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ABSTRACT This paper is concerned with the multi-UUVs formation control problem and proposes the con-
trol protocol with an additional function when considering environmental disturbances. Firstly, the leader-
following configuration is adopted to discuss the consensus problem for multi-UUVs system, the leader’s
behavior directs the follower’s motion trajectory and the follower UUVs could, in turn, communicate
with each other, respectively. Secondly, three types of coordination control protocols are proposed: the
control protocol is designed without additional function and time delay; the control protocol with additional
function and without time delay; the control protocol with additional function and time-varying delay.
Sufficient consensus conditions are analyzed and derived by using the Lyapunov-Krasovskii functional
theory, algebraic graph theory and matrix theory. Finally, two simulation experiments are given to illustrate

the effectiveness of the proposed formation control methods.

INDEX TERMS Multiple unmanned underwater vehicles, leader-following consensus, uncertain factors,

time-varying delays.

I. INTRODUCTION

In the past decades, with the development of artificial intel-
ligence and new engineering techniques, the cooperation
and coordination problems of multi-Unmanned Underwater
Vehicles (multi-UUVs) system have been rapidly developed
and widely studied due to its broad applications in military
and commercial fields, especially in ocean-graphic obser-
vation, ocean exploration, plane crash searches, trajectory
tracking, etc. Compared with a single UUV, multi-UUVs
formation equipped with more sensors can accomplish more
complex and larger-scale deep-sea missions with efficient
and stable communications. It is worth mentioning that the
researches on motion control of a single UUV are getting
deeper in recent years, there are several control methods such
as robust control [1], adaptive control [2] and fuzzy control
approaches [3] in ocean engineering applications, but the
above algorithms cannot well applied to the formation prob-
lem of multi-UUVs system. The basic problem of formation
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control is the consensus algorithm, it is noteworthy that there
are two types of consensus control algorithms: leaderless
consensus [4] and leader-following consensus [5]-[8]. The
final states of the leaderless consensus of multi-UUVs are
deterministic which are related to the initial position and
velocity states of every UUV. In this paper, we deal with
the latter case, the leader-following consensus is preferred
in complex underwater environment not only because of its
energy-saving and scalability, but also because this method
does not require the idealized hypothesis that the limited
information communication of the leader UUV is accessible
to all follower UUVs, the leader UUV only need to pass
information to a portion of the followers and the final con-
sensus is achieved only by using the neighboring information
of each UUVs.

It should be pointed out that the leader-following consen-
sus problem has been seen as a more important issue which
has been greatly studied on multi-agent systems in recent
years [9]-[12], some leader-following consensus algorithms
have been used in UUVs systems [13]-[15]. Taking note of
the fact that the limited communication distance underwater,
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communication delay or packet loss should be consid-
ered [16]-[18], and time-varying delays have been concerned
in some researches [19]-[22]. However, most of the above-
mentioned results didn’t consider uncertain interference in
UUVs systems. Some algorithms under external uncertain
disturbances were applied to a single UUV [1], [23]-[25].
In UUVs systems, uncertain interference mainly refer to the
influences of the environment on the position and velocity
states measured by sensors equipped with UUVs. External
disturbances are widespread in multi-UUVs systems which
often have significant negative effects on the UUVs system
performances. For example, wind, ocean waves and ocean
currents usually increase a negative impact on speed and
depth measurements of UUVs. Therefore, it is necessary to
investigate the consensus problem of multi-UUVs formation
with uncertain factors.

Inspired by the consensus algorithms of multi-UUVs,
in this paper, the leader-follower cooperative architecture is
used to realize formation control of the multi-UUVs system.
There will be creating an additional nonlinear factor during
the movement of UUV in the complicated ocean environ-
ment. Obviously, the additional nonlinear factor is related
to the states of each UUV at various times. So we focus
on the leader-following consensus formation control problem
of multi-UUV system with uncertain nonlinear factors and
time-varying delays.

Motivated by the discussions and the existing literatures
above, the main contributions of this paper can be emphasized
as follows:

(i) Different from previous works, we consider the leader-
following consensus problem of multi-UUVs with an
additional factor which is emerged in UUV’s own
movement and external interference in a complex
underwater environment.

(ii)) The communication of information between multi-
UUVs through underwater acoustic sensors will cause
time delay due to the influence of underwater envi-
ronment and communication distance which are hard
to estimate, so we consider the multi-UUVs system
with time-varying delays. Based on the Lyapunov-
Krasovskii functional theory, sufficient conditions are
derived for the leader-following consensus of the multi-
UUVs system with time-varying delays.

The structure of the paper is as follows: Section II intro-
duces some preliminaries on graph theory and the model of
a UUV. Section III gives the main results for the formation
control of leader-following multi-UUVs with uncertain fac-
tors and time-varying delays in detail. Section IV presents
two numerical simulations to show the effectiveness of the
proposed theoretical results. Section V gives the conclusions
and our future work.

