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ABSTRACT A highly efficient algorithm for analysis of electromagnetic scattering by a large cluster of
independently moving objects is proposed in this paper. A double octree structure is introduced, which
consists of a main octree stationary to the cluster as a whole, and many sub-octrees moving with individual
objects. Based on the new double octree structure, the computation of interactions between two elements
is divided into four categories: the two elements are on the same object and are near; the two elements
are on the same object but are far; the two elements are on different objects but the two objects are
adjacent; the two elements are on different objects and the two objects are non-adjacent. For different
interacting categories, different approaches are adopted to maximize the computing efficiency. The new
algorithm enables possible fast simulations of scattering by hundreds of independently moving objects.
Compared with the conventional Multilevel Fast Multipole Algorithm (MLFMA) and the recently developed
Multi-Moving-Object (MMO)-MLFMA, the present scheme has substantial improvement in saving CPU
time, providing a viable solution for engineering applications. Numerical validations for accuracy and
efficiency are performed.

INDEX TERMS Cluster of moving objects, fast algorithm, scattering analysis.

I. INTRODUCTION
In the past few decades, research on algorithms for analyses
of electromagnetic (EM) scattering has achieved a series of
brilliant achievements. It plays an important role in many
areas, such as microwave remote sensing, radar target recog-
nition and imaging. Accurate and efficient analysis of elec-
trically large and complex structures has always been a hot
topic in computational electromagnetics (CEM). Simulations
of scattering by a single or a group of moving objects have
drawn much attention, as well.

There exist some reports in the literature on analyses of
scattering by a single moving object. Scattering by a moving
perfectly electrical conducting (PEC) mirror was analyzed
using the finite difference time domain (FDTD) method in
one and two dimensions [1]. Based on the time domain
integral equation (TDIE) method along with the frame hop-
ping method, a numerical approach for the analysis of tran-
sient scattering by an accelerated body was presented [2].

The associate editor coordinating the review of this article and approving
it for publication was Lei Zhao.

Using relativistic transforms, including space-time transform,
EMfield transform, and arbitrary reference system transform,
scattering by an arbitrary moving object was considered [3].
In [4], a Lorentz finite difference time domain algorithm was
proposed to analyze scattering by a moving conducting body.

As for analyses of scattering by multiple motionless
objects, extensive researches can be found. To reduce the
core memory requirement, a step moment method (SMM)
was presented in [5]. In [6], based on the decomposition of
strong andweak interactions and fast Fourier transform (FFT)
technique, a sparse-matrix canonical-grid (SMCG) method
was developed for analyses of scattering by many scatterers.
In [7], the characteristic basis function method (CBFM) was
used to analyze the scattering by two dimensional multi-
ple PEC elliptical cylinders and square cylinders. In [8],
the characteristic modal Green function was introduced
for analysis of scattering by multiple bodies of revolu-
tion. A domain decomposition method (DDM) for analy-
ses of radiation and scattering from multiple objects can
be found in [9]. The DDM method greatly reduces the
computational burden of information exchange between
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the electrically large sub-regions. An extended equivalence
principle algorithm (EPA) was proposed to analyze scat-
tering from multiple bodies of revolution with the axes
arbitrarily oriented [10]. In [11], an improved geometric-
optics/physical-optics (GO/PO) method was presented to
analyze the Terahertz-wave scattering bymultiple small-scale
grooves. In [12], a simplified model was adopted to char-
acterize the effects of scattering by multiple human bodies
that may block the indoor links of the fifth generation (5G)
communications.

Previous studies are focused on a single moving
object or multiple motionless objects, and there are few stud-
ies on a great number of moving objects. The main challenge
exists in efficient calculations of couplings between different
objects when there are moving independently, i.e., their
relative locations and attitudes are changing over time.

Recently, a tailored MMO-MLFMA was presented to
meet the need for analyses of scattering by multiple moving
objects [13]. A double octree meshing was introduced in
the approach. For interactions of two elements that are on
the same object and are near, direct integration is used. For
interactions of two elements that are on the same object but
are not near, the conventional MLFMA [14] is used. For
interactions of two elements that are on different objects, the
MMO-MLFMA is used. However, as the number of objects
is continuously increased, further improvement of the MMO-
MLFMA is expected, which is the purpose of the present
work. The new algorithm for scattering by a large cluster
of moving objects is termed Multi-Level Multiple-Moving-
Object MLMFA (ML-MMO-MLFMA) in this work.

