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ABSTRACT A free-electron-driven multi-frequency terahertz (THz) radiation based on a super-grating
structure is elucidated in this paper. The super-grating, i.e., periodically depth-modulated metallic grating,
has a peculiar dispersion characteristic, similar to the energy bands in a crystal due to the Brillouin zone
folding effect. The multi-frequency radiation is stimulated in several directions with the excitation of a
free electron as the synchronization points are in the radiative region. The radiation frequency can be
independently tuned by the groove depths of the super-grating. The number of frequencies is tailored by the
modulated period. Additionally, the multi-frequency THz radiation exhibits a frequency-locked effect during
the energy variation of the free electron. Moreover, the radiation field intensity shows a significant enhance-
ment compared with that of a conventional Smith-Purcell radiation. The work is promising for developing
efficient on-chip THz radiation sources and boosts advanced THz applications such as communications,
multi-frequency imaging, and beam diagnostics, etc.

INDEX TERMS Terahertz radiation, spoof surface plasmon, vacuum electronics, multi-frequency radiation.

I. INTRODUCTION
Terahertz (THz) sources play a key role in promoting
the development of THz technologies [1]–[3]. Compared
with other THz sources such as the optical devices [4],
solid state electron devices [5], vacuum electronic devices
(VEDs) [6]–[9] are excellent candidates for generating high
power THz radiation. Recently, the exploitation of spoof sur-
face plasmon (SSP) has brought new possibilities to theVEDs
for its intriguing characteristics such as the local resonant
effect, strong near-field confinement and so on [10]–[12].
Since then, THz radiation sources based on the beam-wave
interaction between the free electron and SSPwave have been
fully investigated. For example, the beam-SSP interactions in
single grating, double grating, gradient grating and crystal-
like structures have been extensively studied to generate a
coherent THz radiation [13]–[16].

Despite the coherent THz radiation based on the SSP wave
can be obtained from the beam-SSP interaction, the SSP
is confined at the surface of grating as its wavenumber is
considerably larger than that of propagation wave [13], [14].

The associate editor coordinating the review of this article and approving
it for publication was Yue Zhang.

It is crucial to convert the SSP wave into fast wave, and
several approaches are aimed at overcoming this obstacle.
For instance, the gradient waveguide and the meta-surface
structure could achieve it [17], [18]. However, it is chal-
lenging to achieve an effective conversion in an on-chip sys-
tem because of the limitation of manufacturing difficulties,
high-power capacity and electron bombardment. Although
the SSP can be diffracted into a spatial directional radia-
tion at the end of a graded grating, the radiation direction
is fixed [19]. For various advanced THz applications, such
as communications, it is imperative to explore an effective
free-electron-driven on-chip THz radiation source. Whereas,
the Smith-Purcell radiation (SPR) has been expected as a
promising candidate [20]–[22]. The SPR-like spatial radia-
tion are investigated in a high-Q Fano grating, and the radia-
tion characteristics strongly depends on the electromagnetic
resonance in the structure [23]. Despite the spatial radiation
can be achieved, the multi-frequency radiation has not been
extensively investigated.

In this paper, a free-electron-driven multi-frequency THz
radiation is achieved based on a super-grating. The super-
grating, i.e., periodically depth-modulated metallic grating,
has a peculiar dispersion characteristic, similar to the energy
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bands in a crystal due to the Brillouin zone folding effect.
In this manner, part of the dispersion curve is folded into
the radiative region. When the free electron closely moves to
the super-grating, themulti-frequency THz radiation is gener-
ated in several specific directions consequently. The radiation
frequencies are independently tuned by the modulated depth
of super-grating, and the number of radiation frequencies is
tailored by the modulated period. The radiation direction is
determined by the energy of the free electron and radiation
frequency. As the super-grating can be equivalent to a series
of SSP cavities, the multi-frequency THz radiation exhibits
a frequency-locked effect during the dynamic voltage tuning
of free electron owing to the resonance characteristic in these
cavities. Additionally, the radiation intensity is manipulated
by the coupling between the different cavities. Moreover, the
electric field intensity of the multi-frequency THz radiation
shows an enhancement about 6 times in comparison with
that of the conventional SPR. These intriguing characteris-
tics cannot be expected from the conventional SPR devices.
Furthermore, the multi-frequency radiation provides a new
way for developing on-chip THz radiation sources and holds
promises in various advanced THz applications.

