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ABSTRACT The T-shapedwaveguide (T-waveguide for short) is a new kind ofwidebandwaveguidewhich is
easier to fabricate than conventional widebandwaveguides. This paper presents themodal expansion analysis
of the T-waveguide. The T-waveguide is first divided into four rectangular domains. The electromagnetic
fields in each domain are expressed by suitable mode functions. The continuity of tangential electromagnetic
fields along the interface of neighboring regions is enforced by the Galerkin’s matching process and a matrix
equation is thus derived. The cutoff wavenumbers of the T-waveguide are then found from the matrix. The
results are in good agreement with those obtained by CSTMicrowave Studio. The proposed method provides
fast calculation of the T-waveguide cutoff wavenumber, which is of guiding significance to the design of
T-waveguide.

INDEX TERMS T-waveguide, modal expansion, boundary condition, Galerkin matching, cutoff
wavenumber.

I. INTRODUCTION
Waveguide has been widely used because of the effective-
ness and reliability in microwave power transmission [1].
Due to its features of low energy loss and high power
capacity, it can be used for power dividers and directional
couplers to improve power combining efficiency [2]–[5].
In [6]–[8], waveguide is used as filters for its advantage
of wide bandwidth and simple structure. In [9] and [10],
waveguide amplifier with high gain and miniaturization is
introduced. In addition, waveguide slot antenna array has
attracted much attention in recent years because of its com-
pact structure, high radiation efficiency and good stability
[11]–[14]. According to microwave theory [1], the perfor-
mance of waveguide depends largely on the size and shape
of the cross section, which determine the propagation char-
acteristics of the waveguide. Generally, the microwave trans-
mission system should work in the single mode transmission
state [15], because single mode transmission is easy to excite
and couple, and there is no energy conversion betweenmodes,
which avoids the signal distortion caused by the transmission
of different modes at different speeds. The simplest method
of realizing single mode transmission is to select the low-
est mode as the operation mode, while keeping all higher
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modes in the cut-off state. Rectangular waveguide [1], as a
common microwave device, is simple in structure but limited
by its single mode bandwidth. Double ridged waveguide has
a broadband characteristic, but the structure is inconvenient
to fabricate. The T-waveguide has wide single mode band-
width and simple structure, but its fast analysis has not been
investigated.

In the past few years, many methods have been pro-
posed for the analysis of waveguides. In [16], a cubic-
order subparametric finite element technique is utilized to
compute the eigenvalues of arbitrarily shaped waveguide
structure. In [17], the authors used a high order sym-
plectic compact finite-difference time-domain algorithm to
analyze the dispersion and resonant frequency of the waveg-
uide. The modal-expansion method, due to its good accuracy
and effectiveness, is commonly used to analyze waveguides
[18]–[20] and antennas [21], [22]. Based on modal expansion
method, this paper introduces a realistic and rigorous analysis
for the T-waveguide. For the whole T-waveguide structure,
it can be decomposed into four simple regions. And in each
region, the modal equations satisfying the Maxwell equation
can be found. Each region can be expanded with a series
of known pattern functions, and the boundary conditions
can be applied to solve the expansion coefficients. Then,
the Galerkin matching is used to impose boundary condi-
tions on the interfaces of these regions. Combining these
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FIGURE 1. Illustration of a T-shaped waveguide.

two processes, a set of matrix equations can be derived with
regard to the unknown field expansion coefficients. From
the matrix, the cutoff wavenumber or single mode band-
width of T-waveguide can be obtained. It should be men-
tioned that the modal expansion method has been used to
analyze a ridge waveguide whose mode symmetric plane is
a magnetic wall [23]. The T-waveguide is equivalent to a
ridge waveguide whose mode symmetric plane is an elec-
tric wall, which makes the boundary conditions and mode
functions in this work different from the analysis of ridge
waveguide.

The rest of this paper is organized as follows. In Section II,
formulations of field expansion andmatching process are pre-
sented. Section III presents the verification of the proposed
method. Section IV concludes this work.

