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ABSTRACT Texture is widely existed in various images and plays an important role in many area such as
medical image diagnosis, remote sensing, etc. However, the image in texture regions is tend to be deteriorated
during restoration process. In this paper, we apply the dyadic Hardy space H g} and dyadic Bounded Mean
Oscillation (BMO) space in the texture preserving image restoration model. We propose a H g} regularized
minimization model to extract texture from noisy data. In this model, H [} norm is taken as regularizer to
enforce the prior that the local variance of the noise is below certain level depending on the regularization
parameter. We also analyze the mathematical properties of this model which indicate the mechanism of H [}
regularizer to control the local variance. For the numerical solution of the model, we transform it into wavelet
domain based on the wavelet characterization of dyadic Hardy space and dyadic BMO space, and solve it
by the fixed iteration algorithm. Combing the total variation (TV) regularization method and frame based
regularization method, a two-layers regularization model is proposed for edge and texture preserving, and
then analyzed and solved in the frame of split Bregman method. Finally, we present various numerical results

on images to demonstrate the potential of our methods.

INDEX TERMS Dyadic BMO space, hardy space, image restoration, mixed norm, texture.

I. INTRODUCTION

Texture is an important visual cue in interpreting images, and
has been successfully used in many area such as image fusion,
medical image diagnosis, biometric identification, remote
sensing, etc. Natural images consist of texture, structure and
smooth regions, and this makes the task of image restoration
challenging when it aims at edge and texture preservation.
So the modeling of texture and separating texture from non-
texture parts in images play a central role in image restoration,
and have been studied by several researchers [1]-[7]. In this
paper, we consider the image restoration problem aiming at
texture preservation.

Without loss of generality, we assume that the underlying
image is grayscale and has a square domain. Let u be an
original image, K be a linear operator, n be an additive
Gaussian noise, and f be an observation which satisfies the
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relationship
f=Ku+n €))

It is well known that solving u from f is ill-posed inverse
problem. It is then necessary to regularize, i.e., to introduce
a prior information about the solution. A common approach
is to add a regularizer to certain data fidelity, resulting the
following reconstruction model:

min reg(u) + APpia(u, f) @

where ®,.,(u) regularizes the solution by enforcing certain
prior constraints. ®4(u, f) measures the violation of the
relationship between u and f .

Traditional regularization methods include the Tikhonov
regularization [8] and the total variation (TV) regularization
[9], [10]. Tikhonov regularization takes the Sobolev semi
norm as the regularizer. Although the minimization problems
are easy to solve, Tikhonov regularization tends to make the
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restored image overly smoothed and fails to preserve sharp
edges. TV regularization, first introduced in [10] by Rudin,
Osher, and Fatemi (ROF), takes total variation measure as the
regularizer and has been shown to be suitable for preserving
sharp edges.

In TV regularization models, images are often assumed to
be in Bounded Variation (BV) space. This space is defined
as:

BV(Q) = {u e LY ()| J(u) < o0} 3)

where
J(u) = sup{ /Q wdivElE € CNQL RY), [l < 1)

In [10], Rudin-Osher-Fatemi proposed the following model
to decompose a noisy image f into a component u belonging
in BV(£2) and a component v in L3(Q):

. 2
0 Al ?

Traditional regularization methods make the assumption
that the underlying image is smooth or piecewise constant.
It is clear that this hypothesis is not necessarily satisfied
for texture. So, there are several obvious drawbacks: sig-
nificant small details such as textures and even large-scale
fine features are often disregarded. Y. Meyer proved that TV
regularization rejects the oscillatory component of f which
is considered to be the texture component [1]. Meyer on one
side, and Mumford-Gidas [11] on the other side advocated the
use of generalized functions as distributions in dual spaces
for modeling images with oscillations. Meyer suggested the
generalized function spaces G = div(L™), E = B _ and
F = div(BMO) to model the oscillating patterns of the image,
and he proposed the BV — X type models, which have the
general form:

in {J Al — 5
uergg(lg){ () + Allf — ullx} (5)
where || - ||x is the norm of space G, E or F. However,

in practice it is not easy to compute the G norm or F norm.
To deal with this problem, the following-up works such as
Vese-Osher’s model [2] and Osher-Solé-Vese’s model [3],
focus on the numerical computing and approximation of
Meyer’s model.

Inspired by Vese-Osher and Osher-Solé-Vese models, 1.
Daubechies et al. proposed a numerically efficient schemes
by means of wavelet [12]. They replaced BV penalty term by
B}’ | term, and proposed to minimize the following functional:

FP = 2alullyy + vVl + I —u =i ©)

where ||-[| z-1(q) is the Sobolev semi norm. Since all the norm
in functional (6) can be characterized by wavelet coefficients,
the minimization of functional (6) can be solved by means of
wavelet efficiently.

There are many other efficient approaches to solve Meyer’s
model. For example, Aujol, Albert, Blanc-Feraud and Cham-
bolle (A2BC) proposed to minimize the following functionals
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to solve BV — G model [4] and BV — E model [5]:

2 v 1
]_-A BC _ J(u) +J*(;) + ﬁ”f —u-— V”iz (N

BV —E %V 1 2
F =J(u)+B(g)+ﬁ|lf—u—VI|Lz (8)

where J* is the dual of J, B(v) = ||v||B% ] is the Besov semi-
norm, and therefore B*(3) = X{Ivlgos <8)-

Recently, low patch-rank method and sparsity regulariza-
tion method are very successful to solve image restoration
problems [6], [7], [13]-[15]. In [6], the authors proposed
a convex prior named the block nuclear norm (BNN) for
characterizing the texture components. The BNN prior is
designed based on the observation that the texture enjoys
a globally dissimilar but locally well-patterned nature. The
BNN based method gives very impressive image decompo-
sition result when the image contains locally well-patterned
textures. In [7], the authors proposed to use two appropriate
dictionaries for the representation of texture and piecewise
smooth part. Both dictionaries are chosen such that they lead
to sparse representation over one type of component (either
texture or piecewise smooth part). However, it is very hard
to choose such dictionaries for a large range of images. Fur-
thermore, most sparsity based methods start by representing
signals on a given dictionary, and process the coefficients
of expansion individually. Instead of the usual independence
assumption behind the /i norm minimization, mixed norms
explicitly introduce coupling between coefficients [16]. Used
as regularization terms in solving image restoration inverse
problems, mixed norms can enforce some specific types of
joint sparsity and diversity. In this paper, we will show that
the discrete dyadic Hardy norm is a mixed norm encoding the
group information, and group sparse optimization with this
mixed norm can lead to better signal recovering and feature
selection.

