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ABSTRACT Time-variation of meshing stiffness is the main internal excitation for the vibration and noise
of the gear transmission system. Elastic deformation in the rolling contact process is an important factor for
the meshing stiffness variation of the toroidal drive. However, most of the previous meshing modeling of
the toroidal drive is based on the rigidity hypothesis. In order to investigate the actual contact situation
and improve the stability of the toroidal drive, this paper focuses on the mathematical modelling and
characteristics analysis for the toroidal drive with elastic deformation in the conjugating process between
the planet-worm gear and sun-worm as well as between the planet-worm gear and internal toroidal gear. The
elastic deformation integrated coordinate system of the toroidal drive is introduced. The elastic deformation
velocity induced by contact force is adopted for the first time in the relative velocity of the Wills law for the
toroidal drive. Then, based on Hertz contact theory, the relationship between elastic deformation velocity
and normal force is studied. In addition, the influences of the elastic deformation on the meshing contact

curve, helix-lead angle and induced normal curvature are further discussed.

INDEX TERMS Toroidal drive, elastic deformation, mathematical modeling, conjugating process.

I. INTRODUCTION

The toroidal drive was proposed by Kuehnle in 1966 [1].
As shown in Fig. 1, the drive is composed of a central
input sun-worm, a stationary internal toroidal gear, a central
output planet carrier and planet worm-gears with a number
of meshing rollers. Compact structure, high carrying capacity
and smooth transmission are the advantages of toroidal drive.
A lot of researches have been done on toroidal drive, includ-
ing meshing theory [2], [3], load distributions [4], friction
coefficient [5], wear calculation [6], manufacture [7], [8], and
SO on.

However, previous analytical models of the toroidal drive
are based on rigid-body hypothesis and without considering
elastic deformation. Actually, deformations inevitable occur
on the contact surface under the action of load, which will
induce the variation of mesh stiffness. Time variation of the
meshing stiffness is one of the main internal excitations of the
vibration and noise for the toroidal drive. Therefore, the study
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FIGURE 1. Schematic structure of a toroidal drive.

on elastic deformation in the rolling contact process of the
toroidal is essential.

The researches on meshing stiffness and elastic deforma-
tion of other kind gear transmission system have always been
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hot topics. Mo et al. [9] proposed a new calculation model,
where the normal force acted on the teeth is calculated by
the time-varying deformation of the meshing spring. The
deformation was affected by the vibration displacement,
installation error, tooth frequency error and eccentric error of
the gear. Based on the thin slice assumption, Sun et al. [10]
developed a revised time-varying mesh stiffness model of
spur gear pairs with tooth modifications. The spur gear was
divided into many individual slices along tooth width, and
considering the revised fillet-foundation stiffness, the nonlin-
ear contact stiffness, and the tooth profile errors, the stiffness
of each slice gear pair was figured out. Cooley et al. [11]
compared spur gear tooth mesh stiffness calculations by
two approaches. In view of time-varying meshing stiffness,
time-varying friction, load distribution, comprehensive trans-
mission error and backlash, Shi et al. [12] established the
dynamic model of a spur gear pair under multi-state meshing
conditions such as teeth separation, drive- and back-side
tooth mesh. The effects of load, backlash and comprehensive
transmission error on meshing states and vibro-impact prop-
erties of the system were studied by defining three different
Poincaré maps. Ma et al. [13] put forward an improved ana-
lytical method suitable for gear pairs with tip relief to deter-
mine time-varying mesh stiffness. Based on the improved
analytical model, time-varying mesh stiffness under different
torques, lengths, and amounts of profile modification was
compared with that obtained from analytical finite element
approach. Wang et al. [14] established dynamic models con-
sidering time-varying stiffness, gear clearance, and friction.
The stiffness and elastic deformation of gear teeth were cal-
culated using the finite element method with actual geometry
and gear positions. Lin and Cai [15] proposed a model for
predicting the tooth elastic deformation of curve-face gear
based on Buckingham’s assumption and the concept of equiv-
alent gear. Chen and Shao [16] coupled the ring deformation
into the gear mesh stiffness model of the internal gear pair
based on the uniformly distributed Timoshenko beam theory.
Ajmi and Velex [17] presented a general approach to the
simulation of deflections and load distributions on solid spur
and helical gears. The numerical results indicated that gear
body distortions were critical for both static and dynamic sim-
ulations. Chang er al. [18] and Sdnchez et al. [19] established
a model for determining the contact forces and deformations
in spur gear transmissions with finite element method and
local contact analysis of elastic bodies. The deformation
at each contact point was separated into a linear global
term and a nonlinear local contact term. Nakhatakyan [20]
proposed an analytical method for determining the flexural
stress concentration factor in gear teeth considering elastic
deformations, manufacture and assembly errors. Deduced the
universal formulas for the flexural stress concentration factor
in gear teeth. For studying the effects of multi-tooth contact
as well as backlash and side contact of the multi-meshed
geared systems, Eberhard [21] regarded the teeth and body
of a gear as a rigid part, and the connection between them as
an elastic part. Hu et al. [22] came to a conclusion through
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FIGURE 2. Coordinate systems of a toroidal drive integrated with elastic
deformation.

research that the gear meshing noise level in the compound
planetary gear set can be decreased significantly by matching
the engagement parameters, such as meshing stiffness, tooth
error, and pitch error.