Il. PRELIMINARIES AND PROBLEM FORMULATION

A. GRAPH THEORY FOR MULTI -UUVS SYSTEM

Assume that the communication topology between UUVs
is denoted by a directed graph G = (V, ¢, A), in which
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V={l,---,n}isanodeset,e C V x Visasetof edges, and
A = [a;] € R™"is the adjacency matrix. Note that aj; > 0
if and only if (i, j) € &, which represents that UUV j can get
the information of UUV i and UUV i is a neighbor of UUV j,
and a;; = 0 otherwise. The neighbor set of UUV i is denoted
by N; = {j € V: (j,i) € ¢}. The Laplacian matrix is defined
as L =[], ., with

n

l,’,’ = Z Aijj, l,’j = —dajj, i ;éj
J=Lj#

Suppose that the leader is represented by the node UUV L,
generally, the leader has no neighbors and the matrix between
the leader and the followers is defined by D = diag {ay9, axo,
-+~ ano} with ajo > 0if UUV i can receive information from
UUV L, and a;9 = 0 otherwise.

B. THE UUV MODEL WITH FIVE DEGREES OF FREEDOM
The 6 DOF motion equations of UUV with the body and
earth fixed can be written in a vectorial setting according to
Fossen [26]. In the case of irrotational ocean currents, and
ignores the roll speed, the nonlinear model of UUV can be
written with five degrees of freedom:

n=Jmv,

. 1
My+CHv+D®)v+gm) =T, M

where = [x,y,z,6,¥]" denotes the position vector of
the UUV, Vv = [u, v, w, q, r]T is the velocity vector, J (n) is
the rotational transformation matrix, M is the system inertia
matrix, C (v) is the Coriolis and centripetal matrix, D (V) is
the damping matrix, g (n) is the vector of weight and buoy-
ancy forces, T is the vector of control inputs. The specific
forms of J (n), M, C (v), D (v), g (n) are defined in Ref. [26].
Let g (n) = 0, and other parameters are given by

Ji(m) 0
J(m) = 0 Jz(n)]’
_m“ 0 0 0 0
0 mpo 0 0 mps
M = 0 0 m33  mz4 0 |,
0 0 m43  Mgq 0
L 0 nsp 0 0 niss
) 0 0 Cl4 —C15
0 0 0 0 25
CcC = 0 0 0 —C)5 0 ,
—Cl4 0 25 0 0
Cis —C35 0 0 0

D) = —diag {Xua Y., Zy, Mqv Nr}7
T =I[X,Y,Z,M,NT",

where
cosycosf® —siny  cosysind
J1(n) = | sinycosb cos ¥ siny sinf |,
—sin6 0 cos 6

Jo (n) = diag {1, 1/cos b},
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myy =m—X;,mp =m—Yy,,m33 =m—2Zy,mys = 1,—M,;

mss = I; — Nip, mps = =Y;, myq = —Z;, my3 = —M;;,
msy = Ny; c14 = mw + Zyw, cis = —mv — Yy, ¢ps =
mu + X;u.

In order to study the coordination control of multi-UUVs
formation, the above nonlinear mathematical model of the
i-th UUV can be changed into a standard double integrator
dynamic model [4]:

{)f’ - @)
Vi = uj,
wherex; e R, v; e RO, u; e R%,i=1,2,--- ,n.

Remark 1: We know multi-UUVs formation problem could
be described as all UUVs can reach the common velocity
states and desired position states through transmitting infor-
mation. From formula (2), we ignore the strong coupling
parameters of single UUV model, then the formation control
problem of multi-UUVs can be seen as a leader-following
consensus control problem when the system has a leader,
furthermore, when there are many UU Vs in system, the leader
one can be seen as a point in three dimensions, that is,
ignoring the angles of leader UUV.

C. THE UUV MODEL WITH UNCERTAIN FACTORS

There will be creating an additional nonlinear function when
UUV is operating in a complex underwater environment due
to UUV’s movements and external interferences. Consider
the delayed multi-UU Vs system consisting of n followers and
one leader, and the followers have the following dynamics:

() =vi),i=1,2-,n,

. . . ©)
Vi) =ui @) +f&GE—T1@), v —-T@),1),
where % = [x;,yi, 2,05 ¥ilT € R, Vi = [w,vi, w;,
gi,ril’ € R, (i=1,2,---,n) are the position and velocity

of the ith UUV, respectively. f : R% x R x Rt — R’ is a con-
tinuously differentiable nonlinear function with time-varying
delays. f (%, 91, 1) = (fi G, Vi), fs G Vi), 0 =
1,2,---,n,u; € RS is the control input of the ith UUV to be
designed.

The leader’s dynamics can be described by

{)fco (1) =0 (1),

- 3 - “
vo () =f (Xo(t—1 (), v —1@),1),

where %o = [x0, y0. 20, 60, ¥ol”. Vo = [uo, vo. @0, qo. rol”
are the position and velocity of the leader UUYV, respectively,

f (o, o, 1) = (fi Ro, T0,8), - . f5 (o, Vo, ). (5)

For our analysis, we give the following Assumptions and
Lemmas.