Meyer’s model captures the oscillating components of the
image very well. However, both texture and noise are oscil-
latory pattern and many examples of natural images show
that it is difficult to distinguish between texture and noise.
Local variance measure or local power is used to distinguish
between texture and noise in several literatures [17]-[19]. Its
core assumption is that the local variance of texture compo-
nent is much higher than that of noise components in one
image. In this paper, we consider dyadic Hardy H ‘} norm as
the regularizer which can enforce the residual satisfying the
local variance constraints. Assume y be an image containing
only texture v and noise w. For instance, y is the texture +
noise part of the image obtained by the ROF model f — u.
We propose the following model (or the equivalent form in
frequency domain) to extract clear textures form the noisy
image y:

. 1 2
min {F(v) = [Vl + ﬁlly —vli2} &)
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where || - || ! is the norm of dyadic Hardy space H ‘}. We will

give detailed introduction about H L} space and H [} norm in
Section II.

In our previous work [20], we gave the wavelet characteri-
zation of dyadic Hardy norm, and applied model (9) in image
decomposition for the first time. But at that time, we did not
figure out the mechanism of dyadic Hardy space for texture
preserving image restoration. In [20], we solved the model
in wavelet domain by Nelder-Mead algorithm, which is a
simplex method for finding a local minimizer fo a function of
several variables. Nelder-Mead algorithm has several draw-
backs: it did not make use of derivative information and the
performance of the algorithm has a remarkably dependence
on the initial simplex. For these problems of [20], on the one
hand, we will give the mechanism of H [} space for modeling
the oscillating component of the image in Section III A.
On the other hand, we will give an efficient algorithm for
solving model (9) based on fixed point iteration method
in Section III B.

Combining the advantage of TV regularization, sparse
regularization and H é} regularization, we propose a two-
layers image restoration model aiming at edge and tex-
ture preservation in Section IV. We give the analysis and
solution of this model in the frame of Split Bregmen
method.

In summary, the main contributions of this work are listed
as follows:

(1) We use dyadic Hardy space H t} and dyadic BMO space
BMO, for modeling the oscillating component of the image,
and give an efficient algorithm based on fixed point iteration
method for solving the H 0} norm minimization problem. This
enriches the theory of Meyer’s oscillating functional space
modeling.

(2 ) Through rigorous mathematical analysis, we establish
fundamental properties of the model (9) and give the regular-
ization mechanism of H 0} space and BMO, space for texture
preserving image restoration problem.

(3) Combining the advantage of TV regularization, group
sparse regularization and H ‘} regularization, we propose a
two- layers TV — H ‘} regularization model for image restora-
tion, and give an efficient algorithm based on split Bregmen
method to solve the model.

Il. WAVELET CHARACTERIZATION OF DYADIC

HARDY SPACE AND DYADIC BMO SPACE

We will further assume that all images are square images.
Note that this assumption is not essential, and all the the-
orems and properties about the proposed models can be
easily extended to general cases. About the proposed algo-
rithms for non-square images, we can use the periodi-
cally expanding operator to expand the non-square image
to larger squared one, and then apply the proposed algo-
rithm on the expanded squared image. Finally, the pro-
cessed image can be sheared to the original size using shear
operator.
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A. SOME DEFINITIONS AND PROPERTIES ABOUT
HARDY SPACE AND BMO SPACE
In this section, we will give a brief introduction of the atom
Hardy space and its dual space BMO. There are many pos-
sible ways to define real Hardy spaces, the one that will be
most convenient for us uses the atom decomposition.
Definition 1: Let 1 < g < oo, a measurable function
a(x) is called (1, g) atom, if there exists a ball B in R",
whose volume is denoted by |B|, such that the three following
properties hold: (1) supp a(x) C B; (2) llally < |B|/a-1,
(3) [zax)dx =0
Definition 2: We say that a functionf € L'(R") belongs to
atom H! if there exists a sequence a;(x) of (1, g) atoms and a
o

sequence A, of scalar coefficients such that ) |Aj| < oo, and

=0
o0 . !
fx) =" Ajaj(x). ie.,
j=0
o0
H? ={f eL'|f =) haj(x) (10)
j=0
with the norm defined by:
o
ww=m§mu (11)
j:

where the infimum is taken over all possible atome decom-
positon.
Let Q be the collection of dyadic cubes:

ki ki + ky kr+1
o =02 |M ky
Q_{Qj,k Q) k1.2 [2]., 5 :|X|:2j’ 5 “

If the atom a;(x) in Def. 2 satisfies a more restrictive
condition, namely, that a(x) has support in a dyadic cube
Q € Q such that [lall, < |07, and [,a(x)dx = 0,
the corresponding atom H ! is called dyadic H ?space. Dyadic
H' isisomorphic to the usual H! space as a Banach space. For
simplicity, we will denote the dyadic H' space by H ‘}

The dual space of Hg} is the dyadic Bounded Mean
Oscillating (BMO) space, which is defined as follows.

Definition 3: Dyadic BMO space BMOy consists of the
functions which are locally square integrable and satisfy the
condition:

1

If (x) — mQj,kf|2dx> <400

Ilf llsBmo, = sup <

0jkeQ Q)i Qjk

where the upper bound is taken over the set of all dyadic
cubes.

From above definition, one can see that the dyadic BMO
norm is the maximum of the local standard deviation over all
dyadic cubes.