In order to investigate the effect of elastic deformation on
meshing performance in a toroidal drive, this paper proposes
the meshing coordinate system with elastic deformation, cre-
ates a mathematical model of the toroidal drive with elas-
tic deformation. Finally, based on the mathematical model,
compares and analyses the meshing characteristic curves with
elastic deformation and without elastic deformation.

Il. ELASTIC DEFORMATION COORDINATE SYSTEM

OF THE TOROIDAL DRIVE

To expound the position relationship among the main com-
ponents of the toroidal drive, the coordinate system should
be established first. Integrated with elastic deformation,
the coordinate system of a toroidal drive is shown in Fig. 2.
Three sets of coordinate systems, denoted by subscripts 1,
2 and 3 are given to describe the sun-worm, planet-worm gear
and stationary internal toroidal gear, respectively.

The coordinate systems S{(O1, i1,j1, k1), S2(02, i2,j2, k2)
and S3(03, i3, j3, k3) are the reference frames initially fixed
at the centre of the sun-worm, planet-worm gear and internal
toroidal gear, respectively. The body-fixed coordinate system
S1/(Oy, iy, ji, ki) is embedded in the sum-worm gear and
rotates with the sun-worm about axis k| with angular velocity
1 by angle ¢,. Moving coordinate system Sy (O, iy, jo/,
ko) is rigidly connected to the planet-worm gear and rotates
about axis k' by angle ¢, with angular velocity w;. > (1),
37(2), Y_(3) respectively represent the tooth surface of sun-
worm, planet-worm gear and stationary internal toroidal gear.
The origins Oy and Oy are respectively on the terminals of
the vector &.

As shown in Fig. 3, the coordinate system So(Oy, io, jo, ko)
is the reference frame of the roller and Sy (Oy, iy, jor, k) 1S
the movable coordinate system rigidly connected to the centre
of a roller.
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FIGURE 3. Elastic deformation coordinate system between the meshing
roller and planet-worm gear.

Ill. ELASTIC MESHING EQUATIONS

OF THE TOROIDAL DRIVE

In order to reveal the actual working situation of a toroidal
drive, this work includes the elastic deformation caused by
contact force in the meshing equation. After analyzing the
contact relationship between the sun-worm tooth surface and
rollers, the normal force at contact point is analyzed. Then,
the formulas of elastic deformation as well as relative velocity
at contact point of the toroidal drive are deduced according to
Wills law and differential geometry theory.

A. CONJUGATE ELASTIC MESHING EQUATIONS

Assuming P is the elastic meshing contact point on the surface
of the meshing roller, as shown in Fig. 2. The equation of
point P in Sy’ can be denoted as:

pCOSV + 1
0 COS usiny €))]
p sinusiny

T
r2/ = [)CZ/’ yz/’ Zz/] = M2/0 cro =

where ry is the vector of meshing roller in Sy. My is the
coordinate transformation matrix from Sy to Sy. rg is the
vector of meshing roller in Sg, p is the radius of meshing
roller. r; is the radius of the planet-worm gear. u and v are
spherical parameters of meshing roller.

As shown in fig. 2, assume that when the sun-worm and
planet-worm gear respectively rotate ¢; and ¢,, the ini-
tial position of the sun-worm tooth surface ) (1) and the
planet-worm gear tooth surface ) (2) will arrive at point P
simultaneously from point M| and point M. ry, r, respec-
tively represent the radius vectors O1 M7 and O2M>. ry, ry
respectively represent the radius vectors O/ P and Oy P.

Based on Wills law [23], the elastic meshing equation and
elastic meshing function in Sy of two conjugate surfaces,
> (1) and ) (2), can be represented as:

ny v@1 =0 2
q) — nz/ . v(2/1/) (3)
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where vector ny is the unit normal vector of contact point
P in Sy system. Vector v is the relative velocity between
the planet-worm gear and sun-worm at contact point P. In this
paper, we assume that the elastic deformation at the contact
point does not change the direction of the common normal,
and the flexural deformation is too small to affect the com-
mon normal line. Therefore, the correction of vector ny is
unnecessary. Vector ny in Sy’ can be represented as:

cos v
Ny cos usinv
n2/ = — = . . (4)
|N | sin ¥ sin v
1
where,
8 / 8 /
PO B ]
u av
8 / 8 / a /
S
u u %
0z X dyo
il 0 =0 e
= %u 5 ou 88\/ (5)
/ Xn’ !
_or 9 0 0 9%y
ou u v
0 0 0 1 1

Assume that the direction and magnitude of @; and that
of wy are determined, as the transmission ratio formula
between a planet-worm gear and the sun-worm is |i>;]| = |
@2 1] = |9y/)], setting | 01| = 1 will yield | 2] = |
i>1|. Based on Wills law, the relative velocity vector p@1) ¢
point P can be represented as follows:

@) d6(2/1’)
(2/1/) . (2/1/) § d& E
14 = ® Xry—w X8+ —-+
2 1xé dr dt dt
(6)

where ®?'1) is the relative angular velocity between the
planet-worm gear and sun-worm. & is the central-distance in
S: and can be described as:

& =010y =aoi) 7

The following equations exist in Sy:

wy = @ ky = ipiky

®1 = ki = sin @iy 4 cos paf

0?1 = @) — W] = — sin @iy — cos @ofy + i21ky

0@ x ry ®)
0 —i71 —cosgpr O Xy

| i 0 sing 0 Yo

| cos ¢ —sing 0 0 y
0 0 0 1 1

As shown in Fig. 2, & can be transformed to Sy via coordi-
nate transformation matrix M/ and it can be represented in
S, as follows:

agp CoS ¢

—ag sin
1
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There is no relative movement between the rotation centre
of the sun-worm Oy and the rotation centre of the planet
worm-gear Oy, then it can be ol?t/ained: d¢/dt = 0.