Assumption 1: The interconnection graph G for followers
we adopt has a directed spanning tree, and the leader at least
sends its information to the root node of follower graph.

Assumption 2: The nonlinear continuous Lipschitz func-
tionf (-, 1) = (1 (G, ), -, fulye, t))T described in (3)
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and (4) satisfies the following inequality:

If ersvi, 0) = f (2, v2, O < 1G] lx — x|
+ 1 ve = v2ll, (6)

where x1, v, x2,v2 € R", G = (gix) € R"™" and J = (ji) €
R™" are constant matrices.

Remark 2: To achieve consensus for multi-agents systems,
the Lipschitz condition in Assumption 2 is commonly used in
many literatures [27], [28].

Assumption 3: The time-varying delay function t (¢) is
continuously differentiable and satisfies 0 < 7 (f) < h,
t(t) <k <1,whereh >0,k > 0.

Lemma 1 [29] (Schur Complement): Let Sy, S», S3 be given
matrices such that S| > 0. Then

s s
S_[Sg S3}>o, 7)

if and only if S3 — SZTSI_ISQ > 0.

Lemma 2 [30] (Young’s Inequality): Foy any x1, x, € R",
R is a positive semi-definite matrix, the following inequality
holds

1
xlTsz < ,oxlTRxl + %szsz, (8)

where p > 0.

Lemma 3 [4]: Assume that p € R", g € R" and M €
R™™ are defined on the interval 2. Then, for any matrices
X e RV Y € R and Z € R™", the following holds

-2 f pl (1) Mg (t) dt

Q
r) " X Y—-M][p@®
ff[q(t)] [(Y—M)T z ][q(t)]dt’ ©)
Q
where

X v
|:YT z}zo'

Definition 1: The leader-following consensus of the multi-
UUVs system (3) and (4) are said to be achieved if the input
control satisfying:

lim );c,.‘ ) —;cg(t)H — 1, lim [ —x,‘(t)H =1,
t—>00 t—>00 E
lim |20) - B0 =0, lim [0 - 7o) =0,
t—00 t—00
where
-i:ll = [xisyis Zl]Tv 5612 = [915 wl]Tv i1j= 172"" , 1,

| is the preset distance between each UUV in three-
dimensional space.

The goal of this paper is to present a consensus protocol to
ensure that the states of the follower UUVs can converge to
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that of the leader UUV. To achieve leader-following consen-
sus, for the ith follower UUYV, the following control protocol
with time-varying delay is designed:

wi(t) =k Y aj ({5 —1@)—%{—1@)
JEN;
+kaio (Ro (t — T (1)) — X (t — T (1))
+hka Y ay (5 —T () = Vit — T (1))

JEN;
+ kaaio (Vo (t — T (1)) — Vi (t — T (1)),  (10)

where k| and k; are positive gains to be designed, t (¢) is the
time-varying delay.
Let

X (1) =X (t) —x (1), vi@®)=vi({)—vo(0),
we have the error dynamics as follows:
xi (1) =9 (1),
Vi) =f Gt —T(0)), %@ =7 @®).1)
—f Got =7 (1), V@ —1(1),1)

Y g (= T @) — ke 3 Ry (1 — T (1),
i=1

i=1

(11)
where
[hij]nxn
=H=L+D
o -
Zau +aio —amn —ain
Jj=1
n
—az] Zazj +axo —an
= j=1
n
—dn,1 —an,2 . Zan,j + ano
L Jj=1 |
(12)
Set

e = [ 0. 0]
T
o =[Fo.do. - 5Fol,
T
v =000l

The system (11) can be recast in the following compact
form:

EM=ARIs)e)+BRIs)e(t —1 (1)
+F&@E—1t@), v —1@),1), (13)
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where

[0 L] . [ o 0
A—[o 0}’ B—[—le —k2H]’

FixX(t—t (), v —1(1),1)
=f@&@—t@),Vi{t—1(@),1)
—fGo(—1(), v —1(@)),1),

F—t@®),v(i—1@),1)
[ 0
Fix@—t@®),v@e—1@).0)

i=1,2,---,n

| Fy G =07 —T().1)

0
- _ﬁmr—m»,m—m»,n]'

Ill. MAIN RESULTS

In this section, the leader-following multi-UUVs consen-
sus problem with uncertain factor and time-varying delay is
investigated, and three consensus control protocols will be
proposed, we have the following results:

A. LEADER-FOLLOWING CONSENSUS OF MULTI-UUVS
WITHOUT UNCERTAIN FACTOR AND

TIME-VARYING DELAYS

Firstly, we consider the case of 7 () = 0 and

FEEA—1@),v@—1@),1)=0.
For the following matrix form
E)=(A+B)®I5)¢e ), (14)

we have:

Theorem 1: Let Assumption 1 hold, for the case of 7 (¢) =
0and FGR@E—t@),7(t—1()),1) = 0, the leader-
following consensus of multi-UUVs system with (3) and (4)
can be achieved under control protocol (10), the consensus
gains k1, k» are chosen as

k1 > max {a2 207y W) }

O‘.B - )\max (M2

262 Bhmax (W) }

O[ﬂ - )‘max (Mz) (15)

ko > max {az,B,
wherea > 0,8 >0,M = W—a,BWH—HTW.

