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ABSTRACT In this study, a Lyapunov energy function based control method with output voltage feedback
loops is proposed for three-phase uninterruptible power supply (UPS) inverters. The presented paper demon-
strates that the traditional Lyapunov-energy-function-based control method not only leads to considerable
steady-state error in the output voltage, but also distorts the output voltage waveforms. Therefore, a mod-
ification has been performed on the traditional Lyapunov-energy-function-based control by incorporating
the output voltage feedback loops in the control variables. The robustness of the proposed control method
has been studied analytically through transfer functions which are expressed as the ratio of the output
voltage to its reference. These analytical results are validated experimentally. In addition, the steady-state
and dynamic performances of the proposed control method are also tested experimentally on a three-phase
UPS inverter operating with linear (resistive) and nonlinear (diode-bridge rectifier) loads. As a consequence
of incorporating output voltage feedback loops into the control variables, the proposed control method offers
strong robustness against variations in LCfilter parameters, high-quality sinusoidal output voltage along with
acceptable total harmonic distortion (THD) values under linear and nonlinear loads, fast dynamic response
under abrupt load changes, and negligibly small steady-state error in the output voltage.

INDEX TERMS Uninterruptible power supply inverter, Lyapunov energy function, output voltage feedback,
steady-state error, robustness.

I. INTRODUCTION
Critical loads such as communication systems, medical
equipment and data centers are usually fed by uninterrupt-
ible power supply (UPS) systems in case of grid power
failures [1], [2]. These loads need high quality power and
reliable voltage at their input terminals regardless of voltage
anomalies at the grid side. Therefore, a high-quality UPS
system is required which should possess certain features such
as rapid dynamic response regardless of load conditions,
low total harmonic distortion (THD) in the load voltage,
reasonably good tracking performance, guaranteed stability,
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and strong robustness against model mismatches and param-
eters variations.

In order to attain the aforementioned requirements, numer-
ous control strategies have been reported for UPS invert-
ers in the literature. The model predictive control (MPC)
with load current observer offers a simple implementation,
but the obtained results do not show a remarkable per-
formance in terms of steady-state error and THD [3]–[5].
Moreover, MPC is dependent on the system parameters.
Although the deadbeat (DB) control method exhibits rapid
dynamic response, it is also dependent on the system param-
eters which may cause unstable operation when the sys-
tem parameter variations are large [6], [7]. Even though
the repetitive control technique removes the periodic dis-
turbances effectively and provides satisfactory performance
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in the steady-state operation, its dynamic response is slow
and performance is not satisfactory under non-periodic dis-
turbance conditions [8]–[12]. The H-infinity control method
introduced in [13] offers satisfactory dynamic response.
However, the output voltage is distorted under nonlinear load.
The feedback linearization based control technique described
in [14] achieves a satisfactory THD performance under non-
linear loads. However, the effect of parameter variations is not
taken into consideration.Moreover, the implementation of the
control approach is complicated. Although the flatness-based
control in [15] achieves a satisfactory THD level and exhibits
good dynamic response, its design is also complicated.

In addition to these control methods, various types of
methodologies are also proposed for the UPS inverters.
In [16], the adaptive voltage control along with low THD
has been presented. The main drawback of this method is the
risk of divergence if the gains are not appropriately chosen.
Even though the high performance sinusoidal pulse width
modulation based control approach introduced in [17] per-
forms satisfactory in the steady-state under nonlinear loads,
the load voltage is still distorted. The iterative learning control
method achieves high performance under nonlinear loads at
the expense of high switching frequency which leads to high
switching losses [18]. The robust tracking control method
proposed in [19] combines the features of deadbeat and
robust control approaches which yield fast dynamic response
as well as high robustness to model uncertainties. In [20],
an observer-based optimal voltage control method is pre-
sented which involves two parts. While the first part ensures
zero steady-state error, the other part is responsible for esti-
mating the system uncertainties. The main problem of this
method is that it involves too many gains with many possible
values which make it difficult to select the optimal values for
the desired performance. On the other hand, sliding mode
control (SMC) methods are also emerged as possible solu-
tions for controlling the UPS inverters [21]–[23]. Despite the
fast dynamic response, robustness against system parameter
variations and disturbances, and implementation simplicity,
the SMC suffers from the time-varying switching frequency
and chattering phenomenon. A discrete-time voltage control
based on z-domain model is proposed in [24] where the
computation and modulation delay can be precisely modeled.
However, the results are not satisfactory.