II. FORMULATIONS OF THE METHOD
A. REGION DIVISION
The geometry of the T-waveguide is shown in Fig. 1 along
with the dimensional notations. The T-waveguide is decom-
posed into four regions. For every region, a local rectan-
gular coordinate system can be constructed. Assume the
origin of the local coordinate system is chosen as the
bottom-left point of the region. Consider the waveguide
working in TE mode. Using the following relationship
between longitudinal magnetic field and transverse electric
fields,

Ex =
−jωµ
k2c

∂Hz
∂y

, Ey =
jωµ
k2c

∂Hz
∂x

, (1)

and based on the boundary conditions of every region,
the expression of the transverse electric fields for every region
can be derived.

B. FIELD EXPANSION
In a rectangular domain, the general expression of
the longitudinal magnetic field satisfying the TE wave

equation is

Hz(x, y)

=

N∑
n=0

(An cos(kxnx)+ Bn cos[kxn(Dx − x)]) cos
nπy
Dy

+

M∑
m=0

(
Cm cos(kymy)+ Dm cos[kym(Dy − y)]

)
cos

mπx
Dx
(2)

where An, Bn, Cm and Dm are the unknown field expansion
coefficients. Dx and Dy are the dimensions of the rectangular
domain along x- and y-directions, respectively, and

kxn =
√
k2c − (nπ/Dy)2, kym =

√
k2c − (mπ/Dx)2.

In Region 1, based on the boundary conditions Ey |x=0 = 0,
Ex
∣∣y=0 = 0, and Ex

∣∣y=c = 0. From (1) and (2), the electro-
magnetic fields can be expressed as

H I
z (x, y) =

N∑
n=0

AIn cos(kxnx) cos
nπy
c

(3)

E Ix (x, y) =
jωµ
k2c

N∑
n=0

nπ
c
AIn cos(kxnx) sin

nπy
c

(4)

E Iy (x, y) =
−jωµ
k2c

N∑
n=0

kxnAIn sin(kxnx) cos
nπy
c

(5)

The boundary condition in Region 2 is Ex
∣∣y=c = 0, and the

electromagnetic fields in Region 2 are written as

H II
z (x, y)

=

N∑
n=0

(
AIIn cos(kxnx)+ BIIn cos[kxn(a− x)]

)
· cos

nπy
c
+

M∑
m=0

DIIm cos[kym(c− y)] cos
mπx
a

(6)

E IIx (x, y)

=
jωµ
k2c

{
N∑
n=0

nπ
c

{
AIIn cos(kxnx)+ BIIn cos[kxn(a− x)]

}
· sin

nπy
c
+

M∑
m=0

kym
{
−DIIm sin[kym(c− y)]

}
cos

mπx
a

}
(7)

E IIy (x, y)

=
−jωµ
k2c

{
N∑
n=0

kxn
{
AIIn sin(kxnx)− BIIn sin[kxn(a− x)]

}
· sin

nπy
c
+

M∑
m=0

mπ
a

{
DIIm cos[kym(c− y)]

}
sin

mπx
a

}
(8)

In Region 3, the boundary conditions are Ey
∣∣x=(d−a)/2 = 0,

Ex
∣∣y=0 = 0, and Ex

∣∣y=c = 0. From (1) and (2), the
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electromagnetic fields in Region 3 are

H III
z (x, y) =

N∑
n=0

BIIIn cos[kxn((d − a)/2− x)] cos
nπy
c

(9)

E IIIx (x, y) =
jωµ
k2c

{
N∑
n=0

{
BIIIn cos[kxn((d − a)/2− x)]

}
·
nπ
c

sin
nπy
c

}
(10)

E IIIy (x, y) =
jωµ
k2c

{
N∑
n=0

{
BIIIn sin[kxn((d − a)/2− x)]

}
· kxn cos

nπy
c

}
(11)

Similarly, the electromagnetic fields in Region 4 are

H IV
z (x, y) =

M∑
m=0

C IV
m cos(kymy) cos

mπx
a

(12)

E IVx (x, y) =
jωµ
k2c

{
M∑
m=0

kym
{
C IV
m sin(kymy)

}
cos

mπx
a

}
(13)