For every b(x) € BMOy, it defines a linear functional / on

o0

H) by Ip(f) = (f,b) £ Y A [ b(x)aj(x)dx, where a;(x)
j=0
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(e.¢]
are atoms, Y |A;] < 0o, and f(x) =
J=0
every continuous linear function on H ; 1s defined in this way.
Remark 4: Forf € H}, g(x) € BMO,4, we have

(O =1, &) = Wl Igllzmo, (12)

Z Ajaj(x). Conversely,

o
Proof: Assumef = ) Aay is any atom decomposition

k=0
of f, and ay, is a (1,2) atom supported on dyadic cube Q. Then
it =1 [ avsvi =1 | (@ ~motapygas

y / ai(g — mo(g))dx|
[}

1

) 2
< flacllz ( / g — mo(g)| dx)
1
24 )
(|Q|/Ig mo(g)|“dx

< ligllBmo,

where mg(ax) = ﬁ fQ ai(x)dx, mo(g) = ﬁ fQ g(x)dx.

So we have

1) = | /Q Fg00dx]

=13k [ atogtds
k=0 Y%

< > Il - ligllzmo, (13)
k=0

Take infimum for all the decompositions of f, we can get
le(f)l = I/f(X)g(X)dXI = Wl g llBmo, (14)
Q

B. WAVELET CHARACTERIZATION OF Hll)

NORM AND BMOp NORM

Let ¢ and v be univariate wavelet constructed out of V;,
an r-regular multiresolution approximation of L?(R?) with
r > 1(for the exact conditions see [21]). Two dimensional
wavelets can be constructed by tensor product:

Yolxi, x2) i= ¥ (x1, x2)
= Yy (2 — k) - Y2 (2Pxn — ko),

where j € Z, k = (k1,ky) € Z?, ¢ € £ := {e1, £2)*/{0, 0}
withe; =0or I, y" =g and ¢! = y.

In this paper, our analysis is based on interpreting the image
as a function f defined on the unit square I = [0, 1)2. Each
cube Q € Q is of the form Q = 27X(j 4 I). So the dyadic
cube can be identified with (j, k).

One can easily construct periodic wavelets on L>(I) that
can be used to decompose periodic functions f on L(I). For
the wavelet w;f « We discussed above, we define its periodic
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version which is still denoted here by

=Y Yi—1D (15)
lez?

One can show that these periodic wavelets form an orthog-
onal basis of L%(I). Because the translates of the scaling
function form a partition of unity, we can get ¢ = 1. For
the wavelet decomposition of functions in LZ(I ), we don’t
need all translates of these periodic wavelets. On the level j,
we only need the translations k € I'; = {0, 1, - - - J— 1}2.
The wavelet expansion for a function f € L>(I) is

F=0014) 3 U500 (16)

j=0 kel ec&

1pQ()Cl xX) = jk

and

I =1 DF DD Y 1 il an

Jj=0 kel ee€

So it follows that the constant function 1 together with the
collection {&ﬁk, J € Z,k € I} constitute an orthonormal
basis of L2(I). This basis is also an unconditional basis of
Hardy space H'(I). Let V; be an r-regular multiresolution
approximation of L>(I) with r > 1, then the sequence
{1, &js wJ € N,k € T'j}, of periodic wavelets constructed out
of the V}, is an unconditional basis of Hardy space H L.

In [21], the author gave five definitions of H ! (R™) includ-
ing the atomic definition of Definition 2.1 and proved that
these five definitions are equivalent. In this paper, we con-
sider the following dyadic H' norm:

DO 10T v P xox) (18)
ee€ QeQ

11l =

Ll
We define a map T, which takes distribution f to the
sequence of coefficients {(f, lﬂé)}Q’seg. Let h; be the col-
lection of all sequences o = {ozaQ}Q, ce& SO that

1
2

Y 101 e P o) (19)

e€€ QeQ

o =
el

L!
It is a basic result shown in [22] that f = > > (f, wé)wé
€ 0

andf € H; if and only if Tf = {{f, W@}Q,s € h}i.

Let f € L*(I) ﬂHl(I). Choose N big enough such that
f € Vn41. In [20], [23], we give the discrete wavelet repre-
sentation of dyadic H' norm and dyadic BMO norm, which
can be described as the following.

N
27N D P2 | @0)

kel'y \ee€ j=0

|UC||H{}

1

2

wp (27D 00 2. Uikl 1)

ee€ j'2j ke N (k)

I/ lBmo,
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s
. A
j:() Qn.n.n _ﬂ) f‘;‘l‘?
L >
f
b of [LF [CFH l[_/fk
i= o9 o0
= " &
Q100 Q10 _f]l_’g)o fg,],u : -ﬁ,o,l fl,l,l
P |
Qa0 (@23 (@220 |2 f \
jop [ O V.G @ @ @ @
= —_— 3
s [Oors [0 O - S fao S fou
Q00 (@210 (@220 | P20

FIGURE 1. Tree-structured wavelet coefficients.

where £, v ., = (I WEAN S e = 1}]5’,{/), and the
supremum in Eq (14) runs over j e Z,k = (ki,k2) € T
N (k) is defined as following

o k' | —— ,
N7 (k) = X 2 (22)

k- L
in_j/J, Jj—=Jj =0

We use the following notation to rearrange the wavelet
. . . 2
coefficients in (20). Let the vector o € lz(R2 N) be such

j=i=0

that « = (ay,a2,---,0,---) and for all k, ap =

} | ]
{ZJJ;fAij(k)}FO’ .. .N.se£- Then the H; norm can be rewritten
as:

> lowllz = lleely, (23)

kel'n

11l =

el =

Note that the wavelet coefficients in group o have parent-
child relationship with a tree structure[see Fig. 1]. A pair of
coefficients at a certain location and adjacent scales are typi-
cally both large or small in amplitude. So this group encoding
introduces some dependencies between coefficients. It is well
known that texture usually has periodic pattern and the corre-
sponding wavelet coefficients are much more strongly depen-
dent than that of noise component. So we want to construct
the group sparsity model using this tree-structure existed in
wavelet domain. Based on the wavelet characterization of H, 0}
norm, solving model (9) is equivalent to solving the following
model in wavelet domain:

L 3 (24)
55 1B —el3)

where « = Tv, 8 = Ty, T is the wavelet transform. We will
give the solution of above model in Section B.

min
inla],) +

Il H; MINIMIZATION PROBLEM
A. SOME MATHEMATICAL PROPERTIES OF MODEL (9)
Proposition 5: Problem  (9) admits a  unique
solution v* € H C}.
Proof: The existence of a solution for problem (9) is
standard. It is a straightforward consequence of the fact that
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the functional in (9) is strictly convex and hence coercive, see
e.g. [ [24], Proposition 11.16].

