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ABSTRACT The orbital angular momentum (OAM) wireless communication technology is widely studied
in recent literatures. But the atmospheric turbulence is rarely considered in analyzing the capacity of
OAM-based millimeter wave (OAM-mmWave) communication systems. The OAM-mmWave propagated
in the atmosphere environments is usually interfered by the atmospheric turbulence, resulting in the crosstalk
among OAM channels, capacity degradation, etc. By taking into account the atmospheric turbulence effect,
this paper proposes a new purity model and a new capacity model for the OAM-mmWave communication
systems. Simulation results indicate that the OAM-mmWave propagation in the atmosphere environments is
evidently interfered by atmospheric turbulence, where the capacity of the OAM-mmWave communication
systems decreases with the increase of the transmission frequency.

INDEX TERMS Atmospheric turbulence, orbital angular momentum, millimeter wave, capacity.

I. INTRODUCTION
The electromagnetic waves have the linear momentum in
the propagation directions and the angular momentum in
the vertical planes of propagation directions. The angular
momentum is classified by two types of angular moments,
i.e., the spin angular momentum (SAM) describing the
electromagnetic wave polarization and the orbital angular
momentum (OAM) describing the electromagnetic wave spi-
ral phase [1]. The SAM has only two mutually orthogo-
nal states, the OAM has an infinite number of orthogonal
states that can be multiplexed along the same propagation
axis. Thus, the OAM can be used for improving the signal
transmission efficiency without additional frequency band
occupancy [2].

When the OAM technology is adopted for optical com-
munications, the transmission capacity has been obviously
improved [3]–[6]. However, in the presence of atmospheric
turbulence, the phase of optical waves carrying OAM could
be changed, which decreases the capacity of OAM wireless
communication systems seriously [7]–[9]. The propagation
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characteristics of OAM light waves considering atmospheric
turbulence have been investigated in [10], [11]. Due to the
atmospheric turbulence, the energy of the transmitted OAM
state spread into neighboring OAM states with different prob-
abilities, which resulted in crosstalk in OAM-Multiplexed
free space optical communication systems [10]. The crosstalk
model of OAM-Multiplexed free space optical communica-
tion systems with the atmospheric turbulence effect was used
for selecting the optimal set of OAM states to maximize the
capacity of OAM communication systems [11]. The spiral
spectrum of OAM light waves in Kolmogorov turbulence was
researched in [12]. Then the spiral spectrum of OAM beam
in non-Kolmogorov turbulence was also studied in [13].

In recent years, the OAM technology has been used to
improve the capacity of wireless communications [16]–[19].
However, the impact of the atmosphere effect on the
OAM wireless communications using radio is rarely
investigated [20]–[24]. Therefore, it is of significant impor-
tance to evaluate the impact of atmospheric turbulence on
the capacity of OAM wireless communication systems.
Considering the directional characteristic of OAM waves,
the capacity of OAM-multiplexed communication systems
with unaligned transceiver antenna arrays was shown to be
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smaller than the capacity of OAM-multiplexed communica-
tion systems with aligned transceiver antenna arrays [20].
Because the OAM waves could decrease the spatial cor-
relation of wireless channels, the capacity of OAM-based
Multiple-Input Multiple-Output (MIMO) systems was shown
to be larger than the capacity of the traditionalMIMO systems
in free space with weak multipath effect [21]. Moreover,
the energy efficiency of OAM spatial modulation millimeter
wave communication systems was shown to be higher than
the energy efficiency of OAM-based MIMO systems [22],
which made OAM spatial modulation millimeter wave com-
munication systems more suitable for transmissions in long
distances efficiently. In view of the fact that the divergence
of OAM-based radio vortex waves is more significant than
the divergence of radio plane waves, a new type of bifocal
lens antenna was used for transmitting OAM-based signals
to reduce the propagation attenuation [23]. However, in these
studies, only Gaussian white noise was considered as the
external interference factor in the OAMwireless propagation.
An interesting problem arises as to whether the influence of
atmospheric turbulence on the OAM wave transmissions is
the same as the influence of atmospheric turbulence on the
OAM millimeter wave (OAM-mmWave) transmissions.

