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ABSTRACT Integral operators are useful in real analysis, mathematical analysis, functional analysis and
other subjects of mathematical approach. The goal of this paper is to study a unified integral operator via
convexity. By using convexity and conditions of unified integral operators, bounds of these operators are
obtained. Furthermore consequences of these results are discussed for fractional and conformable integral
operators.

INDEX TERMS Convex function, Mittag-Leffler function, integral operator, fractional integral operator,

conformable integral operator.

I. INTRODUCTION AND PRELIMINARY RESULTS
A function f satisfying the following inequality:

fOx+ A =1y <A ()+ A -1fG) ey

where A € [0, 1], x,y € C and C is convex set, is called con-
vex function on C. A function satisfying (1) in reverse order is
called concave function. For properties and characterizations
of convex functions, see [1].

Definition I [2]: Let f : [a,b] — R be an integrable
function. Also let g be an increasing and positive function
on (a, b], having continuous derivative g’ on (a, b). The left-
sided and right-sided fractional integrals of a function f with
respect to another function g on [a, b] of order u > 0 are
defined by:

1 X
{aef 0= s / Q@) — g Of (dt, x=a @)
and
0= / (&) - g ¢ O, x<b, (3)

where I'(.) is the Gamma function.
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A k-fractional analogue of above definition is given as
follows:

Definition 2 [3]: Let f : [a,b] — R be an integrable
function. Also let g be an increasing and positive function on
(a, b], having a continuous derivative g’ on (a, b). The left-
sided and right-sided fractional integrals of a function f with
respect to another function g on [a, b] of order u, k > 0 are
defined by:

HIS ()= T ( ) f (e —g)t g W)f (i, x>a
4

and

KLy f ()= kr( ) / (e()—g)E g ()f (dr, x<b,

S

where 'y (.) is the k-Gamma function.
A generalized fractional integral with kernel an extended
generalized Mittag-Leffler function is defined as follows:
Definition 3 [6]: Let w, u,a, 1, y,c € C, R(w), Ra),
RA) > 0, Rce) > Ry) > Owithp > 0,5 > 0 and
0 <k <8§5+%Rw).Letf € Li[a,b] and x € [a, b]. Then
the generalized fractional integral operators eZi];;aJr f and
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v,8,k,c
w,ol,w,b

(oo o) Gip)
= / @ = 0 L (e — M p)f (0de, (6)

_f are defined by:

and
( Zi];;b—f)(x p)
= / (t =) EVOT (o — )M p)f (de, (T)

where

Z By +nk.c—y) (O 1"

Eyéllcc(t )
Bly,c—y) T(un+a)(Dns

(®)
n=0
is the extended generalized Mittag-Leffler function.

Recently Farid defined a new unified integral operator
from which the fractional as well as conformable integral
operators can be derived at once:

Definition4 [7]: Letf,g : [a,b] — R,0 < a < b,
be the functions such that f be positive and f € L;[a, b], and
g be differentiable and strictly increasing. Also let % be an
increasing function on [a¢, co) and «, I, y,c € C,p, u, 8 > 0,
and 0 < k < § + w. Then for x € [a, b] the left and right
integral operators are defined by:

‘ ¥ p(g(x) — (1)
GF et D p a ¢gix)—gg(t)
X E o (@(8@)—g()": p)g (0f (1)dt
©)
and
P b p(g(1) — g(x))
P D / ¢git)—gix)
EL o (@(g(t)— ()" 1p)g (f (1)t
(10)

In [7] it is proved that the operators defined in (9) and (10) are
bounded, further they are linear hence these are continuous
operators.

Theorem 5 [7]: Under the assumptions of Definition 4,
the following bounds hold for integral operators (9) and (10):

(LT p)| < KIf s (a1
and

(GFEEDE 0 p)| < KW N (12)
Hence
‘(8F¢ wlS §+Cf)(x P)+(gFf;fbk Cf)(x;p)) <2K|f lapy. (13)

where S is the sum of absolute terms of (8) and K =

S 1p(g(b) — g(@)l.
Integral operators defined in (9) and (10) are unified in
the sense that for specific settings of functions ¢, g and
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particular values of involved parameters in Mittag-Leffler
function they contain two kinds of general fractional integral
operators (4), (5), and (6), (7). These integral operators and
their consequences are narrated in the following two remarks.

xB/k
Remark 6: (i) Let ¢p(x) = ﬂ > 0,8 > kand

p = o = 0, in unified integral operators (9) and (10). Then
generalized Riemann-Liouville fractional integral operators
(4) and (5) are obtained.