The fifth term of Eq. (6) d (Séz D /dt is the elastic deforma-
tion velocity along the direction of OOy . Because coordi-
nate systems S/ and Sy are fixed at the centre of the rotating
axes of the sun-worm and planet-worm gear, and the distance
of tw/o/rotating origins Oy and Oy is constant, we can obtain
d s yde = 0.

Therefore, the relative velocity vector y@1) can be repre-
sented as:

@'1)

y@1) — @1 ry —w; x &+ (10)
where d 8 /dt is the elastic deformation velocity along
the translocation direction of the contact surface between
the sun-worm and planet-worm gear, and induced by contact
force P at meshing contact point P.

y@'1) can be obtained by calculation:

—(i21y2 + €08 92201) + Avyy

p1) _ 1%y +singazy + Avyy (a0
CoS Xy — singayy + Avyy
1
where,
da(z/l/) ,
= [Avx2’, AVyz’v AVZZ/] (12)

dt

Xy, yy and 7/ are coordinate components of a roller motion
profile in Syr. Av,2’, Av,2" and Av.2" are variations of the
relative velocities at meshing contact point P of the conju-
gate surface between the meshing roller and sun-worm tooth
profile.

The crucial problem is the analysis of the contact relation-
ships between the sun-worm tooth and meshing roller, as well
as between the stationary internal toroidal gear and meshing
roller. In the following sections, taking the contact relation-
ship between the sun-worm tooth and meshing rollers as an
example, the relative velocity with elastic contact, as well
as the mathematical model of the toroidal drive with elastic
deformation will be discussed.

B. CONTACT RELATIONSHIP BETWEEN THE SUN-WORM
TOOTH AND ROLLERS

The elastic contact between the sun-worm tooth and roller
can be considered to be the contact between two free-form
elastic bodies. The difference is that the principal curvatures
in the principal planes does not equal to each other. The
sun-worm tooth and roller contact with each other at point
P under the action of normal force P;. As shown in Fig. 4
and Fig. 5, there are two principal planes of the sun-worm at
point P. The 1st principal plane is through the normal line
and the section of the sun-worm tooth. The 2nd principal
plane is through the normal line and perpendicular to the
Ist principal plane. According to the Hertz contact theory,
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The 2nd
principal plane

The 1st
principal plane

FIGURE 4. Principal planes of the sun-worm tooth and meshing roller.

FIGURE 5. Contact relationships between the sun-worm tooth and
meshing roller.

the contact point P becomes a small elliptical area due to the
elastic deformation induced by the normal contact force P
between the sun-worm tooth and meshing roller, as shown
in Fig. 5.

C. PRINCIPAL CURVATURES OF THE SUN-WORM TOOTH
AND MESHING ROLLER AT POINT P
The two principal planes of the sun-worm at point P are
shown in Fig. 6(a) and (b). In the 1st principal plane, the con-
tact condition of a meshing roller with the sun-worm tooth
is similar to that of a spherical with a concave surface, and
the curvature radius of the sun-worm is negative. In the 2nd
principal plane, the contact condition of a meshing roller with
the sun-worm tooth is similar to that of a spherical with a
convex surface.

The curvature radius of the roller is p. Based on the cal-
culation formulas of the principal curvature, the principal
curvature equation of the sun-worm at point P is:

(EG — F?)k?> — (EN — 2FM + GL)k, + (LN —M?) =0
(13)
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FIGURE 6. (a). First principal plane of the sun-worm tooth at point P.
(b). Second principal plane of the sun-worm tooth at point P.

where,

2 2
{E:rl/u7F:rl’u'rl’V7G:r1/v

(14)
L=ny ry,,M=ny ry,, N=ny- ry,

Iy = pcosv+r —agpcos ¢
rv = 1[I, 1,3, 117, {lh = pcosusinv+agsing,  (15)
I3 = psinusiny

k,, can be obtained by calculation,

Ky = L\/Z’ Ky = M (16)
2A 2A
where,
A = (EG — F%) = p*sin® v(cos* u + 2 sin® usin® v
— cos? usin® ucos? v)
B = —(EN — 2FM + GL) = p3 sin* v(—=3 + cos? u
+2sin? ucos? v + cos? u) (17)

C =LN —M? = p*sin’v
A = B2 — 4AC = psin* v(—4 sin* u sin® v cos? v

—8cos?usinvcosv+ 1)

According to the geometric relationship of Fig. 5 and
Fig. 6, the curvatures of the sun-worm tooth and meshing
roller at point P are:

1
P11 = P12 = —
1Y JA
1 —B — VA
=— =k, = 18
P21 Ror nl A (18)
_ 1 —k _—B+«/A
,022—R22— n2 = A

D. NORMAL FORCE Py AT THE CONTACT POINT P

The normal force acting on the contact region can be simpli-
fied as Py, which acts at the centre of the contact ellipse. The
action line of Py is in the normal plane that contains contact
point P. As shown in Fig. 7(a) and (b), rp is the radius vector
of the sun-worm at meshing point P. In coordinate system S/,
rp is equal to vector ry'.

