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ABSTRACT In this paper, the problems of vibration reduction and trajectory tracking are investigated for a
suspension cable system of a helicopter in the presence of input saturation and external disturbances. First,
an auxiliary system is proposed to compensate for the error between control input and actuator output which
is caused by input saturation. Then, based on the introduced auxiliary system, an adaptive boundary control
scheme is proposed to track a desired trajectory and restrain the vibration by using backstepping method.
Under the designed control scheme, the uniform ultimate boundedness of closed-loop system is guaranteed.
Moreover, the vibration amplitude and the trajectory tracking error will be guaranteed to converge ultimately
to a small neighborhood of zero by selecting suitable parameters. The rationality and validity of designed
control law is verified by a numerical simulation.

INDEX TERMS Vibration reduction, input saturation, adaptive boundary control, uniform ultimate
boundedness, suspension cable system.

I. INTRODUCTION
As one of the most important skills of helicopter, helicopter
suspension cable system has drawn much attention of many
experts and scholars in the past decades and many nice
research results have been achieved [1]–[7]. In the process-
ing of helicopter lifting, if the vibration range exceeds the
allowable limits, it may result in the damage of the suspen-
sion load and even threaten the life security of the pilot.
Thus, the research for vibration attenuation is a meaningful
and challenging topic. Some common and effective control
strategies have been adopted to reduce vibration, such as
input shaping [8], [9], delayed feedback control [10], [11],
dynamic programming approach [12], [13]. However, input
shaping and dynamic programming approach are open-loop
control strategies which are sensitive to external disturbance.
In addition, these methods are only suitable for the lin-
earized system model which presents the stability of equi-
librium points. Considering the process of helicopter lifting,
the aforementioned approaches are not suitable to elimi-
nate the vibration for the helicopter lifting system. More-
over, the distributed disturbance resulted from atmospheric
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turbulence and windmay render that the suspension cable can
not keep tight all the time. Hence, representing a suspension
cable system of a helicopter by a set of ordinary differential
equations is not suitable under the circumstance. In general,
a system with vibration is often represented by a distributed
parameter system from a mathematical perspective. There-
fore, in this paper, the suspension cable system of a helicopter
will be modeled as a distributed parameter system, whose
state variables are related with both time and space. For the
distributed parameter system, boundary control is an effective
control strategy to realize vibration reduction according to
engineering experience. The boundary control scheme will
be proposed to decrease the vibration of flexible cable for the
suspension cable system of a helicopter.

Boundary control has received increasing attention and has
been applied to many flexible structures [14]–[20]. A flexible
string has been modeled as a distributed parameter system,
where the adaptive boundary control schemes have been
employed to reduce oscillation in [21]–[23]. For the flexible
manipulator, the problems of uniform ultimate boundedness
have been investigated in [24]–[26], where boundary con-
trollers have been designed by using Lyapunov direct method.
Under the proposed control strategies, the oscillation ranges
have converged to a small neighborhood of zero ultimately.
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The boundary control strategy has been utilized to analyze
the stability of closed-loop system for a flexible riser system
in [27]–[29]. The vibration ranges have converged to a com-
pact set with the proposed control laws by selecting proper
design parameters. For the flexible cable suspended robot
system, the anti-oscillation control problems have been inves-
tigated by using the feedback linearization control approach,
where boundary controllers have been designed in [30]–[34].
Owing to actuator physical constraint, hence there may be
an error between the control input and the actuator output.
This phenomenon is called input saturation which is one of
the most common and important non-smooth input nonlinear-
ities in mechanical equipments. Input saturation can severely
degrade the performance of closed-loop system, thus it will
be considered for the suspension cable system of a helicopter
in this paper.

As a common input nonlinearity, input saturation has
been studied and some effective methods have been
raised [25], [35]–[38]. In [39], an adaptive tracking controller
has been introduced for a class of uncertain multi-input and
multi-output nonlinear systems with input nonlinearities. To
tackle with the problem of input nonlinearities, the method
of designing auxiliary system has been used. Based on the
backstepping approach, a dynamic surface control scheme
has been proposed for a class of strict-feedback nonlinear
systems with input saturation in [40]. The method of radial
basis function neural network has been utilized to eliminate
the effect of input saturation. The guaranteed transient per-
formance has been investigated for the near space vehicle in
the presence of actuator input saturation by employing the
backstepping technique in [41], where the parameter adap-
tive strategy has been adopted to deal with the problem of
input saturation. The vibration reduction control problem
has been studied for a suspension cable system of a heli-
copter with input constraints in [42]. Another effective and
simple auxiliary system has been applied to compensate for
the effect of input nonlinearities. To the best of authors’
knowledge, there are few vibration reduction and trajectory
tracking control results for a suspension cable system of a
helicopter with input saturation by using the backstepping
method.

