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ABSTRACT By using semi-discrete and Takagi-Sugeno fuzzy methods, a new version of discrete analogue
of stochastic fuzzy cellular neural networks is formulated, which gives a more accurate characterization for
continuous-time stochastic model than that by Euler scheme. Firstly, the 2p-th moment global exponential
stability for the obtained semi-discrete stochastic Takagi-Sugeno fuzzy model is studied with the help of
Minkowski inequality and Holder inequality. Secondly, the 2p-th mean almost periodic outputs of the model
is investigated by using Krasnoselskii’s fixed point theorem. Finally, illustrative examples and numerical
simulations are given to demonstrate that our results are feasible.

INDEX TERMS Moment global exponential stability, semi-discrete method, stochastics, Takagi-Sugeno

approach.

I. INTRODUCTION

In [1], cellular neural networks (CNNs), which have been
widely applied in psychophysics, parallel computing, per-
ception, robotics, adaptive pattern recognition, associative
memory, image processing pattern recognition and combina-
torial optimization. All of these applications heavily depend
on the (almost) periodicity and global exponential stability.
Specifically, many scholars had focused on the issues of the
existence and global exponential stability of the equilibrium
point, periodic and almost periodic solutions of CNNs with
time delays in literatures [2]-[7]. For instance, Xu [7] con-
sidered the following CNNs with time delays:

dx; -

j=1
+ Z cij()gj(xj(t — ;1) + 1i(r),  (L.1)

j=1
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where n denotes the number of units in a neural network,
xi(t) corresponds to the state of the ith unit at time ¢,
a; > 0 represents the passive decay rate at time ¢, f; and
gj are the neuronal output signal functions, b;j(t) and c;;(t)
denote the strength of the jth unit on the ith unit at time #,
I;(t) denotes the external input at time ¢, the continuous
function 7;(t) corresponds to the information transmission
delay attime¢,i,j = 1,2, ..., n.In[7], the author studied the
existence and exponential stability of anti-periodic solutions
of system (I.1).

Uncertain models described by stochastic differential
equations have received great attentions in recent years, since
they have been widely applied in practice such as engineer-
ing, physics, chemistry and biology [8], [9]. In the actual
situations, uncertainties have a consequence on the perfor-
mance of neural networks. In neural networks, the connection
weights of the neurons depend on certain resistance and
capacitance values that include modeling errors or uncer-
tainties during the parameter identification process. The
uncertainties come mainly from the deviations and pertur-
bations in parameters. In particular, when modeling neu-
ral networks, the parameter uncertainties should be taken
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into consideration. Therefore, we consider the following
stochastic CNNs:

dxi(t) = [ — aiOxi(t) + Y b()fi(i(1))

=1
+ Z cij(t)gj(xi(t — T;j(1))) + Ii(f)]dt
j=1
+ Zdij(l)ﬁj(xj(t — n35(1))dw;(1), (L.2)
j=1

where dj;, n;; and o; are similarly specified as the correspond-
ing parameters in system (I.1), w; is the standard Brownian
motion, i,j =1,2,...,n.

The discrete-time neural networks become more important
than the continuous-time counterparts when implementing
the neural networks in a digital way. In order to investigate
the dynamical characteristics with respect to digital signal
transmission, it is essential to formulate the discrete ana-
log of neural networks. A large number of literatures had
been obtained for stability analysis of discrete-time deter-
minant or stochastic neural networks formulated by Euler
scheme [10]-[19]. The semi-discrete method [20] of deter-
minant differential equations is very popular in recent years
and it is widely utilized in the researches of continuous-time
neural networks [20]-[25]. However, as far as the authors
know, few scholars use this method to formulate the discrete
analogue of stochastic differential equations. In order to get
the discrete analogue of system (I.2) by the semi-discrete
method [20], the following stochastic CNNs with piecewise
constant arguments corresponding to system (I.2) has been
taken into account:

dx;(r) = [ — a([thxi(t) + Y b (e Df(x([1])

J=1

+ ) ciilhg g ([e] — Ty ([£1))

j=1
+ Y dy([Doy(xi(Ie] = ng([£1) Aw([t])
j=1
+Ii([t]):|df,
where [¢] denotes the integer part of ¢, i = 1,2, ..., n. Here

the discrete analogue of the stochastic part of system (I.2) is
obtained by Euler scheme. For each t € R, there exists an
integer k € Z such that k < t < k + 1. Then the above
equation becomes

dxi(r) = [ — ai(kxi(t) + Y by(k)f(xj(k))

j=1
+ ) cijthgiletk — (k)
j=1
+ ) dij(k)oy(xjtk — miik)) Aw;(k) + Ii(k)}dt,
j=1
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wherei = 1,2, ..., n. Integrating the above equation from k
to t and letting + — k + 1, we achieve the discrete analogue
of system (I.2) as follows:

xi(k + 1)
= ¢ " Ouxik)
1 =@k 2

o [; bij(k)f(xi(k))

+ ) cijthgiletk — (k)

j=1

+ Y dik)o(xitk — ni(k))) Aw;(k) + L-(k)] (13)
j=1

wherek € Z,i=1,2,...,n.

Almost all dynamical models in real world cannot
be represented by linear systems and have a nonlinear
term. Simultaneously, linear control methods are applica-
ble only to the linear models and sometimes the nonlinear
models [26], [27] need to be linearized. In [28], Takagi and
Sugeno presented a fuzzy method depicted by IF-THEN
rules, which describe input-output relationships of nonlinear
models. The major characteristic of Takagi-Sugeno fuzzy
model is to show the local behaviour of each fuzzy rule by
a linear model. As a matter of fact, Takagi-Sugeno fuzzy
method can be applied to research universal approximators of
almost all nonlinear models [29], [30]. For more researches
on the dynamical behaviors of Takagi-Sugeno fuzzy neural
networks, see [31]-[33].

Periodicity often appears in implicit ways in various natu-
ral phenomena. For instance, this is the case when one stud-
ies the effects of fluctuating environments. Though one can
deliberately periodically fluctuate environmental parameters
in controlled laboratory experiments, fluctuations in nature
are hardly periodic. Almost periodicity is more likely to accu-
rately describe natural fluctuations [34]-[44]. The concept of
almost periodicity is important in probability especially for
investigations on stochastic processes. The interest in such
a notion lies in its significance and applications arising in
engineering, statistics, etc., see [40]-[44].

Stimulated by the above discussions, the main purpose
of this paper is to investigate the 2p-th mean almost peri-
odic outputs and moment global exponential stability of
Takagi-Sugeno fuzzy model of system (I.3).

Research Highlights: The main contributions of this article
are related as follows:

o A fuzzy model is obtained for semi-discrete stochastic
CNNs by using Takagi-Sugeno fuzzy method.

o A discrete Volterra integral expression is obtained for
semi-discrete stochastic fuzzy CNNs.

o A decision theorem for 2p-th moment global exponen-
tial stability of semi-discrete stochastic fuzzy CNNSs is
derived.

o The existence of 2p-th mean almost periodic oscillations
for semi-discrete stochastic fuzzy CNNSs is obtained.
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o The problems solved in this paper can stimulate the
studies of many other discrete stochastic fuzzy dynamic
systems.

The paper is organized as follows. In Section 2, a fuzzy
model of system (I.3) has been established by using Takagi-
Sugeno fuzzy method, and some necessary lemmas are stated.
In Section 3, the 2p-th moment global exponential stability
of the obtained semi-discrete stochastic Takagi-Sugeno fuzzy
model is discussed. In Section 4, we employ Krasnoselskii’s
fixed point theorem to research the 2p-th mean almost peri-
odic outputs of the fuzzy model. In Section 5, two examples
and computer simulations are also given to illustrate our
main results. The conclusions and future developments of this
paper are presented in Section 6.