Assume that problem (9) has two minimizer v; and vs.
we denote by F(vi) = F(v») = nfueH{} Fu) = M.
Ift € (0, 1), then we get:

1
5 Ity = v+ =0 =)l
+ v+ A= Dnall (25)

Ftvi+ (1 —1t)w) =

But by convexity, we have
Ivi + (1= w2l < il + (L= Dlv2lly (26)
and

Ity —v)+ 1 =Dy =)l
<tly —=vil5+ A =0ly —wal7, @7
By substituting (26)-(27) into (25), we deduce that
Fivi+(0—twm)<tM+(1—-—t)M =M (28)

and (28) is an equality if and only if (26)-(27) are equalities.
But on the other hand, we have F(tvi + (1 — t)vy) > M.

Therefore, (28) must be an equality, as well as (26)-(27).
The functional in (27) is strictly convex. Therefore, (27) is
an equality if and only if y —v| = y — vy, 1i.e., v = v2. Then
we get the uniqueness. |
Proposition 6: Let v* be a solution of model (9). Then
v* = 0if and only if ||y |lpmo, < A. Thus, if ||y |lmo, > A,
thenv® # 0,and [ly =v*llgmo, = 2, OV, y =v*) = Av*llga-
Proof: v = 0 being the minimizer of (9) if and only if

foranyv e H f
1
VIl 5

v - vl = 7 IIVIILz (29)

Assume that ||y ||BM0d < A. By Remark 2.1, we can get
v, vl = IVl ly smog = M) (30)
So for any v € Hld,
1 2
Vil + ﬁllv = vl
1 2 2
= Vil g + Z(Ilylle =2(v,y) +Ivl;2)
1 2 2
> ﬁ(llylle + vll;2)
1 2
= vl 31)

which implies that v* = 0 is the minimizer.
On the other hand, if v* = 0 is the minimizer, we expand
the second term of the left side of (29) and have

1 1
Wl + = IIVIILz =5y (32)
By substituting in (32) v with v, and take ¢ — 0T, we have
1 : (v, )
Vilgt = —=(v,y), ie, <
fa = X IVl
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which implies
¥ lBMo, < A (33)

From the first assertion, we can deduce directly if

Iy lBmo, > A, then v # 0.
Since v* is the solution of (9), forany h € H ‘}, and ¢ € R,
we have

1
* * 2
IV + ehllgy + 5 ly = V" = ehl},

1
= IVl + 5y = Vil G4

By the triangle inequality, |s|||h||H(} + %lly

1 %2
Ly =113,
Expanding the second term of above inequality, we obtain

— Vv —eh||?, >

Lo € *
lelllfll ) + ZISI IAll7> = X<h’ y—v) (35)

Dividing both side of the last equation by ¢ > 0, and
taking ¢ — 0%, we have |[h]l;1 > Lihyy — v, e,

ly —v*lemo, < *
Taking 2 = v* in (34). Then (34) implies

A 1
—(vy v - T Iz < (146l = DIV It (36)
A L

If ¢ > 0, dividing both side of (36) by ¢ and then take
& — 07, we obtaing (¥, y —v*) < [v*z1.

If ¢ < 0, similarly, we obtain%(v*, y — v > HV*HH[}'
Altogether it gives

Wy =V = x||v*||HJ (37)

By (33), ly — v*llsmo, = sup _"*> < A. This implies
veH

ly — v¥llBmo, = A. Otherwme equality could not reach

in (37). O

From Proposition 6, we can see that the local variance of
the residual ¥y — v can be controlled by parameter A. Thus,
by choosing suitable parameter A, model (9) can not only
remove noise, but also can ensure that there are not too much
high oscillatory texture in the residual.

B. SOLVING MODEL (9) IN WAVELET DOMAIN
By (17) and (20), model (9) can be transformed into wavelet

domain. The functional in (9) is represented by

F({v} t Jo<j<N kery)

A | N
_ A=2N £ Y
=272 % 20 2 v a2
k

1k2=0 SEngO
LA
2
2—2 20 2 Wikt = Vel (38)
1,ko=0cc&
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=

Forevery 0 <j < N,k = (ki, k2) e I'j, & € £, we have

oF 1 2-HNDye
e, :X(Vik ~ V)t Z
J»

K'eN—N(k
® IZ%)%:'leN I(K/|2
&

Finding the minimizer of model (38) is reduced to solving
aF

— =0, i.e.
ij,k 1
220N e
jk
Ve=vi— D (39)
K'eN—N(k
€ ( ) Z Z |Vl AN- I(K/)l 22
1=0¢ce&

Particularly, when j = N, for every K € 'y, we have

1
— M.k (40)

Z Z |Vl AN— I(K/)l 2

1=0¢e&

& _ &
VN.Kk = VN.K

By (40), we know that vy, - = 0 if and only if yy , = 0.
So if yN x 70,(40)is equlvalent to

1 1 vy
& = (K 1 @
A VN K
Z Z |vl AN I(K’ | 2

1=0¢€&

Taking sum on both side of equation (41) for all
K’ € AN (k), we have

Z Z |V1 AN— l(K’ 2 A K

1=0¢c€&

Combining (42) with (39), we can get

E

— i N
v =y -2 e ) L =D @
Ken Vi~ NK

As AN (k) = 22NV =D, equation (43) can be further simpli-
fied as follows:

