. q—t+2y . 2q—2t g . gq—t o
(ii) When 3 <j< 5 Jetj/ = 5 forl <j <

— WDy 4 g7+ 4 ) imod n,

0

=qg+i-

q—t —
5 Then we have 0 =

which is equivalent to 0 = "2_(2’_12)—17”_’_14-61]'/ +imod n.
Moreover,
FHy—-24+Dg+y—1—1
0 <
2y
2
—2r—1 —t—1
<qg +i+2 ( Z/”
g—t  (@+1g-3y—t+1
Sq(2 )+
Y 2y
P —Q—g+y—t—1
+
2y
:2q2—(2t—2)q—2y—2t<n
2y
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It is in contradiction with 0 = 4 +qi +
i mod n.

(iii) When M <j< 19’12 9t where 3 <
¥ < 2t — 3 (here, 1f there exists the caseyof t > 4), let
j=j- Wforl < j < %' Then we have
0= _w +q( + W)+z mod n, which
2—(0t—Dg+y—1—1

2 —Q2t—1)gt+y—t—1
2y

is equlvalent to 0 = #=bg + ¢gj + i mod n.

If 9 is an odd, we have 0 = M%—cy +imodn.
Moreover,

QBt+3)g+y—3t+3

0 <
2y
Qy —vt+g+y—t—-10
< 2
—Wt—1)g+y—t—20
< ( )q+y +qj/+i
2y
g—t  (+1g—-3y—t+1
=q(— )+
Y 2y
—@Wt—Dg+y—t—10
n ( )q+y
2y
F—0Bt—2qg—2y—2t—-2
S <n7
2y

which is in contradiction with the congruence 0
—@r=Dgty—1=129 4 i’ + i mod n.

2y
2 (9 il
If 9 is an even, we have 0 = = l)gjy t+1-9

i mod n. Moreover,

+q/ +

- P +@t+3)g+y —3t+5
2y
¢+ Qy—vt+)g+y—t1+1-9
2y
P—Wt—Dg+y—t+1-29
= 2y +4q
- qz—(z?t—l)q+y—t+l—z9+qj,+l_
2y
Sq(qz_t)+(t+1)q_3y_t+1
Y 2y
P —-@t—Dg+y—t+1-2
+ 2
24— (0t —2)g—2y -2 +2—10
_ >
24— 4t —2qg—2y —2t—2
2y

IA

<n,

which is in contradiction with the congruence 0
2 (91— —t+1— P
g — (0t 1)(21+y t+1 ﬁ+q]/+zmodn.
(IV) When (2t—3)q—§2t—3)t+2y S] < (21—2)q—£]2/t+2—2y’let
_(2t=3)g—(2t=3)t
2

+i=jforl <j < qz—_t. Then we have

v
0 = — DI 4 g 4 B0 4 imod i, which

2_(2y—2t—3)q+y—3 t+3
2y

is equivalent to 0 = 4 + ¢ + i mod n.
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Moreover,
P +Qt+3)qg+y—3t+3
0 <
2y
@ —Qy—2t—3)q+y—3t+3
< +4q
2y
2_Qy —2t-3 -3t+3
<1 2y )q+ v + bgi i
2y
g—t (+Dg—3y—t+1
<gq +
2y 2y
@ —Qy —2t—3)g+y—-3t+3
+
2y
2> —QQy =2t —4)g—2y —4t+4
= <n,
2y

which is in contradiction with the congruence 0 =

P —(y—2t— 3)q+y —31t+3 +Cl] + imod n.

Ifk = l then we have 8 + (¢ + 1)i = —q(B — (¢ +
DG+1+ w» mod (g+ 1)n, which is equivalent to
g = i+(t_1)q;r—y+t+1 mod n, where 1 <j < W
and O < i < m'

Y
(i) Whenl <j < %,we have
- t—Dg+y+r+1

2y
t—Dg+y+r+1
+ 2
@+ Dg—3y —1+1
= o
t—Dg+y+r+1
+ 2
2tg — 2y +2
< — < q,

2y

which is in contradiction with ¢ < gj < i 5 -4,

(ii) When 2 £+2y <j< 2‘]2 2 Jetj =j—Llforl <j <

2y
W—i—izq(] +2—y’)m0dn,

q=t
% Then we have

2
which is equivalent to i = ¢j' + % mod n.
Moreover,
P+Qy—2t+g—y—t—1
0 <
2y
2 _ _ oy
qu/Jrq Qt—1g—y—1—1
2y
q—t
< z
< q( 2y )
2
—Q2t—1g—y—t—1
44 ( )q— Y
2y
24> —(Bt—1g—y —t—1
= < n.
2y
It is in contradiction with 0 < i < w.
(iii) When Ww < j < ﬁqzym, where