Il. TAKAGI-SUGENO FUZZY MODEL DESCRIPTION AND
PRELIMINARIES

A. TAKAGI-SUGENO FUZZY MODEL DESCRIPTION

By the fuzzy method in [28], the rth rule of the Takagi-

Sugeno fuzzy model of system (I.3) is of the following form:
Plant Rule [: IF 0y is P;; and - - - and 6, is P;;, THEN

xitk +1) = e Oxick)
1— e—a,(k)

0 [ Z bi(k)f; (xj(k))

+ ) eik)gixitk — Tyi(k)))

j=1
n
+ " kot itk — ngk)) Aw(h)
j=1
+Ii(k):|, (IL.1)
where 6 = (6y,..., GP)T is the known premise variable

vector, Pi(I = 1,2,...,r,s = 1,2,...,q) are the fuzzy
sets, r is the number of fuzzy IF-THEN rules; ]3.1 s g]l. and ojl
are the /th outputs of f;, g; and o; of system (I.3), respectively;
keZ,i,j=1,2,...,n

The final output of the fuzzy model (II.1) is inferred as
follows:

,
xik+1) = Zwl(e){e—“f<’<>x,-(k)
=1
1—c¢e —a;(k)

T [ Z bk} (xj(k))

+ D cijlg) itk — Ty (k)
j=1

+ ) dj(k)o] (xjk — mijk)) Aw(k)
j=1

+Ii(k)”,

(I1.2)
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wherek € Z,i=1,2,...,n,

4O 9 = ﬁpz ©))
Z[ e (9) 1 s\Us),

Pi5(65) denotes the grade of membership of 6; in Pjs. Hence,
we have

wi(0) =

r

> e®) >0,

=1

el) = 0, wi(0) = 0,

[1=1,2,...,r.

D owi®) =1,
I=1

Then system (I1.2) can be transformed to
xi(k +1)
= ¢ (k)

1— efa,(k)

+ W Z Wz(9(k))[ Z b,,(k)f (xj(k))
i i

+ ) ciitkgh(xj(k — (k)

j=1

+ > " dyik)o] (xitk — nyi(k)) Aw;i(k)
j=1

+1,~(k)}, (L.3)

wherek € Z,i=1,2,...,n

B. PRELIMINARIES

Let (2, F, P) be a probability space and BC(Z; LP(2; R"))
denote the vector space of all bounded continuous functiorlls
from Z to LP(2; R"). Define |X|, = max<j<,(E|x;|")?,
VX = {x} = (nx,....x)f e LP(RM.
Then LP(2; R") is a Banach space equipped with | - |,.
Define

X, = SUP |X|p = max SUP(Ele(k)I”)P
ke I<iznyez

VX = {x;} € BC(Z; LP(R2; R")). Then BC(Z; LP(2; R"))
is a Banach space equipped with || ll, for
p=1

Lemma 1 [ [45] (Minkowski Inequality)]: Assume that
p>1EE]P < oo, ElnlP < oo, then

(EI& + 0" < (E|EPYP + (EnP)!/P.

Lemma 2 [[45] (Holder Inequality)]: Assume that p > 1,
then

> larbi| < [Z |ak|}1_1/p[2 |ak||bk|P}

Ifp =1, then 3 laxbi| < (3 lax|)(supy 1bk ).

1/p
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Lemma 3: X = {x;} is the final output of Takagi-Sugeno
Sfuzzy system (11.3) if and only if

xi(k)
k—1
=[] e ““xitko)
s=ko
kol k2l —ai)) — maii)] &
+ 3 I1 T S ey
v=ko s=v+1 ai(v) =1

[Z b () + D ci(nghi(v — 7))

j=1 j=1
+ ) divo] (5 — 1IN Aw;(v) +1i<v>}, (IL.4)
J=1

where kg € Z, k € (kg, +00)z,i=1,2,...,n
Proof: Let

Fl(k, x)

=Y bk)f (k) + Y cijth)g) (xik — (k)

= j=1

n
+ Y dijtk)a] (xi(k — nyi(k)) Aw;(k)
j=1
+Lik), keZ,i=1,2,....n, =12, ...,r

By Alu(k)v(k)] = [Au(k)]v(k) + u(k + 1)[Av(k)] and
system (IL.3), it gets

k—1
A|: I1 e""(s)xi(k)]
s=0

ket — g=aith]

I
=1] e > wi@k)F|(k, x),
s=0 =1
wherei=1,2,...,n,l=1,2,...,r,k € Z. So
k—1 v—1
Z A[ 1_[ e“i(s)xi(v)i|
v=kg s=0
k—1 v

4[] — e~

= Z H ) ;WI(G(V))FiI (v, x)

v=ko s=0

is equivalent to

k—1
[ ] e““xitk)
s=0

ko—1

= [] ¢“xitko)

s=0
k—1 v

+ 2117

v=ko s=0

a,(S)[l _ e_al(v)
a;(v)
where i = 1,2,...,n,1 = 1,2,...,r, k € 7Z. By the

above equations, we can easily derive (IL.4). This completes
the proof. 0

Z wiOW)F] (v, x),
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Lemma 4 [9]: Suppose that g € L?([a, b], R), then

t P b g
E[ sup / g(s)da(s) ] < c,,E[ / |g(t>|2dt} ,
tela,b] | Ja a
where
(32/py/2, 0<p<2,
4, p=2,
CI’ = perl %

— |, p>2
2(p — H—D

Lemma 5: Assume that {x(k) : k € 7} is real-valued
stochastic process and w(k) is the standard Brownian motion,
then

E|lx()awd)|” < GE|x(0)|", ke Z,

where Cy, is defined as that in Lemma 4, p > 0.
Proof: By Lemma 4, it follows that

k+1 p
E|x(k)Aw(k)[" = E‘ / x(k) dw(s)
k

P

k+1 £
/ x2(k)ds
k

This completes the proof. O

< GE <G

Ill. MOMENT GLOBAL EXPONENTIAL STABILITY OF
TAKAGI-SUGENO MODEL

Setf = sup |f (k)| and f =

inf |f (k)| for bounded function f
keZ keZ
defined on Z. Define

a = max g;, a:= min g,
1<i<n 1<i<n

(1—e
L= e ZW!”“‘” Z Kz

rp =

C(zp

+ &K + dy A Cz”] B = ,
—

where

n

| _ o _
d-e? max suprl(Q(k))[Z(bijU;l(ON

a(l —e™9) I=iznyez = i
n 1
+ElghO)) + T + ZdijajI(O)Cf,f}-
j=1

o) 1=

Suppose that X = {x;} with initial value ¢ = {¢;} and
X* = {x]'} with initial value ¢* = {¢}} are arbitrary two
solutions of system (II.3). For convenience, let

* 2p %
— ¢ I)¥),

yp = max  sup {(E|g;(s)

1=i=n se[—1uo,01z
o = max({ty, 7;}.
(@@.)
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Definition 6 [9]: System (11.3) is said to be 2p-th moment
global exponential stability if there are positive constants M
and )\ such that

EIX(k) — X*(K)lp < Myspe ™, Vk € [—po, +00)z.

The 2-nd moment global exponential stability will be called
square-mean moment global exponential stability.

For the sake of deriving the moment global exponential sta-
bility of Takagi-Sugeno fuzzy model (/I.3), some conditions
are considered below.

(Hp) The [th outputs f!, gjl- and ajl of f;, gj and o; satisfy the
Lipschitz conditions, i.e., there exist several positive
constants le , Kjl and A; such that

If ) = )| < L u— v,
18hu) — g < K |u — vl
o/ () — o/ W] < Aflu— v,
forallu,v e R,wherej=1,2,...,
(H) ryp < L.

Theorem 7: Assume that (Hp)-(Hy) hold, then Takagi-
Sugeno fuzzy model (11.3) is 2p-th moment globally exponen-
tially stable.