This paper investigates the vibration reduction and trajec-
tory tracking control problems for the helicopter suspension
cable system with input saturation and external disturbances
by backstepping method. Firstly, an auxiliary system is pro-
posed to tackle with the problem of input saturation. Then,
based on the proposed auxiliary system and the Lyapunov
theory, an adaptive boundary control is introduced to reduce
the cable’s vibration and follow a pre-given trajectory.
Under the developed control scheme, the closed-loop system
for the suspension cable system of a helicopter is proved to
be uniformly ultimately bounded.

The main contributions of this paper are summarized as
follows:
1) Different from the existed results, the vibration reduc-

tion and trajectory tracking control problems are

investigated by employing backstepping strategy for a
suspension cable system of a helicopter.

2) Different from the article [3], [6], [7], [42], an unilat-
eral adaptive boundary control method is adopted to
stabilize the closed-loop system. The unilateral control
is more easy to implement than bilateral control which
has been used in [3], [6], [7], [42].

3) A numerical simulation is developed to verify that the
proposed control scheme in this paper is superior to
the proportional-differential (PD) control and the intro-
duced control strategy in [5].

The rest of this paper is listed as follows. Section II raises
the problems that need to be solved and gives out some
assumptions and lemmas which are needed for the stability
analysis. An adaptive boundary control is introduced based
on the proposed auxiliary system for the suspension cable
system of a helicopter in Section III. Section IV shows the
control performances by using the proposed control scheme
in this paper, PD control and the applied control strategy
in [5] by a numerical simulation, which is followed by the
conclusion in Section V.
Notations. R is the set of real numbers. tanh(·) represents

the hyperbolic tangent function. ln(·) denotes the nature log-
arithm of (·). min(a1, a2) is to acquire the minimum value
between a1 and a2. Throughout the paper, for ∀ z ∈ [0,L],
t ∈ [0,+∞), the abbreviations and physical meanings of
system variables are given by TABLE 1.

TABLE 1. The abbreviations and physical meanings of system variables.

II. PROBLEM FORMULATION AND PRELIMINARIES
In this paper, consider a suspension cable system of a
helicopter which is provided by Fig. 1. The longitudinal
deflection of the helicopter suspension cable system is only
considered in the whole paper.

In Fig. 1, p(z, t) is the vibration amplitude in the local refer-
ence frame x−y, while s(z, t) = s(0, t)−p(z, t) is the position
of the suspension cablewhere s(0, t) is the position of payload
in the inertial coordinate system X−Y . According to Fig. 1,
it derives that p(0, t) = 0. Considering the safety problem
of a simple point hanging, a small segment of the suspension
cable is tightly fixed to the payload, then, it has s′(0, t) = 0.
Thus, a small swing angle is assumed in this paper, then the
tension of the suspension cable T in the vertical direction can
be approximated as T = mpg+

∫ L
0 µ(z)dzgwheremp denotes

the mass of payload, µ(z) represents the nonuniform mass
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FIGURE 1. A suspension cable system of a helicopter.

per unit length of the suspension cable, g is the gravitational
acceleration, and L represents the length of the suspension
cable, moreover, L is supposed to be a constant. The system
parameters for the suspension cable system of a helicopter
are listed as follows: mh denotes the mass of helicopter;
c and ch denote the damping coefficients of the suspension
cable and the helicopter, respectively; u(t) and d(t) are the
control input and external disturbance, respectively; f (z, t) is
the distributed disturbance which is resulted from the high
speed airflow and wind.

According to the paper [5], the model for the suspension
cable system is described as:

µ(z)s̈(z, t) = Ts′′(z, t)− cṡ(z, t)+ f (z, t) (1)

for ∀ z ∈ (0,L) and t ∈ [0,∞), under the boundary condi-
tions of the suspension cable system can be described by

mhs̈(L, t) = −Ts′(L, t)+ u(t)+ d(t)− chṡ(L, t)

for ∀ t ∈ [0,+∞). (2)

The input saturation is considered in this paper, then the
relationship between the desired control input ν(t) and the
actual actuator output u(t) can be written as:

u(t) = sat(ν(t)) =


U , if ν(t) ≥ U
ν(t), if U < ν(t) < U
U , if ν(t) ≤ U

whereU > 0 andU < 0 are the saturation levels of the actual
control u(t).
Then, (2) can be represented as:

mhs̈(L, t) = −Ts′(L, t)+ ν(t)+1u(t)+ d(t),

− chṡ(L, t), for ∀ t ∈ [0,+∞) (3)

where 1u(t) = u(t) − ν(t) is the error value between the
actual control u(t) and the designed control ν(t) which will
be designed in the following paper.