In this paper the impact of atmospheric turbulence on
the OAM-mmWave communication systems has been inves-
tigated. A new capacity model has been proposed for
the OAM-mmWave communication systems considering the
atmospheric turbulence effect. The contributions of this paper
are summarized as follows:

1) A new purity model is proposed for OAM-mmWave
communication systems considering the propagation
characteristics of OAM-mmWavewith the atmospheric
turbulence. In general, the atmospheric turbulence
causes the power of the transmitted OAM state to
spread into the adjacent OAM states, i.e., the crosstalk
effect of atmospheric turbulence.

2) A capacity model is proposed for the OAM-mmWave
communication systems based on the atmospheric tur-
bulence. The crosstalk among channels with different
OAM states is characterized based on the proposed
capacity model.

3) Conventionally, without considering the atmospheric
turbulence, the capacity of OAM-mmWave communi-
cation systems is found to be irrelevant to the trans-
mission frequency. By contrast, in this paper simula-
tion results show that the capacity of OAM-mmWave
communication systems, in the presence of the atmo-
spheric turbulence, decreases with the increase of the
transmission frequency. Moreover, simulation results
indicate that the capacity of OAM-mmWave commu-
nication systems decreases with the increase of the
refractive index structure constant that is proportional
to the atmospheric turbulence intensity.

The rest of this paper is organized as follows. In Section II,
a new purity model is established for the OAM mil-
limeter waves considering the atmospheric turbulence.

TABLE 1. A list of symbols appear in this paper.

In Section III, the capacity model for OAM-mmWave com-
munication systems with the atmospheric turbulence is pro-
posed. In Section IV, the simulation results are analyzed and
discussed. Finally, conclusions are drawn in Section V.

II. PURITY MODEL BASED ON ATMOSPHERIC
TURBULENCE
A. SYSTEM MODEL
As shown in Fig.1, due to the diffractive effect, the propa-
gation of OAM waves is divergent in the free space and the
intensity of OAM waves is mainly distributed in the annular
region [11]. In this paper the Laguerre-Gaussian (LG) beam is
used to describe the OAMwave. Hence, the field distribution

FIGURE 1. An illustration of the OAM-mmWave propagation in the
atmosphere environment.
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of the OAM wave is expressed in cylindrical coordinate
system (r, φ, z) as [25]

up,l (r, φ, z) = α
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π (p+ |l|)!
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w (z)
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2r
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)|l|
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(
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)2
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)
e
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with
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√
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, (1b)

R(z) = z

1+ (πw2
0

λz

)2
 , (1c)

where r is radial distance, φ is azimuthal angle, z is propaga-
tion distance, α is an arbitrary complex constant, i is an imag-
inary unit, p is the radial index, p = 0 is generally configured
for OAM systems. l is the OAM state, l ∈ {+|l|,−|l|}. The
rotation direction of the spiral wavefront is determined by the
symbol of l. The absolute value of l represents the number
of equiphase surfaces wound on the propagation axis. When
l = 0, the electromagnetic wave is a conventional plane wave
or spherical wave. w(z) is the beam waist radius of the OAM
electromagnetic wave at the propagation distance z. w0 is the
beam waist radius at z = 0. ζ (z) = arctan

(
z
zR

)
is the Gouy

phase, where zR =
πw2

0
λ

is the Rayleigh distance, λ is the

wavelength. f is the frequency. L |l|p
(

2r2
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)
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Laguerre polynomial, L |l|p
(

2r2

w2(z)

)
= 1 when p = 0. The

propagation characteristics of OAM waves in the millimeter
wave band are studied in this paper. The equiphase surface of
the LG beam is a spiral with the curvature radius R(z), which
is formulated by (1c). The intensity of OAM waves is mainly
distributed in an annular region, where the radius of the ring
with the maximum intensity is derived by [24]

rmax(z) =

√
|l|
2
w(z). (2)

This is a key factor that directly affects the choice of receiver
radius. The radius of receiver is large than rmax(z). Because
the wavelength of the millimeter wave is longer than the
wavelength of light, based on (2), the divergence degree of
the OAM-mmWave is larger than the divergence degree of
the OAM light wave at the same distance. Due to the practical
consideration of the receiver, the propagation distance of the
OAM-mmWave is limited.