FIGURE 1. (a) The schematic model of the multi-frequency THz radiation.
The free electron passes over the super-grating and gives rise to the
multi-frequency radiation in several specific directions. (b) The dispersion
curve of the super-grating is shown in solid lines and the dispersion curve
of the uniform grating with depth h = 0.2 mm is shown as the black
dashed line. (c) Two different types of cavities in a period of the
super-grating.

II. MODEL PRESENTATION
The schematic diagram of multi-frequency THz radiation
based on a super-grating is shown in Fig. 1(a). The super-
grating has a uniform period d , and width a. The modu-
lation period is p, and the width of the grating is w. In a

super-cell, the groove depths are modulated periodically as
h1, h2 and h3, respectively. The operation voltage of the
electron bunch is U . The distance between the free electron
and the grating surface is dg. As a form of Fano metamaterial,
the super-grating has been widely studied in the past decades,
and its high-Q property is promising for various applications
in VEDs [23], [24]. However, the multi-frequency radiation
characteristic has not been explored. In order to make a clear
investigation about the physical mechanism, the dispersion
characteristic is studied. We assume the width of this grating
is infinite in y direction and only focus on the SSPmode in the
x–z plane. The dispersion equation |M | = 0 is derived based
on the mode matching method with perfect electric conductor
boundary conditions [25], [26]. The matrix M is depicted in
(1) (see appendix A).

M
(
k ′, k

)
= Sk ′−k − δk ′kTk (1a)

Sk ′−k =
∑∞

n=−∞
j
k0
kzn

(
a
p

)
Sa2

(
kxna
2

)
ejkxn(k−k

′)d

(1b)

Tk = cot (k0hk) e−jkx0kd (1c)

where k = 1, 2, 3, k ′ = 1, 2, 3, hk is the depth in the
k-th groove. k0 = 2π f /c is the wave number in the free space.
c is the light speed. kxn = kx0 + 2πn/p is the longitudinal
wave vector of the n-th harmonic mode, and k2xn + k

2
zn = k20 .

δk ′k is the Kronecker function. Sa (x) = sinx/x. Additionally,
the dispersion equation of the free electron can be expressed
in (2)

ω = vekx (2a)

ve = c

√
1− 1/

(
1+

eU
m0c2

)2

(2b)

where ve is the velocity of the free electron, e is the electron
charge, m0 is the electron mass, U is the operation voltage.
In this work, we use the following parameters: d = 0.1 mm,
a = 0.05 mm, p = 3d, d1 = 0.25 mm, h2 = h3 = 0.2 mm,
dg = 0.01 mm, w = 0.5 mm, and U = 36 kV.
The dispersion curves of super-grating and uniform grating

are presented in Fig. 1(b). Though the geometric structures of
both super-gratings and uniform ones are similar, the physical
characteristics are significantly distinct. The dispersion curve
of the super-grating splits into a series of passbands, which
resembles the energy bands in a crystal. There are three pass-
bands that are markedwith the 1st passband, 2nd passband and
so on. As shown in the Fig. 1(b), the extra radiative region
emerges in the nonradiative region in the Brillouin zone of
the uniform grating, which is caused by the Brillouin zone
folding effect [27]. Furthermore, the appearance of radiative
region implies the radiative characteristic of this system. The
dispersion curves in 2nd and 3rd passbands tend to be straight
and the frequency ranges of these passbands are narrow.
This peculiar characteristic can be explained by the cavity
resonance effect. In general, the uniform grating is considered
as a SSP waveguide. If the depth of grating is modulated
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FIGURE 2. Simulation results of the multi-frequency THz radiation. (a) The FFT spectrum in the far field. (b) The FFT spectra in the type 1 cavity and
the type 2 cavity. (c) The contour maps of the Ex component at radiation frequencies. (d)-(e). Variations of the radiation frequencies with the groove
depth in different type cavities. The radiation frequency predicted by the resonant condition are shown in red solid lines, and obtained from the PIC
solver are shown in dots and circles. (d) The radiation frequencies change with the depth in type 1 cavity. The groove depth in type 2 cavity is set:
h2 = 0.2 mm. Inset: The distributions of the Ex component in the z direction for the type 1 cavity. (e) The radiation frequencies change with the
depth in type 2 cavity. The groove depth in type 1 cavity is set: h1 = 0.25 mm. Inset: The distributions of the Ex component in the z direction for the
type 2 cavity. (f) The frequency spectrum versus the energy of the free electron. There are three cases with h2 = 0.2 mm, case 1: h1 = 0.23 mm,
case 2: h1 = 0.25 mm, case 3: h1 = 0.27 mm.