(i) For k = 1, (4) and (5) fractional integrals coincide
with (2) and (3) fractional integrals, which further produce
the following fractional and conformable integrals:

(ii1) By taking g as identity function, (4) and (5) fractional
integrals coincide with k-fractional Riemann-Liouville inte-
grals defined by Mubeen et al. in [15].

(iv) For k = 1, along with g as identity function, (4) and
(5) fractional integrals coincide with Riemann-Liouville
fractional integrals [2].

(v) Fork = 1 and g(x) = %p, p > 0, (4) and (5) produce
fractional integrals defined by Chen et al. in [10].

(vi) For k = 1 and g(x) = = _H, (4) and (5) produce
generalized conformable integrals defined by Khan et al
in [13].

(viii) If we take g(x) = =2 s > 0in (4) and g(x) =
—(b_—x)s, s > 0in (5), then conformable (k, s)-fractional
integrals will be obtained as defined by Habib et al. in [11].

(ix) If we take g(x) = )iH: , then conformable integrals will
be obtained as defined by Sankaya etal. in [16].

(x) If we take g(x) = “=% 5 > 0in (4) and g(x) =

— = x) ,8 > 0in (5) with k = 1, then conformable integrals
will be obtalned as defined by Jarad et al. in [12].

Remark 7: Let ¢(x) = xP and g(x) = x, B > 0, in uni-
fied integral operators (9) and (10). Then fractional integral
operators (6) and (7) are obtained, which along with differ-
ent settings of p, k, 8,1, c, y in generalized Mittag-Leffler
function give the following integral operators:

1. By setting p = 0, fractional integral operators (6) and
(7) are reduced to the fractional intagral operators defined by
Salim-Faraj in [5].

2. By setting [ = § = 1, fractional integral operators (6)
and (7) are reduced to the fractional intagral operators defined
by Rahman et al. in [18].

3. By setting p = Oand [ = § = 1, fractional integral
operators (6) and (7) are reduced to the fractional intagral
operators defined by Srivastava-Tomovski in [14].

4. By settingp = 0 and [ = § = k = 1, fractional integral
operators (6) and (7) are reduced to the fractional intagral
operators defined by Prabhakar in [19].

5. By setting p = w = 0, fractional integral operators (6)
and (7) are reduced to the left-sided and right-sided Riemann-
Liouville fractional integrals.

For detailed study of recent generalized, fractional and
conformable integral operators one can consult [3]-[6], [8],
[10]-[14], [16], [17] and references therein.

The purpose of this research is the study of all above
integral operators via convex functions. We are succeeded to
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obtain bounds of integral operators defined in (9) and (10).
These results provide formulas for bounds of all frac-
tional and conformable integrals comprised in Remark1 and
Remark 7. The paper is organized as follows:

In Section II, upper bounds of unified fractional integral
operators (9) and (10) are established by using the involved
conditions and convex functions. Further by imposing an
additional condition of symmetry two sided Hadamard type
bounds are obtained. Moreover by using convexity of |f’| and
applying integral operator on convolution of two functions
some interesting bounds are studied. It is important to note
that all these results hold for fractional and conformable
integral operators comprised in Remark 6 and Remark 7.
Also some fractional differential equations are solved in
Section III.

Il. MAIN RESULTS
Bounds of integral operators (9), (10) and their sum are
obtained in the following theorem.

Theorem 8: Let f : [a,b] —> R be a positive convex
function, 0 < a < band g : [a,b] — ]R be differentiable
and strictly increasing function. Also let be an increasing
functionon [a, bl and a, [, y,c € C, p, i, 8 >0and0 < k <
& + . Then for x € [a, b] we have

(FOLTEF) (s p) < LIS (a0 = g@); p)

X ($(g(0)—g(@) F+f(@) (14)
and
(FOLTF) (s p) < LIS (la®) — g0 p)

X ($(eB)—5() () B) (1)
hence
( F Vfakff) (x;p)+ ( F Vfb’”f) x: p)

< EVDT(w(g(x) — g@)": p) (9(8(x) — 8(a)))

wa,l
(F) + @) + ELSE (@(gb) — g p)
(P(g(b) — g(x)) (f(x) +f (b)) (16)