3 <9 < 2t-3 (1f there exists the case of t > 4),
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letj/=j—(ﬂ*1)‘12;(ﬁfl)tforl < j < L. Then we have

C=Dgtyritl 4 a4 W) mod n, which is

2y
equivalent to i = (z?—])qz—(z?;;l)q—y—t—l + ¢’ mod n.
If 9 is an odd, then we have i = %}/_ﬁ_w +
g/’ mod n. Moreover,
(Bt+3)qg—3t—y+3
Qy —0t+1lg—v—y —t
< 2y
Wt—Dg+v0+y+t
Wh—@f—Dq+ﬁ+y+t
< 2y
g—t @Wt—1g+0+y+t
=q 2y - 2y
¢ —(4r—Dg—3—y—t
< 2 <n,

which is in contradiction with 0 <i < M

If ¥ is an even, then we have | = i (m Dag—y=t o

2y
gj’ mod n. Moreover,
P+ @Gt+3)g—3t+5—y
0 <
2y
PHQy —0t+1)g—0+1—y—1
< 2
2
—04+1-@t—-1)g—y —t
§q+q ( )q—y
2y
2
. —04+1—-@Wt—1g—y —t
Sq]/+q ( )q— Y
2y
2
—t - +1—-—Wt—1)g—y —t
qu L4 ( )4 — Y
2y 2y
_ 2@ -0+ 1—-Wt+t—1g—y—t
2y
24> =3 —(5t — 1)g— y—t
<n,
< 2

which is in contradiction with 0 < i < M

(iv) When Q=a-101-3042y _ ;@i 2)q+§z+2 % et
—W +j =j for1 <j < 4. Then we have

¥
(f—l)q;-y)/+f+1 +i=q( + %) mod n, which

is equivalent to i = qz_(2t2_2t_2)1/)q_y_3 3 1 ¢/ mod n.
Moreover, we have
P+Qt+3)g—y—-3t+3
0 <
2y
2 (72 _ s .
Sq @t =2t—l)g—y 3t+3+qj/
2y
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TABLE 2. Sample parameters of entanglement-assisted quantum MDS
codes constructed from Theorem 5.

q n [[n, k, d; cl]q
1024 61681 61681, 61081, 303; 4] 1024
1024 61681 61681, 61077, 305; 4]]1024
1024 61681 61681, 61073, 307; 4]]1024
1024 61681 61681, 61069, 309; 4]]1024
1024 61681 61681, 61065, 311; 4]]1024
1024 61681 61681, 61061, 313; 4]]1024
1024 61681 61681, 61057, 315; 4]]1024
1024 61681 61681, 61053, 317; 4]]1024
1024 61681 61681, 60381, 653; 4]]1024
1024 61681 61681, 60377, 655; 4]]1024
1024 61681 61681, 60373, 657; 4]]1024
1024 61681 61681, 60369, 659; 4]]1024
1024 61681 61681, 60365, 661; 4]]1024
1024 61681 61681, 60361, 663; 4]]1024

g—t ¢ —@Q*=2t—1g—y —31+3
+

2y 2y

27— Q22 —t—1)g—y —31t+3

= <n,

2y

=q

< (t+1)g—3y—t+1 )

which is in contradiction with 0 < { 3y

Therefore, we have

0  HoHl 0
HH 0 0
0 0o 0

HHT =

From = Cﬂ+(q+1)7”+'>f’ A Crgri =iz,

we have rank(HoH ) = 2 and rank(HHT) = 4. Addi-
tionally, we have ¢ = 4 from Lemma 2. Then there exist
entanglement-assisted quantum MDS codes with parame-
[qzy—H, £l _ 2d + 6,d; 4]],; from Theorem 1 and

y
Proposition 3, where W < d < 8tzDa+id3 g

odd. "o

Example 2: If t = 4 and e = 5, then ¢ = 1024 and
n = 61681. Therefore, there exist entanglement-assisted
quantum MDS codes from Theorem 5 that are listed in
Table 2