Furthermore, define x1(t) = s(L, t) and x2(t) = ṡ(L, t).
The boundary conditions of the helicopter suspension cable
system can be rewritten as:

ẋ1(t) = x2(t), (4)

ẋ2(t) = m−1h
{
− chx2(t)− Tx ′1(t)+ ν(t)+1u(t)

+ d(t)
}
, for ∀ t ∈ [0,+∞). (5)

To realize the control targets of tracking trajectory and
decreasing vibration for the suspension cable system of a heli-
copter, the following assumptions and lemmas are introduced.
Assumption 1 [3]: For ∀ z ∈ (0,L), t ∈ [0,∞), there exist

unknown positive constants d̄ and D such that the following
conditions hold:

d̄ ≥
{
|d(t)|

∣∣∣Maxt≥0|d(t)|},
D ≥

{
|f (z, t)|

∣∣∣Maxt≥0|f (z, t)|}.
Assumption 2 [43]: For the system parameter µ(z), the fol-

lowing conditions should be satisfied:

µ1 ≤ µ(z) ≤ µ2, µ3 ≤ µ
′(z) ≤ µ4,

where µ1, µ2, µ3, and µ4 are reasonable positive constants.
Besides, there exists a differentiable function a(z), ∀ z ∈

[0,L], with respect to z render that

a ≤ n(z) ≤ a,

a(z)+ za′(z) > ψ,

a(z)µ(z)+ za′(z)µ(z)+ za(z)µ′(z) > ψ

where a, a, and ψ are suitable positive constants.
Assumption 3 [3]: For the error 1u(t) between designed

control input ν(t) and actual control input u(t), the following
conclusion holds:

|1u(t)| = |ν(t)− u(t)| ≤ ε

where ε is a positive constant.
Moreover, in spite of considering input saturation, there

exists a control scheme render that the control targets of
tracking trajectory and decreasing vibration for the helicopter
suspension cable system can be achieved.
Assumption 4: The reference trajectory of helicopter r(t)

satisfies the following conditions:

1) The first-order derivative of r(t) is bounded,
i.e., |ṙ(t)| ≤ $1,

2) The second-order derivative of r(t) is bounded,
i.e., |r̈(t)| ≤ $2

where$1 and$2 are positive constants.
Lemma 1 [44]: If the function ω(z, t) ∈ R is continuous

differentiable and ω(0, t) = 0, then

ω2(z, t) ≤ L
∫ L

0
[ω′(z, t)]2dz, ∀ (z, t) ∈ [0,L]× [0,∞).
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Lemma 2 [44]: For the functions ω1(z, t), ω2(z, t) ∈ R,
the following inequation holds:

ω1(z, t)ω2(z, t) ≤ δω2
1(z, t)+

1
δ
ω2
2(z, t),

∀ (z, t) ∈ [0,L]× [0,∞)

with δ being a positive constant.
Lemma 3 [45]: For ∀ o(t) ∈ R, the following conclusion

can be drawn:

|o(t)| − o(t) tanh
(o(t)
ε

)
≤ 0.2785ε (6)

where ε is a positive constant.
Lemma 4 [46]: For a C1 function W (t) > 0, if the follow-

ing conditions hold:

1) the initial value of W (t) is bounded;
2) the function W (t) has upper and lower bounds,

i.e., 82
1(x(t)) ≤ W (t) ≤ 82

2(x(t));
3) the first-order of the function W (t) Ẇ (t) ≤

−Q1 W (t)+ Q2,

then the solution x(t) is uniformly ultimately bounded, with
81(x(t)) and 82(x(t)) being class K functions, Q1 and Q2
being positive constants.

III. CONTROL DESIGN AND STABILITY ANALYSIS
In the following section, first, by using backstepping method,
a boundary control law will be designed for the helicopter
suspension cable system subject to input saturation. An aux-
iliary system is introduced to compensate for the effect which
is resulted from input saturation. Then, based on the pro-
posed control scheme, the uniform ultimate boundedness
of closed-loop will be investigated, moreover, the trajectory
tracking error and the vibration amplitude will be guaranteed
to converge ultimately to a small neighborhood of zero.