Assume that the driving force between the sun-worm and
planet-worm gear is F, the axial force and radial force are
F,1 and F,| respectively, as shown in Fig. 8. They all act
on the pitch circle of the sun-worm. As shown in Fig. 9,

131238

FIGURE 7. (a). Contact geometry model of the sun-worm tooth.
(b). Normal force at point P.

FIGURE 8. Force analysis of the sun-worm and stationary internal
toroidal gear.

the magnitude of the reaction force F ;1, F;l and F :1 are

equal to the force F,1, F,1 and F, respectively, but with the
opposite directions.

The torque of the sun-worm is M. The module and unit
vector of normal force Py are Py and ny, respectively. The
meshing point number between the sun-worm and planet-
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FIGURE 9. Force analysis of the planet-worm gear.

worm gears is m, and that between the stationary internal
toroidal gear and planet-worm gear is n. k planet-worm gears
are evenly distributed on the planet-carrier.

The following formula is available.

My =k-m-(ky xrp)-Py=k-m-(ky xrp)- (Piny)

=k~m-P1~(k1rxrp)~n2/ (19)
where,
M,
P =
k-m-(ky xrp)- -ny
cosv Iy
cosusiny I5
ny = [nx2” nyor, Nz l]T = . . =
sinusiny lg
1 1 (20)
k1 = singaiy + cosgajy
(ky xrp)-ny =ky - (rp X ny)
singy cosgy O
=| L 1) I3 =R
Iy I5 Is
Then P can be obtained.
M,
Py = 21
=R (21)

where,

R =10 lgsingy+13-1lycospy—I3-15sin@y — I - lg cos ¢

= apsinusiny — ry cos @p sinu sinv (22)

E. EXPRESION OF du/dg, AND dv/dp,
The meshing equation and the meshing function without
elastic deformation can be obtained as:

. —lgcosv
sin(o + u) =

VI3 + By siny
Oy =ny - y@1 =lgcosv+ lgcosusiny + g sinusiny
(23)

where,

{ls =0,lg =111, hLo=rycosgy+ap 24)

a = tan~!(ly/110)
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Set ® =Igcosv+ Cy-lgsinv+ S, - [jgsiny = 0.
C, and §, are regarded as constants. The expression of
dvld gy can be represented as follows:

dv ly cosv+ Cy - ly sinv+ S, - Lisinvy Iy

_ = § =— (25
dos —lgsinv+ Cy-lgcosv+ S, -ligcosv 12
where,

ly = dlg/d(pz =0

19/ = dlg/d(pz =0

110/ = dl]o/d(/)z =N sin<p (26)

i1 = =Sy - rasingy sinv

lip = —Cy - iz1 - rpcosv — Sy, - (12 cos ¢ + ap) cos v

Similarly, set ® = C,lg + S, - lgcosu + S, - ljpsinu = 0.
C, and S, are regarded as constants. The expression of
dul/d g, can be represented as follows:

du _ C,-lg+S, - ly cosu+S, - Iy sinu . L3

- . == 27)
des =Sy -lgsinu+ S, - ljpcosu L4
where,
l13 = =S, - rpsing; sinu
{114 =S8, -i-rpsinu — S, - (rpcos g + ag)cosu
(28)

F. ELASTIC DEFORMATION 5?'V) BETWEEN THE
SUN-WORM AND PLANET-WORM GEAR AT POINT P

Due to the elastic deformation induced by the action of
normal contact force P; between the sun-worm tooth and
meshing roller, the meshing contact point P becomes a small
elliptical area, as shown in Fig. 5 and Fig. 10. Assume that
ayy is the value of the major half-axis of the elliptical contact
region along the x axis and bj; is the value of the minor
half-axis of the elliptical contact region along the y axis.
The parameters of the elliptical contact region at the meshing
contact point P are:

;/Pimy2
ap =ap, ——
ni2

b1z = 12l Pimiz
ni2

2: =
,011+,012-§-,021+,022 2A—-B-p

2 2
3 1—M1+1—M2
Ey E;

where, 12 and B12 are both interpolation coefficients. mo
and nyy are both geometry parameters of the contact ellipse
of the sun-worm tooth and meshing roller. ;1 and w, are
Poisson’s ratio of the materials of the sun-worm and roller,
respectively. E1 and Ej are elastic moduli of the materials
of the sun-worm and roller, respectively. The vector P; is
the normal force at point P. p11, p12, p21 and ppy are the
curvatures of the contact point P.

niz2 =
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P11+ p12 + p21 + 22

= \/(;011 — p12)? + 2(p11 — p12)(p21 — p22) €08 2Yr12 + (21 — p22)?

A-p
242 —AB .- p

(30)

As shown in Fig. 10, the angle i between the x| axis
(the direction of 1% principal plane) and x axis, is equal
to 0. Wy, is the angle between the two axes x; and x; that
separately denotes the directions of the two principal planes
(W12 = 90°). According to the following equation, the value
of 717 is not affected by the value of ¥, (30), as shown at
the top of this page.