The Lyapunov-energy-function-based control method
offers good steady-state and fast dynamic responses in rec-
tifier [25] and active filter applications [26]. However, there
is no research investigating the applicability of Lyapunov-
energy-function-based control method on three-phase UPS
inverters. The idea of this control approach is based on finding
a control law which makes the derivative of Lyapunov energy
function always negative under all operating points. In such
a case, the behavior of the closed-loop system around its
equilibrium point can be analyzed. It is revealed that the
traditional Lyapunov-energy-function-based control causes
considerable steady-state error and large distortion in the out-
put voltage. Thus, this method is modified by incorporating

FIGURE 1. Three-phase UPS inverter with an output LC filter.

the output voltage feedback loops into the control variables.
The proposed method reduces the steady-state error and
improves the output voltage quality considerably. Addition-
ally, d- and q- components transfer functions from reference
output voltage to actual output voltage are derived in terms of
the LC filter parameters. Then, a frequency domain study is
performed to reveal that the proposed control strategy ensures
the desired performance under parameters variations of the
LC filter. The effectiveness of the proposed control method
is investigated and compared with the results obtained from
DB and SMC methods presented in [7] and [23] using a
three-phase UPS inverter prototype.

II. THREE-PHASE INVERTER MODELING
A three-phase UPS inverter with an output LC filter is
depicted in Fig. 1. The differential equations describing the
inverter operation can be written in the abc frame as follows

L
diLa
dt
=

1
2
uaVs − RiLa − voa

L
diLb
dt
=

1
2
ubVs − RiLb − vob

L
diLc
dt
=

1
2
ucVs − RiLc − voc (1)

C
dvoa
dt
= iLa − ioa

C
dvob
dt
= iLb − iob

C
dvoc
dt
= iLc − ioc (2)

In (1), ua, ub and uc denote the control variables in the abc
frame. In three-phase systems, it is quite reasonable to work
in the synchronously rotating dq frame. Hence, equations (1)
and (2) can be easily expressed in the synchronously rotating
dq frame as follows

L
diLd
dt
=

1
2
udVs − RiLd − vod + ωLiLq

L
diLq
dt
=

1
2
uqVs − RiLq − voq − ωLiLd (3)

C
dvod
dt
= iLd − iod + ωCvoq

C
dvoq
dt
= iLq − ioq − ωCvod (4)

where ud and uq denote the control variables in the dq frame,
ω is the angular frequency, R is the resistance of L. The con-
trol variables can be considered as the addition of steady-state

113700 VOLUME 7, 2019



S. Bayhan et al.: Lyapunov Energy Function-Based Control Method for Three-Phase UPS Inverters

and perturbed terms shown below

ud = Ud +1ud
uq = Uq +1uq (5)

where Ud and Uq are the steady-state terms, 1ud and 1uq
are the perturbed terms of the control variables.

III. LYAPUNOV-ENERGY-FUNCTION-BASED
CONTROL METHOD
The expressions of control variables in the steady-state can
be solved from (3) by assuming that the actual variables
track their reference variables in the steady-state (iLd = i∗Ld ,
iLq = i∗Lq, vod = v∗od , voq = v∗oq, ud = Ud , uq = Uq)
as follows

Ud =
2
Vs

(
R′i∗Ld + L

′
di∗Ld
dt
+ v∗od − ωL

′i∗Lq

)
Uq =

2
Vs

(
R′i∗Lq + L

′
di∗Lq
dt
+ v∗oq + ωL

′i∗Ld

)
(6)

where i∗Ld and i∗Lq are defined as

i∗Ld = C ′
dv∗od
dt
+ iod − ωC ′v∗oq

i∗Lq = C ′
dv∗oq
dt
+ ioq + ωC ′v∗od (7)

Clearly, in order to be able to compute Ud and Uq in (6),
the values of L andR are needed. However, it is not possible to
know the exact values of these parameters in practice. There-
fore, the estimated values of L andR, denoted by L ′ andR′, are
used in (6). The reference inductor currents i∗Ld and i

∗
Lq needed

in (6) can be easily computed by using (7) which is dependent
on v∗od , v

∗
oq and estimated value of C which is denoted by C ′.