To demonstrate the process of control design clearly,
the schematic diagram of control design is given by Fig. 2.

FIGURE 2. The schematic diagram of control design.

Since input saturation is considered, an auxiliary system
is introduced to compensate for the error 1u(t) between
control input and actuator output. The format of the proposed
auxiliary system can be described as follows:

%̇(t) =
1
mh

{
− l%(t)−1u(t)+ Tx ′1(t)+ Tx2(t)

−T ṙ(t)+ (kT + 1)ξ1(t)
}

(7)

where l and k are positive constants.

Let r(t) being the reference trajectory of helicopter, more-
over, e1(t) = x1(t) − r(t) and e2(t) = x2(t) − ṙ(t), thus,
ė1(t) = e2(t) for ẋ1(t) = x2(t).
Based on the aforementioned contents, define

ξ1(t) = e1(t), (8)

ξ2(t) = ė1(t)+ η(t)+ %(t)

= e2(t)+ η(t)+ %(t) (9)

with η(t) being the virtual control which will be designed in
the following section.

The process of backstepping technology can be described
as follows:
Step 1: Invoking (8) and (9), the derivative of ξ1(t) with

respect to time yields

ξ̇1(t) = ξ2(t)− η(t)− %(t). (10)

Consider a Lyapunov function as follows:

Vo1(t) =
α

2
ξ21 (t). (11)

where α is a positive constant with α satisfying
Lāµ2

min{αµ1,αT }
< 1.

Invoking (10) and (11), the derivative of Vo1(t) can be
written as:

V̇o1(t) = αξ1(t)ξ̇1(t)

= αξ1(t)[ξ2(t)− η(t)− %(t)]. (12)

Thus, the virtual control law η(t) can be designed as
follows:

η(t) = kξ1(t)+ x ′1(t). (13)

Substituting (13) into (12), it has

V̇o1(t) = −kαξ21 (t)+αξ1(t)ξ2(t)−αξ1(t)x
′

1(t)−αξ1(t)%(t).

(14)

Step 2: The adaptive control method which is a strong
robustness and simple control method will be used to com-
pensate for the effect of unknown external disturbance in the
following section. Moreover, an adaptive control law can be
designed as follows:

˙̂
d̄(t) = β−1αξ2(t) tanh

(ξ2(t)
ε

)
− β−1γ ˆ̄d(t), (15)

ν(t) = chx2(t)− ˆ̄d(t) tanh
(ξ2(t)
ε

)
+ l1%(t)

− l2ξ2(t)+ mhr̈(t)− mhη̇(t)− l3x2(t)

−Tx2(t)+ T ṙ(t)− (kT + 1)ξ1(t) (16)

where β, γ , ε, l1, l2, and l3 are positive constants, ˆ̄d(t) is the
estimation of the unknown constant d̄ .

Invoking (5) and (7) yields

mhξ̇2(t) = mhẋ2(t)− mhr̈(t)+ mhη̇(t)+ mh%̇(t)

= −Tx ′1(t)+ ν(t)+1u(t)+ d(t)− chx2(t)

− l1%(t)−1u(t)+ Tx ′1(t)+ Tx2(t)
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−T ṙ(t)+ (kT + 1)ξ1(t)− mhr̈(t)

+mhη̇(t)

= −l1%(t)+ ν(t)+ d(t)− chx2(t)+ Tx2(t)

−T ṙ(t)+ (kT + 1)ξ1(t)− mhr̈(t)

+mhη̇(t). (17)

Substituting (16) into (17), it follows that

mhξ̇2(t) = −l2ξ2(t)− l3x2(t)+ d(t)− ˆ̄d(t) tanh
(ξ2(t)
ε

)
.

(18)

A Lyapunov function can be described as follows:

Vo2(t) = Vo1(t)+
αmh
2

[ξ22 (t)+ %
2(t)]+

β

2
˜̄d2(t) (19)

where ˜̄d(t) = d̄ − ˆ̄d(t).
Quoting (7), (14), (15), (18), and (19), it derives that

V̇o2(t) = V̇o1(t)+ αmhξ2(t)ξ̇2(t)+ αmh%1(t)%̇1(t)

+β ˜̄d(t)
˙̃
d̄(t)

≤ −kαξ21 (t)+ αξ1(t)ξ2(t)− αξ1(t)x
′

1(t)

−αξ1(t)%(t)+ αξ2(t)
{
− l2ξ2(t)− l3x2(t)

+d(t)− ˆ̄d(t) tanh
(ξ2(t)
ε

)}
+ α%(t)