II. METHOD
A. DOUBLE OCTREE STRUCTURE
It is supposed that there are a large cluster of objects, the num-
ber can be several hundreds, residing in the air, and each
object can move and rotate independently. Each object has
complex structure and should be meshed with many ele-
ments, i.e., they cannot be regarded as point targets. There
exist electromagnetic couplings between the objects, which
affect the scattering behavior of individual objects, as well
as the overall scattering characteristics of the cluster as a
whole. Because the location and attitude of each object are
changing with time, the scattering properties of the clus-
ter vary over time, too. However, the changes of locations
and attitudes are negligible within the duration of a radar
pulse, which is typically on the order of microsecond. So the
‘‘stop-go-stop’’ model can be used, i.e., the objects can be
taken to be stationary when they are interacting with a radar
pulse, and then jump to next locations and attitudes to interact
with the next pulse. As a result, the continuous scattering
process can be simulated at a series of discrete moments.

In the MMO-MLFMA, interactions between two ele-
ments belonging to two different objects need to be recalcu-
lated at every moment, while the interactions between every
pair of objects are of O(N 2), where N is the number of
objects. Reducing the computing complexity from O(N 2) to

FIGURE 1. Double octree structure for enhanced MMO-MLFMA.

O(N lnN ) is expected as N becomes very large. To this end,
a double octree structure is adopted, as shown in Figure 1.
For each object, an object-fixed sub-octree is introduced,
similar to the conventional MLFMA, i.e., a big cube is used
to enclose the object, and then it is successively divided into
eight smaller cubes until the size of the smallest cubes is about
one quarter wavelength.

In addition to the many sub-octrees, a main octree structure
is used to enclose all of the objects. It is stationary, i.e.,
no object can move out of the domain during the period
of simulations. The size of the smallest cubes is about the
dimension of one object. So the number of layers of the main
octree depends on the total number of objects.

Refer to Figure 1. For calculations of interactions between
elements at the same object, say at object 1, an element
in cube 1 interacting with an element in cube 2, the con-
ventional MLFMA is applied. For calculations of couplings
between two adjacent objects, say object 1 and object 2, the
MMO-MLFMA is employed. If the two objects are non-
adjacent, say object 2 and object 3, we will adopt an enhanced
MMO-MLFMA to calculate their couplings. First, we aggre-
gate the cube information on the highest level of each object
to the main octree. Then, transfer the information between
cubes in the main octree. Last, disaggregate the information
from the main octree to the sub-octrees. This manner is
similar to the traditional MLFMA if each object is seen as
a ‘macro-element,’ so that the computing complexity of cou-
plings between the objects is reduced from O(N 2) by using
MMO-MLFMA to O(N lnN ) by using ML-MMO-MLFMA,
as illustrated in Figure 2.

B. FORMULATIONS
After discretization, we would finally obtain a matrix equa-
tion for the problem at the moment tn, which takes the form
of

{b (tn)} , [Z (tn)] {a (tn)} = {e (tn)} (1)
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FIGURE 2. Computing complexities by MMO-MLFMA and
ML-MMO-MLFMA.

where {e (tn)} represents the excitation vector, {b (tn)} defines
the scattering contribution from all of the source elements
{a (tn)}. Let bq,j (tn) be an entry of {b (tn)}, which accounts
for the total scattering contribution at the j-th element on the
q-object by all source elements.
Suppose that the j-th element is situated in them-th cube on

the q-th object. According to the grouping relation, the source
elements can be divided into four categories:

(i) On the q-th object and in them-th cube or in those cubes
near to the m-th cube. The interactions will be calculated
directly using numerical integrations.

(ii) On the q-th object but in those cubes not near to them-th
cube. The interactions will be calculated by the conventional
MLFMA.

(iii) On those objects adjacent to the q-th object. The
interactions will be calculated by the MMO-MLFMA.