Proof 9: As g is increasing, therefore for t € [a, x], x €
(a, D), g(x)—g(t) < g(x)—g(a). The function % is increasing,
therefore one can obtain:

Pgx) —8(1) _ #(g(x) — g(a))
g)—g) T glx)—gla)

7)

Now by multiplying with E”” o, l “(w(g(x)—g())*; p)g' (1) the
following inequality is ylelded

P(g(x) — () ,

e ) C OB @) — g0 p)
: % (O, o1 (@(g) — g)':p). (18)
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Also EV 3.k ) ((g(x) — g(t)H;

therefore EV S gk) — g ip) < EI
gla)*; p) so the following inequality holds

p) is series of positive terms,
8 k,
ol ((gx) —

% (DE o) (@(g) — g1)"; p)
: % (DEL Y} ((g@) — g@)*:p).  (19)

Using convexity of f on [a, x] for x € (a, b) we have

0 <L+ . (20)
X —d X —d

Multiplying (19) and (20), then integrating with respect to ¢
over [a, x] we have

T P(glx) — g1)) ,
e — 20 g @) )
<EVhC (w(g(x) — g()": pdr
f(a) ¢(g(x) g(a)) v.8.k,c _ "
“x—a gkx)—gla) Eu a,l (w(g(x) — g(a))™; p)

/ (x — g ()dr

o) 4010 14

x/ (t —a)g (t)dt. 2n

By using (9) of Definition 4, and integrating by parts we get
8.k,
(g i;{/la:f)(x p)
8.k,
< E;7 (@(gkx) — g@)"; p)

(P (SO (gia )+ [t
s —g@ ) \x- “

+& <(x —a)g(x) — / g(t)dl>>

which further simplifies as follows:
(FOTTEs) i p) = ELO (@) = 8@ p)
x (p(g(x)—g(@) (fF(x)+f(a) . (22)

Now on the other hand for r € (x, b], x € (a, b) the following
inequality holds true:

BED B L (0la) — 5 p)
_9eB)—s) ,
86 —5)

Also E Z i]; C(a)(g(t) — g(x))*; p) is series of positive terms,

k,
therefore EZ'“(o(g(t) — g))V*: p) < EL o4 (w(g(b) —
g(x))*; p), so the following inequality is valid:

BED B L (wlett) — 85 )

¢(g(b) gx))
g(b)—g(x)

gOEL S (gt —g)*:p).  (23)

gOEL ) ((gb)—g@)" 1 p).  (24)
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The following inequality also holds for convex function f:

_ b—
£ < ;—xf(b) + 27 . 25)
—X b—x

Multiplying (24) and (25), then integrating with respect to ¢
over (x, b] and adopting the same pattern of simplification as
we did for (21), the following inequality is obtained:

(FOTPRr) @ip)

<E; i]f “(w(g(b) — g(x))*; p)

P(g(b) —gx))\ ( f(b) b
X( 2(b) — g(x) )( <<b><b x) = f g(r)dz)

b
f( ) ((x—b)g(X)+/ g(t)dt)>

which further simplifies as follows:
(FETTRF) (i p) = BN (@lgb) — g0 p)
X (¢(g(b)—g(x)) (f()+f (b)) . (26)

By adding (22) and (26), (16) can be achieved.

Henceforth we give consequences of above theorem
for fractional calculus and conformable integral operators
defined in [2], [5], [9]-[13], [15], [16].

Proposition 10: Let ¢(t) = t“ and p = w = 0. Then (9)
and (10) produce the fractional integral operators (2) and (3)
defined in [2], as follows:

(Fp ) (65 0) 1= Slgef ()

and
(oFp 55 ) (s 0) 1= 0y f (),

Further ? is increasing for o > 1, therefore they satisfy the
following bound:

L)) + Cly )

= % ((8() = g@)” (F() +f(a))
+(g(b) — g (f(x) + (b)) ).

Proposition 11: Let gx) = I(x) = xandp = v = 0.
Then (9) and (10) produce integral operators defined in [17]
as follows:

@ (1FSTP0T) (6500 = (e TN ))

_ P(x —1)
= /a F— -f(t)dt

and
L@ (iFLTTRF) 0600 = G I
b i —
= f( ).
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Further they satisfy the following bound:
(o 1pf)x) + (- Lpf )(x)
< ¢x —a)(f (X) + (@) + ¢(b — x)(f (x) + £ (D).