{
− l%(t)

−1u(t)+ Tx ′1(t)+ Tx2(t)− T ṙ(t)

+ (kT + 1)ξ1(t)
}
− α ˜̄d(t)ξ2(t) tanh

(ξ2(t)
ε

)
+αγ ˜̄d(t)[d̄ − ˜̄d(t)]. (20)

According to Lemma 2, Lemma 3, Assumption 1, and
Assumption 3, the derivative of Vo2(t) can be rewritten as:

V̇o2(t) ≤ −αkξ21 (t)− αl2ξ
2
2 (t)+ α

˜̄d(t)ξ2(t) tanh
(ξ2(t)
ε

)
−α(l − ς1)%2(t)+

α

ς1
[1u(t)]2 + αTx2(t)%(t)

−αT ṙ(t)%(t)+ αTx ′1(t)%(t)+ αkT ξ1(t)%(t)

−α ˜̄d(t)ξ2(t) tanh
(ξ2(t)
ε

)
+ αγ ς2d̄2

−αγ (1−
1
ς2

) ˜̄d2(t)+ 0.2785αεd̄

≤ −αkξ21 (t)− αl2ξ
2
2 (t)− α(l − ς1)%

2(t)

−αγ (1−
1
ς2

) ˜̄d2(t)+ αTx2(t)%(t)− αT ṙ(t)%(t)

+αTx ′1(t)%(t)+ αkT ξ1(t)%(t)+ αγ ς2d̄
2

+
α

ς1
ε2 + 0.2785αεd̄ (21)

where ς1 and ς2 are positive constants.
Theorem 1: For the helicopter suspension cable system (1)

under boundary conditions (4) and (5) with external distur-
bances and input saturation, under the designed adaptive con-
trol law (16), the problem of uniform ultimate boundedness

for the closed-loop system is investigated. Moreover, the fol-
lowing targets will be realized with the proposed control
scheme:
1) Trajectory tracking error ξ1(t) will converge ultimately

to a small neighborhood of zero, i.e.,

lim
t→+∞

|ξ1(t)| ≤

√
2κ2
ακ1

, (22)

2) The amplitude of oscillation p(z, t) will remain ulti-
mately in a compact 0 =

{
p(z, t)

∣∣∣|p(z, t)| ≤√
2Lκ2
αTκ1κ3

}
, for ∀z ∈ [0,L],

where

κ1 = min
{
k2T − 2kπ3T − 2kπ5T − 2kπ6T + 2k,

2l2 − T
mh

,
2l + T − 2ς1

mh
,
γ (1− 1

ς2
)

β
,

2c− 2
π1
+

2ψ
α

µ2
,
ψ − 2La

π7

α
,
c
µ2

}
,

κ2 = αγ ς2d̄2 +
α

ς1
ε2 + 0.2785αεd̄ + (απ1L + L2aπ7)

×D2
+ [αTπ2 + αTπ4 + αkTπ5]$ 2

1 ,

κ3 = 1−
Lāµ2

min{αµ1, αT }

with π1, π2, π3, π4, π5, π6, and π7 being positive constants.
Proof: Under the adaptive control law (16), the stability

of the closed-loop system will be analyzed in the following
section. A Lyapunov function is introduced as follows:

E(t) = Vo2(t)+ E1(t)+ E2(t) (23)

with

E1(t) =
α

2

∫ L

0
µ(z)ṡ2(z, t)dz

+
αT
2

∫ L

0
[s′(z, t)]2dz, (24)

E2(t) =
∫ L

0
za(z)µ(z)ṡ(z, t)s′(z, t)dz. (25)

Invoking (1), (24), and Lemma 2, considering s′(0, t) = 0,
the derivative of E1(t) can be described as:

Ė1(t) = α
∫ L

0
µ(z)ṡ(z, t)s̈(z, t)dz+ αT

∫ L

0
[s′(z, t)

×ṡ′(z, t)]dz

= α

∫ L

0
ṡ(z, t)[Ts′′(z, t)+ f (z, t)− cṡ(z, t)]dz

+αT
∫ L

0
[s′(z, t)ṡ′(z, t)]dz

≤ αTx2(t)x ′1(t)− α
∫ L

0
(c−

1
π1

)ṡ2(z, t)dz

+απ1LD2. (26)
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Consider αTx2(t)x ′1(t) =
αT
2 ξ

2
2 (t)−

αT
2 x

2
2 (t)−

αT
2 [x ′1(t)]