(iv) On those objects not adjacent to the q-th object. The
interactions will be calculated by the ML-MMO-MLFMA to
be described below.

Therefore, we can write bq,j (tn) as:

bq,j (tn) =
NObject∑
p=1

Nq∑
i=1

Zq,j;p,i(tn)ap,i(tn)

=

Nq,Near∑
i=1

ZNear
q,j;q,i(tn)aq,i(tn)+

Nq,Far∑
i=1

ZFar
q,j;q,i(tn)aq,i(tn)

+

NNear,Object∑
p1=1

Np1∑
i=1

ZNear
q,j;p1,iap1,i(tn)

+

NFar,Object∑
p2=1

Np2∑
i=1

ZFar
q,j;p2,iap2,i(tn). (2)

The four terms are corresponding to the four categories above.
The first term does not need further explanation. For the
second term to be calculated by the MLFMA, the matrix
element can be written in the form of

ZFar
q,j;q,i(tn) =

[
V q
fjm

]
· (β̄ql1l2 · · · β̄

q
lL−1lL

) · T̄ qqlL ,l′L
·(β̄ql′L l′L−1

· · · β̄
q
l′2l
′

1
) ·
[
V q
sm′i

]
(3)

with

V q
fmj(̂k, tn) =

∫
S
dSe−jk·[R

q(tn)·rjm][I− k̂ k̂] · [<q(tn) · t
q
j (rjm)]

(4)

V q
sm′i (̂k, tn) =

∫
S
dS ′e−jk·[<

q(tn)·rim′][I−k̂ k̂]·[<q(tn) · j
q
i (rim′ )]

(5)

T̄ qqlL ,l′L

(
r̂mm′ · k̂

)
=

L∑
i=0

(−j)l(2l + 1)h(2)l (krmm′ )Pl(r̂mm′ · k̂) (6)

in which <q(tn) stands for the coordinate system transform.
At moment tn, <q(tn) can transform the q-th object-fixed
coordinate system to the global coordinate system.

[
V q
sm′i

]
is

responsible for the information transmission from the point i
to the center of the m′-th cube in the q-th object.

[
V q
fmj

]
dis-

seminates the information from the center of them-th cube to
point j in the q-th object. Matrix T̄ qqlL ,l′L

is used for information
transmission between all elements residing in the two cubes in
the q-th object, which is a diagonal matrix. The parts (β̄ql′L l′L−1

·

· · β̄
q
l′2l
′

1
) and (β̄ql1l2 · · · β̄

q
lL−1lL

) are responsible for aggregation
and disaggregation, respectively. For detailed expressions of
these symbols, please refer to [15]. For the third term to be
calculated byMMO-MLFMA, the impedancematrix element
is written as:

ZNear
q,j;p1,i =

[
V q
fmj

]
· (β̄ql1l2 · · · β̄

q
lL−1lL

) · T̄ qp1lL ,l′L

·(β̄p1l′L l′L−1
· · · β̄

p1
l′2l
′

1
) ·
[
V p1
sm′i

]
. (7)

Matrix T̄ qplL ,l′L
, which is also a diagonal matrix, is used for

information transmission between all elements residing in
the pair of cubes, which belong to the q-th object and the
p-th object, respectively. For the fourth term, the interaction
between those elements on different objects which are non-
adjacent can be expressed by

ZFar
q,j;p2,i =

[
V q
fmj

]
· (β̄ql1l2 · · · β̄

q
lL−1lL

)

·

(
γ̄l1l2 · · · γ̄lL−1lL · T̄lL ,l′L · γ̄l′L l′L−1 · · · γ̄l′2l′1

)
·(β̄p2l′L l′L−1

· · · β̄
p2
l′2l
′

1
) ·
[
V p2
sm′i

]
(8)

where γ̄l1l2 , · · ·, γ̄lL−1lL are responsible for the information
transmission from the sub-octrees on each sub-object to the
main octree, and the aggregation process in the main octree.
γ̄l′L l

′

L−1
· · · γ̄l′2l

′

1
are responsible for the disaggregation process
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FIGURE 3. A square metal plate array. Each plate is rotatable about its
y-axis.

in the main octree, and the information transmission from the
main octree to the sub-octrees on each object. Matrix T̄lL ,l′L
conducts the information transmission between two objects
efficiently. By the way, it should be noticed that the part([
V q
fmj

]
· β̄

q
l1l2
· · · β̄

q
lL−1lL

)
in (3), (7) and (8) are the same,

which needs to be calculated just once to further reduce the
computing load.