Theorem 6: Letn = , where y =
t2+1,tisapowerof2andq =t > 4 withe = 1 mod 4. IfC
is a g% ary - constacychc code of length n with defining set
Z = U)_,Cs—(g+1)i for q+2 <8 < w, then
there ex1st entanglement- a551sted quantum MDS codes with
parameters [[‘12+1 q2y_+1 —2d+7,d; 5114, where w <
d< 2(t+1)g—2t42 -

ters [

2
q;—l and s = (q+)/2+1)n

is even.
Proofy From Lemma 3, we can assume that the defining
set of constacyclic code C is given by Z = Ui=0C s—(¢+1)i for

—213; 2 <5< W, and then C is a constacyclic

2 2
code with parameters ["TH, qy—“ —28 — 1,28 + 2] 2 from
2tq+2
e _ 2tg+2 _ 2
Propositions 1 and 2. If § = 3 ,thenZ = U,

Cs—(g+1)i-
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C 24— 2t it follows that

Since —qgC )%

s—q+D 22—

2tq+2 2tq+2

(U2 Co—(g+1) N —q(U, 25 Co—ga1)i)

2

ZN—qZ =
21q—212 2121
= (Ui:?)y Cs—(g+1i N (—q U,':(Z)
21g—212

U Ui’

Cs—g+1)1)

CS—((H—I)I N ( CIC (q+1)2"7+2 ))

2tq— 212

2tq+2 N —q(U,;_ Oy
2tq+2 ncC

U (CS (g+1) =

U(—qC_ (q+1) 2422

e CS ( +1)2tq+2 U C

Cs—(g+1)i))
2rq+2 )

UC.

s—(g+1) =5~

s—(g+ DL

From Lemma 2, ¢ = 5. Therefore, there exist
entanglement assisted quantum MDS codes with parame-

[ L g 47, d; 5], from Theorem 1 and

v
Proposmon 3, where d = 2tq+§+2y If 2tq+2%/+2y <$§ <

M , then the defining set of C can be divided into

four mutually disjoint subsets2 ie.,Z =27ZyUZ UZyU Zs,
21q—2t

where Zy = Cy, Z1 = U,‘:iy

ters [

Cs—(g+1)i» 2o = C_ @+

and Z3 = U° sgr2+2y Cs—(g+1)i- The defining sets Zy, Zj, Z2
===
and Z3 can generyate constacyclic codes Cp, Ci, Co and C3

respectively. Let the parity check matrices of C, Cp, C1, C2 and
CyoverF 2 be H, Hy, H|, H> and H3, respectively. Therefore,

Hy

_| |

H=[p"].

Hj

and

HoH{  HoH{ —HoHl HoH]
t i i i
gyt = H\Hy, HH HH, HH
HH!  HH[  HH]  HyH]
H;H] HsH! H;H] HsH]

Since —qgCs = Ci, it follows that rank(HoHOJr )=1and

HoHl 0 0 0
T i T
it = | O M HiHy HH,
HH| H)H, H)H;
0  H3H| H3H] HsH)
From Theorem 2 and —qCS (q+1)2tq+2 = CS (q+1)2q %,

it follwos that rank (HyH IT ) = rank(H 1H2) =2 and

HoHl 0 0 0
e 0  HH] HH]
0  HH 0 0

0  H:H 0  HsH]

Now, in order to determine the number of entangled states,
we have to discuss two cases as follows.

VOLUME 7, 2019

(1) We have Hg,HJr = 0. In fact, from Lemma 1, we only
need to consider that Z3N—qgZ3 = 0. 1f ZsN—qgZ3 # B, where

= 2q—Ay—2t
/3 = Ui:OCs (q+l)(2tq+2+2y+) with0 < § < 5 then
2g— 4y 2t

there exist two integers i and j, where 0 < i,j < o
such that s— (q—i—l)(w_ﬂ) = —g(s— (q+1)(2tq+2+2y+

N mod (g + Dn for k € (0, 1],
If k = 0, then we have 0 = (2’+2V+2)2‘1y+27_2’+2 +qji+
i mod n. Moreover,

Qt+2y +2)g+2y =2t +2

0<
2y
20+2y +2)q+2y —2t+2 o
< ( Y );1)/ Y bt
Q2t4+2y +2)g+2y —2t+2
=< 2
2q —4y =2t 2q—4y — 2t
tq q— =y I q—4y
2y 2y
27 —Qy —4)g —2y — 4t +2
= 2y <n,
which is in contradiction with 0 = (2t+zy+2)2qy+2y 22 +qj+
i mod n.
Ifk = 1, then we have i = gj+ (2V_2’+2)2"y_2y_2’_2 mod 7.