22N,

k

= ———— (@4
Y

V
K'eN-N(k) NK

That is, wavelet coefficients v¢ . at all scales can be repre-
sented by the wavelet coefficients vN x at the Nth level.
By (44), we can get that forall0 </ < N, K € I'y,

N—IL,,¢
Ve i) = 2”—3‘“ (45)
K'en V}EV:K’
where
A=ANANTE) = (K ANTIK) = ANTHK)}
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Combining (45) with (41), we have

1 1 V}S,K
= X(vs -1 (46)
% Z 24N =21 \)/ AN I(K)lz N.K
Soict (y
Ko "Nk’
Denote xj; = zN X then equation (46) can be simplified as
N.K
follows:
1
= —(xt—1) YKely (47)
N 24N — 2l|)/ |2 A
Z Z 1, AN-l(K)
P (5
=0¢eef K'en

(47) is a system of nonlinear equations, which can be solved
by fixed point iteration method. We use the following iterative
scheme:

A

N AN 21
> 3 St

( (g, h
I=0¢e& A

oG =1+ VK e Ty (48)

wheren=1,2,---, (x,‘% )O is the iterative initial value.
Through above iterative scheme, we can get the solution
of nonlinear equations (47) and further obtain the Nth level
wavelet coefficients vN - Substituting it into equation (44),
we can get all the wavelet coefficients, which is denoted by

o Vik
Vik = N (-1 e
/ #AN(k)) > Xg

K'e NN (k)

(49)

where j = 0,--- ,N, k € I}, ¢ € &. Through wavelet
reconstruction, we can get the solution of the model (9). We
define the operator W, by

Vi k
Wi(yE, ) = — L 50
Y 75 S SRS Co
K'e NN (k)
Then the solution of model (9) is given by
v="> Walyfvis (51)

Jik.e

As a summary for solving model (9) in wavelet domain,
we give the following algorithm in Table 1:

C. SOLVING THE MODEL BY DUAL METHOD
Theorem 7: The minimizer of the functional F in
model (9) is given by

(I = Pye)(y) (52)

where [ is the identity operator, Pg is the projection operator
onto the convex set

Vi=y —Pup(y) =

E={weBMOs: (v.w) < [Vl Vv e H})

The set E is characterized in the following Lemma:
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Lemma 8 (Characterization of the Set E): E = {w €
BMOy : |wllsmo, < 1}.

Proof: Denote C; = {w € BMOy
IVl ¥ € H}}, C, = {w € BMO, :
We now prove C; = (.

“Ci 2 C7’: Let w € C,. Then |wlpmo, =< 1.
By Remark 2.1, we have (v, w) < ||v||H(} Iwllamo, < ||v||H{}.
Therefore, C; 2 Cs.

“C1 € G Iftw ¢ Cy, we have ||w|lpuo, > 1. we denote
Iwllgmo, = m. By the definition of dyadic BMO norm,
we know that for arbitrary ¢ > 0, there exist a dyadic
cube Q, such that

<|Q| /(w mg(w)) dx>2 >m-—e¢ (53)

We choose a := a(x) = m_QI(W — mg(w))xo(x). Now we
check that a(x) satisfies the three properties for (1, 2) atom in
Definition 1:

(1) supp a(x) C Q.

(vyw) <

Iwllamo, < 1}.

1

1
(/Q wjop " T e dx>2

= Z'Q'_m(@ f o= ’"Q(W))zdx)
< o712

(3) Jpax)dx = @ Jow = mo(w)dx = 0.
So a(x) is an atom of H}, and [|a(x)]| =1
Then

@) lla)ll2

(a(x), w) = |f a-wdx| = |/(a — mo(a))wdx|
0 0

= / a(w — mo(w))dx
0

11 2
= —— w—mop(w))” dx
1 2
> —(m—¢) 54)
m
Taking ¢ — 0, we can get that (¢, w) > m > 1 = |la| .

Sow ¢ Cj. This implies that C; € C».

Before proving Theorem 7, we recall some facts from
convex analysis.

Definition 9: Let X be a Banach space and ® : X — R
a functional. The Fenchel-Legendre transform of @ is &* :
X* — R and is defined by

Q*(x™) = sup{{x, x)x xx+ — P(x)}
xeX
Lemma 10: Let ® : X — R be positive homogeneous of
degree one. Then the Fenchel-Legendre transform of & has
the form

10, if E
O*(v) = rve (55)
400, ifvéE
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TABLE 1. Algorithm of model (9).

Algorithm 1:
Input: A > 0, fyzk = (v, sz-,k% small tolerance T > 0. Initialize (z5,)° = 1.
While ||(z5, )" "1 — (25,)"|| > T, Do

1. Fix point iteration according to (48) and get the fix point z%.

2. Compute all level wavelet coefficients vj. & by (49).

3. Reconstruct and get the solution of model (9) by (50) and (51).
End Do

TABLE 2. Algorithm of model (60).

Algorithm 2:
Initialization: set u = uJ = 0,d} = D1 f,d3 = D20,d” = 0,5y =0, = 0,b" = 0;
Iteration: For k = 0,1, 2, - - - , until a stopping criterion is reached

uf = AT+ KTK + AVTV)"Y(KT f — KT Kuk + ADT (dF — b)) 4 AVT (dF — bF))
us™ = (KTK + I)"Y(KT f — KTKu*™ £ ADT (d§ — b%))

dF = shrink(Dyuft 4ok, )

dy Tt = W (Dauy ™ +05)

dF+1 = shrink(Vufth + ok, 2)

o = k=)

b5t = b 4+ (Daustt —d5th)

bk:+1 _ bk: + (Vullc-Fl _ dk+1)
Output: u’erl, ué”l.

and E is given by

E={veX"| (uvxxx<®u),ucX}

Now we are able to prove theorem 7.
Proof of Theorem 7: We denote H(v) = ||v|| Y- The
functional F' is convex, since the norms are convex. The
minimizer of F is given by the solution of

v—v

€ 0H(v) (56)