Proof: Firstly, following Lyapunov theorem, for
matrix H, there must exist a positive definite matrix W =
WT e R satisfies WH + HT W = I,,, then we consider the
following Lyapunov function candidate:

V() =¢e" (1) Qe (1), (16)
where

0— [lqw aW

aW W]®15=E®15
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is positive definite and symmetric matrix with k; > a2,

we also assume that ko, = Bki, 8 > 0, then the derivative
of V (¢) satisfies

Vi =e" 0 (QU+B +@+B Q)em. (7

LetP=Q(A+B) + (A+B)T Q, then

. kW oW 0 I,
P= <|:aW w ]®15>[—k1H —sz}

T
0 I, WW  aW
+ [—le —sz} <[ aW W } ®I5)’

after convenient calculation, we get

_ —klaln klM
P= [ kMT ZaW—klﬂln] ® 1, (18)

andM =W —afpWH —HTW.
Note that —kjal,, < 0, Let

20W — ki, — kiMT (—1/ki) LkiM < 0,

from Lemma I, we can get that matrix Pis negative definite
if k1, ky satisfying (15), then we have V (¢) < 0. The proof is
completed.

B. LEADER-FOLLOWING CONSENSUS OF MULTI-UUVS
WITH UNCERTAIN FACTOR

Inthe case of F (X (t — 7 (1)), v (t — 7 (1)) , 1) # 0. consider
the time-varying delay t (f) = 0, for the following matrix
form:

EM=((A+B)RL)e(®)+FEX@®),v(),t), 19

we have:

Theorem 2: Let Assumption 1 and 2 hold, for the case of
T (t) = 0, the leader-following consensus of multi-UUVs
system with (3) and (4) can be achieved under control pro-
tocol (10), the consensus gains kj, k> are chosen as

ki > max {ki1, k12}, k2 > max {ka1, k22} (20

where
ki1 — Ba + 1) pormax (W)
1= o )
Ba + 1) Booimax (W)
koy = "
k 2a2)"max W) + MPO)‘maX (W)
2= )
aB — 2hmax (M?)
k 2‘3‘2,3)\max W) + a(aT_H)ﬂpO)\max W)
2 = ,
aB — 2hmax (M?)
a>0, B>0, po>0,
M=W—afWH—-H"W. (21)

Proof: Take the positive definite function in Theorem 1
as the Lyapunov function candidate:

V() =¢el (t) Qs (1). (22)
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Then the derivative of V (¢) along (19) gives

V()=2" (1) (E®I5)(A+B)®Is)e(t)
+F (@), 5(t), 1))
=el () Pe () +3T (t) (@W @ 1I5)
(f @), (1), 1) — 1, ® f (Fo(t), Vo(1), 1))
+97 (1) (W ® I5) (f (F(1), ¥(t), 1)
—1, ®f (o(t), To(t), 1)) (23)

By Assumption 2 and Lemma 2, we have

(O @WRIs)(f X(@0),7(1),1)
1, ®f Go (1), %o (1), 1))
hmax (W) DX (1) (f Gi (0), i (1), 1)

i=1

—f (o (1), Vo (1), 1))
oAmax (W) Zpo 1% (1| Cllx; N+ 11vi (1)

i=1

- 3 1
hmax (W) Y po (5 1% I + 3 1% <r>||2)
i=1

IA

IA

IA

3 _T -
= Ep()a)»max (W)x (t)x (t)

200 (V)T (071 (24)
and similarly, we have
V() (W Is) (f & (1), 7 (1), 1)
—1,®f Go (1), 7 (1), 1))
< 2P0 T () ()

3 T =
+ 3 P0kmax (W) (1) ¥ (1), (25)

Combining (23)-(25), we have

V() <el (1) Pe (1), (26)
and
~ Py Pp
P=|- ~ Q Is,
|:P21 P221| :
where
- Ba+1)
Py = —kjal, + TPO)\max (W) I,
P = kM,
Py = kM7,
- (@ +3)
Py = 2aW — k1B, + 5 P0Amax (W) 1.

Similar to the proof of Theorem 1, the matrix M satis-
fies (21). Let

Ba+1)

1
) P0Amax (W) I, < _Eklaln <0,

—kial, +
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From Lemma 1, we obtain
(@ +3)

2aW — ki BI, + P0Amax (W) I,

30+ 1
— M (1/—k1a n %mﬁm (W)) M7 < 0.