Corollary 12: 1f we take ¢(r) = T- and p = @ = 0.

Then (9) and (10) produce the fractional integral operators (4)
and (5) defined in [3] as follows:

o

& el at ] &0 := Ia+f(x)
and
3
t
oV 8.k.c
O ar0) =2 I f .

8% wa,lb~

Further q_& is increasing for a > k, therefore they satisfy the
following bound:

@)+ CI-f)(x) <

KT, ( )((g(X) @) (f(x) + f(a))

+(g(b) — gCNT (F(B) +£(x).

Corollary 13: 1f we take ¢(¢) = t* and g(x) = I(x) = x
with p = w = 0. Then (9) and (10) produce left and right
Riemann-Liouville fractional integrals [2] as follows:

(IFp ) (s 0) 1= Sl ()
and

(PFoTEr ) @ 0) i= 1y f @),

Further ? is increasing for a > k therefore, they satisfy the
following bound:
L)) + CLp-f)(x)
1
((x —)*(fF () + f(@) + (b —)*(F (D) + f (X))

= T@)
(M)

Corollary 14: 1If we take ¢(t) = @) and g(x) =
I(x) = x,p = o = 0. Then (9) and (10) produce the
fractional integral operators define in [15] as follows:

(x

=7 V:8.k.c
1F5F5(1)0+ a0 =21t
and
tk
ﬁ,yﬁ,k,‘
RO TR (1 .0) 1= 1K f ),

w,a,l,b~
Further they satisfy the following bound for & > k:

CIHE) + CIEH) <

1 o
ka(a)((x —a)k(f(x) + f(a)
+(b — )F(F(B) + ().
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Corollary 15: 1f we take ¢(1) = t*, « > O and g(x) = =
p > 0 withp = w = 0. Then (9) and (10) produce the
fractional integral operators defined in [10], as follows:

(oFp iEF) @ 0) = L2

pl—oc X
=T J, T
and

Further they satisfy the followmg bound:

CIZ@) + CL ) < ((&” = a”)*(f(x) + f(a)

O‘F( )
+(F = x")*(f (D) + £ (x))).
Corollary 16: If we take ¢(t) = *,a > 0 and

gx) = ’;jr—Jrl, s > 0,p = w = 0. Then (9) and (10) produce
the fractional integral operators define as follows:

(eFpdiEr) @ 0) = CIEN)

= (SJIZZ); ,( P A L A (3
and
(Fi 55 ) 00 = I F)00)

_% ! T —xsTH S e (s

Further they satisfy the following bound:

CI3 @) + CLf)(x)
1 s+1 s+
= G0 T@ l)al“(a)((x a ) (f(x) +f(a)

+(B T — XTYEDB) + f ().

Corollary 17: If we take ¢(1) = 2T and g(x) = 27

s > 0, p = w = 0. Then (9) and (10) produce the fractional
integral operators defined in [16], as follows:

o
1k
,V,0,k,c
krk(a),% SKy
oF f

w.a,lat

(x; 0)

= (}il,fif)(x)
1
— (S;I::()a) / ( S+1 S+1)F71 Sf(t)dt

and

@

3 X
FW,VJSJC,LJC
8% .o l,b™

= QL))
s+ DR
k(@)

(x;0)

b
f (tS-'rl —xs+l)%_ltsf(t)dt.
X
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Further ? is increasing for o > k therefore, they satisfy the
followmg bound:

W ) + GL-f)(x)
bs+l _ st
: (s + 1)%krk(a)((f(x) o o
= @ THT () + £ (1)),
Corollary 18: If we take ¢(t) = t* and g(x) = Xﬂ:’

B,s > 0,p = w = 0.Then (9) and (10) produce the fractional
integral operators defined in [13] as follows:

(eFirZioher) s 0)

= (GI%)()
_ (/3 +S)1_a * B+s _ Psya—1.s
= —F(a) /a (x PO (H)dt
and
t ,¥,0,k,c
(eFpinbr) s 0y
= I ()
_ (B +s)17a b B+s Bsya—1s
= —F(a) /X (t — xPTOYTEf()de.
Further they satisfy the following bound:
Bl ) + (I f)(x)
T (Bt B\
=< (ﬁ—i—s)"‘l"(ot)((x a”) (f(x) + f (@)
O = 2PN B) + ().