By the inverse rules for subgradients, this is equivalent to

Ve 8H*($) (57)
By setting w = y — v, it comes:
y—we BH*(;—V) (58)

ie,0 ew—y+ 8H*(%) and this means that w is a minimizer
of

1 w
oW = VI +H () (59)

By Lemma 10, H*(%) is the indicator function of set E.
So (59) indicates that w = y — v is the projection of y
onto the set AE. Thus, y — v = Pup(y), ie.,v = y —
P)g(y). By Lemma 8, we can get AE = {w € BMOy,
Iwllzpo, < A). O
From Theorem 7, one can see that solving model (9) is
reduced to solving the projection P g(y ), which is equivalent
to solving the following problem:
; 2
oy [min V=i
s.t.: Iwllamo, <2

VOLUME 7, 2019

(@ (b)

() (d)

FIGURE 2. Image denoising result by ROF model: (a) original 256 x 256
Barbara image. (b) Noisy version. (c) Cartoon part. (d) Residual image.

Model (P) was first proposed in our previous work [25] to
recover some clear textures from noisy data. The model is
transformed into wavelet domain and solved by dual Uzawa
method. The advantage of the model is that each Lagrange
multiplier of the discretized model corresponds to a certain
scale of dyadic region of the image. Thus, the Lagrange
multipliers are space adaptive and can control the extent
of denoising over dyadic image regions. For the detail of
solution of model (P), we refer the readers to [25].
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FIGURE 3. Texture extraction result on the residual image Fig. 2(d) by model (9): (a) Texture component. (b) Noise component.
(c ) Evolution of local variance on some dyadic regions by the proposed model. (d) Evolution of local variance on some dyadic
regions by ROF model. (e) Evolution of relative change || (xf()""'I - (xf()" Il of algorithm 1 along with iterations.

IV. TV-HARDY REGULARIZATION MODEL
In this section, we propose the following two-layers image
restoration model:

min {u||Diug 1 + p2l|Dauz |l + 01 Vur
up,up d
1
+5If = K + w3} (60)

where u1, up represent the piecewise smooth and texture
part of the image respectively. D is the dictionary that
can represent the piecewise smooth part sparsely. D is the
wavelet mentioned in section /I for characterizing dyadic
Hardy space H}. |[Vuili = [[Veuil + [|Vyuilly is the
Total variation (TV) term, which forces the image u; to
be close to a piecewise smooth image. The parameter 1
and 6 control the penalty on sparsity and regularity of the
cartoon component. When p; is relatively larger, it tends
to generate smoother images. This is because the frame
coefficient Dyu; is quite often linked to the smoothness of
the underlying image. When 6 is relatively larger, the TV
regularization term is more penalized. This enhances and
sharpens edges, although it may introduce some artifacts.
Combing TV with wavelet can damp ringing artifacts near
edges.

We apply split Bregman iterations to solve this model.
Bregman iteration method was first used in image processing
by Osher et. al. in [26], and has been applied to TV based
model, frame based model and Basis Pursuit problem in
[27], [28]. Bregman iteration converges very quickly when
applied to certain kind of objective functions, especially for
/1 minimization problem.
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(b)

FIGURE 4. Test image for Image decomposition: (a) Original Rabbit image
with size 256 x 256. (b) Original Leopard image with size 256 x 256.

We consider the following equivalent form of (60):

' d d olld
yin lldih + palldaly, + 0l
1
+oIf — K + )13}
s.t.: dl = Dlul’ d2 — D2u2,

d = (dx, dy) = (Vxur, Vyup) (61)

Then we apply the simplified Bregman formulas and get
the following split Bregman iteration:

.1
W = argmin(Z K Gur +5) /115
2 A
+ S D — df + D413 + SV — d* + 5 3)
.1
u§+1 = argnlgn{EHKull€+1 + Ku — f113

A
+ 5 1D2ws — d5 + V5 13)

VOLUME 7, 2019



T. Zhang, X. Mo: Image Restoration Models Based on Dyadic Hardy Space and Dyadic Bounded Mean Oscillation Space IEEEACCGSS

(m) (n) (0) P)

FIGURE 5. Image decomposition results on image Rabbit and Leopard: (a) Cartoon part by the proposed model (60).

(b) Texture part by the proposed model (60). (c) Cartoon part by our A2BC model. (d) Texture part by A2BC model.

(e) Cartoon part by BNN model. (f) Texture part by BNN model. (g) Cartoon part by Daubechies’ model. (h) texture part by
Daubechies’ model;(i) cartoon part by our model (60). (j) Texture part by our model (60). (k) Cartoon part by A2BC model.
() Texture part by A2BC model. (m) Cartoon part by BNN model. (n) Texture part part by BNN model. (o) Texture part by
Daubechies’ model. (p) Texture part by Daubechies’ model.

d{cH = arg n}iin{ willdill + %” Dy u’lc+1 —dy + 0813} The optimality condition of the subproblem for u; and u;
1 is:
. A T T
d5 = arg min{ps|d2l,g + 5 1D2 Wbt —dy 4+ A3} (M + KTK + ATV Z)Ml o o
2 N = K7f — K"K +2.DT @k — b%) + V7T (d* — bY)
d**1 = argmin{0|d | + 5||Vu’1°+1 —d + b3} (62)
d (KTK + ADu

B = bk 4 5Dk — af

k+1 _ gk k+1 k41
by™ = by + 5Dty 2 ) In the deblurring case and under the periodic boundary
P = ph g (Vb — gkt condition for 1, VI'V and KT K are all block circulant matrix

= KTf — K"Kk ™ DY (¥ — bY) (63)
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(€3] ()

® )

FIGURE 6. Denoising results on image Barbara: (a) Original Barbara image; (b) noisy version. (c) cartoon part by model
(60). (d) Texture part by model (60). (e) Piecewise smooth part by A2BC model. (f) Texture part by A2BC model. (g) Restored
image by model (60), PSNR = 27.00. (h) Restored image by TV-L2 model, PSNR = 25.81. (i) Restored image by frame based
model, PSNR = 23.75. (j) Restored image by two-layers TV-/' model, PSNR = 25.31.

and thus are diagonalizable by the 2D discrete Fourier trans-
forms. So equation (62) and (63) can be solved efficiently by
Fast Fourier Transform (FFT).