In the actual atmosphere environments, the atmo-
spheric turbulence interferes with the propagation of
OAM-mmWaves and causes the power of the emitted OAM
states to spread into the adjacent OAM states. After the
OAM-mmWave with the OAM state l0 is transmitted in
atmosphere environments, the OAM-mmWaves with the
OAM state l ∈ {· · · , l0 − 1, l0, l0 + 1, · · ·} are received

at the receiver. In this paper, the Kolmogorov turbulence
model is used to approximate the atmospheric turbulence
interferences in OAM-mmWave propagation. Considering
the Kolmogorov turbulent flow, the spatial coherence radius
of the LG beam wave is expressed as [31]

r0 =

 8

3
(
a+ 0.6183

11
6

)
 3

5

(1.46C2
n k

2z)−
3
5 , (3a)

with

a =
1−2

8
3

1−2
, (3b)

3 =
2z

kω2(z)
, (3c)

where k = 2π/λ is the wave number, 2 = 1 + z
R(z) is

the curvature parameter of the LG beam at receiver, 3 is the
Fresnel ratio of the LG beam at receiver, C2

n is the refractive
index structure constant. Turbulence strength increases with
the increase of C2

n [11]. In near-surface environments, C2
n is

affected by temperature and humidity. The key influencing
factor of C2

n in the optical band is temperature. The key
influencing factor of C2

n in the millimeter wave band is
humidity [27], [29]. Hence, the value of C2

n is related to the
frequency when the environmental conditions are the same.
The C2

n of the millimeter waves is two orders of magnitude
larger than the C2

n of the light waves [27]. When the mil-
limeter wave band is adopted for OAM propagations, the sta-
tistical average of C2

n is 4.0 × 10−12m - 2
3 in near-surface

environments [29].
At present, the research on OAM-mmWave communica-

tion systems generally only considers white Gaussian noise.
In this case, the orthogonality of OAM-mmWave states is
maintained for the propagation of OAM-mmWave [24], [25].
But the atmospheric turbulence causes the phase distortion
and the loss of orthogonality in the actual atmosphere envi-
ronments. In order to describe this phenomenon theoretically,
it is necessary to calculate the purity model of OAMmillime-
ter wave according to the Kolmogorov turbulence model.

B. PURITY MODEL
In the actual atmosphere environments, the atmospheric tur-
bulence causes the phase distortion and intensity fading in
OAM-mmWave propagation [34]. Based on the measured
results, the value of intensity fading is small in most atmo-
spheric turbulence scenarios [15], [35]. Considering that this
paper focuses on the phase distortion due to the atmospheric
turbulence, the intensity fading is ignored in this paper. In this
case, the orthogonality of OAM-mmWave states can’t be
maintained for the propagation of OAM-mmWave in atmo-
sphere environments. Therefore, it is necessary to analyze
the propagation characteristics of OAM-mmWave with the
atmospheric turbulence.

Applying the Rytov approximation, the phase distortion
of spherical wave caused by the atmospheric turbulence is
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expressed as [31]

u(r, φ, z) = up,l0 (r, φ, z)e
ψ(r,φ,z). (4a)

Based on the quadratic approximation [31], ψ(r, φ, z) satis-
fies 〈

eψ(r,φ,z)+ψ
∗(r,φ′,z)

〉
= e

2r2

r20
(cos(φ′−φ)−1)

. (4b)

Because multiple spherical waves with different phases can
be used to generate an OAM wave [42], [43], the Rytov
approximation and quadratic approximation of spherical
waves can be used for OAM waves.