Proof: Suppose that X = {x;} with initial value ¢ = {¢;}
and X* = {x7} with initial value ¢* = {¢}} are arbitrary two
solutions of model (I1.3). Then it follows from Lemma 3 that

lxi(k) — x; (k)|

k—1
< [Te““lpi0) — ¢f )

s=0
sup Z wi(6(2)) Z
o IEZI 1
l—[ e ai(s) Z { byL; [xi(v) — xF (V)|
s=v+1 J=1

+ &K (v — 7)) — 5 = TV

+6_14/A]1-|)€/(V = i) = X = ()] IAWJ'(V)I}

a

< e %|gi(0) — ¢*(0)] + —— supzwz(e(t))

a 1€Z 1,

k—1 n

x Y emakr=D 3" {BijL} () — x5 )
=0 j=1

+ &K x5 — () — 57 (v — (V)]

+dj Ajlx (v — (V)

— X (v = DI Aw;(v)| } (IIL.1)

wherei =1,2,...,
let

n, k € [—ug, +00)z. For convenience,

1—e@
ap = s
a
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and Z = {z;}, zi(k) = xi(k) — x[(k),i=1,2,...,n,k € Z.
By Minkoswki inequality in Lemma 1, Holder inequality in
Lemma 2 and Lemma 5, it gets from (III.1) that

1Z(Kk)2p
= [X(k) — X*(k)I2p
= e_ngZP

+ sup Z w1(9(t)) max Z aob,jL

1€Z 1—1
2p—1
5T
k—1 L
> Ze—a(k s— I)E\x (s) — x; (S)|2P}
s=0
n
+ suprl(G(t)) max Z
1€Z 1—1 i—1
l
k—1 2p—1
X aOEUKjIH:Ze”(kSI)}

s=0

k—1
X Z efg(kﬁ*l)Eixj(s — 7;(5)

s=0
1

— x*(s — ()| 7 } v

+ sup Z wl(é(t)) max Z aod,jA

teZl 1
2p—1
{[Ze—a(k s— 1)]
k—1
X Z efg(kﬂ*l)E}[xj(s — 1i(s))
s=0

— x5 (s — (N Aw; ()| } ’

l<n

2p—1 k-1 lp
”:Zea(k s— 1)i| Zefa(k s— 1)|Z(S)|2p}
p—1
—a(k—s—1)
o Yol [ e ]

k—1 L
XZ —a(k—s— 1)|Z(S—‘L'U(S))|2p}

< 6_9]‘;/2,, + sup Z wl(G(t)){ max Z

s=0
1 k—1 2p—1
2 g Al —a(k—s—1)
. ggzaocpdwj{[ze }
s=0
k—1 L
x Y emakese l)|Z(s—n,](s))|2p} } (I1.2)
s=0
114751
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By (H3), there exists a constant & > 0 small enough such
that

n 2 r

erap ol
sup max y ——— ¥ w(0(k)) |:bijL'
kez 1sisn 1 — e(@=2rh) ; !

1
A=l ap20 g Al | def
+ et Cinj + Mo Czll;d,'j[\ji| =p<l.

Next, we claim that there exists a constant My > 1 such

that

k

1Z()|2p < Moyzpe ™™, Vk € [—po, +00)z. (IIL3)

If (II1.3) is invalid, then there exist kg € (0, +00)7 such that
|1Z(ko)op > Moyape (I1L4)

and
1Z(K)2p < Moyape ™™, Vk € [—po. ko)z.

In view of (II1.2), it follows from (II1.5) that

|Z (ko)lz,n
ak()

(IIL5)

YV2p
+ sup Z w1(9(t)){ max Z aobyLi Moyay

tele
1
2[7 lk 1 }P

x {I:Zeu(kosl) Zefu(ko s—1) 72p)\5

+ max ZaoMo)/zp c,jKl + Czpd A ]

1<t<n

k— 1 92p—1

y { [ 3 mathosD

s=0 -
k—1

L
x 3 emathoms=h) = 2phs- Mo)} "}

s=0

<e —ako y2

+ sup Z w,(@(t)){ max Z aobyLi Moyay

teZl 1
_ gtk phoz! %
x ¢~ ko > 1; Z —(a—pA)(ko—s—1) &
l—e¢ i
S=

+ max ZdoMoyzp [CUK + Cz”d AL ]

1<1<n

_ 1—L
_ 1 — e ako 2p
% e~ ko p(o+1A
1- efﬂ
ko—1

[Z o—(a-Ph)ko—s— 1)] }
n
< e %oy, 1+ su 6(k)) max M,
< ey keIZ)IZ:WI( ( ))1<i<n;ao 0Y2p

114752

1
Mol 7l A= l Ar2p 7 l
x e M0 |:bl;,~Lj + eto ciK; + eto CZI’; d,jAjj|

1= e @075 1 — e~@2hk 5
A g 1 — e—(@=2p4)
1
< M, e_)‘k() _e_(ﬂ_)\)k()
= MoY2p {MO
r n
bl mohrz. gl
sup ) wi(®(k) max ) Jao [b,,p, + M0 EK]
=1 j=1
1
A2 Al
+ M0 Czll;d,'jAji|

e)‘[l _ e—(g—)\)ko]
1 — e—(@—2pn)

< Moyzpe—)»ko {e—(a—?n)ko + p[l — e—@—k)ko]}

< Moyype b, (I1L.6)

In the fourth inequality from the bottom of (II1.6), we use the
facts [1 — e‘“ko]l_ﬁ[l _ @ ko) < | _ @Mk gng
[1—e9 ¥ > [l —e @ Pﬂ]zlp (I11.6) contradicts (IT.4).
Hence, (II1.3) is satisfied. Therefore, Takagi-Sugeno fuzzy
model (II.3) is 2p-th moment globally exponentially stable.
This completes the proof. 0

IV. MEAN ALMOST PERIODIC OUTPUTS OF
TAKAGI-SUGENO MODEL

Lemma 8 [46]: Assume that A is a closed convex
nonempty subset of a Banach space X. Suppose further that
B and C map A into X such that

(1) x,y € A implies that Bx + Cy € A;

(2) B is continuous and BA is contained in a compact set;

(3) C is a contraction mapping.

Then there exists a z € A withz = Bz + Cz.

Definition 9 [8]: A stochastic process X € BC(Z; L?
(2; R™) is said to be p-th mean almost periodic sequence
if for each € > 0, there exists an integer [(€) > 0 such that
each interval of length l(€) contains an integer w for which

sup E|X(k + w)
keZ

- X))y <e.

A stochastic process X, which is 2-nd mean almost peri-
odic sequence will be called square-mean almost peri-
odic sequence. Like for classical almost periodic functions,
the number w will be called an e-translation of X.

Theorem 10: Assume that (Hi)-(H>) and the following
conditions are satisfied:

(H3) All of the coefficients in system (1.3) are almost peri-
odic sequences.