periodically, the uniformity of the SSP waveguide is broken
and results in reflections in this system consequently. In this
way, there are a series of reflectors in the super-grating and
adjacent reflectors form a SSP cavity. As shown in Fig. 1(c),
there are two types of SSP cavities in a super-cell of the super-
grating named type 1, type 2. The dispersion curves in the
2nd and 3rd passbands represent the resonant modes in these
cavities. Moreover, this resonant characteristic implies the
frequency-locked effect, and may be applied for developing
a stable THz radiation source.

III. MULTI-FREQUENCY TERAHERTZ RADIATION
As shown in the Fig. 1(b), there are two synchronization
points between the electron beam line and the dispersion
curve of the super-grating in the radiative region. The multi-
frequency THz radiation operating at these synchronization
frequencies will be stimulated with the electron excitation.
The theoretical analysis is verified using the particle-in-
cell (PIC) solver in the commercial software CST studio and
the single electron particle model is utilized to stimulate the
multi-frequency THz radiation. A 50-µm-wide beam bunch
with Gaussian charge distribution moves above the super-
grating. The charge of the electron bunch is 1.6e-19 C, and
the acceleration energy of the electron beam is the operation
voltage [28]. The simulation results are depicted in Fig. 2. The
frequency spectra at far field, type 1 cavity, type 2 cavity are

presented in Figs. 2(a) and 2(b). As there are three synchro-
nization points, and two of them are in radiative region, there
are two peaks in far field and three peaks in type 1 cavity,
type 2 cavity. The frequency peaks at far field are marked
as f1 = 0.28 THz, f2 = 0.32 THz, and the corresponding
electric profiles are shown in Fig. 2(c).

The relation between the radiation direction and frequency
can be obtained according to the wave vector matching
method as shown in (3) (see appendix B), which is identical
to the SPR relation [20], [21].

c
f
=

L
|n|

(
ve
c
− cosθ ) (3)

where θ is the radiation angle with respect to the propagation
direction of the free electron, L is the diffraction period. The
integer n refers to the n-th harmonic wave. For the super-
grating, L = p. The electric field profiles at frequencies
f1 and f2 are presented in Fig. 2(c) and the radiation angles
are 128◦, 109◦, respectively, which are well agreed with the
calculated results according to (3) (n = −1, ve = 0.35 c).
Since the single electron bunch model is employed in the
PIC simulation, the radiation spectrum inevitably extends to
a certain frequency bandwidth [29].

The physical process of stimulating the multi-frequency
THz radiation is analyzed in this paragraph. The SSP is
initially excited by the free electron along the grating and
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then trapped in different types of cavities. The diffraction
occurs owing to the mismatch in wavenumber between the
propagating SSP mode and the trapped modes. The resonant
frequencies of the type 1 cavity, type 2 cavity are f1, f2
respectively. Type 1 cavities and type 2 cavities are arranged
alternately in the super-grating. The length of the type 2
cavity is sufficiently long, as a result of which the cou-
pling between the adjacent type 1 cavities is weak. Whereas,
the length of the type 1 is not sufficiently long so that the cou-
pling between the adjacent type 2 cavities is stronger than that
between the adjacent type 1 cavities. In this manner, the SSP
waves in both type 1 and 2 cavities will radiate into the free
space, and the electric intensity at f1 is higher than that at f2.
Following the above analysis, the multi-frequency radiation
mechanism based on a super-grating can be uncovered as
below. When the free electron skims along the super-grating,
which is equivalent to a series of cavities, the resonant mode
in each cavity is excited one by one. Owing to the suppressed
coupling between adjacent same type cavities, these resonant
modes independently radiate into free space, behaving like an
antenna array.