Moreover, we have

Qy —2t+2)g—2y —2t -2

0
< 2)/
Qy —2t+2)q—2y -2t -2
=g+
2y
2 —4y — 2t
<q 2y
Qy —=2t+2)qg—2y -2t -2
+
2y
2> —Qy +4t —2)qg—2y — 2t =2
= <n,
2y

which is in contradiction with 0 < i <

(2) We have H1H3Jr = H3H]Jr = 0. In fact, we only
21g—212
need to show that Zy N —qZz = Ul.:? Cs—g+1i N
8 .
—q(Ui=oCs7(q +1)(2tq-;i+2y +l.)) @ with 0 < & <
21g—212
Assume that U,_ ?V Cs—g+ni N —q(US
2rq+2+2}/ +l)) # (), then there exist two integers i, j,

2g—4y —2t
2y :

2g—4y —2t
2y .
s=(g+D(=——

1<i< % , such that

2g—4y —2t
and 0 < j < 2572

s—(qg+ i

2tg +2+2
= —q(s— (g + L=

+/)g* mod (g + Dn.
2y
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Ifk =0, wehaveOEi—i—z)’%}z’q*z’—l—Qjmodn, where

lgig%andOijzq%;_m.Moreover,
2yq+2q+2y — 2t
0<
2y
2 2g — 2t
L at2q-u
2y
2yq+2q — 2t
+ vq q + g
2y
2tq — 2t*
< 2y
2vq + 2qg — 2t 2g — 4y — 2t
T Yq q T q 14
2y 2y
—Qy —2)g—2t> -2t
= 2 <n,

which is in contradiction with
2q+2yq—2t
2y

O—I+M+q]m0dn

Ifk =1, wehavei = + gj mod n, where 1 <

i< % and0 <j < %;_21. Moreover, we have
2g42yq—2t
0< ——MMMM—
2y
2g +2yq — 2t .
S L
14
2g+2yq— 2t 2g — 4y — 2t
< +4q
2y 2y
2q> — 2yq — 2tq +2q — 2t
= <n,
2y
which is in contradiction with 1 <i < Zz‘qz;Vth.
Therefore, we have
HoHl 0 0 0
e o mH o
0 HH 0 0
0 0 0 0
and rank(HH T) = 5 from Lemma 2. Then there exist

entanglement-assisted quantum MDS codes with parameters

[[q2—+1, qi/—“ —2d +7, d; 5]]4 from Theorem 1 and Proposi-

¥
. 2ig+242 2i+1)g—21+2 -
tion 3, where 24+t2+2Y < g < 20H+Dg=2142 ;o ovep O

Example 3: Ift = 4and e = 5, then ¢ = 1024 and n =
61681. Therefore, there exist entanglement-assisted quantum
MDS codes from Theorem 6 that are listed in Table 3.

Follows the method of Theorems 2 and 4, we can obtain
the Theorems 7 and 8. We can also get Theorem 9 by using
the same method of Theorem 3,5 and 6.

Theorem 7: Letn = q;_ and s = w, where y =
241, ¢is a power of 2 and ¢ = 1¢ with e = 3 mod 4. If C is
a g>-ary A-constacyclic code whose defining set is given by
Z = U?=1Cs—(q+1)i, where 1 < § < %, then C++ C C.

2
Theorem 8: Let n = q—“, where y = 2+ 1, tis a
power of 2 and ¢ = ¢ with ¢ = 3 mod 4. Assume that

136654

TABLE 3. Sample parameters of entanglement-assisted quantum MDS
codes constructed from Theorem 6.

q n [[n, k, d; c]lq
1024 61681 61631, 60720, 484; 5]]1024
1024 61681 61681, 60716, 486; 5]] 1024
1024 61681 61681, 60712, 488; 5]]1024
1024 61681 61681, 60708, 490; 5]] 1024
1024 61681 61681, 60704, 492; 5]] 1024
1024 61681 61681, 60700, 494; 5]] 1024
1024 61681 61681, 60696, 496; 5]] 1024
1024 61681 61681, 60508, 590; 5]]1024
1024 61681 61681, 60504, 592; 5]] 1024
1024 61681 61681, 60500, 594; 5]] 1024
1024 61681 61681, 60496, 596; 5]] 1024
1024 61681 61681, 60492, 598; 5]] 1024
1024 61681 61681, 60488, 600; 5]] 1024
1024 61681 61681, 60484, 602; 5]]1024