When the atmospheric turbulence is considered for the
OAMwave propagation, the power of the emitted OAM state
spreads into the adjacent OAM states [14]. e−ilφ represents
the helical phase distribution, so (1a) can be written as
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with
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In this case the field strength of the OAM-mmWave in (4a) is
expanded into multiple OAM states (The OAM states interval
is (−∞,+∞)). Therefore, (4a) can be rewritten as

u(r, φ, z) =
1
√
2π

∞∑
l=−∞

al(r, z)e−ilφ . (6)

According to the discrete-time Fourier transform, the coef-
ficient al(r, z) is expressed as

al(r, z) =
1
√
2π

∫ 2π

0
u(r, φ, z)eilφdφ. (7)

The power weight of the spiral harmonic component with
OAM state l is expressed as

Pl(l0, z) = Dl(l0, z)/
∞∑

n=−∞

Dn(l0, z), (8a)

with Dl(l0, z) given in (8b), shown at the bottom of
this page, where

〈
|al(r, z)|2

〉
represents the probabil-

ity density distribution of OAM-mmWave with state l,∫ 2π
0 e−inφ

′
+η cos(φ′−φ)dφ′ = 2πe−inφIn(η) [41], In(·) is

the modified n-order Bessel function of the first kind, R is the
radius of receiver. Purity is defined as the proportion of the
original state power in the total power of the OAM-mmWaves
after the propagation in atmosphere environments [32]. From
the definition of purity, it is known that Pl0 (l0, z) is the purity
of the millimeter wave with OAM state l0.
The undistorted electric field of (1a) at z = 0 is given as

up,l0 (r, φ, 0) =
1
√
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βl0 (r, 0)e

−il0φ . (9)

When z = 0,
∞∑

n=−∞
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is expressed by
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When the OAM-mmWave power weight is normalized
by Dinitial , the power weight of the spiral harmonic compo-
nent with OAM state l is given by (11), as shown at the top
of the next page. When l = l0 in (11), the purity Pl0 (l0, z) of
the millimeter wave with OAM state l0 is derived by (12), as
shown at the top of the next page.

In order to make full use of the orthogonality of
OAM-mmWave states, OAM-mmWave communication sys-
tems usually have multiple OAM waves with different OAM
states for propagation simultaneously. Therefore, it is neces-
sary to analysis the signal power crosstalk among adjacent
OAM states according to the purity formula and obtain the
capacity model of the OAM-mmWave communication sys-
tem considering atmospheric turbulence.
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III. CAPACITY MODEL BASED ON
ATMOSPHERIC TURBULENCE
The orthogonality among OAM states can be used to simulta-
neously transmit information by the wave of OAM-mmWave
communication systems with the same frequency. As a
consequent, electromagnetic waves multiplexing with dif-
ferent OAM states can be regarded as different channels
in OAM-mmWave communication systems, i.e., an OAM
state is regarded as an OAM channel. The OAM state
set transmitted by the transmitter is assumed as S. When
the OAM-mmWave is propagated in atmosphere envi-
ronments, the atmospheric turbulence results in the sig-
nal power crosstalk among adjacent OAM states for
OAM-mmWave communication systems. In this case,
the received signal power at the n − th OAM channel
is not only from the OAM-mmWave with the state n
but also from the OAM-mmWaves with different states.
When the OAM-mmWave communication system has L =
2N + 1 symmetrically distributed OAM channels i.e., S =
{−N ,−N + 1, · · · , 0, · · · ,N − 1,N }, the crosstalk matrix
of the OAM-mmWave communication system is expressed
as (13),

P=



P−N (−N , z) · · · Pn(−N , z) · · · PN (−N , z)
...

. . .
...

. . .
...

P−N (m, z) · · · Pn(m, z) · · · PN (m, z)
...

. . .
...

. . .
...

P−N (N , z) · · · Pn(N , z) · · · PN (N , z)