IV. DISSCUSSION
Given the above description, the radiation frequencies are
determined by the synchronization frequencies, which cor-
respond to the resonant frequencies in the super-grating. The
resonant condition can be approximately depicted as:

λ =
h

1/2+ m/4
(4)

where m is an integer, indicating the mode number. h is the
depth of the groove [29]. In this study, the fundamental mode
(m = 0) is considered. The radiation frequencies with differ-
ent depths of the grooves are presented in Figs. 2(d) and 2(e).
The radiation frequency predicted by the resonant condition
are shown in red solid lines, and obtained from the PIC solver
are presented in dots and circles. With h1 increasing, the radi-
ation frequency f1 decreases whereas f2 keeps steady. With
h2 increasing, the radiation frequency f2 decreases, while
f1 holds steady. The variation of the radiation frequencies
with different groove depths indicates that both f1 and f2 are
tuned by altering the depths independently in type 1 and 2
cavities, which provides a convenient way to manipulate the
radiation frequency. However, as the type 1 and 2 cavities are
open resonant cavities, the field distribution at the opening of
the cavities is so complex that the resonant equation cannot
precisely describe the resonant frequency. Despite the differ-
ence between the simulation and theoretical approximation,
the tendency of the radiation frequencies obtained from the
PIC simulation are mostly consistent with the theoretical
analysis according to the resonant condition illustrated by (4).

The variations of the radiation frequencies with different
beam energy are presented in Fig. 2(f). There are three dif-
ferent sets of parameters with h2 = 0.2 mm, case 1: h1 =
0.23 mm, case 2: h1 = 0.25 mm, case 3: h1 = 0.27 mm.
As shown in the Fig. 2(f), the radiation frequencies have

little fluctuation with the voltage varying in different cases,
indicating the frequency-locked characteristic of the multi-
frequency THz radiation. The stable radiation frequency
arises from the resonance in super-grating. Besides, the field
intensity at f1 is higher than that at f2, which well matches
with the previous description. More, since the synchroniza-
tion point shifts into the nonradiative region when the energy
of the free electron is high (for example, at U = 48 kV),
the multi-frequency radiation is absent, and the spectrum
intensity drastically decreases consequently.

FIGURE 3. (a) Comparison with the multi-frequency SPR excited in the
super-grating and the ordinary SPR excited in the uniform grating. Inset:
In the frequency region of the ordinary SPR, the intensity of the
multi-frequency SPR is in good agreement with that of the ordinary SPR.
(b) Radiation frequency spectrum with the modulated period 4d. There
are three radiation frequencies.

In a uniform grating, the SSP is confined at the surface
and only the conventional SPR radiates into the space. For
the uniform grating, the lowest radiation frequency range
is (0.79 - 1.66 THz) according to (3) (L = d = 0.1 mm,
n = −1, ve = 0.357c). Compared with the FFT fre-
quency spectrum from a super-grating, the radiation peak near
0.3 THz is absent in the uniform grating as a result. In order
to shift the conventional SPR in the same frequency range
with the multi-frequency THz radiation, the parameters of the
uniform grating are changed as d = 0.3 mm, a = 0.15 mm,
and h = 0.2 mm. The simulation result is shown as the
green line in Fig. 3(a). The maximum spectrum intensity of
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the multi-frequency radiation is about 6 times higher than
that of the conventional SPR from the uniform grating at
the frequency range near 0.3 THz, indicating that the multi-
frequency THz radiation is promising for developing a com-
pact and efficient radiation source. Furthermore, if the depth
modulated period p increases, the multi-frequency THz radi-
ation effect becomes apparent. The stimulation result with
p = 4d (d = 0.1 mm, a = 0.05 mm, h1 = 0.25 mm,
h2 = h3 = h4 = 0.2 mm) is presented in Fig. 3(b), and there
are three radiation peaks: f1 = 0.27 THz, f2 = 0.308 THz
and f3 = 0.325 THz. Generally, when p = md, the Brillouin
zone (−π/d, π/d) of the uniform grating is divided into m
new Brillouin zones. There are m−1 forbidden bands and
m passbands. Since the lowest passband is confined at the
nonradiative region, there are at most m−1 synchronization
points in the radiative region, corresponding tom−1 radiation
frequencies. The dominant radiation frequency is determined
by the resonant frequency of type 1 cavity and is tuned by the
groove depth h1. The dispersion curves in high order pass-
bands will be narrow, and the frequency-locked effect will be
significant consequently. In fact, other kinds of resonators can
also be used instead of the rectangular grating to generate the
multi-frequency radiation based on the mechanism rendered
in this paper. Additionally, the simplest depth modulated way
of a uniform grating is considered here.