(H4) The known premise variable 6(k)=(6(k), ..., 9p(k))T
is almost periodic and membership function Pis(0) is
uniformly continuous in 6, k € 72,1 = 1,2,...,r,
s=1,2,...,q

Then Takagi-Sugeno fuzzy model (11.3) of system (1.3) out-

puts a 2p-th mean almost periodic oscillation X with

1Xll2p < Bop,p = 1.
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Proof: Let A € BC(Z; L*’(2; R™)) be the collection of
all 2p-th mean almost periodic sequences X =

{x;} satisfying
the inequality || X2, < B2p-

Firstly, X = {x;} is described by
xi(k)
—1 Kl ma)[) — )]
0
ZOO Y_]:L e sz( v)
[ D b 50 + Y egh(v — Ti;(v)
j=1 j=1

+ D di(n)o] (x5 — n(MN Awi(v) + Ii(v)}, (Iv.1)
j=1

where i = 1,2,...,n, k € Z. By Lemma 3, (IV.1) is well

defined and satisfies (I1.4). So we define ®X (k)

= BX(k) +
CX(k), where
DX (k) = (PX)1(k), (PX)2(k), ..., (PX)n(k),
(©X)i(k) = (BX) (k) + (CX)ik), (Iv.2)
— Al § I}
X)i(k) =
(BX)i(k) Zoosll e
x Z W1(9(V))[ D b ()
j=1

+ Z Cij(V)ng»(xj(v —7;(v)) + Ii(V):|7 (Iv.3)
j=1
ki e—GO)[] — g~
= ai(v)
X

J

(CX)i(k) =

k—1
s=v+1

> wiOm)
=1

3 dy )l (v — () Awi(v),

i1

AV.4)

wherei=1,2,...,n,k € Z.
Let X0 = {xO} be defined as
Al k2l maio) ) emaiv)
e ]
(k) = Z I1 (V)
—00 s=v+1

« Z wi(O(v)) [ Z bij(v)fjl(O) + Z cij(v)g} 0)
=1 J=1 =1

n
+ > dii(v)o! ) Awi(v) + Ii(v)],
Jj=1

where i = 1,2,...,n, k € Z. By Minkoswki inequality in
Lemma 1 and Holder inequality in Lemma 2, we have

0
X 12p

< sup Z wl(O(t)) max sup { |:

k—1 —
teZ 14 SnkeZ

V=—00 s=v+1

e 4[] — e~ L _
x o) Z (biif (0) + E;8}(0))

J=1

2pi| ﬁ
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-1kl e 4[] — ¢4 L -
I D dio] (0)
|: V=—00 s=v+1 () Jj=1
2p i
x Awj(v) :| + |:E
V=—00 s=v+1
—ai()[] — =M _ |2P %
i e e A R R (IV.5)
a;i(v)
It gets from (I'V.5) that
1X°1l2

< suprl(O(t)) max sup{ d-e

1eZ 153 Isiznyez (a1 —e™)

n

X [Z (Bylf; )] + 518k O)]) + i,}

j=1

k=1 k-1 e i(s) [1— e—llx(V)] 2p
+ Zd,,a (0)[ Z I1 ¢ ) }
—00 s=v+1

k=1 k-1

X[Z

e~ (s [1-— e—ai(V)]

1
E| Aw;(v>|2f’} v }

N ai(v)
= % 1<f‘<"n,§‘E‘PZWz(9(k))
X [Z (Bylf O + &4lgjO)]) + T; + Zdyo (O)Cz,,]
= 1
= azp.J =

(IV.6)
It follows (IV.2), (IV.3) and (IV.4) that

I®X — X2

k—1
< supr;(@(l)) max supZ {b,]Ll{ [ Z

1€ 15 1sisnkez —eo
k=l —ai(s) —ai(v) Wy %
e W[l — em 4] 7
< I] (V)|
ai(v)
s=v+1

e 4[] — ¢~ai()]

e £ 11

00 s=v+1 l(v)
2p ﬁ

X |xj(v — tij(V))I] }
k—1 k-1

+a,-,-A]’.{E[ >

V=—00 s=v+1

2p ﬁ
X Ixj(v—mj(V))AWj(V)l} } }

e~ 40)[] — ¢~ai()]
ai(v)
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which yields from Lemmas 1 and 2 that

H¢X—X%@
k—1
< suprl(H(t)) max supZ {b,,LlH: Z
1€ 1 Isizniez Vo0
k=1 e—a,-(s)[l_e—ai(w]Tp—l
X
s=v+1 al(v)
k=1 k-1 —aj(s) —a;(v) <
e i [1—6 i ] m | 2
X Z 1_[ E|xj(v)|p
a;i(v)
V=—00 s=v+1
k=1 k=1 _4(s) —a;(v)172p—1
- e W] — 74V
+K{[ > =
=—00 s=v+1 !
Al k2l —ai)) — et
X
> I~
V=—00 s=v+1

1
%
x E|xi(v — tj(v)|* }

k=1 k —ai()[] — g—ai(]72P—1
e [1—e 1
+djAj {[ Z ]
=—00 s=v+1 ai(v)
—1 KD mai)[) — pmat)
* Z H ()

—00 s=y+1
2p i
X E|Xj(V - ﬁzj(V))AWj(v)| } }

Applying Lemma 5 to the above inequality, it derives

max sup Z wi(0(k))

1 —e @
IoX — XOllp, < d-e?
—e %) I<i<npey

—oadl

x Z [b,,L + K] + diA Cz”] X 1l2p
j=1

2p0(2p

raplXllap < 775 IV.7)

T2p

Hence, VX = {x;} € A, it leads from (IV.6) and (IV.7) to
10X 12 < IX%l2p + 10X — X|l2p
2p0), o),
<apy+ L =—L =B, (IV8)
1— rzp 1— rzp

From (IV.8), BA is uniformly bounded. Together with
the continuity of 5, for any bounded sequence {¢,}
in A, we know that there exists a subsequence {¢,,}
in A such that {B(g,,)} is convergent in B(A). Therefore,
B is compact on A. Then condition (2) of Lemma 8§ is
satisfied.

The next step is proving condition (1) of Lemma 8. Now,
we consist in proving the 2p-th mean almost periodicity of
BX(-) and CX(-). Since X (-) is a 2p-th mean almost periodic
sequence and all the coefficients in system (I.3) are almost
periodic sequences, for any € > 0, there exist /. > 0 and
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o in every interval of length /. such that
1
[Elxik + o) = x(0)I?]7 < e, laitk + ) — aik)] < e,

<€,

D wi@k + w) = Y wi0(k))
=1 =1

bij(k + ) — bjj(k)| < €,
dij(k + w) — djj(k)| <€, |tk + ) — 7(k)| <€,
Inijtk + @) — (k)| < €, itk +w) = Ii(k)| <e,

where i,j = 1,2,...,n, k € Z. By (IV.3) and (IV4),
we could easily find a positive constant M such that

lcij(k + w) — cjj(k)| < €,

[EIBX )ik + ) — By *]%
< M max sup [E|xij(k + ») — xz(k)|2p]

I<izniez,
< Me, (Iv.9)
[EICX)k + ) — CXnk) 7]
<M max zug [Elxitk + ) — x,(k)|21’]
< Me, (IV.10)

wherei=1,2,...,n,k € Z.From (IV.9) and (IV.10), BX(-)
and CX (-) are 2p-th mean almost periodic processes. Further,
by (IV.8), it is easy to obtain that BX +CY € A,VX,Y € A.
Then condition (1) of Lemma 8 holds.

Finally, VX = {x;}, Y = {yi} € A, from (IV.4), it yields
ICX —CY ||2p
[1-— —a]
< sup Z wy(0(t))——— max sup
€12, I=i=n ez,

{ [Z H Zdzﬂv)a(x,(v ni()

00 s=v+1

2p 5
— o/ (v — mﬂv))))ijw)] }

< supr;(Q(r))[ el max supZd,]Al
teZ 1 1<’<"keZ 1
k=1 k—1 2p—1
ALz I e“}
= OOS‘—V-‘,-l
k—1 -
x Z H T9E |15 — m(v)

—00 s=v+1
1

2p
— yj(v = AW )| }

IA

max sup Z wi(0(k))

I=i=nkez

n C 21’ ( —z_z)

xZ UA’ oo X =Yl

IA

er”X Y”Zp-
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In view of (Hz), C is a contraction mapping. Hence
condition (3) of Lemma 8 is satisfied. Therefore, all the con-
ditions in Lemma 8 hold. By Lemma 8, Takagi-Sugeno fuzzy
model (II.3) outputs a 2p-th mean almost periodic oscillation.
This completes the proof. O

Together with Theorems 7 and 10, we have

Theorem 11: Assume that all conditions in Theorem 10
hold, then Takagi-Sugeno fuzzy model (11.3) outputs
a 2p-th mean almost periodic oscillation, which is 2p-th
moment globally exponentially stable.