According to the result of 71, above, the interpretation
coefficients «15 and By, can be obtained. The elliptic integral
parameters Jip and Jiz/o12 determined by the result of 712
can be achieved. Thus, the major and minor half-axis of the
contact ellipse ajp and by, can also be obtained. Therefore,
the elastic deformation at meshing contact point P of the sun-
worm tooth and meshing roller can be represented as:

3Py, 11— /L% 1-— u%
+ J 31
2 an' E B W12 (€29

6(2/]/) _

The equation above can also be given as follows:

vy 3P - 1-4d
s — 1 ( ] + M2)le
2r capp Ey 15 T
3/p2 Q1) §@21) (21
217'\/1T1 :[sz/ 8y 58y ]
Py -cosv Pyl
I . )
Py =Py -ny=|Py-cosusinv | =| Py-Is
Py sinusinv Py -ls
4J12
l7 =

Yy
Vi A X
\ 2
Y X,
b12 Y W]Z
Y L > X
P

FIGURE 10. The contact coordinate system of the sun-worm tooth and
meshing roller.
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G. RELATIVE VELOCITY v?'V') BETWEEN THE SUN-WORM
AND PLANET-WORM GEAR AT POINT P

According to the above analysis, taking the derivative
of §@1) (33), as shown at the top of the next page.

The final expression of the variation of the relative veloc-
ities at meshing contact point P of the conjugate surface
between the meshing roller and sun-worm tooth profile can
be represented as follows (34), as shown at the top of the

next page.
where,
dPy _ —M
dR ~ k-m-R?
oR .
lpy = Fle (ag — racos @) cosusinv
u
oR .
lpy = — = (ap — r2 cos @) sinu cos v
av (35)
; aly 0 p aly .
=— =0, = — = —sinv
4u 3 4y 9y
als . . als
ls, = — = —sinusinv, Is, = — = cosucosv
du av
dlg . dls .
ley = — =cosusinv, lg = — =sinucosv
du av

Then, the relative velocity v@1) with elastic deformation
can be obtained.

IV. ELASTIC MESHING MODEL OF THE

TOROIDAL DRIVE

According to the relative velocity expression deduced in
part III, Elastic conjugate equations between the sun-worm
and planet-worm gear as well as between the stationary
internal toroidal gear and planet-worm gear can be obtained.
In order to investigate the effect of elastic deformation on
meshing performance, the equations of instantaneous contact
curve, induced normal curvature and helix-lead angle of the
toroidal drive that with elastic deformation are derived.

A. CONJUGATE EQUATION WITH ELASTIC DEFORMATION
BETWEEN THE SUN-WORM AND PLANET-WORM GEAR
The elastic meshing model of conjugate surface Y (1) and
>"(2) can be represented as follows:

ia1rp cosusinv + (rp cos g2 + ag) sinusinv 4+ lp1 =0
(36)

According to Eq. (36), the elastic meshing equation
and elastic meshing function between the sun-worm and
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puy = B 0851 aPy OR du des | OR dv ds) 0057 0l du dgr |l dv des
* dt dP1 dR dudgs di = dvde, dt Ay dudpy dt | vdes dr
da(z/l/) 88(2/1/) 88(2/1/)
pvy = P2 W APy R du dgy | OR dv dgy o bls du dyy 05 dv des (33
72 dt/ ) 8P/1/ dR dudgp, dt v dyy dt 81/5/ ou do, dt ovdey dt
pvy = B30 0851 dPy OR du dgy | 9R dv ey, 055" s du dgy il dv dg
‘ dt 0P1 dR dudy, dt ovdey dt dle Odudor dt ovdey dt

A 2 3 Mlzlf lRul13
2= T V2R \ 1y

Igyl M? Lyl Lyl
+ Rvl11 + 3 . 21 . 4ul13 + 4vl1l
I k*m*R*l4 L4 )

PO M (Irady3
W= 3 - kZm2R5 L4

Irvl11 | M} Isuliz syl
/ 34
* P >+ k2m2R21s \ 114 * P 4

A _ 2ir1 - 17 3 Mlzlé IRul13
Va2 = 3 V k2m2RS l14

n Irvl11 43 M} leul13 N levl11
l2 kZm2R2lg l14 L2

planet-worm gear in Sy/ can be represented as:
. —lgcosv — Iy
sin(@ + ) = ———
2 2 o
V05 + Iy sinvy
1’ .
Yy =ny - p@1) = Ig cosv + lg cosusinv

+ ligsinusiny + Iy

da(z/l/)
7 =14 - Avyy +1s- Avypr + g - Avy

_ 21 -laly | o MAE [ Irais n Irvl11
3 K2m2R5 \ 14 )

| M} laalis Lyl
K2m2R214 \ L4 l12

n 2ir1 - Isly 3 M12152 lrul13 i Irvl11
3 V k2m2R5 \ 114 L2

i M} Isuly3 +l5vlll
k2m?R21s \ L4 l12

n 2ir1 - lgly 3 Mlzlﬁz lrul13 I Irvl11
3 V k2m2R5 \ 114 h2

b1 =ny -

+

K2m2R2lg \ [14 12

M? leul leyl
43 1 <6u 13 6v11> (38)

B. CONJUGATE EQUATION WITH ELASTIC DEFORMATION
BETWEEN THE STATIONARY INTERNAL TOROIDAL GEAR
AND PLANET-WORM GEAR

The meshing condition between a planet-worm gear and
stationary internal toroidal gear is the same as that between
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(37)

a planet-worm gear and sun-worm. Taking the same steps,
the elastic meshing equation and elastic meshing func-
tion of conjugate surfaces » (2) and Y (3) can be derived

in Sy as:
—ligcosv —1
sin(o +u) = —o” 2
\ /1129 + 1220 sin v
@'3) , (39)
Gz =ny - v, = [1gcosv + ljg cosusinv
+ o sinusiny + Iy
where,
l d8(2/3/)
= Ry -
22 2 a0