Now, let us define the state variables and parameter mismatch
errors as

x1 = iLd − i∗Ld , x2 = iLq − i∗Lq,

x3 = vod − v∗od , x4 = voq − v∗oq (8)

1R = R′ − R, 1L = L ′ − L, 1C = C ′ − C (9)

With the help of (8) and (9), equations (3) and (4) can be
rewritten as

L
dx1
dt
=

1
2
1udVs +1L

di∗Ld
dt
− Rx1 +1Ri∗Ld − x3

+ωLx2 − ω1Li∗Lq

L
dx2
dt
=

1
2
1uqVs +1L

di∗Lq
dt
− Rx2 +1Ri∗Lq − x4

−ωLx1 + ω1Li∗Ld (10)

C
dx3
dt
= 1C

dv∗od
dt
+ x1 + ωCx4 − ω1Cv∗oq

C
dx4
dt
= 1C

dv∗oq
dt
+ x2 − ωCx3 + ω1Cv∗od (11)

According to the Lyapunov-energy-function-based control
approach, a linear or nonlinear system is asymptotically sta-
ble if the Lyapunov energy function V (x) holds the following

conditions: i) V (0) = 0, ii) V (x) > 0 for all x 6= 0,
iii) V (x) → ∞ as ‖x‖ → ∞, and iv) dV (x)

dt < 0 for all
x 6= 0. Even though the Kharitonov’s theorem is also useful
in assessing robust stability, knowledge of the coefficients
in the characteristic equation is required within the specified
range [27].

The expressions of 1ud and 1uq can be determined from
the last condition. In Fig. 1, except for R and switching losses,
there is no element that dissipates energy. The capacitor and
inductor in LC filter store energy rather than dissipating it.
When dc input voltage source Vs injects energy into the UPS
inverter system, while some part of the injected energy is
continuously transferred in the LC filter in bidirectional way,
the rest of it is transferred to the load. The energy stored in
L and C is in the form of 0.5Li2L for inductor and 0.5Cv2o for
capacitor. Since the UPS inverter in Fig. 1 is modeled in the
rotating dq frame, there are d- and q- components for inductor
current and capacitor voltage. This implies that V (x) should
contain four terms as shown below

V (x) =
3
4
Lx21 +

3
4
Lx22 +

3
4
Cx23 +

3
4
Cx24 (12)

It is evident that V (x) satisfies first three conditions men-
tioned above. For the sake of satisfying the last condition,
the derivative of (12) can be written as

dV (x)
dt
=

3
2
L
dx1
dt

x1 +
3
2
L
dx2
dt

x2 +
3
2
C
dx3
dt

x3

+
3
2
C
dx4
dt

x4 (13)

Replacing (10) and (11) into (13) results in

dV (x)
dt

=
3
2
x11L

di∗Ld
dt
+

3
2
x11Ri∗Ld −

3
2
x1ω1Li∗Lq

+
3
2
x21L

di∗Lq
dt
+

3
2
x21Ri∗Lq +

3
2
x2ω1Li∗Ld

+
3
2
x31C

dv∗od
dt
−

3
2
x3ω1Cv∗oq +

3
2
x41C

dv∗oq
dt

+
3
2
x4ω1Cv∗od −

3
2
Rx21 −

3
2
Rx22 +

3
4
x11udVs

+
3
4
x21uqVs (14)

When the actual and estimated parameters are equal (1R =
1L = 1C = 0), dV(x)/dt is always negative if1ud and1uq
are defined as

1ud = KidVsx1
1uq = KiqVsx2 (15)

where Kid < 0 and Kiq < 0 are negative real constants.
Hence, the general expressions of ud and uq become

ud =
2
Vs

(
R′i∗Ld + L

′
di∗Ld
dt
+ v∗od − ωL

′i∗Lq

)
+ KidVsx1

uq =
2
Vs

(
R′i∗Lq+L

′
di∗Lq
dt
+ v∗oq+ωL

′i∗Ld

)
+KiqVsx2 (16)
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Equation (16) is the traditional Lyapunov-function-based
controller which achieves the control of vo indirectly provided
that iLd and iLq track their references [25]. Otherwise, there
exists steady-state error in vo.