Proof: By Theorem 7, the solution of model (I.3) is
2p-th moment globally exponentially stable. By Theorem 10,
model (II.3) has a 2p-th mean almost periodic solution.
Together with them, so we get Theorem IV.2. This completes
the proof. O

Remark 12: In view of Theorems T and 10, the bounded
information transmission delays in (I11.3) have no effect on
the existence of 2p-th mean almost periodic oscillations and
moment global exponential stability of Takagi-Sugeno fuzzy
model (11.3). The results of this paper can also apply to the
systems with other types of bounded delays.

Remark 13: It is worth mentioning that Minkoswki
inequality in Lemma 1, Holder inequality in Lemma 2
and Lemma 5 are crucial to the computing processes of
Theorems 7 and 10. It can be viewed from the computations
of (I11.2) and (IV.5) in Theorems 7 and 10, respectively.

V. ILLUSTRATIVE EXAMPLES WITH NUMERICAL
SIMULATIONS
Example 14: In the last decades, the following cellular
neural networks were employed for the studies of image
detection [48], [49], image encryption [50], skull stripping
in brain [51], and template decomposition [52] etc.
% = =i+ Y anfulu®) + Iy,

k,1eS;i(r)

(V.1)

where xjj, fu and 1;j denote the state, output and input, respec-
tively;

Sij(r) = {x : max{lk —il, |l —jI} < r,
l<k=M,1=<I1=<N}

Lk=12,...,M,j,1=1,2,...,N.

The output yi; = fiz(x) (also known as activation function)
usually has different types as follows:

For example, Italcura et al. [53] considered the prob-
lem of image reconstruction via CNNs with linear function.
Cuevas et al. [48] studied a issue of image detection by CNNs
with triangular function. Mosa et al. [49] discussed a problem
of truck detection by CNNs with sigmoid, tangent sigmoid
and radial basis functions. These applications mainly depend
on the property of stablity of CNNs. Therefore, the stability
of CNNSs received widespread attentions in the last decades,
see [2]-[4], [20]-[22], [54]. In [54], Mo et al. studied the
stability of CNNs with linear, sigmoid and tangent sigmoid
functions.
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TABLE 1. Different types of activation function.

Name of activation function Function equation

Linear function Yl = T

Sigmoid function Ykl = H%
Triangular function Yo = 2(lz+ 1] — |z — 1)
Radial basis function Ykl = e
Tangent sigmoid function yr = tanh(x)

To make it to easily understand for readers, we consider the
following simple CNNs with radial basis function:

oy (
iilt( ) () +0.1e R 102,
dx2(1) —x2,(t) (V-2)
= —x12(t) + 0.2 1+ 0.1,
dr
where t € R.

(1) Semi-discrete model: By the semi-discrete method in
Section I, it obtains from (V.2) that

xii(k+1) = e 'xp1(k)

+(1 - e—l)[o.le—xfz“‘) + 0.2},
xip(k + 1) = e 'xpa(k)

+(1 - el)[o.ze—xﬁ(") + 0.1},

(V.3)

where k € Z.

(2) Takagi-Sugeno fuzzy model: Corresponding to system
(V.1), fi1 = e~*1 and fi; = e~*12 in model (V.3) are non-
linear. By numerical calculation of Matlab, x1; € [—0.3, 0.3]
and x;o € [—0.3,0.3]. Let 01(k) = x11(k), 62(k) = x12(k),
Vk € 7. Then 01,6, € [—0.3,0.3]. 6; and 6, can be
represented by membership functions M|, M, N1 and N; as
follows:

01(k) = M(01(k)) - 0.3 + M>(01(k)) - (—0.3),
Or(k) = N1(62(k)) - 0.3 + Na(62(k)) - (—0.3),

where M(6,) + M»(61) = 1, N1(6>) + N»(6;) = 1. Hence,
the membership functions can be obtained as follows:

61(k)+ 0.3 0.3 —0q(k
Mi61(k)) = % Ma(61(0)) = 0—61()

0> (k 0.3 0.3 —0,(k
N1(6a2(k)) = % Na(6a2(k) = 0—62()

Let P11 = P21 = My, P31 = P4y = Mp, P12 = Py, = Ny,
P> = P4y = N,. Therefore, the nonlinear functions fi; and
f12 are modeled by the following IF-THEN rules:

Model Rule 1: IF 0; is Pq; and 6 is P12, THEN

037
|:f111(x11(k)):| | sarmztn®+ 1
f]lz(xlz(k)) —032
m(?ﬂz(k) + 1.3)
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T T T T T T
%14(0)=2 —6—x,1(0)=2 ——x,,(0)=-1 — x11(0)=17

2 I I I I I I I I I
2 4 6 8 10 12 14 16 18 20
time k

FIGURE 1. Square-mean global exponential stability of state variable
x11 (k) of model (V.4).

Model Rule 2: IF 6 is P»; and 6; is P>y, THEN
B —0.32 7]
[fﬁ(xn(k))] | ozt
fHi2(k) (032
m(}qz(k) +1.3)
Model Rule 3: IF 6 is P3; and 6, is P3p, THEN
o= (—037 7]
|:f131(x11(k))] — —-03+4+1.3 (xn(k) + 1'3)
fxia(k)) 0 o
i O.3+—1.3(x12( )+ 1.3) |
Model Rule 4: IF 0; is P4; and 6 is P4>, THEN
(=03 7]
—_— k 1.3
[f{‘](xu(k))] | Soar @t
f502(k)) o—(—0.37
m(mz(k) +1.3)

Then the following linear model can be derived out of
defuzzification process:

xe+ 1) = e )+ (1 —eh
4
Y w6k [o. 12 (k) + o.z],
=1
xpk+1) = e xpk) + (1 —eh)

4
ZWz(é’(k))[O-fol(XU(k)) + 0.1],
=1

(V.4)

where w; = M| N1, wo = M| No, w3 = MoN1, wg = My N».
Taking the known premise variables 6; = 0.1 and 6, = 0.2,
then M;(0;) = 0.67, M>(0;) = 0.33, Ni(6,) = 0.83,
N7(62) = 0.17. And wi(8) = 0.56, wp(8) = 0.11, w3(0) =
0.27, w4(0) = 0.06. Let p = 1, by simple calculation, r, < 1.
It is easy to verify that all conditions in Theorem 10 are valid.
According to Theorem 10, Takagi-Sugeno fuzzy model (V.4)
is square-mean globally exponentially stable, see Figures 1-2.

Remark 15: Takagi-Sugeno fuzzy model (V.4) is the
approximate model for non-fuzzy model (V.3) via 4 fuzzy
rules. Figures 3-4 depict the time responses of solution
(x11, x12)T of (V.3) and (V.4), respectively. By computation of
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. T T T T T T
%1(0)=-3 —8—X,(0)=3 —t—x,,(0)=-1.5 —o—x,,(0)=1.5

I
2 4 6 8 10 12 14 16 18 20
time k

FIGURE 2. Square-mean global exponential stability of state variable
X1 (k) of model (V.4).

0.1 T T T T T T
non-fuzzy model

Takagi-Sugeno fuzzy model

-0.1 |

0.2 |

*11(K)

03[ =

04 |

-0.5

I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
time k

FIGURE 3. Time responses of x;; (k) of non-fuzzy model (\.3) and
Takagi-Sugeno fuzzy model (V.4).

03 T T T T T
non-fuzzy model

T
Takagi-Sugeno fuzzy model | |

o2t \

05 4

06 I I I I I I I I I
10 20 30 40 50 60 70 80 90 100
time k

FIGURE 4. Time responses of x;, (k) of non-fuzzy model (V.3) and
Takagi-Sugeno fuzzy model (V.4).

Matlab, the absolute error of x11 between (V.3) and (V.4) is
0.0258, and the absolute error of x12 between (V.3) and (V.4)
is 0.0426. If more fuzzy rules are used, one could obtain a
more precise fuzzy model for model (V.3).