E IVy (x, y) =
−jωµ
k2c

{
M∑
m=0

mπ
a

{
C IV
m cos(kymy)

}
sin

mπx
a

}
(14)

C. MATCHING PROCESS
The continuity boundary conditions across the interface of the
Regions 1 and 2 are

H I
z (x = (d − a)/2, y) = H II

z (x = 0, y) y ∈ (0, c) (15)

E Iy (x = (d − a) /2, y) = E IIy (x = 0, y) y ∈ (0, c) (16)

Substituting equations (3) and (6) into equation (15), and
equations (5) and (8) into (16), one can have

N∑
n=0

kxnAIn sin(kxn (d − a) /2) cos
nπy
c

=

N∑
n=0

kxn
[
−BIIn sin (kxna)

]
cos

nπy
c

(17)

N∑
n=0

AIn cos(kxn(d − a)/2) cos
nπy
c

=

N∑
n=0

(
AIIn + B

II
n cos (kxna)

)
· cos

nπy
c
+

M∑
m=0

DIIm cos[kym(c− y)] (18)

By taking the inner products of the equations (17) and (18)
with cos qπyc and cos pπyc , respectively, (q = 0, 1, 2, · · · ,Y12

and p = 0, 1, 2, · · · ,Y12, where Y12 is equal to the smaller
one ofN andM ), the following matrix equations are obtained

L1aI = L2aII + L3bII + L4dII (19)

K1aI = K2bII (20)

where aI, aII, bII, dII are vectors consisting of AIn, A
II
n , B

II
n

and DIIm , respectively, and the elements of matrices L1, L2,
L3, L4, K1 and K2 are defined as follows

L1pn =
∫ c

0
cos

pπy
c
· cos(kxn

d-a
2

) cos
nπy
c
dy (21)

L2pn =
∫ c

0
cos

pπy
c
· cos

nπy
c
dy (22)

L3pn =
∫ c

0
cos

pπy
c
· cos (kxna) cos

nπy
c
dy (23)

L4pm =
∫ c

0
cos

pπy
c
· cos[kym(c− y)]dy (24)

K1qn =

∫ c

0
cos

qπy
c
· kxn sin(kxn

d-a
2

) cos
nπy
c
dy (25)

K2qn =

∫ c

0
− cos

qπy
c
· kxn sin (kxna) cos

nπy
c
dy (26)

The continuity boundary conditions across the interface of
the Regions 2 and 3 are

H II
z (x = a, y) = H III

z (x = 0, y) y ∈ (0, c) (27)

E IIy (x = a, y) = E IIIy (x = 0, y) y ∈ (0, c) (28)

Substituting equations (6) and (9) into (27), and equations (8)
and (11) into (28), and invoking Galerkin’s matching process,
one can derive the following matrix equations

J1bIII = J2aII + J3bII + J4dII (29)

H1bIII = H2aII (30)

where bIII is a vector consisting of BIIIn , and the elements of
matrices J1, J2, J3, J4, H1 and H2 are defined as follows

J1rn =
∫ c

0
cos

rπy
c

cos
(
kxn

d − a
2

)
cos

nπy
c
dy (31)

J2rn =
∫ c

0
cos

rπy
c

cos(kxna) cos
nπy
c
dy (32)

J3rn =
∫ c

0
cos

rπy
c

cos
nπy
c
dy (33)

J4rm =
∫ c

0
cos

rπy
c

cos[kym(c− y)] cosmπdy (34)

H1sn =

∫ c

0
− cos

sπy
c
kxn sin[kxn((d − a)/2)] cos

nπy
c
dy

(35)

H2sn =

∫ c

0
cos

sπy
c
kxn sin (kxna) cos

nπy
c
dy (36)

where r = 0, 1, 2, · · · ,Y23 and s = 0, 1, 2, · · · ,Y23, where
Y23 is equal to the smaller one of N and M .