In order to alleviate the steady-state error in vo, 1ud and
1uq in (15) are modified by adding x3 and x4 (output voltage
feedback loops) as

1ud = KidVsx1 − Kvdx3
1uq = KiqVsx2 − Kvqx4 (17)

Substituting (17) into (14) yields

dV (x)
dt

=
3
2
x11L

di∗Ld
dt
+

3
2
x11Ri∗Ld −

3
2
x1ω1Li∗Lq

+
3
2
x21L

di∗Lq
dt
+

3
2
x21Ri∗Lq +

3
2
x2ω1Li∗Ld

+
3
2
x31C

dv∗od
dt
−

3
2
x3ω1Cv∗oq +

3
2
x41C

dv∗oq
dt

+
3
2
x4ω1Cv∗od −

3
2
Rx21 −

3
2
Rx22 +

3
4
KidV 2

s x
2
1

+
3
4
KiqV 2

s x
2
2 −

3
4
KvdVsx3x1 −

3
4
KvqVsx4x2

(18)

The terms which involve 1R, 1L and 1C have consider-
ably smaller impact on the negative definiteness of dV(x)/dt.
Hence, setting1R,1L and1C to zero in (18) does not dete-
riorate the idea behind Lyapunov-function-based approach
(in the next section, it will be shown that the system sta-
bility is not affected by the filter parameter variations).
In this case, the overall expressions of ud and uq are written
as

ud =
2
Vs

(
R′i∗Ld + L

′
di∗Ld
dt
+ v∗od − ωL

′i∗Lq

)
+ KidVsx1

−Kvdx3

uq =
2
Vs

(
R′i∗Lq + L

′
di∗Lq
dt
+ v∗oq + ωL

′i∗Ld

)
+ KiqVsx2

−Kvqx4 (19)

In order to investigate the influence of neglecting the
parameter variations on the negative definiteness of dV(x)/dt,
the closed-loop system has been simulated using the con-
trol law in equation (19) with +30% parameter varia-
tions and without parameter variations under resistive load.
Fig. 2 shows the responses of dV(x)/dt obtained with +30%
parameter mismatch and without parameter mismatch in one
period.

Clearly, dV(x)/dt remains negative with and without
parameter variations as shown in Fig. 2. The block dia-
gram of the proposed Lyapunov-energy-function-based con-
trol method with output voltage feedback loops is depicted
in Fig. 3.

IV. INVESTIGATION ON ROBUSTNESS
In this section, the effect of LC filter variations on the per-
formance of the proposed control method is investigated.

FIGURE 2. Responses of dV(x)/dt in one period with and without
parameter variations. (a) +30% parameter mismatch, (b) Perfect match.

FIGURE 3. Block diagram of the proposed
Lyapunov-energy-function-based control method with output voltage
feedback loops.

Substitution of (19) into (3) yields

L
diLd
dt

= L ′
di∗Ld
dt
− RiLd + R′i∗Ld +

1
2
KidV 2

s
(
iLd − i∗Ld

)
−

1
2
VsKvd

(
vod − v∗od

)
− vod + v∗od + ωLiLq − ωL

′i∗Lq

L
diLq
dt

= L ′
di∗Lq
dt
− RiLq + R′i∗Lq +

1
2
KiqV 2

s

(
iLq − i∗Lq

)
−

1
2
VsKvq

(
voq − v∗oq

)
− voq + v∗oq − ωLiLd + ωL

′i∗Ld
(20)
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For the sake of simplifying the analysis, we consider

Kid = Kiq = 2α

Kvd = Kvq = 2β (21)

The d- and q- components of output voltage in Laplace
domain can be written in terms of the transfer functions as
follows

Vod (s) = G1 (s)V ∗od (s)+ G2 (s) Iod (s)+ G3 (s) Ioq (s)