Example 16: Considering the following two-neuron
stochastic cellular neural networks:

dx; (1) = [ — x1(7) + 0.1 sin(+/5¢) sin(x1 (£))x1 ()

+0.2sin(v7H)xa(t — 1)

+0.01 cosz(mt)]dt +0.1dw (),
(V.5)

dxo(r) = [ — x2(1) 4 0.2 cos(+/51) cos(xa(1))xa (1)

+0.1cos(v20)x1(t — 1)

—0.02] sin(\/@n]dt + 0.2dwo (1),

where t € R.
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(1) Semi-discrete model:

x1(k +1)
= e x1(k)
+1 - e_1)|:0.1 sin(+/5k) sin(x; (k))x; (k)
+0.2sin(v/7k)x2(k — 1) + 0.1Awy (k)
+0.01 cosz(«/ﬁk):|,
x2(k + 1) (V:6)
= e 'x(k)
+(1 - e_1)|:0.2 cos(v/5k) cos(xa(k))xa (k)
+0.1 cos(v/2k)x1(k — 1) 4+ 0.2Awy (k)
—0.02| sin(\/ﬁk)q,
where k € Z. Corresponding to system (/.3), we have
ap | _ [1
a| |[1]°
bin bz | _ [0.1sin(+/5k) 0
by bn| | 0 0.2 cos(v/5k) |’
] [ 0.01cos?(+/17k)
L |~ | —0.02]sin(+/33k)| |’
e oen| [ 0 0.2 sin(+/7k)
21 | | 0.1cos(v/2k) 0 ’
dll d12_ _ _0.1 0 o1 | _ 1
dy d22_ - i 0 02|’ oo | |1
[fl(xl(k))_ _ _Sin(xl(k))xl(k)]
Salxa(k)) | | cos(xa(k))xa(k) |’
gix1(k) ] _ [xik)
[gz(X2(k))_ = _XZ(k)] kel

(2) Takagi-Sugeno fuzzy model: Clearly, f| and f> in model
(V.6) are nonlinear. They need to be linearized by using
Takagi-Sugeno fuzzy method. With the help of Matlab, x; €
[—0.3057, 0.3144] and x, € [—0.4656, 0.5733]. Let 01 (k) =
x1(k), 02(k) = x2(k), Yk € Z. Then 8; € [—0.3057, 0.3144]
and 6, € [—0.4656, 0.5733]. 61 and 6, can be represented by
membership functions M1, M>, N1 and N, as follows:

01(k) = M(61(k)) - 0.3144 + M(0:(k)) - (—0.3057),
02(k) = N1(02(k)) - 0.5733 + Na2(62(k)) - (—0.4656),

where M{(61) + M>(01) = 1, N1(62) + N»(6») = 1. Hence,
the membership functions can be obtained as follows:

01(k) + 0.3057

M k)) =
101 (k)) 0.6201 ,
0.3144 — 6, (k)
M>(0(k)) = —————,
2(01(k)) 0.6201
6>(k) + 0.4656
N1(62(k)) = W
0.5733 — 0, (k)
Na(Oa(k)) = TS;
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06 I I I I I I I I I
0 20 40 60 80 100 120 140 160 180 200
k

FIGURE 5. Square-mean almost periodicity of (x; (k), x5 (k))7 of
model (V.7).

0.4

0.3 |

02

FIGURE 6. Square-mean global exponential stability of state variable
xq (k) of model (\.7).

%,(k)=2.5 %, k=15

I
0 10 20 30 40 50 60 70 80 90 100
time k

FIGURE 7. Square-mean global exponential stability of state variable
X, (k) of model (V.7).

Let Py = P21 = My, P31 = P41 = Mp, P12 = Py, = Ny,
P> = P4y = N;. Therefore, the nonlinear functions f] and f>
are modeled by the following IF-THEN rules:

Model Rule 1: IF 6, is Py and 6, is Pj,, THEN

fleat) ] [ sin(0.3144)x (k)
Fak) |~ | cos(0.5733)xa(k) |-
Model Rule 2: IF 0, is P> and 6, is P>, THEN
(20 (k) ] [ sin(0.3144)x; (k)
| f0ak) |~ | cos(—0.4656)x2(k) |

Model Rule 3: IF 0, is P3; and 6, is P3», THEN
(2t [ sin(=0.3057)x; (k) ]

| ak)) |~ | cos(0.5733)x(k)
Model Rule 4: 1IF 0; is P4; and 6 is P4>, THEN

[fiea k)] [ sin(—0.3057)x (k)

| £ Gak)) | T | cos(—0.4656)xa(k) |
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04 T T T

Non-fuzzy model

T T
Takagi-Sugeno fuzzy model

0 10 20 30 40 50 60 70 80 90 100
k

FIGURE 8. Time responses of x; (k) of model (V.6) and fuzzy model (V.7).

Non-fuzzy model | |

T T
Takagi-Sugeno fuzzy model

L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100

FIGURE 9. Time responses of x, (k) of model (V.6) and fuzzy model (V.7).

Then the following linear model can be derived out of
defuzzification process:

4
x1(k 4+ 1) = e (k) + (1 — e S wi(6(k))
=1

[0.1 sin(v/Sk)f{ (x1 (k)
+ 0.2 sin(v/7k)xa(k — 1) + 0.1Aw (k)

+0.01 cosz(mk):|,
4
ok +1) = e k) + (1 — e 1) Y wi(6(k))

[0.2 cos(v/5k)fi (x2(k))
+0.1cos(v/2k)x1(k — 1) + 0.2Awo (k)

—0.02| sin(\/ﬁk)q,

V.7

where w; is defined as that in Example 14,
i=1,2,3,4.

Taking the known premise variables §; = 0.1 and

6, = 0.2, then M1(61) = 0.6542, M»(0;) = 0.3458,
Ni1(62) = 0.6407, Na(62) = 0.3593. And w(6) = 0.4192,
wa(0) = 0.2351, wz(0) = 0.2215, wa(6) = 0.1242. Let
p = 1, by simple calculation, » < 1. It is easy
to verify that all conditions in Theorems 7 and 10 hold.
By Theorems 7 and 10, Takagi-Sugeno fuzzy model (V.7)
outputs a square-mean almost periodic sequence solution,
which is square-mean globally exponentially stable, see
Figures 5-7. Figures 8-9 compare the time responses of
the original model (V.6) with its fuzzy approximation
model (V.7).

114758

VI. CONCLUSION AND FUTURE DEVELOPMENTS
In recent years, the semi-discrete method [20] of differential
equations has been applied into the investigations of deter-
minant neural networks [20], [21]. But few people employ
this method to study stochastic neural networks. In this paper,
we formulate a kind of discrete analogue of stochastic CNNs
by using semi-discrete method, which gives a more accu-
rate characterization for continuous-time stochastic CNNs
than that by Euler scheme [16], [17]. Based on the above
semi-discrete model, a class of discrete-time stochastic fuzzy
CNNs is obtained with the help of Takagi-Sugeno fuzzy
method, which gives an approximate version of the above
semi-discrete stochastic CNNs. Next, we investigate the
2p-th mean almost periodic outputs and moment global expo-
nential stability of a semi-discrete stochastic Takagi-Sugeno
fuzzy CNNs with the help of Minkowski inequality, Holder
inequality, Krasnoselskii’s fixed point theorem and the proof
of contradiction.

Looks over the entire paper, the major achievements of this
paper are detailedly summarized below.

(1) A kind of discrete analogue of stochastic CNNs is
derived by using semi-discrete method, which gives
a more accurate characterization of continuous-
time model than that by Euler scheme, see
model (1.3).

(2) A class of semi-discrete stochastic fuzzy CNNs
is obtained with the help of Takagi-Sugeno fuzzy
method, which gives an approximate version of the
above semi-discrete stochastic CNNs, see model
(I1.3). By applying Takagi-Sugeno fuzzy method,
a nonlinear model can be approximated by a cor-
responding Takagi-Sugeno fuzzy model.