For convenient calculation, we can get that matrix Pis neg-
ative definite if k1, kp satisfying (20), then we have V (¢) < 0.
The proof is completed.

C. LEADER-FOLLOWING CONSENSUS OF MULTI-UUVS
WITH UNCERTAIN FACTORS AND

TIME-VARYING DELAYS

Inthe case of F (& (t — T (1)), v (t — T (t)) , 1) # 0. Consider
the time-varying delay t (1) # 0, and t (¢) is continuously
differentiable and satisfies Assumption 2, for the matrix
form (13), we have:

Theorem 3: Suppose that Assumption 1,2 and 3 hold, the
leader-following consensus of multi-UUVs system with (3)
and (4) can be achieved under control protocol (10) if there
are positive definite matrix Q, ¥, Z € R2X2n @& ¢ RM™X1 and
any matrices X, Y € R2%21 gych that

i B2 Eps
E=| &8y &x Ex3|<0, 27
31 B3  Es33
X Y
>0, 28

where
H=0A+ATQ+hX+Y+YT +hATZA+ v + O,
12=0B—Y+hATZB, E3=hATC,,

21 =B"Q—Y" +hB"ZA,

= — (1 —k) ¥ +hB"ZB,

o o o] o o] ol

22
3 = hBTCy, B3 =hCIA, 83 =hCIB,
33 =hZy— (1 —«k) D,
Z= [2 Z] —[a o]
Zi e R, i=1,2,3,4, CeR™"j=1,2,
0 — |:2)Lmax 5G2) @ 2xmax0(12)cb]'
Proof: Define Lyapunov function:
VO =Vi@)+Va@)+ Vi) + Va(), (29)
with
Vi) =¢" ) (Q®I5)e @), (30)

0 t
Vs () = f / &l (5) (Z @ Is) & (s)dsdf, (31)
—1(t) J1+60

t
Vi) = / el () (¥ ® I5) & (s)ds, (32)
t—1(t)

t
v4<r>=/ FT(3(0),7(0),0) (®®I5)
t—t(t)
F (X (0),7(0),0)do. (33)
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According to the Leibniz-Newton formula, it holds that

e(t)—¢e(—r1(1)

!
= / £ (s)ds
t—t(t)

t
=f () A®Ts) +BOL)e(s—1(5)
t—1(t)
+FEG—1(5),v(s—1(5),s))ds. (34)

According to condition (9) in Lemma 3, the time derivative
of V1 (¢) along system (13) is given by
o= o((ea+a’o+y+yT)@ls)e®
+hel (1) (X @ I5) & (1)
+2eT (1) (QB—Y)®Is5) e (t — T (1))

t
+/ &l () (Z @ I5) & (s5) ds. (35)
t—1(1)

Vs (1), V3 (t) and V4 (t) are given by
Va (1)
<h(A®I)e®)+BRIs)e(t —1 (1)
+FGE@E—Tt@), 7 —1®)).0) - Z®I5)
(A®L)e )+ B®Is)e(t —1 (1)
+FERE—T1@), 00 —1®),1)
t

— / &l (5) (Z @ Is5) & (s)ds
t—1(1)
= heT (1) (ATZA ® 15) 0

+heT (¢ — 7 (1)) (BTZB®15>8(t — 7 (1)

+hFT R —7(0). 70 -1 1), 1) (Z®I5)
FE@E—t@),vE—1(@),1)

FHET G —1 (), 5 (1 —1(0) 1) (c{A ® 15) 0
+hel (1) (ATC2 ®15) FGU—1@), 70 —1), 1)
FRET G(t =7 (1), 7t — T (), 1) (C2TB®I5>
xe(t—1(t))

+heT (¢ — 7 (1)) (BTC2 ® 15) FGE@G—1@0),

vt —t(1),1)

+heT (1) (ATZB®15) £t —1 (1)

+hel (1 — 1 (1)) (BTZA ® 15) ¢ (1)

t
/t.r(t)

V3 (1)
t

=/ e (5) (¥ ® Is) & (s)ds
t—1(t)

el (1) (W @ 1I5) & (1)
— (- )l (-t W)t —t(1),  (37)

¢l () (Z ®15)é (s)ds (36)

IA
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By Assumption 2 and Lemma 2, we have

Va() =FT @), 50, ) (@QIs)F (1), 7(t).1)
A=t @) FT G —t@). 7 —1 ). 1)
(@QI)FE(E—1(1).V(t—1(1).1)

< DA (G2> (1) (@@ I5)F (1)

+2hmax (42) 57 (1) (@ @ 15) P ()
+k = DFT @@ —7@). 7 —10).0)
@RI F (=T, 7 —T(), 0. (38)

Synthesizing (35)-(38), we have
V) <sT (1)(E®Is)c(t) <0, (39)
where E is defined in (27) and
s = (" 06" ¢ =T ). FT Gt =7 (1)),
5 T
S(t—1 (1)), t)) .

thus, the proof of the Theorem is completed.