_ i3 - laly | 3 MG (lpliy n lpryliy
3 k2n2R? \ Ly L

| M3 <l4ul13/+l4v111/)
k2n2R?1, \ L i

L2 bl | o MG (e levhe
3 k2n2RP \ L Ly
M? Isuliy  Isylyy
+ 3 3 . ( Sull3 + Svill )
k2n2R7%1s \ Ly L
. 272
n 2ip3 - lgly 3 M3 l6 lR/ull?a’ + lR/vlll/
3 kK2n2RP \ Ly L
M? leuliy  levliy
+3 32 <6u 13 + 6v11> (40)
K2n2R"?1g \ L Ly

M3 is the torque of the stationary internal gear.
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C. INSTANTANEOUS CONTACT EQUATION WITH

ELASTIC DEFORMATION

The instantaneous contact curve equation on the planet
worm-gear tooth between the planet-worm gear and sun-
worm is:

Xy = pCOSV+ 1
Yy = pcosusiny

zy = psinusiny 41)
—lgcosv — Ip

V13 + I3y siny

Similarly, the instantaneous contact curve equation on the
planet worm-gear tooth between the planet-worm gear and
stationary internal toroidal gear is:

sin(a + u) =

Xy = pPCOSV+ 1y
Yy = pcosusiny

Zy = psinusiny (42)

-1 —1
Sin(a/ + u) — M

lfg + l%o sin v

D. INDUCED NORMAL CURVATURE EQUATION WITH
ELASTIC DEFORMATION

1) FIRST BOUNDARY CURVE FUNCTION

Based on the gear meshing theory, the first boundary curve
function for meshing between a planet-worm gear and
sun-worm can be expressed:

1 E2 F2 ) - v(2/]/)
Vor=—| F Gy ryw- p@1 (43)
2| ®21(u) D21(v)  P2i(1)

where ¥@'1) is the same as Eq. (11), rawy, rre), @21,
@71y and Poy(;) can be derived by taking the derivative
of Eq. (1) and Eq. (37) with respect to meshing parameters
u, v and time .

The other elements in Eq. (43) are represented as follows:

Ey = (ryw)* = p*sin®v

Fy =y ryp) =0

Gy = (ryw)* = p?

D} = E,G, — F, = p*sin®v

(44)

Through calculation, the following equations can be
obtained (45), as shown at the top of the next page.

Then, the first boundary curve function for
meshing between a planet-worm gear and sun-worm can be

131242

represented:

X1/ = COS @1 COS YrXpr — COS P sin (2%

— sin @122 + ag cos ¢

Y = —sin g cos @g2xy + sin g sin @ayy/

—COS @12y — ap Sin ¢y (46)
Zy = singaxy + cos @2y

sin(a + u) = —(lgcosv + 121)/,/192 + 1120 sin v

¥y =0

Taking the same steps, the first boundary curve equation for
meshing between a planet-worm gear and stationary internal
toroidal gear is represented as follows:

X3/ = COS 3 COS @2Xp — COS @3 Sin @y

— sin @3z’ + ap cos g3

Y3 = — sin @3 cos gaxy + sin @3 sin @ayy/

— COS 37y — ap sin g3 (47)
zy = sin@pxy + COS @2y

sin(e’ + u) = —(l13 cos v + I») / B + 13y siny

U3 =0

2) SECOND BOUNDARY CURVE FUNCTION

When the toroidal drive works, not all of the points on the
conjugate surfaces participate in the meshing process. In one
instant, just one section of the tooth surface participates in the
meshing process. The second boundary curve is the divid-
ing line between the meshing zone and non-meshing zone.
Based on the gear theory, function and equation of the second
boundary curve between a planet-worm gear and sun-worm
are as follows:

ry =ry(u,v)
Dy (u,v,t) =0 48)
[OBN (,)(u, v,t) =0

That is:

Xpr = P COSV + 1

Yy = pcosusiny

Zy = psinusiny (49)

sin(o 4+ u) = —(Ilgcosv + 121)/,/192 —+ 1120 sinv

—warysingp sinusiny + by =0

The second boundary curve function between a planet-
worm gear and stationary internal toroidal gear can be
expressed as follows:

Xy = pCOSV+ 1
Yy = pcosusiny

zy = psinusiny (50)

sin(e’ + u) = —(ljgcosv + lgz)/,/llzg + 1220 siny

—w2rp singy sinusiny + =0
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11/ . . . . .
) v = pZsin v(cos @) cos i cos v — sin @3 sin v — x| sin u cos v)

+ psinv[ry cos @y cosu — izy - rasinu + Avyor sinu + (ap + Avyyr) cos u]
117 . . . :
ryw) - @1 = p2(c0s @2 sinu + ip1 cosu) + pliag - 2 COSUCOSV + 12 COS o SN U COS V

(45)

— Avyy sinv + Avyy cosucosv + (ag + Avyy) sinucosv]

1.5

without elastic deformation
with elastic deformation

0.5

0.5

4.5
10 0

(@

without elastic deformation

with elastic deformation

(b)

FIGURE 11. (a). Contact curve influenced by elastic deformation between
>(2) and > (1). (b). Contact curve influenced by elastic deformation
between ) (2) and ) (3).