The subproblem for di, d can be solved explicitly by soft
thresholding:

d¥Y = shrink(Dyuk T b, %) (64)
G
diy1 = shrink(Vik ™! 4 bk, 2 (65)

where shrink(x, 0) = ﬁ -max(|x| — 0, 0).

The subproblem for d> can be solved by the method we
proposed in section III.

As a summary, we obtain the algorithm in Table 2 for
two-layers image restoration.

V. EXPERIMENTS

In this section, we present various experiments to demon-
strate the performance of the proposed models for texture
extraction, image decomposition, denoising and deblurring.
Model (60) is compared with TV based model, BNN model
and frame based regularization model. In all experiments,
we choose piecewise linear B-spline framelet as the
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dictionary D for representing piecewise smooth component,
and ‘Db 10’ wavelet as the dictionary D, for representing tex-
ture component. The test images have plenty of cartoon and
texture regions and are well suited for testing the restoration
models which are aiming at recovering more texture while
smoothing out noise.

All the experiments are implemented under Windows 7 and
Matlab v2012b with Intel Pentium P6100 CPU and 2GB
memory. The dynamic range of test images are normalized
to [0,1].

A. TEXTURE EXTRACTION

In this subsection, we present some numerical results to
demonstrate the performance of algorithm in Table 1 for
extracting clear textures from noisy data. Fig. 2(a) and (b)
show the Barbara image with size of 256 x 256 and its
noisy version respectively. The noise added is zero-mean
Gaussian noise with variance o = 10/255. Fig. 2(c) and (d)
show the cartoon component and the residual image of ROF
model (also called TV-L2 model). One can see that, the car-
toon part is over-smoothing and there are a large amount
of textures in the residual image. We apply model (9) to
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FIGURE 7. Denoising results on image Mandrill: (a) Original Mandrill image. (b) Noisy version. (c) Cartoon part by

model (60). (d) Texture part by model (60). (e) Cartoon part by A2BC model. (f) Texture part by A2BC model. (g) Restored
image by model (60), PSNR = 24.30. (h) Restored image by TV-L2 model, PSNR = 23.11. (i) Restored image by frame based
model, PSNR = 22.10. (j) Restored image by two-layers TV-/! model, PSNR = 23.72.

the residual image of ROF model and show the “texture
+ noise” decomposition result in Fig. 3. From Fig. 3(a),
We can see that clear textures are well extracted from the
residual image of ROF model. From Fig. 3(b), one can see
that there are still some weak edges in the noise component.
This is inevitable since some small details with low local
oscillating property have the similar local statistical features
with noise. But above all, the texture component extracted is
mixed with very little noise. That is, the proposed model is
very efficient to preserve texture with high local oscillating
property.

In order to demonstrate the performance of model (9) for
controlling local variances of the residual image, we show the
change of local variance of residual y — v on different dyadic
region Qj i, k, along with iterations in Fig. 3(c). One can see
that the local variance on dyadic regions is gradually reduced
to the same level by our algorithm, and the local variance level
can be controlled by parameter A. We also give the evolution
of local variance on the same dyadic regions by ROF model
for comparison in Fig. 3(d). As comparison in Fig. 3(d),
it can not control the local variance of the residual by turning
the parameter A of ROF model. Fig. 3(e) demonstrates the
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relative change ||(x§)""! —(x )"||, of Algorithm 1 along with
iterations, and it shows that the algorithm converges fast.

B. IMAGE DECOMPOSITION

In this subsection, we show some numerical experiments
of model (60) for ‘““cartoon-+texture’ image decomposition.
We start with a synthetically generated image composed of a
natural scene and texture. Fig. 4(a) shows the original Rabbit
image (addition of the texture and the natural parts).

The decomposition results including cartoon part and
texture part are shown in Fig. 5 (a)-(b). For comparison,
in Fig. 5(c)-(h) we show the decomposition results using
A2BC model of [4], BNN model of [6] and Daubechies’
model of [12]. For image Rabbit, the methods based on
oscillating functional modeling do not perform well. The
texture in the synthetic image has varying degrees of oscil-
lation. In the middle of the image, the oscillation of tex-
ture is relatively lower, while in left and right sides of the
image, the oscillation is much higher. The proposed model is
based on the prior that the local oscillation of the edge and
texture component is much higher than other components.
As shown in Fig. 5(a), (c) and (g), the high oscillating
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FIGURE 8. Deblurring results on image Barbara:(a) Blurred image, PSNR = 20.95.

(b) Recovered cartoon part by model (60). (c) Recovered texture part by model (60).

(d) Restored image by model (60), PSNR = 24.93. (e) Restored image by TV based model,
PSNR = 24.11. (f) Restored image by frame based model, PSNR = 23.71. (g)—-(i): Local

enlargement of (d)-(f).

texture in the both sides of the image can be separated well
from cartoon component, but the low oscillating texture in
the middle of the image is failed to be separated from car-
toon component. From Fig. 5 (e) and (f), one can see that
the BNN method gives the best cartoon-texture decompo-
sition result for image Rabbit. This is because the BNN
method has a special capability of capturing globally dissim-
ilar but locally well-patterned texture as appears in the test
image Rabbit. However, each approach has its advantage
and disadvantage. We test our method on another image
Leopard which contains natural high oscillating textures.
The original Leopard image is shown in Fig. 4(b), and the
decomposition result by our method as well as the compar-
ison with other methods are shown in Fig. 5(i)-(p). From
Fig. 5 (j), especially from the red rectangle region, the pro-
posed method captures more clear textures than the other
methods.