The continuity boundary conditions across the interface of
the Regions 2 and 4 are

E IIx (x, y = 0) = E IVx (x, y = b) (37)

E IIy (x, y = 0) = E IVy (x, y = b) (38)

137754 VOLUME 7, 2019



H. Zhao et al.: Modal Expansion Analysis of T-Shaped Waveguide

Substituting equations (7) and (13) into (37), and equations
(8) and (14) into (38), and applying Galerkin’s matching
process, one can derive the following matrix equations

U1dII = U2cIV (39)

O1cIV = O2aII +O3bII +O4dII (40)

where cII is a vector constituted by C II
m , and the elements of

matrices O1, O2, O3, O4, U1 and U2 are defined as follows

U1tm =

∫ a

0
− cos

tπx
a
kym sin

(
kymc

)
cos

mπx
a

dx (41)

U2tm =

∫ a

0
cos

tπx
a
kym sin(kymb) cos

mπx
a

dx (42)

O1um =

∫ a

0
cos

uπx
a

cos(kymb) cos
mπx
a

dx (43)

O2un =

∫ a

0
cos

uπx
a

cos (kxnx) dx (44)

O3un =

∫ a

0
cos

uπx
a

cos[kxn(a− x)]dx (45)

O4um =

∫ a

0
cos

uπx
a

cos(kymc) cos
mπx
a

dx (46)

where t = 0, 1, 2, · · · ,Y24 and u = 0, 1, 2, · · · ,Y24, where
Y24 is equal to the smaller number of N and M
Combining equations (19), (20), (29), (30), (39) and (40),

the following matrix equation is obtained L2 L3 − L1K−11 K2 L4

J2 − J1H−11 H2 J3 J4
O2 O3 O4 −O1U−12 U1


×

 aII

bII

dII

 = 0 (47)

The premise that the matrix equation has a nonzero solution
is

det

 L2 L3 − L1K−11 K2 L4

J2 − J1H−11 H2 J3 J4
O2 O3 O4 −O1U−12 U1


= 0 (48)

By solving matrix equation (48), one can get the value of cut-
off wavenumber kc. The value of kc can be iteratively solved
through a binary searching algorithm.When the matrix deter-
minant is 0, the minimum value of kc is the cut-off wavenum-
ber of the dominant mode, and the second smallest value is
the cut-off wavenumber of the first higher order mode.

III. VALIDATION AND NUMERICAL RESULTS
In order to verify the proposed method, the cutoff wavenum-
bers of TE waves of a T-waveguide with a = 3.2 mm,
b = 10.2 mm, c = 6.2 mm, and d = 8.2 mm are
computed firstly by the CSTMicrowave Studio. Because grid
size will affect the calculation accuracy, cutoff wavenumbers
are computed by CST Microwave Studio with different mesh
densities. The results are shown in Table 1, where kc1 and kc2

TABLE 1. Results of CST Microwave Studio with different mesh densities.

TABLE 2. Results computed by the proposed method.

TABLE 3. Relative error of kc1 and kc2.

are the cutoff wavenumbers of fundamental mode and the first
higher mode, respectively, and the wavelength corresponds to
20 GHz, which is slightly higher than the cutoff frequency of
the first higher-ordermode of thewaveguide. In Table 1, it can
be seen that with the increase of mesh density, the calculation
results will increase slightly. Because higher mesh density
results in better accuracy, the results with mesh density of
sixty cells per wavelength are chosen as the baseline of
comparison to study the convergence of the proposed modal
expansion method.

Then, the cutoff wavenumbers are computed by the pro-
posed method with different number of modes and the results
are shown in Table 2. As shown in Table 2, the proposed
method yields better agreement with the results of CST
Microwave Studio as N and M increases. This is reasonable
because calculation accuracy will be improved when more
modes are used.

In order to evaluate the accuracy of the proposed method,
it is compared with CST Microwave Studio. Table 3 shows
the relative error of the two modes. From Table 3, it can
be seen that the relative error drops as N and M increases,
and the relative error is less than 1% when N = 2 and
M = 1. Therefore, all following simulations are performed
with N = 2 and M = 1. It is worth mentioning that the
cutoff wavenumber of the fundamental mode requires more
modes to achieve an error less than 1%. This is because
the dominant field component of the fundamental mode has
higher singularity than that of the first higher-order mode at
the convex corners. Figs. 2 and 3 show the field pattern of the
fundamental and the first higher-order modes, respectively,
and the convex corners are denoted by p and q. From Fig. 2,
it can be observed that Ex , the dominant field component
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FIGURE 2. Distribution of the dominant field component (Ex ) of the
fundamental mode.