 (13)

where Pn(m, z), −N 6 n 6 N , −N 6 m 6 N is the
power weight of the spiral harmonic component with OAM
state n, when the OAM-mmWave with the OAM state m
is transmitted in atmosphere environments. When l = n,
l0 = m, m 6= n are substituted into (11), Pn(m, z) represents
that the normalized power is spread from the state m into
the state n. The m − th row of the matrix P describes that
the normalized wave power of the m − th OAM channel is
spread into OAM channels which are included in the set S.
The n − th column of the matrix P includes the desired
wave power of n − th OAM channel and the spread wave
power from other OAM channels which are included in the
set S. Based on each column of the crosstalk matrix P, the
signal-to-interference-and-noise ratio (SINR) of OAM

channels is expressed as

ϒ = [ γ−N · · · γn · · · γN ], (14a)

with

γn =
Pn(n, z)

m 6=n∑
m∈S

Pn(m, z)+
N0
PTX

, (14b)

where γn is the SINR of the n − th OAM channel, N0 is the
additive white Gaussian noise power, PTX is the transmitted
power. When the OAM-mmWave communication systems
apply the orthogonal modulation, the bit error rate of OAM
channels is derived as

p =
[
p−N · · · pn · · · pN

]
, (15a)

with [11]

pn =
1
2
erfc

(√
γn

2

)
, (15b)

where pn is the bit error rate of the n − th OAM channel,
erfc(·) is the complementary error function. It must be noted
that the calculation of the bit error rate is related to the mod-
ulation formats. Moreover, even the same kind of modulation
format such as M-QAM has different bit error rate when the
M takes different values. 5-QAM and 9-QAM have better
crosstalk tolerance than regular 4-QAMand 8-QAM, because
5-QAM and 9-QAM contains zero-power symbols which do
not interfere with the symbols of adjacent channels [36]. The
capacity of OAM channels is derived by
CL =

[
C(p−N ) · · · C(pn) · · · C(pN )

]
, (16a)

with [11]
C(pn) = 1+ pnlog2pn + (1− pn)log2(1− pn). (16b)

With the assumption that each OAM channel is a binary
symmetric channel, C(pn) is the capacity of the n− th OAM

channel. Based to (14b),
m6=n∑
m∈S

Pn(m, z) which represents the

normalized wave power spread from other OAM channels is
configured as independent each other. Therefore, the capac-
ity of the OAM-mmWave communication system based on
atmospheric turbulence is [7]

C =
∑
n∈S

C(pn), (17)

which is the row sum of the matrix CL in (16a).
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TABLE 2. Default values of parameters.

In the ideal free space, there is no crosstalk among OAM
channels with different OAM states, i.e., Pn(m, z) = 0 when
n 6= m and Pn(m, z) = 1 when n = m. In this case,
the SINR of each OAM channel satisfies γ = PTX/N0.
As a consequent, the capacity of the ideal OAM-mmWave
communication system without atmospheric turbulence is
derived as

Cideal =
L
2
erfc

(√
PTX
2N0

)
log2

(
1
2
erfc

(√
PTX
2N0

))

+L +

(
L −

L
2
erfc

(√
PTX
2N0

))

× log2

(
1−

1
2
erfc

(√
PTX
2N0

))
. (18)

IV. SIMULATION RESULTS AND DISCUSSIONS
The capacity model of OAM-mmWave communication sys-
tems considering the atmospheric turbulence is analyzed
in this section. The OAM-mmWave communication sys-
tem has L = 2N + 1 symmetrically distributed OAM
states. The OAM state set transmitted by the transmitter is
S={−N ,−N + 1, · · · , 0, · · · ,N − 1,N }. SNR0 = 10 ×
lg(PTX/N0) is the signal-to-noise ratio. Default values of
simulation parameters are set as follows: the beam waist
radius w0 = 0.01m, the propagation distance z = 100m,
the transmission frequency f = 100GHz, the refractive index
structure constant C2

n = 1 × 10−12m - 2
3 , the signal-to-noise

ratio SNR0 = 10dB, the radius of receiver R = 50m.
Fig. 2 manifests that the power of the emitted OAM state

spreads into the adjacent OAM states. The emitted OAM state
is 10. Because of atmospheric turbulence, the powerweight of
OAM-mmWave with state 10 is 73.67%. The power weight
of OAM-mmWave with state 9 is 12.01%. The power weight
of OAM-mmWave with state 11 is 12.01%. The power wei-
ght of OAM-mmWave with state 8 is 1.08%. The power
weight of OAM-mmWave with state 12 is 1.08%. The power
weight of the other OAM states is very small. Most of the
power remains in the emitted OAM state. The closer the
OAM state is to the emitted OAM state, the higher its energy
weight is.