Remark 3: Motivated by the control protocol (10) with
additional nonlinear function and the control protocol pro-
posed in literature [28], the Lyapunov function (29) is pro-
posed, and the part four of the Lyapunov function, that is,
equation (33), refers to the literature [28]. The difference
is that we take into account the fact that both the control
protocol and additional nonlinear function exist time-varying
delays simultaneously, and this design makes more sense in
practice.

IV. SIMULATION RESULTS
In this section, two numerical simulations are given to verify
the effectiveness of the above results.

Example 1: Consider the multi-UUVs system com-
posed of five followers labeled by UUV1-UUVS and one
leader labeled by UUVL with additional nonlinear func-
tion F X (r —t (1)), v(t —7(t)),7) = 0 and time-varying
delayz (f) = 0. The desired path of the leader UUV is
expressed as follows:

Xo = 60 cos (0.00227¢t) + 25sin (0.00117¢),
yo = 60sin (0.00227t) + 25 cos (0.00117¢),
Zo = —0.12z.

The initial values of position and velocity u (0) of each
UUV is randomly distributed in the three-dimensional space
and [—2, 2], respectively. The initial value of pitch angles
are set in the interval [—m /18,7 /18], and the heading
angles are in the interval [0, 277 ].The initial states of follower
UUV1-UUVS and UUV L are shown in Table 1, and the
communication topology is shown in Fig.1. For convenience,
we use U1-US and UL to denote follower UUVs and leader
UUV in the following table.
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TABLE 1. Initial states of multiple UUVs.

UL Ul U2 U3 U4 U5 (unit)
x(0) 50 252 545 242 435 19 x/m
»(0) 0 48 35 50 278 225 yim
z(0) 0 68 65 13  -55 -7 z/m
6(0) -0.17 013 0.1 0 0.02  0.12 0/rad
v (0) 1.6 0.8 1.8 1.6 2.7 035 v/ rad
u(0) 08 01 01 -03 025 05 ul(m-s)
v(0) 0 0 0 0 0 0 vi(m-s™!
«(0) 0 0 0 0 0 0 a)/(m-s'l)
q(0) 0 0 0 0 0 0 q/(rad-s™)
r(0 0 0 0 0 0 0 ri(rad-s")

FIGURE 1. Communication topology.

The Laplacian matrix L and D are given as follows:

1 0 -1 0 0
-1 2 0 0 -1
L=|-1 0 1 0 0|,
o 0 o0 1 -1
0 -1 0 -1 2
1 0 0 0 0
00 0 0 0
D=|0 0 1 0 0
00 0 0 0
(0 0 0 0 1

Clearly, Assumptions 1 is satisfied, and by the equation
WH + HTW = Is5, we can obtain that

0.4052 0.1128 0.1976  0.0972 0.0818
0.1128 0.3333  0.0363 0.1667 0.1667
W =10.1976 0.0363 0.3488 0.0431 0.0322 |,
0.0972 0.1667 0.0431 0.8333 0.3333
0.0818 0.1667 0.0322 0.3333  0.3333

with A1 (W) = 1.1167, .o(W) = 0.5506, A3(W) = 0.1650,
Aa(W) = 0.1278, A5(W) = 0.2940. We choose o = 0.05,
B = 6.4, by some simple calculations, we can get:

A2(M?)=0.2766, *3(M?*)=0.2372,

As(M?) = 0.1258.

A(M?) = 0.0168,
ra(M?) = 0.2038,
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According to Theorem 1, the control protocol (10) is
designed and the related control parameters are shown
in Table 2:

TABLE 2. The designed parameters in example 1.

a B k, k, !
0.05 6.4 0.13 0.832 20

100

Desired path

0 100 200 300 400 500 600 700 800
Time (s)

FIGURE 2. Position state x of multiple UUVs.

Desired path

y (m)

150 I L L L . I L |
0 100 200 300 400 500 600 700 800

Time (s)

FIGURE 3. Position state y of multiple UUVs.

Based on theorem 1 and the chosen parameters, the leader-
following consensus of the multi-UUVs system with (3)
and (4) can be achieved under control protocol (10). The
simulation results are shown in Figs.2-12. The position and
attitude states of leader UUV and follower UUVs are shown
in Figs.2-6, and the velocity states shown in Figs.7-11. It is
obvious that the follower UUVs could track the position
states of the leader and converge to the leader UUV’s desired
path, and the velocity states of follower UUVs also finally
converge to the leader’s velocity states with high convergence
accuracy. Fig.12 shows the three-dimensional trajectory of

VOLUME 7, 2019

20

Desired path

z (m)

100 | . \ . . | . )
0 100 200 300 400 500 600 700 800
Time (s)

FIGURE 4. Position state z of multiple UUVs.

02

01 Ff uuv 2

06 1 I . . . 1 . )
0 100 200 300 400 500 600 700 800

Time (s)

FIGURE 5. Position state ¢ of multiple UUVs.