FIGURE 3. Distribution of the dominant field component (Ey ) of the first
higher-order mode.

of the fundamental mode, distributes over the entire region
of the T-waveguide, and it reaches maximum at the convex
corners p and q. On the other hand, Fig. 3 shows that Ey,
the dominant field component of the first higher order mode,
concentrates in the upper region of the T-waveguide. Hence,
the dominant field component of the fundamental mode has
higher singularity at the convex corners, and more modes
are needed to accurately express the field of the fundamental
mode.

It should be noted that the key interest of T-waveguide
analysis is its single mode propagation characteristics, which
are determined by the first two modes of the waveguide.
Therefore, only the results of the first two modes are pre-
sented in Table 2. However, the proposed modal expansion
method can also be used to analyze higher order modes of
T-waveguide.

Fig. 4 presents the attenuation and propagation constants
of the fundamental mode for this structure. The blue curve
shows the result calculated by the proposed method. The red
curve shows the result calculated by CST Microwave Studio.
It can be observed from the figure that the two curves almost
coincide. The cutoff frequency of the dominant mode in this
size of T-waveguide is the point corresponding to abscissa
when the ordinate is zero.

The cutoff wavenumber of the fundamental mode is one
of the important parameters of waveguide design. To fur-
ther characterize the cutoff wavenumber of the T-waveguide,
the size of the cross section is parameterized, which is helpful
for the design of the T-waveguide. Figs. 5 to 8 show the
variation of cutoff wavenumber of dominant mode against

FIGURE 4. Propagation and attenuation constant for the T-waveguide.

FIGURE 5. Variation of the cut-off wavenumber versus a.

FIGURE 6. Variation of the cut-off wavenumber versus b.

FIGURE 7. Variation of the cut-off wavenumber versus c .

the size of T-waveguide. Results obtained by the proposed
method are again compared with those from CSTMicrowave
Studio. Good agreement can be observed.

As one of the commonly used methods of waveguide anal-
ysis, modal expansion method is advantageous in terms of
time and memory cost. In order to illustrate the advantage
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FIGURE 8. Variation of the cut-off wavenumber versus d .

FIGURE 9. Transmission coefficient of the T-waveguide.

of the proposed method in computing time and memory,
transmission coefficient of T-waveguide with a finite met-
allization thickness in single mode operating bandwidth is
computed. The metallic material of waveguide is copper, and
the electric conductivity is 5.96 × 107 S/m. The thickness,
length and cross sectional dimensions of the waveguide are
shown in Fig. 9. The magnitude of S12 is defined by

|S12| = e−2αz (49)

where α is the attenuation per unit length, and z is the length
of waveguide. The attenuation per unit length is defined by

α =
Pl
2Pt

(50)

where

Pl =
1
2
Rs

∫
S
|J |2dS (51)

is the surface conducting loss with surface resistance Rs per
unit length, and

Pt =
1
2
Re
∫
S

⇀

E ×
⇀

H
∗

· d ES (52)

is the average power transmitted through the waveguide.
As shown in Fig. 9, results of the proposed method are close
to those of CST Microwave Studio.

Table 4 shows the computing time and memory cost of
transmission coefficient calculation by using the proposed
method and CST Microwave Studio. According to Table 4,
the proposed method is advantageous over CST Microwave
Studio in terms of computational time and memory cost.

TABLE 4. Computing time and memory cost of transmission coefficient
for the proposed method and cst microwave studio.

Therefore, the proposed method is useful for the design of
T-waveguide.

IV. CONCLUSION
The modal expansion method has been successfully applied
to the calculation of T-waveguide cutoff wavenumbers. It has
been demonstrated that the results obtained by the modal
expansion method agree well with those obtained by CST
Microwave Studio simulation. The modal expansion method
needs negligible computational cost and it provides a fast and
convenient way to analyze and design T-waveguide.
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