C. SAI PRECONDITION
Sparse approximate inverse (SAI) is a valuable scheme to
precondition a matrix equation for convergence accelera-
tion [16]. It is noticed that ZNear

q,j;q,i(tn) in the first term of (2)
is actually independent of moment tn, because it accounts for
the near interactions between elements on the same objects.
Therefore, the near interacting matrix is taken the form of
diagonal blocks:

[
ZNear

]
≈


ZNear
1;1

ZNear
2;2

. . .

ZNear
NObject;NObject

 (9)

where ZNear
q;q (q = 1, · · · ,NObject) represents the near inter-

actions of elements residing on the q-th object. The approx-
imate inverse of (9) is easy to solve, and is denoted as[
ZNear

]−1
≈ [P], which is unchanged with the time. Multi-

plying (1) by [P], we obtain the final preconditioned equation.

III. NUMERICAL RESULTS
All simulations are conducted on a PC with a
Intel i-6700K CPU of 4.0 GHz and core momory of 32 GB,
using linux operating system. The biconjungate gradient
stabilized method (BICGSTAB) is used to solve the linear
equations. The RWG basis functions are used to discretize
the integral equations with Galerkin method.

The first example is a scattering problem by an array
consisting of 512 rotatable square metal plates. Thay are
arranged as a 8 × 8 × 8 array as shown in Figure 3. Each
plate is able to rotate about an axis. The side length is 1 m.

FIGURE 4. Bi-static RCS of the rotating metal plate array at four moments.

Each plate is modeled by 2,204 small triangular patches,
which results in 3,240 unknowns. Thus the total number of
unknowns is 1,658,880. The metal plates are open objects, so
that the electric field integral equation (EFIE) is adopted for
this example.

Suppose that each plate is rotating about its local y-axis at
an angualar speed of 5Degrees/s. The incident wave is a plane
wave at 1 GHz. The incident direction is along the global
x-axis, and the electric field is z-axis polarized.
Figure 4 shows the results of bi-static radar cross-

section (RCS) in the xz-plane at four time points. The
results obtained by using the ML-MMO-MLFMA and
the traditional MLFMA are found in good agreements,
which demonstrate the correctness and accuracy of the
proposed ML-MMO-MLFMA. Figure 5 show the backscat-
tering RCS of the rotational array at 17 moments.

The second example is a large cluster consisting of 42mov-
ing cone-like objects. The geometry of a single object is
shown in Figure 6 (a) and (b), with a height of 0.6 m
and a base diameter of 0.4 m. As shown in Figure 6 (c),
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FIGURE 5. Backscattering RCS of the rotating metal plate array at
17 moments.

TABLE 1. Velocity and position parameters of the seven groups.

each object is meshed with 2,690 triangular patches, which
results in 4,035 unknowns uisng the RWG basis functions.
So the total number of unknowns is 169,470. The cluster is
divided into seven groups, each of which has six objects.
The coordinates of the j-th (j = 1, 2, . . . , 6) object in the
i-th (i = 1, 2, . . . , 7) group are given by

xi,j (t) = x i0 + v
i
x

(
t + t j0

)
yi,j (t) = yi0 + v

i
x

(
t + t j0

)
zi,j (t) = zi0 + v

i
z

(
t + t j0

)
.

(10)

The values of x i0, v
i
x , y

i
0, v

i
y, z

i
0, v

i
z are list in detail in Table I

and t j0 = 0.005(j − 1) is used. As shown in Figure 6 (d),
each object is supposed to rotate around its x-axis
at -1000 Degrees/s. Because the cone-like objects are close
bodies, the combined field integral equation (CFIE) has been
adotped for this example.