C. IMAGE DENOISING
For image denoising, we add Gaussian white noise with
zero mean and standard variation o 15/255 on the
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image Barbara (size 512 x 512) in Fig. 6(a), and get its
noisy version in Fig. 6(b). The decomposition result by the
proposed algorithm is compared with that by AZ2BC model
in Fig. 6 (c)-(f). Fig. 6(c) and (d) display the cartoon part
and the texture part respectively obtained by the proposed
model (60). Fig. 6(e) and (f) show the decomposition results
by the A2BC model. From comparison, we can see that
the texture component is more clear and mixed with less
noise. In Fig. 6(g)-(i), we compare the restored image by
different methods including TV -L? method and frame based
method (balanced method). To indicate the advantage of the
h}i norm over the classical /'norm, in Fig. 6(j) we show a
comparison with the slightly modified version of the pro-
posed method that the hall norm in model (60) is replaced
with the classical /; norm. We will refer to it as the two-
layers TV — ' model in the following. From the compar-
ison, especially from the local enlarged region, we can see
that both TV based models and frame based model remove
most of the textures and small details, while the proposed
model preserves more texture and gets better subjective visual
effect.
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FIGURE 9. Deblurring results on image Mandrill by our method: (a) Blurred image, PSNR =
19.50. (b) Recovered cartoon part. (c) Recovered texture part: (d) restored image by model
(60), PSNR = 21.64. (e) Restored image by TV method, PSNR = 21.00. (f) Restored image by
frame based method, PSNR = 21.67. (g)-(i): Local enlargement of (d)-(f).

Fig. 7 shows the similar results on another texture image
Mandrill, with size of 512 x 512, degraded by zero-mean
Gaussian noise with standard variation o = 20/255. Visually,
textures are better recovered while denoising by the proposed
two-layers denoising method. We also report the the peak
signal-to-noise (PSNR) ratio result by different methods. In a
whole, the proposed algorithm has higher PSNR than the
other two methods.

We list all the parameters involved in the algorithm in the
following:

o For Barbara image: u; = 0.01; up, = 0.1; A = 1;

0 =0.1; 0 =15/255; 6, = 0.5.
o For Mandrill image: u; = 0.001; ur, = 0.1; A = 0.3;
0 =0.1; o =20/255; 8, =0.5.

The peak signal-to-noise (PSNR) ratio is used to measure

the quality of the recovered images which is defined as:

2552
PSNR(u, ) = 101ogo(—————
wn e = 1115

where u is the restored image, f is the true image, m and n
denote the size of the image.

) (66)
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D. IMAGE DEBLURRING

In this subsection, we test the proposed model (60) on image
deblurring problems. We test both Gaussian blur and motion
blur with Gaussian white noise. We assume periodic bound-
ary conditions since the FFT can be used to solve u*+t!
in Algorithm 2. As comparisons, we also show the results
obtained by frame based and TV based deblurring methods.

The main parameters of Algorithm 1 are list as following:

o For image Barbara: u; = 0.001; w, = 0.0004;

A=0.01; 6 =0.1; 0 =0.8,6, =0.5.
o For image Mandrill: ©; = 0.0001; u; = 0.00008;
A =0.001; 6 =0.5; 0 =1,8, =0.5.

The test image in Fig. 8(a) is generated by applying a
motion blur on the true image Fig. 6(a) and then adding
Gaussian noise with zero mean and standard deviation
o = 0.8. The motion blur kernel is obtained by the Matlab
function ‘fspecial(‘motion’,35,50)’. Fig. 8(b)-(c) show the
deblurring results of the proposed two-layers image restora-
tion model (60). We can see that both the cartoon part and
texture part are well recovered. Fig. 8(d) shows the restored
image obtained by the proposed model (60). As comparison,
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we also include the results obtained by TV based method and
frame based method (analysis based method) in Fig. 8(e)-(f).
Fig. 8(g)-(i) show the local detail enlargement of Fig. 8(d)-(f).
One can see that most of textures are eliminated by TV based
method and frame based method, while edges and textures
are better preserved by the proposed method.

The test image in Fig. 9(a) is generated by applying a
Gaussian blur on the true image Fig. 7(a), and then adding
Gaussian noise with zero mean and standard variationo = 1.
The Gaussian kernel is generated by the MATLAB function
‘fspecial(‘gaussian’,[20 20], 20)’. Fig. 9(b) and (c) show
the restored cartoon part and texture part by the proposed
algorithm. In Fig. 9((d)-(f)), we compare the proposed algo-
rithm with TV based deblurring and frame based deburring.
Fig. 9(g)-(i) show the local detail enlargement of Fig. 9(d)-(f).
Again, this shows that the proposed algorithm performs better
for deblurring images while preserving edges and textures.

VI. CONCLUSION

In this paper, we have introduced dyadic Hardy space and
dyadic BMO space for image restoration modeling and anal-
ysis, and try to explore the regularization mechanism of these
two spaces in texture preserving image restoration inverse
problem. We study the wavelet characterization of the dyadic
Hardy H fi norm, and use it as the regularizer of modeling tex-
tures. Then we propose a H {1 minimization model which can
efficiently extract clear high oscillating textures from noisy
data. Combing this H f regularization, TV regularization, and
sparse regularization, we propose a two-layers image restora-
tion model, in which we use two dictionaries D; and D, to
represent piecewise smooth part and texture part respectively.
We take D; as the piecewise linear framelet to represent
the cartoon component and /; norm as the regularizer which
leads to sparsity in the process of minimization. We take Dy
as wavelets to represent texture component and Hf norm
as regularizer which leads to group sparsity in the process
of minimization. Of course, there are many possible ways
to choose D1 and D;. For example, D; may be curvelet,
Tensor Product Complex Tight Frame (TP-CFT), and D may
be multi-scale Local Discrete Cosine Transform (LDCT) or
Gabor Transform. These chosen of dictionaries may have
better performance than that proposed in this paper. The
proposed method can be seen as a specific case of a more
general approach and this will be investigated in our future
work.
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