Voq (s) = G′1 (s)V
∗
od (s)+ G

′

2 (s) Iod (s)+ G
′

3 (s) Ioq (s)

(22)

where the transfer functions are given by

G1 (s) =
A (s)
D (s)

, G2 (s) =
B (s)
D (s)

, G3 (s) =
C (s)
D (s)

G′1 (s) =
A′ (s)
D (s)

, G′2 (s) =
B′ (s)
D (s)

, G′3 (s) =
C ′ (s)
D (s)

and the polynomials A (s), A′ (s), B (s), B′ (s), C (s), C ′ (s)
and D (s) are in the form of X (s) = X4s4 + X3s3 + X2s2 +
X1s+ X0 whose coefficients are defined as

A4 = LL ′CC ′

A3 =
(
R′ − αV 2

s

)
LCC ′ +

(
R− αV 2

s

)
L ′C ′C

A2 = CC ′
(
R′ − αV 2

s

) (
R− αV 2

s

)
+ 4ω2LL ′CC ′

+

(
βVs+1−ω2LC

)
L ′C ′+

(
βVs+1−ω2L ′C ′

)
LC

A1 = C ′
(
R′ − αV 2

s

) (
βVs + 1− ω2LC

)
+C

(
R− αV 2

s

) (
βVs + 1− ω2L ′C ′

)
+ 2ω2LCC ′

(
R′ − αV 2

s

)
+ 2ω2L ′CC ′

(
R− αV 2

s

)
A0 =

(
βVs + 1− ω2LC

) (
βVs + 1− ω2L ′C ′

)
+ω2CC ′

(
R′ − αV 2

s

) (
R− αV 2

s

)
B3 = LC1L

B2 = LC1R+ C1L
(
R− αV 2

s

)
B1 = C1R

(
R− αV 2

s

)
+1L

(
βVs + 1+ ω2LC

)
B0 = 1R

(
βVs + 1− ω2LC

)
+ ω2C1L

(
R− αV 2

s

)
C2 = ωLC1L

C1 = 2ωLC1R

C0 = ωC1R
(
R− αV 2

s

)
− ω1L

(
βVs + 1− ω2LC

)
A′2 = ωL

′CC ′
(
R− αV 2

s

)
− ωLCC ′

(
R′ − αV 2

s

)
A′1 = 2ω (βVs + 1)

(
L ′C ′ − LC

)
A′0 = ωC

′

(
R′ − αV 2

s

) (
βVs + 1− ω2LC

)
−ωC

(
R− αV 2

s

) (
βVs + 1− ω2L ′C ′

)
B′ (s) = −C (s)

C ′ (s) = B (s)

D4 = L2C2

D3 = 2LC2
(
R− αV 2

s

)
D2 = 2LC

(
βVs + 1+ ω2LC

)
+ C2

(
R− αV 2

s

)2
D1 = 2C

(
R− αV 2

s

) (
βVs + 1+ ω2LC

)
D0 = ω

2C2
(
R− αV 2

s

)2
+

(
βVs + 1− ω2LC

)2
In order to simplify the analysis, v∗oq is considered to be
zero. The characteristic equation of the closed-loop sys-
tem is the denominator of the transfer functions defined
as

D4s4 + D3s3 + D2s2 + D1s+ D0 (23)

Close inspection of (23) provides an insight into the fact
that the characteristic equation is not dependent on 1R,
1L and1C . In other words, the closed-loop system stability
is not influenced from the variations in the LC filter parame-
ters. From Routh–Hurwitz stability criterion, the poles of the
closed-loop system can be located in the left half plane if the
following inequalities hold

D4, D3, D2, D1, D0 > 0 (24)

D3D2 − D4D1 > 0 (25)

D3D2D1 − D4D2
1 − D

2
3D0 > 0 (26)