Corollary 19: If we take g(x) = &= “) , p>0in(9) and

glx) = @, o > 0in (10) w1th o) = t% a > 0,
p = o = 0. Then (9) and (10) produce the fractional integral
operators defined in [12], as follows:

(oFL 7 hr ) 500
= (pljj‘+f)(x)
/ (x — @) — (t —a)’)* 't — )"~ f(r)dr

1“()

and
(Fpiter) (s 0)
—(p Ia—f )(x)
/((b—X)p S L I R L (373

F( )
Further they satisfy the following bound:

P + (I f)(X)
ar( )((x —a)’**(f(x) + f(@)
+ (b — ) (f(b) + £ (X))
Corollary 20: If we take g(x) = @, p > 0in (9) and

_ ==y - - _ tire
glx) = o P> 0in (10) with ¢(¢) = T (@)

o >k,
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p = o = 0. Then (9) and (10) produce the fractional integral
operators defined in [11], as follows:

tk
7kl‘k<a>’y’5’k’cf

8% w,a,l,at (x;0)
= GIL)x) = QIS f)(x)
1-¢
krk(a)/ (x—a) = (1= a)p)k (t—a) ' f(t)dt
and

o

tk

= V.0.k,c

@ V0K
oF f

AR (x: 0)

= (i15+f)(x) = ((I7-f)(x)
_ f (b —x) — (b — 1))~ b — 1y’ f(t)dr.

ka(Ot)
Further they satisfy the following bound:

QLENE@ + GLE)

< m((x —a)F (f(x) +f(a)

pa
+(b —x) F(f(b) +f(x))).
We will use the following lemma to get the next theorem.
Lemma 21 [9]: Letf : [a, b] — R be a convex function.

If f is symmetric about a
holds:

, then the following inequality

f (“;b ) <f(0),  xelabl. @7)

The following theorem provides the Hadamard type estima-
tion of integral operators (9) and (10).
Theorem 22: Along with statement of Theorem 8, if in

b
addition f is symmetric about i, then the following

inequality holds:
P(SE0) (i + tien) o)
< ((FET70cr) @ p>+ (FOTeer) i)

< 2¢(g(b) — g(a)E!, WJ “(w(g(b) — g@)"; p)
X(f(a) + f(b)). (28)

Proof 23: Forx € (a, b), under the assumption on g and f
the following inequality holds: *

% (] (@(g(x)

#(g(b) — g(a)) g (x)EY Dk
= 2 ZdX)E b
= e C WEL @E®)
Using convexity of f on [a, b] for x € (a, b) we have

—g@)*; p)

—g@)*;p). 29

— b—
o) < Ff(b) + (). (30)
—a b—a
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Multiplying (29) and (30) and then integrating with respect
to x over [a, b], the following inequality is obtained:

b
o(gx) — gla)) ,
e —g@ SV

xE R (wo(g(x) — gla)s p)dx
8@) ke

f(b) $(g(b) -
=b—a gb)—ga wel O

/ (x — a)g'(x)dx

f(@) $(8b) = 8(@) ke
b—a gb)— g wel 8O-
b

x/ (b — x)g (x)dx.

g@); p)

gl@)”; p)

By using (9) of Definition 4 and integrating by parts we get
(FOTIEF) B p) < ELST (lgb) - g@)'; p)
x(¢(g(b)—g@N (f(@+f(b)). (1)

On the other hand the following inequality holds:

b ,C
% x )E/];i]l( (w(g(b) — g(x)"; p)
% OEL 2 (@(gb) — g@); p). (32)

Multiplying (30) and (32) and then integrating with respect
to x over [a, b] and simplifying on the same pattern as we did
for (29) and (30), following inequality is obtained:

(F0TTr ) (@ ) = EL2 (og(b) = g(@))s p)
X (@(e()—g@) F@+ b)) . (33)
By adding (31) and (33), we have

8,k,c

((FOLINSF) ipy + (F T ) i p))

< 2¢(g(b)—g(a))EZi]fc(w(g(b) g@); p)(f(a) + f (b))
(34)

Multiplying both sides of (27) by Mg’(x)
gx) — g(a)

EV-Ok “(w(g(x) — g(a))*; p), then integrating over [a, b] we

w,a,l
get

a+b\ [b o) —g@) ,
f< 2 > « &) —gla) g(x)
XEZ illc “(w(g(x) — gla)*; p)dx

b p(g(x) — ga)) ,
sa () — 2@ gfx)

XE 2R (wo(g(x) — gla; p)f (r)dx.