2
−

αT
2 ṙ

2(t)− αk2 T
2 ξ21 (t)−

αT
2 %

2(t)+αTx2ṙ(t)−αkTx2(t)ξ1(t)−
αTx2(t)%(t) + αTx ′1(t)ṙ(t) + αkT ξ1(t)ṙ(t) + αT%(t)ṙ(t) −
αkT ξ1(t)x ′1(t)− αTx

′

1(t)%(t)− αkT ξ1(t)%(t), Assumption 1,
Assumption 4, and Lemma 2, (26) can be rewritten as

Ė1(t) ≤
αT
2
ξ22 (t)− αT

(1
2
−

1
π2
−

k
π3

)
x22 (t)

−αT
(1
2
−

1
π4
−

k
π6

)
[x ′1(t)]

2
− αkT

(k
2
− π3

−π5 − π6

)
ξ21 −

αT
2
%2(t)− αTx2(t)%(t)

+αT ṙ(t)%(t)− αTx ′1(t)%(t)− αkT ξ1(t)%(t)

−α

∫ L

0
(c−

1
π1

)ṡ2(z, t)dz+ απ1LD2

+ [αTπ2 + αTπ4 + αkTπ5]$ 2
1 . (27)

According to (1), (25), Assumption 1, Assumption 2, and
Lemma 2, the derivative of E2(t) with respect to time is
given by

Ė2(t) =
∫ L

0
za(z)µ(z)[s̈(z, t)s′(z, t)+ ṡ(z, t)

×ṡ′(z, t)]dz

=

∫ L

0
za(z)[Ts′′(z, t)− cṡ(z, t)+ f (z, t)]

×s′(z, t)dz+
∫ L

0
za(z)µ(z)ṡ(z, t)ṡ′(z, t)dz

≤ −
T
2

∫ L

0
[a(z)+ za′(z)−

2La
π7

][s′(z, t)]2dz

+Lµ2ax22 (t)−
1
2

∫ L

0
[a(z)µ(z)+ za′(z)µ(z)

+ za(z)µ′(z)]ṡ2(z, t)dz− c
∫ L

0
za(z)ṡ(z, t)

×s′(z, t)dz+ L2aπ7D2. (28)

Quoting (21), (27), (28), and Assumption 2 yields

Ė(t) = V̇o2(t)+ Ė1(t)+ Ė2(t)

≤ −αk
{kT
2
− π3T − π5T − π6T + 1

}
ξ21

−α(l2 −
T
2
)ξ22 (t)− α(l +

T
2
− ς1)%2(t)

−αγ (1−
1
ς2

) ˜̄d2(t)− α
∫ L

0
(c−

1
π1

)ṡ2(z, t)dz

−
T
2

∫ L

0
[ψ −

2La
π7

][s′(z, t)]2dz− c
∫ L

0
zn(z)

×ṡ(z, t)s′(z, t)dz+ αTx2(t)%(t)− αT ṙ(t)%(t)

+αTx ′1(t)%(t)+ αγ ς2d̄
2
+
α

ς1
ε2 + 0.2785αεd̄

−α
{
T
(1
2
−

1
π2
−

k
π3

)
−
Lµ2a
α

}
x22 (t)

−αT
(1
2
−

1
π4
−

k
π6

)
[x ′1(t)]

2

−
1
2

∫ L

0
ψ ṡ2(z, t)dz+ (απ1L + L2aπ7)D2

+[αTπ2 + αTπ4 + αkTπ5]$ 2
1

≤ −αk
{kT
2
− π3T − π5T − π6T + 1

}
ξ21

−α(l2 −
T
2
)ξ22 (t)− α(l +

T
2
− ς1)%2(t)

−αγ (1−
1
ς2

) ˜̄d2(t)− α
∫ L

0
(c−

1
π1
+
ψ

2α
)

×ṡ2(z, t)dz−
T
2

∫ L

0
[ψ −

2La
π7

][s′(z, t)]2dz

− c
∫ L

0
za(z)ṡ(z, t)s′(z, t)dz+ αγ ς2d̄2

+
α

ς1
ε2 + 0.2785αεd̄ + (απ1L + L2aπ7)D2

+ [αTπ2 + αTπ4 + αkTπ5]$ 2
1

≤ −κ1E(t)+ κ2 (29)

with

k2T − 2kπ3T − 2kπ5T − 2kπ6T + 2k > 0,

2l2 − T > 0,

2l + T − 2ς1 > 0, 1−
1
ς2
> 0,

c−
1
π1
+
ψ

α
> 0,

ψ −
2La
π7

> 0,

T
(1
2
−

1
π2
−

k
π3

)
− Lµ2a ≥ 0,

1
2
−

1
π4
−

k
π6
≥ 0.