0 L I \ I I L
0 100 200 300 400 500 600 700 800

Time (s)

FIGURE 6. Position state ¥ of multiple UUVs.

leader and follower UUVs. It can be seen that the formation
control of the multi-UUVs system can be achieved stably
with any formation structure. The simulation results verify
the Theorem 1 comprehensively.
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u(m/s)

3 L I . L I L

0 100 200 300 400 500 600
Time (s)

FIGURE 7. Velocity state u of multiple UUVs.

700

800

00150 e TovL
uuv 1
0.01 uuv 2
‘ uuv3
0.005 uuv 4
uuv s
0 SN (S A A E—
|
-0.005
Q ]
B -0.01 i/l
= ]
-0.015 ff|
-0.02
-0.025 -
-0.03 1
20,035 \ . . . . \ | )
0 100 200 300 400 500 600 700 800

Time (s)

FIGURE 10. Velocity state g of multiple UUVs.

v(m/s)

2 1 | . . 1 1
0 100 200 300 400 500 600 700 800
Time (s)

FIGURE 8. Velocity state v of multiple UUVs.

06

w(m/s)

08 . I 1 I I I . I
0 100 200 300 400 500 600 700 800

Time (s)

FIGURE 9. Velocity state w of multiple UUVs.

Example 2: In this example, we illustrate the leader-
following consensus of the multi-UUVs system with (3) and
(4) can be achieved under control protocol (10) with uncertain
factors and time-varying delays. As mentioned previously,
consider the multi-UUVs system composed of five followers

118800

e ) I R o uuv L
uuv 1
uuv 2
031 uuv3
ULV 4
uuv 5
0.2 -

r(rad/s)

300 400 500 600 700
Time (s)

FIGURE 11. Velocity state r of multiple UUVs.

Desired path
uuvL
uuv 1
uuv 2
uuv 3
uuv 4
Uuv 5
0
-100
E
N
-200
-300
-100

50
X(m)

100  -150

FIGURE 12. 3D trajectory of leader and follower UUVs.

and one leader with additional nonlinear function:

FGRa—t@), v@—t@).,n#0,
and the time-varying delay t (¢) # 0.

voLu

800

100
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TABLE 3. The designed parameters in example 2.

0.2 0.1 0.13 0.832 20

x(m)

50 L L L . I L . )
0 100 200 300 400 500 600 700 800

Time (s)

FIGURE 13. Position state x of multiple UUVs with uncertain factors.

100

Desired path

y (m)

150 . . I I 1 | . I
0 100 200 300 400 500 600 700 800

Time (s)

FIGURE 14. Position state y of multiple UUVs with uncertain factors.

Let

FGa—t@), vt —1@),0
0.4tanh (v (t — 7 (2)))
0.01sin ()2 (t — T (¢))) — 0.45tanh (v, (t — 7 (¢)))
= —0.01cos (X3 (t — T (2)))
0.48 tanh (V4 (r — 1 (1))
0.02sin (X5 (t — 7 (¢))) — 0.5tanh (V5 (t — T (2)))

Clearly, the nonlinear function F satisfies Assumption 2,
and for this case, we have

A (Gz) —0.0004,  Amax (JZ) —0.25.

We consider the case oft (rf) = 0.1 + 0.05cos(¢) and
the initial value of position and velocity, the communication
topology, the Laplacian matrix Land matrix D, the desired
path and the control parameters are same as the first case.

VOLUME 7, 2019

20

Desired path

z (m)

100 I . I . . I . |
0 100 200 300 400 500 600 700 800

Time (s)

FIGURE 15. Position state z of multiple UUVs with uncertain factors.

0.8 L L L L L L
0 100 200 300 400 500 600 700 800

Time (s)

FIGURE 16. Position state ¢ of multiple UUVs with uncertain factors.

¥(m)

1 I I L I I L
0 100 200 300 400 500 600 700 800

Time (s)

FIGURE 17. Position state y of multiple UUVs with uncertain factors.

According to Theorem 3, the control protocol (10) is designed
and the related parameters are shown in Table 3:

We choose the matrices X = 0.3119x10, ¥ = 010x10,Z =
Lox10, ¥ = 0.1110x10, © = 0.61545, it’s easy to see that (28)
hold, and v, ® and Zare positive definite matrices.
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u(m/s)

0 100 200 300 400 500 600 700 800
Time (s)

FIGURE 18. Velocity state u of multiple UUVs with uncertain factors.

v(m/s)

. | . . | .
0 100 200 300 400 500 600 700 800
Time (s)

FIGURE 19. Velocity state v of multiple UUVs with uncertain factors.