3) INDUCED NORMAL CURVATURE

Based on the gear meshing theory, the induced normal
curvatures between a planet-worm gear and sun-worm and
that between a planet-worm gear and stationary internal
toroidal gear are represented in Eq. (51) and Eq. (52)
respectively.

@1) 1 2 2
Ky = (E2®3 ) — 2F2P210) P2100) + G2 P75 y)
2 *21
(5D
rar 1
K@) — (Ex®33,) — 2F2®23) ®23() + G2 P33,
2 *23

(52)
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E. HELIX-LEAD ANGLE EQUATION OF THE SUN-WORM
AND STATIONARY INTERNAL TOROIDAL GEAR

1) HELIX-LEAD ANGLE EQUATION OF THE SUN-WORM
According to the solving process of helix-lead angle [2],
this paper only gives the final helix-lead angle expression
involving the influence of elastic deformation.

VAL + B2
— (53)
JA2 + B} + C?

A1 = arccos

where,

A1 = (ny1/Mpz1r — Nzl Npy1r)
= (Mg px1r — N1/ Mp17)

= (Ny1Npy1r — Ny Apy17)

N1y = xp[1 — ao/\/xl, +y1/
npyr = yrll — ao/\/xl/ +y1] 54

Npz1 = 21
Nylr = COS @1 COS YoM,y — COS @1 SiN @onyr — Sin @ 7y
Ry = — $in @] COS @anyy + Sin @) Sin Yanyy — COS PNy

Nz = sin@anyy + €OS @any0r

2) HELIX-LEAD ANGLE EQUATION OF THE STATIONARY
INTERNAL TOROIDAL GEAR

Similarly, helix-lead angle of the stationary internal toroidal
gear can be expressed as follows:

JAZ 4+ B2

B A R (55)
2 2 2

VA3 + B3+ C5

A3 = arccos

where,

Az = (ny?;’nbﬁ/ - nz3’nby3’)
B3 = (ngynpxy — ny3ynpzs)
C3 = (ny3npy3: — Ny3Npye3)

npyy = xy[1— ao/ X3 + 3]

npyy = yy[1 — ao/\/xg/ +y3/] (56)

Npy = 23
Nyy = COS @3 COS YoM,y — COS @3 SiN Po1yr — Sin Y3n,y
ny3 = — $in @3 COS @onyp + Sin @3 8in Yanyy — COS P31/

ngy = sin@anyy + cos Qany
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FIGURE 12. (a). Induced normal curvature between a planet worm-gear
and sun-worm influenced by elastic deformation. (b). Induced normal

curvature between a planet worm-gear and stationary internal toroidal
gear influenced by elastic deformation.

V. ELASTIC DEFORMATION INFLUENCE ON THE
MESHING CHARACTERISTIC OF THE TOROIDAL DRIVE
According to equations deduced above, the meshing con-
tact curve as well as induced normal curvature curve and
helix-lead angle curve with elastic deformation can be
obtained. The influence of elastic deformation on meshing
performance can be investigated by comparing the curves
with and without elastic deformation.

A. ELASTIC DEFORMATION INFLUENCE ON

THE MESHING CONTACT CURVE

The contact curve on the planet-worm gear tooth surface
between the planet-worm gear and sun-worm is given by
Eq. (41), and that between the planet-worm gear and internal
toroidal gear is determined by Eq. (42). The elastic defor-
mation influence on the contact curve between conjugate
surfaces Y (1) and ) (2), as well as between » (2) and
>"(3), are shown in Fig. 11 (a) and (b). The meshing contact
curve without elastic deformation is given in the figure as
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FIGURE 13. (a). The helix-lead angle of the sun-worm influenced by
elastic deformation. (b). The helix-lead angle of the stationary internal
gear influenced by elastic deformation.

areference. It can be found in the figures that the elastic defor-
mation has a little effect on contact curve which induce the
contact curve rotates a very small angle about a certain axis.

B. ELASTIC DEFORMATION INFLUENCE ON

THE INDUCED NORMAL CURVATURE

The induced normal curvature of the meshing between
the planet-worm gear and sun-worm, and that between the
planet-worm gear and stationary internal toroidal gear are
represented in Eq. (51) and Eq. (52). Fig. 12(a) and (b) show
the effect of elastic deformation on the induced normal cur-
vatures. It can be observed that the induced normal curvature
KZ" and K »y are hardly affected by elastic deformation.

C. ELASTIC DEFORMATION INFLUENCE ON

THE HELIX-LEAD ANGLE

The helix-lead angle of the sun-worm and stationary internal
toroidal gear are important in the manufacturing and assem-
bly process of the toroidal drive. The helix-lead angle is not
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constant but varies with the changing of the planet-worm gear
rotation angle ¢».

The helix-lead angle of the sun-worm and internal toroidal
gear are determined by Eq. (53) and Eq. (55), respectively.
The elastic deformation influence on the helix-lead angle A
and A3 are shown in Fig. 13(a) and (b), respectively. It is
obviously that the helix-lead angle A; and A3 are hardly
affected by elastic deformation.