TABLE 4. Sample parameters of entanglement-assisted quantum MDS
codes constructed from Theorem 9.

q n [[n, k, d; cllq

128 3277 3277, 3276, 2; 1]] 128

128 3277 (13277, 3272, 4; 1]] 128

128 3277 ([3277, 3268, 6; 1]] 128

128 3277 [[3277, 3084 98; 1]]128
128 3277 [[3277, 3080, 100; 1]]128
128 3277 [[3277,3076,102; 1]] 128
28 3277 [3277, 3125, 79; 4] 128
128 3277 [3277,3121, 81; 4]] 128
128 3277 [3277, 3117, 83; 4]] 128
128 3277 3277, 3031 125 4]128
128 3277 3277,3029, 127; 4]] 125
128 3277 32773025, 129: 4] |10
28 3277 3277, 3076, 104; 5]| 125
128 3277 3277,3072, 106; 5]] 125
128 3277 3277, 3068, 108; 5]]125
128 3277 (3277, 2984, 150; 5]] 128
128 3277 3277,2980, 152; 5]]125
128 3277 3277,2976, 154; 5]| 125

(g+y+Dn — (g+Dn=1)
5 and ,3 = I

s = M+1Whe1re;3—s—
= 3 , =

If C is a ¢*-ary A-constacyclic whose defining set is given by

Z = U2 Cpig+1yi- Where 0 < § < %, then

Cctrcc.

Remark 1: In Lemma 11 of [20], the author studied
Hermitian dual-containing case of constacyclic codes with
g =13 mod 17 when 0 < A < 248 'in which ¢ = 2¢, while
we can obtain Hermitian dual case of constacyclic codes with
length n = #;’l when 0 < § < 5‘73_448
which implies that if § exceeds the range of 0 < § < 5q3 448 ,
the Hermitian dual- contalnmg case does not hold. We can

obtain 0 < A < q3 48 by recalculating the rang of A in
Lemma 11 of [20].

from Theorem 8§,

Theorem 9: Let n = qZTH, where y = 2+ 1, ¢
is a power of 2 and ¢ = ¢ with ¢ = 3 mod 4.
Assume that s lty+hn and B = @ + 1,
where B = s — % Then we have the following
results.
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TABLE 5. Codes comparison.

i ] ([n, k,d; dl, Range of parameters d Ref.
([t £=00t33 _ g 3921 4 9¢:4]), q=2¢> 4 withe =1mod 4, M9 <d<qg+1 [10]
andlgtg% and d is odd
[, C=00t20 _ gp 30+l 4 9p, 4], q = 2¢ with e = 3 mod 4, Sl <d<g+1 [10]
andlﬁtﬁ% and d is odd
non—S5(qg—2)—4x+4,2(q—2) +2) + 1;4]], n=9H, M < d=2(q-2)+22+1<q+1 [20]
q = 2° with ¢ = 2 mod 10, and d is odd
L<As e
[[n,n — 2(3q — 14) — 4X, 21 42X 4 3;4]), n=4H, Sl < g =3 42N +3<g+1 [20]
q = 2° with ¢ = 8 mod 10, and d is odd
1<A< q+2
([, — 209226 — ax, 252 - 2x: 4 n= 23, M <d =2 4 oa < M [20]
q = 2° with ¢ = 13 mod 17, and d is odd
LSA<
230750 54 1 3,d; 1], q=t°> 4dwithe = 1 mod 4, 2<d< 2t Theorem 3
andy=t>+1 and d is even
with ¢ is a power of 2
[T, T~ 2d +6,d;4]), q=1°>4withe=1mod4, (e ti149y g < BDatttS Theorem 5
andy=t>+1 and d is odd
with ¢ is a power of 2
[H, 2 — 2d 4 7, d;5]], q¢=1°> 4 withe = 1 mod 4, AR < g < 2(t+1)a—2t42 Theorem 6
andy=t2+1 and d is even
with ¢ is a power of 2
[[w.ﬂ—jl —2d+3,d;1]], g = t¢ with e = 3 mod 4, 2<d< ’“g——? Theorem 9
andy =12 +1 and d is even
with ¢ is a power of 2
[[ﬁ,% —2d+6,d;4]], q = t° with e = 3 mod 4, (et ti=l o g < (Bi=l)e=t=3 Theorem 9
andy =12 +1 and d is odd
with ¢ is a power of 2 %Sdg%wimtzl
and d is odd
(£, H —2d+17,d; 5], q = t° with e = 3 mod 4, N2 < < Atlatho2 Theorem 9

andy=t>+1
with ¢ is a power of 2

and d is even

(1) If C is a ¢*-ary A-constacyclic of length n with defining
set Z = U2 Cs_(g+1)i for 0 < 8 < “=Y=" then there exist
entanglement-assisted quantum MDS codes with parameters

[[gzjl’ q2y+1_ —2d+3,d; 1]]4, where2 < d < @ is even.