Applying Theorem 3, the corresponding positive definite
matrix Q is solved as (40), as shown at the bottom of this
page. The simulation images are demonstrated in Figs.13-23.
The position and velocity states of leader UUV and follower
UUVs are shown in Figs. 13-17 and Figs.18-22, respectively.
From which we can see that the position and velocity states
curves are shown to be more oscillatory than the first case,

w(m/s)

-0.8

0 100 200 300 400 500 600 700 800
Time (s)

FIGURE 20. Velocity state w of multiple UUVs with uncertain factors.

q(rad/s)

0.05 L . . . . | . )
0 100 200 300 400 500 600 700 800
Time (s)

FIGURE 21. Velocity state q of multiple UUVs with uncertain factors.

and all UUV’s position and velocity states can also finally
converge to the leader UUV’s fixed states after making a large
adjustment although the nonlinearity factor and time delay
are existed. Fig.23 shows the three-dimensional trajectory of
leader and follower UUVs. It can be seen that the formation
control of the multi-UUVs system can also be achieved.
The simulation results verify Theorem 3 comprehensively.

[0.7417
0.1009
0.2145
0.0243
0.0431
—0.6227
—0.2095
—0.4206
~0.0926

| —0.1099

0.1009
0.6674
0.0061
0.0613
0.1587
—0.2095
—0.4653
—0.0355
—0.1917
—0.3188

0.2145
0.0061
0.7135
0.0054
0.0064
—0.4206
—0.0355
—0.5526
—0.0312
—0.0302

0.0243
0.0613
0.0054
0.9972
0.2334
—0.0926
—0.1917
—0.0312
—1.2544
—0.5355

0.0431
0.1587
0.0064
0.2334
0.5884
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—0.1099
—0.3188
—0.0302
—0.5355
—0.3689

—0.1099 ]|
—0.3188
—0.0302
—0.5355
—0.3689
0.2814
0.5061
0.1168
1.1360
0.6723

—0.6227
—0.2095
—0.4206
—0.0926
—0.1099
0.8190
0.3632
0.6272
0.3378
0.2814

—0.2095
—0.4653
—0.0355
—0.1917
—0.3188
0.3632
0.5615
0.1484
0.5986
0.5061

—0.4206
—0.0355
—0.5526
—0.0312
—0.0302
0.6272
0.1484
0.6540
0.1446
0.1168

—0.0926
—0.1917
—0.0312
—1.2544
—0.5355
0.3378
0.5986
0.1446
2.3534
1.1360

(40)
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Time (s)

FIGURE 22. Velocity state r of multiple UUVs with uncertain factors.
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uuv 2
uuv 3
uuv 4
UuV 5
0
-100
E
N
-200
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50
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FIGURE 23. 3D trajectory of leader and follower UUVs.

50 1
x1-xL
x2-xL
40 x3xL
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X5-xL
30 yiyL
\ y2-yL
= \ y3yL
g 20 "\‘ ya-yL
& | y5yL
& | 212l
% 101 2221
@ - 232l
= \ 242l
5 2521
= 01-9L
3 62-0L
o 63-6L
64-6L
5-0L
— iyl
—— 2L
3L
YAyl
——— 5yl
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0 100 200 300 400 500 600 700 800

Time (s)

FIGURE 24. Position tracking error of the leader and follower UUVs in
example 1.

The special case of 7 (f) = 0 in Theorem 3 is the result
of Theorem 2 to be verified. So the verification process of
Theorem 2 is omitted to prevent repetition.

In order to compare the two convergences above, the preset
distance between each UUV is ignored. The position and

VOLUME 7, 2019

Position tracking error
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0 100 200 300 400 500 600 700 800

Time (s)

FIGURE 25. Position tracking error of the leader and follower UUVs in
example 2.
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FIGURE 26. Velocity tracking error of the leader and follower UUVs in
example 1.

—uluL
——u2-uL
u3-uL
———ud-uL
———u5-uL
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v2-vL
v3-vL
va-vL
v5-vL
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— 21
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Velocity tracking error

{ rd-L
‘1 — 51
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FIGURE 27. Velocity tracking error of the leader and follower UUVs in
example 2.

velocity tracking errors of the leader and follower UUVs in
the two examples are given in Figs.24-27. It can be seen that
the position and velocity states in example 1 converge to the
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desired formation value at about 100s with smooth curves,
and the consensus tracking is achieved in example 2 at about
400s with oscillation curves, which is obviously later than the
first case. The reason for this imagination is the change of the
additional nonlinear function with time-varying delay. It can
be observed that the leader-following formation consensus
problems of multi-UUVs system under control protocol (10)
are indeed achieved and the simulations verify the results
well.

V. CONCLUSION

Formation control problems of leader-following multi-UUVs
system were studied in this paper. We studied the consensus
problem with no time delays firstly. Then consider the envi-
ronmental disturbances in UUV’s movement, it was proved
that the leader-following consensus of the multi-UUVs sys-
tem could still be achieved with or without time-varying
delays when uncertain factors were concerned. Sufficient
conditions are derived based on the Lyapunov-Krasovskii
functional theory and matrix theory. Finally, numerical exam-
ples have been given to demonstrate the validity of the theo-
retical results. In the future work, the consensus algorithm of
formation control for multi-UUV's with switching topologies
and packet loss will be discussed.
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