Fig. 3 illustrates the impact of the number of OAM states
on the capacity of OAM-mmWave communication systems
with different transmission frequencies. When the transmis-
sion frequency effect is ignored in OAM-mmWave com-
munication systems, i.e., the atmospheric turbulence effect

FIGURE 2. The power weight of the emitted OAM state spread into the
adjacent OAM states.

FIGURE 3. Impact of the number of OAM states on the capacity of
OAM-mmWave communication systems with different transmission
frequencies.

is ignored, the capacity of the ideal OAM-mmWave com-
munication system based on (18) is plotted by the black
dashed line in Fig. 3. When the transmission frequency is
fixed, the capacity of OAM-mmWave communication sys-
tems increaseswith the increase of the number ofOAMstates.
When the number of OAM states is fixed, the capacity of
OAM-mmWave communication systems decreases with the
increase of the transmission frequency. Moreover, the capac-
ity of OAM-mmWave communication systems considering
the atmospheric turbulence is less than the capacity of ideal
OAM-mmWave communication systems.

Fig. 4 shows the impact of the number of OAM states on
the capacity of OAM-mmWave communication systems with
different refractive index structure constants. When the num-
ber of OAM states is fixed, the capacity of OAM-mmWave
communication systems decreases with the increase of the
refractive index structure constants which are proportional to
the atmospheric turbulence intensity.
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FIGURE 4. Impact of the number of OAM states on the capacity of
OAM-mmWave communication systems with different refractive index
structure constants.

FIGURE 5. Impact of the number of OAM states on the capacity of
OAM-mmWave communication systems with different propagation
distances.

FIGURE 6. Impact of the number of OAM states on the capacity of
OAM-mmWave communication systems with different SNR0 values.

Fig. 5 describes the impact of the number of OAM states on
the capacity of OAM-mmWave communication systems with
different propagation distances. When the number of OAM

states is fixed, the capacity of OAM-mmWave communica-
tion systems decreases with the increase of the propagation
distance.

Fig. 6 depicts the impact of the number of OAM states
on the capacity of OAM-mmWave communication systems
with different SNR0 values. When the number of OAM states
is fixed, the capacity of OAM-mmWave communication sys-
tems increases with the increase of the SNR0 values.

V. CONCLUSION
In conventional studies on OAM wireless communications,
the atmospheric turbulence is rarely considered for analyz-
ing the capacity of OAM-mmWave communication systems.
By taking into account the effect of atmospheric turbu-
lence, this paper proposes a new purity model and a new
capacity model for the OAM-mmWave communication sys-
tems. When the atmospheric turbulence effect is ignored
in conventional OAM wireless communication systems in
most exiting works, the impact of transmission frequency on
the OAM-mmWave communication systems is also ignored.
However, simulation results of this paper show that the capac-
ity of OAM-mmWave communication systems considering
the atmospheric turbulence effect decreases with the increase
of the transmission frequency. This paper provides guide-
lines for designing practical OAM-mmWave communica-
tion systems under the influence of atmospheric turbulence.
The future research direction of this paper is to analyze
the OAM-mmWave communication system model under
Non-Kolmogorov turbulence model which is more accurate
than Kolmogorov turbulence model to describe the real tur-
bulence environment.

Various methods for mitigating the effect of atmospheric
turbulence on OAM waves have been proposed in the optical
band, such as MIMO equalization [37], adaptive optics [38],
channel coding [40]. MIMO equalization can effectively
improve the OAM signal quality and reduce the bit error
rate in atmospheric turbulence. It is more suitable for miti-
gating the effect of weak atmospheric turbulence. Adaptive
optics compensates for the effect of turbulence by using
data-carryingGaussian beacons. But it requires complex opti-
cal equipment. Channel coding, such as LDPC, can reduce
crosstalk between modes, whether under strong turbulence or
weak turbulence. Because no optical equipment is required,
MIMO equalization and channel coding are more suitable for
the OAM waves in the millimeter band. In order to find the
better mitigation method in the millimeter band, comparing
MIMO equalization and channel coding will be the future
research direction of this paper.
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