The condition in (24) can be satisfied if α < 0 and β >

−
1+ω2LC

Vs
. Also, irrespective of the system parameters, (25)

and (26) are always satisfied.
The root locus of poles, plotted using the system param-

eters given in Section V by varying α in the interval
[−0.00001, −0.001] while β is maintained at 0 (output volt-
age loops are disabled) and 0.125 (output voltage loops are
activated), is shown in Figs. 4(a) and 4(b), respectively. With
the initial values of α and β(β = 0 and β = 0.125), the poles
are complex conjugate pairs with the imaginary components
much larger than the real components and are located in the
left half plane very close to the imaginary axis. However,
when the value of |α| is increased while β is kept unchanged,
the pole pairs move away from the imaginary axis toward
the negative real axis with an elliptical trajectory for both
β values. Comparing the poles on the elliptical trajectories
in Figs. 4(a) and 4(b), one can see that the poles in Fig. 4(b)
have much larger magnitudes (real and imaginary) than that
of the poles in Fig. 4(a). For each β value (β = 0 and
β = 0.125), it can be seen that there exists an α value which
equates two poles at points K, M, N and O. The real parts of
the poles are much larger than the imaginary parts at these
points. Comparing the real parts of the poles obtained with
the unique α value in Figs. 4(a) and 4(b), one can see that
the real parts of the poles in Fig. 4(b) are greater than that
presented in Fig. 4(a). This means that the closed-loop system
with β 6= 0 is always faster than the closed-loop system
with β = 0. When the value of |α| is increased further,
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FIGURE 4. The loci of closed-loop poles obtained when (a) α is varied
with β = 0, (b) α is varied with β = 0.125, (c) β is varied with α = −0.0005.

the imaginary parts become very small, one of the pairs of
poles continue moving away from the imaginary axis while
other pair changes direction and moves toward the imaginary
axis. On the other hand, the loci of the poles obtained by
varying β in the interval [0.01, 0.15] while α is maintained
at −0.0005 is shown in Fig. 4(c).
When β is increased gradually, the poles on left hand side

move toward right and the poles on the right hand side move
toward left until they reach points P and Q where two of
the pole magnitudes are equal. Thereafter, any increment in
β moves the equated poles up and down with no change in
their real parts. In this case, the dynamic response is not
affected by β. On the other hand, it is obvious from (22)
that G1 (s) = 1 and G2 (s) = G3 (s) = G′1 (s) = G′2 (s) =
G′3 (s) = 0 when R′ = R, L ′ = L and C ′ = C . This
means that vo tracks v∗o with zero steady-state error when
the estimated parameters are equal to the actual parameters.
However, as mentioned before, such equality is not achiev-
able in practice. For this reason, it is significant to assess the
robustness of the Lyapunov-energy-function-based control
methods.

A. ROBUSTNESS OF TRADITIONAL
LYAPUNOV-ENERGY-FUNCTION-BASED CONTROL
METHOD FOR RESISTIVE LOAD
The transfer functions in (22) represent traditional Lyapunov-
function-based control for β = 0. Hence, substituting
Iod (s) = Vod (s) /Rl and Ioq (s) = Voq (s) /Rl into (22) gives

H (s) =
Vod (s)
V ∗od (s)

=

G1 (s)
(
1− G2(s)

Rl

)
+

G′1(s)G3(s)
Rl(

1− G2(s)
Rl

)2
+

(
G3(s)
Rl

)2 (27)

H ′ (s) =
Voq (s)
V ∗od (s)

=

G′1 (s)
(
1− G2(s)

Rl

)
−

G1(s)G3(s)
Rl(

1− G2(s)
Rl

)2
+

(
G3(s)
Rl

)2 (28)

where Rl denotes the load resistance. On the other hand,
the steady-state output voltage in the frequency domain
(replacing s with jω) can be written as

Vo (jω) = Vod (jω)+ jVoq (jω)

= H (jω)V ∗od (jω)+ jH
′ (jω)V ∗od (jω) (29)

The output voltages in the steady-state are given by

voa (t) = Vm cos (ωt + φ)

vob (t) = Vm cos (ωt − 2π/3+ φ)

voc (t) = Vm cos (ωt + 2π/3+ φ) (30)

The amplitude and phase shift of the output voltage can be
obtained as

Vm=V ∗m

√
[|H (jω)|cos(]H (jω))−|H ′(jω)| sin(]H ′(jω))]2

+[|H (jω)|sin(]H (jω))+|H ′(jω)| cos(]H ′(jω))]2

φ= tan−1
(
|H (jω)| sin(]H (jω))+|H ′(jω)|cos(]H ′(jω))
|H (jω)| cos(]H (jω))−|H ′(jω)|sin(]H ′(jω))