(3) Theorems 7 and 10 provide possible technique
to study 2p-th mean almost periodic oscillations
and moment global exponential stability of semi-
discrete stochastic Takagi-Sugeno fuzzy CNNs.
They can be applied to research the other realistic
models described by the discrete stochastic Takagi-
Sugeno fuzzy systems, see Sections 3-4.

(4)  In Section 5, a two-neuron stochastic CNNs is con-
sidered. By means of semi-discrete and Takagi-
Sugeno fuzzy methods, we obtained the corre-
sponding semi-discrete stochastic Takagi-Sugeno
fuzzy model (V.7). With the help of numerical simu-
lations of Matlab, Takagi-Sugeno fuzzy model (V.7)
gives a better approximate version of the semi-
discrete model (V.6), see Figures 8-9.

Of course, there are some developments in this article to
explore further. For instance,

@)) In semi-discrete model (I.3), the discrete analogue
of stochastic part is obtained by Euler scheme, but
not by semi-discrete method.

(2)  In fuzzy model (I1.3), w; is defined by product of
membership functions. One could consider w; by
minimum of membership functions.
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Other dynamic behaviours of fuzzy model (II.3)
need further discussion.

Other realistic models described by the semi-
discrete stochastic Takagi-Sugeno fuzzy models
need further study.

REFERENCES

(1]

[2]
[3]

[4]

[5]

[6]

[71

[8]
[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

A. Bouzerdoum and R. B. Pinter, “Shunting inhibitory cellular neural
networks: Derivation and stability analysis,” IEEE Trans. Circuits Syst. I,
Fundam. Theory Appl., vol. 40, no. 3, pp. 215-221, Mar. 1993.

L. Zhou, “Global asymptotic stability of cellular neural networks with pro-
portional delays,” Nonlinear Dyn., vol. 77, nos. 1-2, pp. 41-47, Jul. 2014.
M. Miraoui and N. Yaakoubi, “Measure pseudo almost periodic solutions
of shunting inhibitory cellular neural networks with mixed delays,” Numer.
Funct. Anal. Optim., vol. 40, no. 5, pp. 571-585, 2019.

Y. Li, J. Qin, and B. Li, “Periodic solutions for quaternion-valued fuzzy
cellular neural networks with time-varying delays,” Adv. Difference Equ.,
vol. 2019, p. 63, Feb. 2019.

Q. Zhang, F. Lin, G. Wang, and Z. Long, “Existence and stability of
periodic solutions for stochastic fuzzy cellular neural networks with time-
varying delay on time scales,” Dyn. Syst. Appl., vol. 27, no. 4, pp. 851-871,
2018.

A. Chen and J. Cao, “Existence and attractivity of almost periodic solutions
for cellular neural networks with distributed delays and variable coeffi-
cients,” Appl. Math. Comput., vol. 134, pp. 125-140, Jan. 2003.

C. J. Xu, “Existence and exponential stability of anti-periodic solutions in
cellular neural networks with time-varying delays and impulsive effects,”
Electron. J. Differ. Equ., vol. 2016, no. 2, pp. 1-14, 2016.

P. H. Bezandry and T. Diagana, Almost Periodic Stochastic Processes.
New York, NY, USA: Springer, 2011.

S. G. Hu, C. M. Huang, and F. K. Wu, Stochastic Differential Equations.
Beijing, China: Science Press, 2008.

S. Mohamad and K. Gopalsamy, “Exponential stability of continuous-
time and discrete-time cellular neural networks with delays,” Appl. Math.
Comput., vol. 135, no. 1, pp. 17-38, 2003.

W. Xie, H. Zhu, S. Zhong, J. Cheng, and K. Shi, “Extended dissipa-
tive resilient estimator design for discrete-time switched neural networks
with unreliable links,” Nonlinear Anal., Hybrid Syst., vol. 32, pp. 19-36,
May 2019.

W. Xiong and J. Cao, “Global exponential stability of discrete-
time Cohen—Grossberg neural networks,” Neurocomputing, vol. 64,
pp. 433-446, Mar. 2005.

B. Du, Y. Liu, and I. A. Abbas, “Existence and asymptotic behavior
results of periodic solution for discrete-time neutral-type neural networks,”
J. Franklin Inst., vol. 353, no. 2, pp. 448-461, 2016.

Q. Xiao, T. Huang, and Z. Zeng, “Global exponential stability and syn-
chronization for discrete-time inertial neural networks with time delays:
A timescale approach,” IEEE Trans. Neural Netw. Learn. Syst., vol. 30,
no. 6, pp. 1854-1866, Jun. 2019.

S. Lee, S. H. Won, I. Song, S. Yoon, and S. Y. Kim, “On the identification
and generation of discrete-time chaotic systems with recurrent neural
networks,” J. Electr. Eng. Technol., vol. 14, pp. 1699-1706, Jul. 2019.

A. Arunkumar, R. Sakthivel, K. Mathiyalagan, and J. H. Park, “Robust
stochastic stability of discrete-time fuzzy Markovian jump neural
networks,” ISA Trans., vol. 53, no. 4, pp. 1006-1014, Jul. 2014.

M. Hu, J. Cao, and A. Hu, “Mean square exponential stability for
discrete-time stochastic switched static neural networks with randomly
occurring nonlinearities and stochastic delay,” Neurocomputing, vol. 129,
pp. 476481, Apr. 2014.

D. Liu, L. Wang, Y. Pan, and H. Ma, “Mean square exponential stability
for discrete-time stochastic fuzzy neural networks with mixed time-varying
delay,” Neurocomputing, vol. 171, pp. 1622-1628, Jan. 2016.

G. Nagamani, S. Ramasamy, and P. Balasubramaniam, “Robust dissipativ-
ity and passivity analysis for discrete-time stochastic neural networks with
time-varying delay,” Complexity, vol. 21, no. 3, pp. 47-58, 2014.

S. Mohamad, “Global exponential stability in continuous-time and
discrete-time delayed bidirectional neural networks,” Phys. D, Nonlinear
Phenomena, vol. 159, nos. 3—4, pp. 233-251, Nov. 2001.

S. Mohamad and A. G. Naim, “Discrete-time analogues of integrodifferen-
tial equations modelling bidirectional neural networks,” J. Comput. Appl.
Math., vol. 138, pp. 1-20, Jan. 2002.

VOLUME 7, 2019

(22]

(23]

[24]

[25]

[26]

(27]

(28]

[29]

(30]

(31]

(32]

(33]

[34]

(35]

(36]

(37]

(38]

(39]

[40]

(41]

(42]

(43]
(44]
[45]

[46]

Z. Huang, X. Wang, and F. Gao, ““The existence and global attractivity of
almost periodic sequence solution of discrete-time neural networks,” Phys.
Lett. A, vol. 350, pp. 182-191, Feb. 2006.

H. Zhao, L. Sun, and G. Wang, “‘Periodic oscillation of discrete-time bidi-
rectional associative memory neural networks,” Neurocomputing, vol. 70,
pp. 2924-2930, Oct. 2007.

Z. Zhang and D. Zhou, “Existence and global exponential stability of
a periodic solution for a discrete-time interval general BAM neural net-
works,” J. Franklin Inst., vol. 347, pp. 763-780, Jun. 2010.

Z. Huang, X. Wang, and Y. Xia, “Exponential attractor of «-almost peri-
odic sequence solution of discrete-time bidirectional neural networks,”
Simul. Model. Pract. Theory, vol. 18, pp. 317-337, Mar. 2010.

S. He, H. Fang, M. Zhang, F. Liu, and Z. Ding, “Adaptive optimal control
for a class of nonlinear systems: The online policy iteration approach,”
IEEE Trans. Neural Netw. Learn. Syst., to be published. doi: 10.1109/
TNNLS.2019.2905715.