(2) If C is a g*-ary A-constacyclic of length n with
defining set Z = U§:0Cﬂ+(q+l)i for % <
. < % with + > 4, then there exist
ent?ngler;lent-assisted quantum MDS codes with parameters
([, 5 — 2d + 6, d; 411, where R < g <

W is odd. When t = 2, we have 3qJ5r—H <d < 5"5—+5
is odd.

(3) If C is a ¢*-ary A-constacyclic of length n with defining
set Z = U2 Cy—(g+1yi for 2 2 < § < w,
then there exist entanglement—a551sted quantum MDS codes
£ CH g 4 7,d;5]),, where

" is even.
Remark 2: From Remark 1, Theorem 9 in [20] can be
rewritten as follows.

Letg = 13 mod 17.If C is an g*-ary A- constacsychc consta-

cyclic code of length n with defining set Z = ’4 -H Cs—rjs

with parameters [[

24272 _ g 222

VOLUME 7, 2019

then there exist entanglement—assisted quantum MDS codes
with parameters [[n, n— =2 10‘1 % 4y, 353 4 05 4114, where

n= qﬁl and1 <\ < 34175.
Example 4: If e = 7Tandt = 2,thenqg = 128 and n =

3277. Therefore, there exist entanglement-assisted quantum
MDS codes from Theorem 9 that are listed in Table 4. Some
codes from Theorem 9 have the same parameters as the ones
in [10], [20].

IV. CONCLUSION AND DISCUSSION X

In this work, we utilize constacyclic codes with length "y—'H
to construct some families of entanglement-assisted quantum
MDS codes, where y = > + 1, 1 is a power of 2 and ¢ is
a prime power of the form g = ¢ > 4 with ¢ = 1 mod 4
or ¢ = 3 mod 4. Some classes of entanglement-assisted
quantum MDS codes available in [10], [20] as well as the
new families of entanglement-assisted quantum MDS codes
constructed in this paper that are listed in Table 5, with
the parameters [[n, k, d; c]], of entanglement-assisted quan-
tum MDS codes in the first column, the range of parame-
ters in the second column, the minimum distance d of the
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corresponding entanglement-assisted quantum MDS codes in
the third column, and the corresponding references in the
third column. We can see that entanglement-assisted codes
constructed in this paper are more general in the sense that
their parameters are not covered by the codes available in the
literature. Additionally, it is more and more difficult to get
the minimum distance d of entanglement-assisted quantum
MDS codes that is greater than % + 1 with the increase
of y.

In Table 5, entanglement-assisted quantum MDS codes

with parameters [[#, M — 4t, % + 2t; 4]], are
constructed from Theorem 4.4 in [10], where @ <d <
g + 1 is odd. Moreover, entanglement-assisted quantum
MDS codes with parameters [[#, '12_65—(”29 — 4t, @ +
2t; 4]], are also constructed from Theorem 4.5 in [10], where
3"5L“ < d < q + 1 is odd. These two families of
entanglement-assisted quantum MDS from [10] are included
in Theorem 5 and the part (2) of Theorem 9, which imply that
entanglement-assisted quantum MDS codes constructed from
this paper are more general. Additionally, those codes con-
structed from Theorems 6 and 7 from [20] are also included
in Theorem 5 and the part (2) of Theorem 9. From Remark 2,
we can see that entanglement-assisted quantum codes con-
structed from Theorem 9 in [20] are included in the part
(2) of Theorem 9. Although the authors studied some fam-
ilies of entanglement-assisted quantum MDS with flexible
entangled states in [12], [30], we discuss the different cases

of entanglement-assisted quantum MDS codes with general

length "2—+1. In order to get more entanglement-assisted MDS
codes with the number of entangled states that is more than 5,
we can use the same method of this paper to achieve this
goal. In the future work, we look forward to using some
other constacyclic codes with different lengths to construct
some new entanglement-assisted quantum MDS codes with
flexible entangled states.
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