The inequation (29) means that the closed-loop system is
uniformly ultimately bounded. The specific results will be
given in the following section.

Multiplied (29) by eκ1 t , it follows that

Ė(t)eκ1t ≤ −κ1E(t)eκ1t + κ2eκ1t . (30)

Then,

d(E(t)eκ1t )
dt

≤ κ2eκ1t . (31)

Computing inequation (31), and considering κ1 and κ2 are
positive constants, it has

E(t) ≤
(
E(0)−

κ2

κ1

)
e−κ1t +

κ2

κ1

≤ E(0)e−κ1t +
κ2

κ1
. (32)

Since E2(t) is a cross-term, the relationship between E2(t)
and E1(t) should be given firstly. The rigorous analysis will
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be shown in the following section.

|E2(t)| ≤
Lāµ2

2

( ∫ L

0
ṡ2(z, t)dz+

∫ L

0
[s′(z, t)]2dz

)
≤

Lāµ2

min{αµ1, αT }
E1(t). (33)

Then,

E1(t)+ E2(t) ≥ (1−
Lāµ2

min{αµ1, αT }
)E1(t). (34)

Further, since Vo2(t) is positive definite and κ3 = 1 −
Lāµ2

min{αµ1,αT }
, one obtains

E(t) = Vo2(t)+ E1(t)+ E2(t) ≥ Vo2(t)+ κ3E1(t). (35)

Due to κ3 > 0, thus
α

2
ξ21 (t) ≤ Vo2(t) ≤ E(t)

≤ E(0)e−κ1t +
κ2

κ1
. (36)

Further,

lim
t→+∞

|ξ1(t)| ≤

√
2κ2
ακ1

. (37)

Invoking (24), according to the Lemma 1 and p′(z, t) =
−s′(z, t), it has

αT
2

[p(z, t)]2 ≤
αTL
2

∫ L

0
[p′(z, t)]2dz

=
αTL
2

∫ L

0
[s′(z, t)]2dz ≤ LE1(t). (38)

Invoking (35) and (38), for ∀z ∈ [0,L], it follows that

αT
2

[p(z, t)]2 ≤ LE1(t) ≤ L
E(t)
κ3

, (39)

then

|p(z, t)| ≤

√
2L
αTκ3

E(t)

≤

√
2L
αTκ3

(E(0)e−κ1t +
κ2

κ1
). (40)

Therefore, when t → +∞, one has |p(z, t)| ≤
√

2Lκ2
αTκ1κ3

i.e., the amplitude of oscillation p(z, t) will remain ultimately
in a compact set 0 =

{
p(z, t)

∣∣∣|p(z, t)| ≤ √ 2Lκ2
αTκ1κ3

}
.

This concludes the proof. ♦

IV. NUMERICAL SIMULATION
In this section, consider a suspension cable system of a heli-
copter with input saturation and external disturbances which
is depicted by (1), (4), and (5). The external disturbances
are given by: d(t) = (1.2 + 0.4 sin(0.1t) + 0.2 sin(0.2t) +
0.4 sin(0.1t)) × 104 and f (z, t) = (1.5 + 0.6 sin(0.2π t) +
0.4 sin(0.4π t) + 0.2 sin(0.6π t))z. The parameters of the
suspension cable system of a helicopter are provided by
TABLE 2.

TABLE 2. Parameters of the suspension cable system of a helicopter.

The desired trajectory is chosen as follows [47]:

r(t) =
sr
2
+
ι1

2
ln

e(ι2t−ι3) + e(−ι2t+ι3)

e(ι2t−ι3−sr/ι1) + e(−ι2t+ι3+sr/ι1)
(41)

where ι1, ι2, and ι3 are positive constants, sr is the distance
between initial position and target position of helicopter.

The saturation levels of the actual actuator output u(t) are
U = 1.0× 104 and U = −2.0× 104.
The designed parameters are given as follows: l = 0.1,

k = 100, α = 0.005, β = 1, γ = 0.1, ε = 0.1, l1 =
1.0 × 104, l2 = 1.0 × 104, and l3 = 4.0 × 105. The desired
trajectory parameters are listed as: ι1 = 2.5, ι2 = 1, ι3 = 2,
and sr = 100m.

FIGURE 3. The longitudinal vibration amplitude p(z, t) of the suspension
cable without control.