By using (10) of Definition 4 we get

; <a+b) (F2751) @ py = (FOT25F ) @ . 35)

2
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¢(g(b) — g(X))g/ )
g(b) — g(x)
(w(g(b) — g(x))*; p) and integrating over [a, b] we

Multiplying both sides of (27) by
Eyékc

ool
have

f (““’)( FOTI) b p) = (FET55F) () 36)

2
by adding (35) and (36), the following inequality is obtained:

(2N (it (P75 ) o).

< ((eFerinesr) @pr+ (r02 fa+ f) ). G

Combining (34) and (37), inequality (28) can be achieved.

Remark 24: Theorem 22 can be utilized to obtain bounds
of Hadamard type for fractional integral operators and con-
formable integrals like Corollaries 1 — 9. We leave them for
the readers.

Theorem 25: Let f : [a,b] —> R be a differentiable
function. If |f’| is convex, 0 < a < band g : [a,b] — R
be differentiable and strictly increasing function. Also let %
be an increasing function and «, [, y,c € C, p, u, 8 > 0 and
0 <k <6+ wu. Then for x € (a, b) we have

8.k, 8.k,
‘(gszaff*g)(x PH(F/(fgzbtf*g)(x p)‘

< EV2RC(w(g(x) —

glant; po(gx) — g(a))

w,a,l
W+ I @D
+EL 0 @(3(b) — g pp(g(b) — g(x))
'@+ [ ). (38)
where
(FPTPws ) @ip)
CPe) —8W) Ly
s g el @6
—g)"; p)g (Of ' (t)dr
(FET0F wg) (xsp)
b _
PO = 80D ke oy

g —gx) Bt
—g(O)*; p)g (Of (t)dr.

Proof 26: Using the convexity of |f’| over [a, b] for r €
[a, x] we have

ol < L@+ ). (39)
X —da X —da
From which we can write
—~ (x—_t I (@)| + t‘—“v’(xn) <f'(t)
X —da X —a
x—t , t—a ,
< (—lf @)+ ——If <x>|) (40)
X —d X —a
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we consider the right hand side inequality of the above
inequality i.e.

£ < (x—_tlf/(a)l + t‘—“v’<x>|). (41)
X —da X —d

Further the following inequality holds true:

% x )EZiII{ “(w(g(x) — g)*; p)
: % (DE! T (@(g) — g@)s p). - (42)

Multiplying (41) and (42) and integrating with respect to ¢
over [a, x], the following inequality is obtained:

* plgx) — g(1) ke |
0 — e & O OE o (g0 — g0 pr
V (a)| p(g(x) — g(a)) preoke 0
x—a gx)—gla) u a,l (w(gx) — g(@)"; p)

X / X(x — g (t)dt
If' ()] p(g(x) — g(a)) pridke

x—a gx) —ga) E;,  (w(gt) — g@)™; p)

X /x(t — a)g/(t)dt
which gives
(FOLTLS %g) i p) < EL S ((g) — g(@)*s p)

x$(g(¥) —g@)(If' I +If"(@)).
(43)

If we consider the left hand side inequality from the inequality
(40) and proceed as we did for the right hand side inequality
we have

(Ffrrmscs *g) (rip) = —EL 01 (@) = @) p)

x$(g(x) = g(@)(If' ) +f " (@).
(44)

Combining (43) and (44),
obtained:

[(FL7 s g) (s )| < ELSE(@leto) — s(@)s p)

x$(g(x) = g(@)(If' ) Hf (@)
(45)

the following inequality is

On the other hand using convexity of |f'(¢)| over [a, b] for
t € (x, b] we have

_ b—
o) < ;—xlf’(b)l + 2L, (46)
—X b—x
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Further the following inequality holds true:

P =) )7 l) — @) )

glx) — g()
b _ c
: %gm%%’ (0(g(x) — g(@))*sp).  (47)

By adopting the same treatment as we did for (39) and (42),
one can obtain the following inequality from (46) and (47):
YR N 8.k, c
‘(gF ff,,?,,bff * g) (x; p)‘ < E; 7 ((gb) — g)"; p)
x¢(g(b)—gCOXIf' N+ (D))
(48)

Combining (45) and (48), inequality (38) can be achieved.