V. CONCLUSION
A multi-frequency THz radiation mechanism based on a
super-grating structure is demonstrated in this paper. The
extraordinary dispersion characteristic due to the Brillouin
zone folding effect is analyzed, and new radiative region
appears in the nonradiative region of the uniform grating.
The super-grating is considered as a series of cavities. When
the free electron bunch moves over these cavities, the SSP
is initially excited and trapped in these cavities. The weak
coupling between the adjacent type cavities gives rise to
this unconventional multi-frequency THz radiation in spe-
cific directions. The radiation frequencies are determined
by the synchronization frequencies between the electron
beam lines and dispersion curves, i.e., resonant frequencies
in different cavities, and are independently tuned by the
groove depths in these cavities. Furthermore, the radiation
possesses frequency-locked characteristic with the energy
variation of the free electron. Compared with the SPR from a
uniform grating, the intensity is significantly enhanced. The
multi-frequency THz radiation demonstrated in this paper
provides a good paradigm for developing on-chip THz radi-
ation sources, and has potential THz applications such as
communications, imaging.

APPENDIX A
DERIVATION OF THE DISPERSION EQUATION
Considering the SSP mode is a quasi -2D electromagnetic
excitation, and the SSP mode in x-z plane is analyzed here.
The schema of a super-grating model is shown in Fig. 4. The
width of the groove is a, and the local period of the groove

FIGURE 4. The model of the super-grating.

is d . There are m grooves in a supercell, and the depths of
these grooves are h1, h2, . . . hm, respectively. The length of a
supercell is p.

The space is divided into two regions as shown in Fig. 4.
In the THz range, the metal behaves like a perfect electric
conductor, and the field expressions in these regions are
illustrated as (5-6).

In region I:

H I
y (x, z) =

∑+∞

n=−∞
Rne−j(kxnx+kznz) (5a)

E I
x (x, z)=

1
jωε0

∂H I
y

∂z
=

∑+∞

n=−∞

kzn
ωε0

Rne−j(kxnx+kznz) (5b)

where Rn is the coefficients of n-th harmonic wave, kxn =
kx0 + 2π/p is the longitudinal wave vector of n-th harmonic
wave. kx0 is the wave vector of 0-th harmonic wave. kzn =√
k20 − k

2
xn, k0 = 2π f /c is the wave number in the free space.

In region II, since the width is much less than the wave-
length in space (a � λ), the mode we need to consider is
the TEM mode propagating in the ±z directions. The phase
shift along x must be considered as a discontinuous function
ejkx0kd in the k-th groove.

We have

H II
y = −j

ωε0

k0

∑m

k=1
BkMk (x)

cos [k0 (z+ hk)]
sin (k0hk)

e−jkx0kd

(6a)

E II
x =

∑m

k=1
BkMk (x)

sin [k0 (z+ hk)]
sin (k0hk)

e−jkx0kd (6b)

where Mk (x) = rect[
x−
(
k−m+1

2

)
d

a ] is the field form in
the k-th groove, rect( ) is the rectangular function, and the
amplitude coefficient Bk is unknown variable which could be
determined by the boundary conditions.