When control input u(t) = 0, the response curve of
vibration amplitude p(z, t) is presented by Fig. 3. Based
on the introduced adaptive boundary control scheme which
is described by (7), (15), and (16), the simulation results
of closed-loop system for the helicopter suspension cable
system are given by Figs. 4−6. Fig. 4 and Fig. 5 denote
the vibration amplitude p(z, t) of the helicopter suspension
cable system and the trajectory tracking of helicopter under
the proposed adaptive boundary control. It shows that the
proposed adaptive control scheme is efficient to restrain the
vibration of cable and track the given trajectory. Fig. 6 shows
the designed adaptive boundary control input ν(t) and actual
actuator output u(t). From Fig. 6, it is clearly seen that con-
sider the phenomenon of input saturation is meaningful.

To illustrate the effectiveness of proposed control scheme
which is represented by (7), (15), and (16), a PD control law
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FIGURE 4. The longitudinal vibration amplitude p(z, t) of the suspension
cable with proposed adaptive boundary control scheme.

FIGURE 5. The curve trajectory tracking with proposed adaptive boundary
control scheme.

FIGURE 6. The designed adaptive boundary control input ν(t) and actual
adaptive boundary control control input u(t).

is presented as:

ν(t) = −s1[s(L, t)− r(t)]− s2[ṡ(L, t)− ṙ(t)] (42)

where s1 and s2 are positive constants.
The design parameters of PD control law are chosen as:

s1 = 1.0 × 104 and s2 = 1.0 × 105. The design parameters
remain unchanged for desired trajectory r(t).

Under the PD controller (42), Fig. 7 and Fig. 8 represent
the vibration amplitude p(z, t) of the helicopter suspension
cable system and the trajectory tracking curve of helicopter.

Compare Fig. 4 with Fig. 7, it is obvious that the control
performance by using the proposed adaptive boundary con-
trol is better than the PD control scheme (42). From Fig. 5

FIGURE 7. The longitudinal vibration amplitude p(z, t) of the suspension
cable with proposed PD control scheme.

FIGURE 8. The curve trajectory tracking with proposed PD control
scheme.

and Fig. 8, it can be seen that the good control performances
can be achieved by utilizing two control strategies.

Considering the PD control strategy is a linear method,
it will be more persuasive to use a nonlinear control method
as a comparison. Thus, under the auxiliary system (7) and
adaptive law (15), another nonlinear control approach which
has been used in article [5] will be adopted to check the
effectiveness of the proposed control method in this paper.

With the proposed control scheme in paper [5], Fig. 9
and Fig. 10 are simulation results of the vibration amplitude
p(z, t) and the trajectory tracking curve, respectively.
According to Fig. 4 and Fig. 9, it is obvious that the con-

trol performances by using the proposed adaptive boundary
control in this paper are better than the proposed control
scheme in [5]. Meanwhile, combining Fig. 5 and Fig. 10,
it can be drawn that the position of helicopter x1(t) all can
track the given reference trajectory r(t) accurately by using
both the proposed control scheme in this paper and the control
strategy in [5].

Moreover, in Fig. 7 and Fig. 9, the longitudinal vibration
amplitudes p(z, t) of the suspension cable become big at about
40s resulted from themotion of helicopter. However, in Fig. 4,
the longitudinal vibration amplitudes p(z, t) of the suspension
cable is not affected by the motion of helicopter by using the
control approach in this paper.

On the whole, the control performances by utilizing the
proposed control strategy in this paper are superior to the
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FIGURE 9. The longitudinal vibration amplitude p(z, t) of the suspension
cable with control strategy in [5].

FIGURE 10. The curve trajectory tracking with control strategy in [5].

control performances by using both PD control and the intro-
duced control in [5].

According to the obtained simulation results, rational-
ity and validity of the designed adaptive boundary control
scheme are validated.

V. CONCLUSION
A boundary control scheme has been adopted to investigate
the problems of vibration reduction and trajectory tracking
for the suspension cable system of a helicopter with input
saturation and external disturbances. To tackle with the prob-
lem of actuator saturation, an auxiliary system has been given.
Based on the proposed auxiliary system, an adaptive bound-
ary control law has been designed by employing backstepping
method. With the introduced control approach, the vibration
amplitude and the trajectory tracking error have converged
ultimately to a bounded compact set by choosing suitable
design parameters. The effectiveness of the proposed adaptive
boundary control scheme has been verified by a numerical
simulation. The problem of vibration reduction will be inves-
tigated for the planar model of a helicopter suspension cable
system in the future study. Moreover, the problem of varying
cable length which is a meaningful topic will be considered
in the future research.
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