A plane wave at 1 GHz is incident upon the cluster
along the x-axis dircetion, i.e., by means of side-looking.
The electric field is z-polarized. The bi-static RCS in the
xz-plane at four moments are shown in Figure 7. The results
by the present ML-MMO-MLFMA and the conventional
MLFMA are consistent. Some comparisons for comput-
ing efficiencies of the present ML-MMO-MLFMA with the

FIGURE 6. Geometry of one object and a cluster comprising of seven
groups, each with six objects.

traditional MLFMA and the previous MMO-MLFMA are
given in Table II.

From the table, we can see that: by using the traditional
MLFMA, it would take 228.47 ∗ 200 = 45, 694 s or 12.7 hrs
for simulation at 200 moments; by using the MLFMA with
SAI, it would take 169.05+ (354.18− 169.05) ∗ 200 = 37,
195 s or 10.3 hrs for 200 moments if the SAI needs com-
puting only once; by using the MMO-MLMFA, it takes
29,165 s or 8.1 hrs for 200 moments; by using the present
ML-MMO-MLMFA, it takes 22,212 s or 6.2 hrs for
200moments, which is about the half of that by the traditional
MLFMA. Therefor, the saving of CPU time is appreciable
for continuously simulating at many moments within a time
frame for radar tracking of a cluster of objects. Please note
that the SAI matrix in the MLFMA is full-sized of dimension
N by N (N = 169,740 in this example), and the solv-
ing time is 169.05 s. However, in the ML-MMO-MLFMA,
the near interacting matrix takes the form of (9) and all the
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TABLE 2. Performance comparisons of MLFMA, MMO-MLFMA and ML-MMO-MLFMA.

FIGURE 7. Bi-static RCS in xz-plane of the moving cluster of objects
shown in Fig. 6 (e) at four moments.

sub-matrices are identical in this example, so we just need to
solve the SAI for one sub-matrix, and it takes only 4.34 s.
In the last row of Table II, the memory requirements by
using the different schemes are given. The MMO-MLFMA

FIGURE 8. Backscattering RCS of the moving object cluster shown in
Fig. 6 (e) at 200 moments.

occupies too much memory because it needs to store the
transmission matrices between the top levels of every two
objects. This results in a radical increase of memory occu-
pation by a factor of about the number of objects (=42 in
this example), though it may be mitigated through optimizing
the codes. The memory requirement of ML-MMO-MLFMA
is about two times of that of the traditional MLFMA, and
much less than that of the MMO-MLFMA, which is one
reason that we upgrade the previous MMO-MLFMA to the
present ML-MMO-MLFMA.

Figure 8 shows the simulation results at 200 moments at a
time step of 0.0001 s, and the total lasting time is 0.02 s. In the
whole process, the results of the ML-MMO-MLFMA and the
MMO-MLFMA are consistent. During this 0.02 s, the objects
have rotated 20 degrees, and a quasi-periodic oscillating of
the backscattering RCS is observed. It is also obseved that
the RCS tends to increase with the time. This reflects the fact
that the cluster of objects tends to diverge, which makes it
looks larger and larger.

IV. CONCLUSION
In this paper, a significant extension of the previous
MMO-MLFMA, termed ML-MMO-MLFAMA, suiting for
simulation of scattering by a large cluster of independently
moving objects, is developed. It lies on a double octree

VOLUME 7, 2019 124953



H.-L. Zhang et al.: Efficient Algorithm for Scattering by a Large Cluster of Moving Objects

grouping scheme, i.e., a stationary main octree that encloses
all the objects with the smallest cube about the dimension of
a single object, and many object-fixed sub-octrees that are
moving with individual objects. It calculates the interactions
between two elements in four ways. For two elements that
reside on the same object and are near in the sub-octree,
direct numerical integration is used. This part of interacting
matrix is unchanged with time and is used for precondition-
ing. For two elements that reside on the same object but
are not near in the sub-octree, the conventional MLFMA is
used. For two elements that reside on two different objects
but the two objects are adjacent in the main octree, the
MMO-MLFMA is used. Finally, for two elements that reside
on two different objects and the two objects are not adjacent,
the ML-MMO-MLFMA is used. The proposed approach is
particularly valuable for engineering applications involved
in continuous simulations such as radar tracking of a large
cluster of objects, which even permits each object to move
or/and to rotate independently.
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