lIl. PROPOSED FRACTIONAL DIFFERENTIAL EQUATIONS

Theorem 27: Let u,a,l,y,v,c € C, Rw), Ra),
RA) > 0, Re) > R(y) > Owithp > 0,5 > 0 and
0 <k <8+NR(w). Let g(x) = I(x),f(x) = x? and $(r) = 1*.
Then the differential equation

* 9,8,k
D)) =2 (1F 1082 (s py+4% (49)

with initial condition (/;") = (0+) = C, has its solution in
the L(0, c0)

XVl X Bply +nk,c—y)
=C + 2
Ye) ') ! g Bly,c—y)
(©nk o

X
Clun+a+v+3) Dus
xv+2
Xxvn+a+v+2 + 2 (50)
C'(v+3)
where C is an arbitrary constant.
Proof 28: For the function f(x) = x> the generalized
fraction integral operator is calculated in [20, Thorem 3.1]
as follows:

*ydke  2Y ..
(lFﬂ,a,l,w,a+x ) x: p)
w,o+1,1

= (x — @) x [azEV"s’k’c (@(x — a)*; p)

8.k,
+2a(x — a)Ez:’aHCJ(a)(x —a*;p)

+20r — a)® x B (o — ay'; p)]. (51)

Now putting a = 0 the above equation reduces to

(Fo i) s p) = 2P EL D (05 p)). - (52)
Using (52) in (49) we get

,0,k,
(D)) = M2 ELSES (@) p) + 22 (53)
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Applying Laplace transform on both sides of (53) we have

LIy y)(): 5] = LI 2T EL LY (@)™ p)i 5]

+L[x% sl (54)

Laplace transform of Mittag-Leffler function is obtained as
follows:

_ 6.k,
LIx* ' Ele T (o) p)]

o0
—sx pV,8,k,c .
:/(; x%e SXEWL, (w(x)*; p)dx
o

_ Z Bply +nk,c—y) (©Oum "
Bly,c—y) T(un+a)Dus

n=0
00
% / xot+/m7]efsxdx
0

1 By + 1k, ¢ —y) (Onk

=" Bye—y) Ow

(55)

And Laplace transform of fractional derivative Dy, f is
calculated as follows:

LDy f; 5] = s"F(s)
=Y D04 (n—1 < v < mRe(s) > 0.
k=1
(56)
Using (55) and (56) (for n = 1) in (54) we have

Bp(y +nk,c—y)

o0
y(s) — Cs*l) + 2)\.]S7(Mn+a+v+3) Z

P T
" —(v43)
X (C)nk D + 2s . (57N

Now taking the inverse Laplace transformation on both side
of (57) and after some simplifications, we achieved the
required result (50).

Theorem 29: Let u,a, 1, y, c € C, R(w), R(a), R({) > 0,
N(c) > R(y) >0withp > 0,6 >0and 0 < k <+ N(w).
Let g(x) = I(x), and ¢(¢) = t*. Then the differential equation
D)@ =21 (1F, 726T) (s p)+ daxEL 24T (x's p)

(58)

with initial condition (Ié: ) = (0+) = C, has its solution in
the L(0, 0c0)

_xe! o Bp(y +nk,c—y)
Y@ = Cgs + +k2)§ e
(©n O unt2a (59)

X
C(un+2a + 1) (Dys

where C is an arbitrary constant.
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Proof 30: By convenient settings of values of function
g(x) = I(x) and ¢(¢) = t* in (6), we have

8.k, t%y.,8,k,
(erhe 1) sy = (iR TR 1) @ip). (60)

By putting a = 0 in (60) one can obtained:

8.k, 8.k,

(DGe)x) = MxE) 0 (xts p) + x¥E) 1 (wxs p)
8k,

= (A1 + Ap)x® ;Hlfl(wxﬂ;p). (61)

Applying Laplace transform on both sides of (61) and after
simplification one can obtained:

Ys) = G5~ o+ (b + Ag)s~ 2ot

o By +nk,c—y) o
n . 62
0 Dy Tl

Applying inverse Laplace transform and after simplification
the required result (59) can be achieved.

IV. CONCLUDING REMARKS

The findings of this research provide compact presentation
of bounds for fractional integral operators and conformable
integrals simultaneously. These bounds can be achieved from
the bounds of unified integral operators (9) and (10) which
have been established by utilizing convex functions, func-
tions whose derivatives in absolute value are convex, symmet-
ric convex functions, and by applying the conditions involved
in definitions of unified operators.
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