At the z=0 interface,

E I
x (x, 0) =

∑+∞

n=−∞

kzn
ωε0

Rne−jkxnx (7a)

E II
x (x, 0) =

∑m

k=1
BkMk (x) e−jkx0kd (7b)

H I
y (x, 0) =

∑+∞

n=−∞
Rne−jkxnx (8a)

H II
y (x, 0) = −j

ωε0

k0

∑m

k=1
BkMk (x) cot(k0hk )e−jkx0kd

(8b)

181188 VOLUME 7, 2019



J.-F. Zhu et al.: Free-Electron-Driven Multi-Frequency THz Radiation on a Super-Grating Structure

According to the electric boundary condition, it yields,∑+∞

n=−∞

kzn
ωε0

Rne−jkxnx =
∑m

k=1
BkMk (x) e−jkx0kd (9)

Considering the orthogonality of different diffraction orders,
we multiply (9) by ejkxnx and then integrate over (−p/2, p/2).
It yields,

kzn
ωε0

pRn = aSinc(
kxna
2

)
∑m

k=1
BkMk (x) e

jkxn
(
k−m+1

2

)
d

× e−jkx0kd (10)

Thus, Rn can be expressed in terms of Bk ,

Rn =
ωε0

kzn
(
a
p
)Sinc

(
kxna
2

)∑m

k=1
BkMk (x) e

jkxn
(
k−m+1

2

)
d

e−jkx0kd (11)

The exact matching condition for the magnetic field Hy at
the boundary z = 0 cannot be satisfied simultaneously, for
it is trial function but not actual fields in the gap region.
The magnetic field Hy can only be matched approximately
by applying the average matching condition, i.e. the integrals
of the field Hy along the surface (z = 0) are equal. Given
the orthogonality of rectangular function, we multiply (8a)
(8b) by Mk ′ (x), then integrate over (−p/2,p/2) respectively.
It yields,∑∞

n=−∞
RnSa

(
kxna
2

)
e
−jkxn

(
k ′−m+1

2

)
d

= −j
ωε0

k0
Bk ′Mk ′ (x) cot (k0hk ′) e

−jkx0k ′d (12)

where k ′ = 1, 2, 3, . . .m.
Substituting (11) into (12), it yields,∑∞

n=−∞

ωε0

kzn
(
a
p
)Sa

(
kxna
2

)∑m

k=1
BkMk (x)e

jkxn
(
k−m+1

2

)
d

× e−jkx0kd − j
ωε0

k0
Bk ′Mk ′ (x) cot (k0hk ′) e

−jkx0k ′d (13)

Then simplify and we can get,∑∞

n=−∞

∑m

k=1
BkMk (x) j

k0
kzn

(
a
p

)
Sa2

(
kxna
2

)
× ejkxn(k−k

′)de−jkx0kd

= Bk ′Mk ′ (x) cot (k0hk ′) e
−jkx0k ′d (14)

where k ′ = 1, 2, 3, . . .m
From (14), we can build am×mmatrixM . Then, the ampli-

tude coefficients B = (B1,B2, . . . ,Bm)T can be solved by
linear matrix equationMB = 0, where

M
(
k ′, k

)
= Sk ′−k − δk ′kTk

Sk ′−k =
∞∑

n=−∞

j
k0
kzn

(
a
p

)
Sa2

(
kxna
2

)
ejkxn(k−k

′)d

Tk = cot (k0hk) e−jkx0kd

Finally, in order to ensure the coefficients matrix B has
nonzero solution, and the determinant of thematrixM is set 0.

In this way, the dispersion equation of the super-grating is
obtained as:

|M | = 0 (15)

APPENDIX B
Relation between the radiation direction, frequency and the
energy of the free electron.

FIGURE 5. The diffraction relation between the wavenumber of SSP wave
and a propagation wave.

As the 0-th wavenumber kx0 of SSP is far larger than that
of the wave vector k0 in free space, it cannot be converted
to spatial radiation directly. Yet the negative harmonic wave
whose wavenumber kx0 is smaller than k0 can be coupled out
as a propagation wave as shown in the Fig. 5. Assuming that
the angle between the propagation wave and the x axis is θ ,
the relation between the n-th harmonic wave and a propaga-
tion wave is illustrated as (16) based on the diffraction theory,

kx0 −
2π
L
|n| = k0cosθ (16)

where L is the diffraction period, n is a negative integer, At the
operating frequency,

kx0 =
ω

ve
(17a)

k0 =
ω

c
(17b)

Substitutes (17) into (16), it yields,

c
f
=

L
|n|

(
c
ve
− cosθ

)
(18)
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