S. He, H. Fang, M. Zhang, F. Liu, X. Luan, and Z. Ding, “Online policy
iterative-based Hy, optimization algorithm for a class of nonlinear sys-
tems,” Inf. Sci., vol. 495, pp. 1-13, Aug. 2019.

T. Takagi and M. Sugeno, “‘Fuzzy identification of systems and its applica-
tions to modeling and control,” IEEE Trans. Syst., Man, Cybern., vol. 15,
no. 1, pp. 116-132, Jan./Feb. 1985.

C. Fantuzzi and R. Rovatti, “On the approximation capabilities of the
homogeneous Takagi-Sugeno model,” in Proc. IEEE 5th Int. Fuzzy Syst.,
vol. 2, 1996, pp. 1067-1072.

J. J. Buckley, “Universal fuzzy controllers,” Automatica, vol. 28,
pp. 1245-1248, Nov. 1992.

E. Yucel, M. S. Ali, N. Gunasekaran, and S. Arik, “Sampled-data filter-
ing of Takagi—-Sugeno fuzzy neural networks with interval time-varying
delays,” Fuzzy Sets Syst., vol. 316, pp. 69-81, Jun. 2017.

V. J. Nirmala, T. Saravanakumar, and Q. Zhu, “Dissipative criteria for
Takagi—Sugeno fuzzy Markovian jumping neural networks with impulsive
perturbations using delay partitioning approach,” Adv. Difference Equ.,
vol. 2019, p. 140, Dec. 2019.

S. Liu, X. Gao, W. Qi, and S. Zhang, *‘Soft sensor modelling of propylene
conversion based on a Takagi-Sugeno fuzzy neural network optimized
with independent component analysis and mutual information,” Trans.
Inst. Meas. Control, vol. 41, no. 3, pp. 737-748, 2019.

Z. Tian-Wei-Tian, “Multiplicity of positive almost periodic solutions in
a delayed Hassell-Varley-type predator—prey model with harvesting on
prey,” Math. Meth. Appl. Sci., vol. 37, pp. 686—697, Mar. 2013.

T. Zhang and Y. Liao, “Existence and global attractivity of positive almost
periodic solutions for a kind of fishing model with pure-delay,” Kyber-
netika, vol. 53, no. 4, pp. 612-629, 2017.

T. Zhang, “Almost periodic oscillations in a generalized Mackey—Glass
model of respiratory dynamics with several delays,” Int. J. Biomath., vol. 7,
no. 3, 2014, Art. no. 1450029.

S. Han, Y. Li, G. Liu, L. Xiong, and T. Zhang, “Dynamics of two-species
delayed competitive stage-structured model described by differential-
difference equations,” Open Math., vol. 17, pp. 385-401, May 2019.

T. Zhang, L. Yang, and L. J. Xu, “Stage-structured control on a class of
predator-prey system in almost periodic environment,” Int. J. Control, to
be published. doi: 10.1080/00207179.2018.1513165.

T. Zhang and X. Gan, “Almost periodic solutions for a discrete fishing
model with feedback control and time delays,” Commun. Nonlinear Sci.
Numer. Simul., vol. 19, pp. 150-163, Jan. 2014.

Z. Yan and F. Lu, “Pseudo almost periodic solutions to impulsive non-
autonomous stochastic differential equations with unbounded delay and
its optimal control,” J. Dyn. Control Syst., vol. 25, pp. 45-78, Jan. 2019.
C. Wang, R. P. Agarwal, and S. Rathinasamy, “Almost periodic oscillations
for delay impulsive stochastic Nicholson’s blowflies timescale model,”
Comput. Appl. Math., vol. 37, pp. 3005-3026, Jul. 2018.

S. Cerrai and A. Lunardi, “Averaging principle for nonautonomous slow-
fast systems of stochastic reaction-diffusion equations: The almost periodic
case,” Siam J. Math. Anal., vol. 49, no. 4, pp. 2843-2884, 2017.

R.J. Swift, “Almost periodic harmonizable processes,” Georgian Math. J.,
vol. 3, no. 3, pp. 275-292, 1996.

C. Tudor, “Almost periodic solutions of affine stochastic evolution equa-
tions,” Stochastics Stochastic Rep., vol. 38, no. 4, pp. 251-266, 1992.

J. C. Kuang, “Applied Inequalities,” Shandong, China: Shandong Science
and Technology Press, 2012.

D. R. Smart, Fixed Point Theorems, Cambridge, U.K.: Cambridge Univ.
Press, 1980.

114759


http://dx.doi.org/10.1109/TNNLS.2019.2905715
http://dx.doi.org/10.1109/TNNLS.2019.2905715
http://dx.doi.org/10.1080/00207179.2018.1513165

IEEE Access

S. Han, T. Zhang: 2p-th Moment Global Exponential Stability of a Unique 2P-th Mean Almost Periodic Oscillation

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

T. Yang and L.-B. Yang, “The global stability of fuzzy cellular neural
network,” IEEE Trans. Circuits Syst. I, Fundam. Theory Appl., vol. 43,
no. 10, pp. 880-883, Oct. 1996.

E. Cuevas, M.-A. Diaz-Cortes, and E. Mezura-Montes, ‘“‘Corner detection
of intensity images with cellular neural networks (CNN) and evolutionary
techniques,” Neurocomputing, vol. 347, pp. 82-93, Jun. 2019.

A. H. Mosa, K. Kyamakya, R. Junghans, M. Ali, F. A. Machot, and
M. Gutmann, “Soft radial basis cellular neural network (SRB-CNN)
based robust low-cost truck detection using a single presence detec-
tion sensor,” Transp. Res. C, Emerg. Technol., vol. 73, pp. 105-127,
Dec. 2016.

K. Ratnavelu, M. Kalpana, P. Balasubramaniam, K. Wong, and
P. Raveendran, “Image encryption method based on chaotic fuzzy cellular
neural networks,” Signal Process., vol. 140, pp. 87-96, Nov. 2017.

B. Yilmaz, A. Durdu, and G. D. Emlik, “A new method for skull stripping
in brain MRI using multistable cellular neural networks,” Neural Comput.
Appl., vol. 29, pp. 79-95, Apr. 2018.

Y.-L. Lin, J.-G. Hsieh, Y.-S. Kuo, and J.-H. Jeng, “NXOR- or XOR-based
robust template decomposition for cellular neural networks implementing
an arbitrary Boolean function via support vector classifiers,” Neural Com-
put. Appl., vol. 28, pp. 299-311, Dec. 2017.

S. Italcura, Y. Tanjit, T. Otake, and M. Tanalca, “Progressive image recon-
struction via cellular neural networks,” in Proc. IEEE Int. Symp. Circuits
Syst., May 2002, p. I.

M. Yaru, X. Xiaoping, S. Shiji, “On stability of delayed cellular neural
networks with sigmoid output functions,” Sci. China Ser. F, Inf. Sci.,
vol. 46, no. 5, pp. 371-380, 2003.

114760

SUFANG HAN received the B.S. degree from the
School of Mathematics and Applied Mathematics,
Shandong Normal University, Jinan, Shandong,
China, in 2006, and the M.S. degree in stochastic
theory from Central South University, Changsha,
Hunan, China, in 2008, where she is currently
pursuing the Ph.D. degree with the School of
Mathematics and Statistics. Her research inter-
ests include artificial neural networks, stochastic
control, and differential equations and dynamic
systems.

TIANWEI ZHANG received the M.S. and Ph.D.
degrees in applied mathematics from the Yun-
nan University of China, in September 2005 and
July 2011, respectively. He is currently a Profes-
sor with the Kunming University of Science and
Technology, teaching the courses of applied math-
ematics. He is also an Active Researcher in applied
mathematics (artificial neural networks, stochastic
theory, differential equations and dynamic sys-
tems, biomathematics, and so on). He has pub-

lished more than 60 papers and is an active reviewer of many international

VOLUME 7, 2019