VI. CONCLUSION

Elastic deformation in the rolling contact process is one of
the main reasons for the time-varying mesh stiffness of the
toroidal drive. In this paper, an elastic deformation mathe-
matical model based on Wills law and Hertz contact theory is
proposed, which can be used as a theoretical basis for toroidal
drive regarding the vibration and noise analysis. The main
works accomplished are as follows:

1. Elastic deformation integrated coordinate systems are
built to describe the position relationship among the
main components of the toroidal drive.

2. According to Hertz contact theory, the relationship
between elastic deformation velocity and normal force
at contact point is studied. The elastic deformation
velocity induced by contact force is adopted for the
first time in the relative velocity of the Wills law for
the toroidal drive.

3. Elastic conjugate equations between the sun-worm
and planet-worm gear as well as between the station-
ary internal toroidal gear and planet-worm gear are
induced. The influences of elastic deformation on the
meshing contact curves, helix-lead angle and induced
normal curvature of toroidal drive are discussed. The
results indicate that: (1) Elastic deformation has a little
effect on contact curve, which is rotated by a very
small angle about a certain axis. (2) Induced normal
curvature and helix-lead angle are hardly affected by
elastic deformation.

NOMENCLATURE

S0(0o, 10, Jg, ko) reference coordinate system of the
meshing roller

movable coordinate system of the
meshing roller

reference coordinate system of the
sun-worm

movable coordinate system of the
sun-worm

reference coordinate system of the
planet-worm gear

movable coordinate system of the
planet-worm gear

reference coordinate system of the
internal toroidal gear

®1 angular velocity of the sun-worm

So (0o, iy, jo ko)
$1(01,41,j1, k1)
Sy (O, iy, jy. ki)
$2(02, 12, )3, k2)
S2(0y, iy, jy. ko)

83(03, 13,3, k3)
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(O]
?1

()

(1)
2(2)

()

ry
ro

2

My
n2
1
2]

o@D

ao

5(2’1’)
sl " dr

ds@") st

(x2, y2, 227)

(Avyor, Avyor, Avyor)
Py
Py
rp

angular velocity of the planet-
worm gear

rotation angle of the sun-worm
about ky/

rotation angle of the planet-worm
gear about ky/

tooth surface of the sun-worm
tooth surface of the planet-worm
gear

tooth surface of the stationary inter-
nal toroidal gear

—

010y

meshing contact point between the
meshing roller and sun-worm
vector of the meshing roller in Sy/
vector of the meshing roller in Sy
radius of the meshing roller

radius of the planet-worm gear
spherical parameter of meshing
roller

spherical parameter of meshing
roller

coordinate transformation matrix
from Sy to Sy

unit normal vector of contact point
Pin Sy

relative velocity between the
planet-worm gear and sun-worm
transmission ratio between the
planet-worm gear and sun-worm
relative angular velocity between
the planet-worm gear and sun-
worm

central distance of the toroidal
drive

elastic deformation between the
sun-worm and planet-worm gear

elastic deformation velocity along
the direction of O/ Oy

elastic deformation velocity along
the translocation direction of the
contact surface between the sun-
worm and planet-worm gear
coordinate components of the roller
profile in Sy

variations of the relative velocities
normal force at point P

module of normal force P

radius vector of the sun-worm at
contact point P

driving force between the sun-
worm and planet-worm gear

axial force between the sun-worm
and planet-worm gear
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a2

bia
a1
Bi2
mi2
ni
©i
)
P11
P12
P21
022
Jiz
Jiz/a12

T2/ (u)
A

Do)
D211
L2
D3

D3
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radial force between the sun-worm
and planet-worm gear

reaction force of Fy

reaction force of F

reaction force of Fy;

driving force between the internal
toroidal gear and planet-worm gear
axial force between the internal
toroidal gear and planet-worm gear
radial force between the internal
toroidal gear and planet-worm gear
reaction force of F3

reaction force of F 3

reaction force of Fy3

torque of the sun-worm

meshing point number between the
sun-worm and planet-worm gears
meshing point number between the
internal toroidal gear and planet-
worm gears

number of planet-worm gears
value of major half-axis of the ellip-
tical contact region

value of the minor half-axis of the
elliptical contact region
interpolation coefficient
interpolation coefficient

geometry parameters of the contact
ellipse

geometry parameters of the contact
ellipse

Poisson’s ratio of the material of the
sun-worm

Poisson’s ratio of the material of the
meshing roller

curvatures of the sun-worm tooth
and meshing roller

curvatures of the sun-worm tooth
and meshing roller

curvatures of the sun-worm tooth
and meshing roller

curvatures of the sun-worm tooth
and meshing roller

elliptic integral parameter

elliptic integral parameter
derivative of rp» with respect to u
derivative of r with respect to v
meshing function between the sun-
worm and planet-worm gear
derivative of ®,; with respect to u
derivative of ®,; with respect to v
derivative of ®,; with respect to ¢
meshing function between the
internal toroidal gear and planet-
worm gear

derivative of ®,3 with respect to u

®)3(,) derivative of @3 with respect to v
®73) derivative of ®;3 with respect to ¢
W first boundary curve function between a

planet-worm gear and sun-worm

W3 first boundary curve function between a

planet-worm gear and internal toroidal gear

Kéz " induced normal curvature between a planet-

worm gear and sun-worm

Ké“') induced normal curvature between a planet-
worm gear and internal toroidal gear
Al helix-lead angle of the sun-worm
A3 helix-lead angle of the internal toroidal gear
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