)
(31)

where V ∗m is the amplitude of the reference output voltage.
Fig. 5 shows the influence of parameter mismatch on vo

when the output voltage feedback loops are disabled (Kvd =
Kvq = 0). The negative maximum amplitude error and phase
shift (−3.36 Vrms and −6.85◦) and the positive maximum
amplitude error and phase shift (4.21 Vrms and 6.65◦) occur
in the case of −30 and +30% mismatches in R′, L ′ and C ′.
For +30% parameter mismatch in R′, L ′ and C ′, the output
voltage tracking error (ev% = (Vm − V ∗m)/V

∗
m × 100) is

3.51%which is admissible according to the IEC62040-3 stan-
dard. As a consequence, with ±30% parameter mismatch,
the amount of the steady-state error in vo is low which means
that the traditional Lyapunov-energy-function-based control
method has reasonable robustness against parameter varia-
tions in LC. Although such robustness is authentic under ideal
operating conditions, the steady-state error in vo becomes
larger in practice.
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FIGURE 5. Influence of parameter mismatch on: (a) Vm and (b) φ when
the output voltage feedback loops are disabled.

FIGURE 6. Magnitude and phase responses with −30% parameter
mismatch. (a) H(s), (b) H ′(s).

B. ROBUSTNESS OF PROPOSED
LYAPUNOV-ENERGY-FUNCTION-BASED CONTROL
METHOD FOR RESISTIVE LOAD
Fig. 6 depicts the magnitude and phase responses ofH (s) and
H ′(s) obtained with −30% variations in LC filter parameters
using a fixed value of α and different values of β. It can
be seen that the magnitude response of H (s) is not zero dB
(H (s) 6= 1) for β = 0 leading to a steady-state error
in vo. However, when the output voltage feedback loops are
activated, it is possible to achieve zero steady-state error in vo
by tuning β.

FIGURE 7. Influence of parameter mismatch on: (a) Vm and (b) φ when
the output voltage feedback loops are active.

On the other hand, the magnitude response of H ′(s) is
negative since Voq(s) is not zero due to −30% parameter
mismatch. Fig. 7 shows the influence of parameter mismatch
on vo when the output voltage feedback loops are activated.
It is clear from Fig. 5 and Fig. 7 that the steady-state error in
vo and φ are reduced considerably. For example, with +30%
parameter mismatch in R′, L ′ and C ′, the output voltage
tracking error becomes 0.2% which is far from standard
limitations. Hence, it can be concluded that the Lyapunov-
energy-function-based control with output voltage feedback
loop offers stronger robustness than the traditional Lyapunov-
energy-function-based control method.

C. ROBUSTNESS OF PROPOSED
LYAPUNOV-ENERGY-FUNCTION-BASED CONTROL
METHOD FOR ANY LOAD
It is worth noting that it is very complicated to achieve analyt-
ical results for the output voltage when the UPS inverter sup-
plies energy to a nonlinear load. For this reason, sub-section
B is extended to include the operation of inverter under any
load. Consequently, the effect of parameter mismatch on vo
can be evaluated by considering the transfer functions in the
frequency domain. The numerators and denominator of the
transfer functions are obtained in the frequency domain as
follows

A (jω) = (βVs + 1)
[
βVs + 1− 2ω2 (L ′C ′ + LC)]

+ j (βVs + 1)
[
ωC ′

(
R′−αV 2

s

)
+ωC

(
R−αV 2

s

)]
B (jω) = 1R

(
βVs + 1− 2ω2LC

)
+ j

[
ωC1R

(
R− αV 2

s

)
+ ω1L (βVs + 1)

]
C (jω) = ωC1R

(
R−αV 2

s

)
−ω1L (βVs+1)+j2ω2LC1R
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A′ (jω) = ω (βVs + 1)
[
C ′
(
R′ − αV 2

s

)
− C

(
R− αV 2

s

)]
+ j2ω2 (βVs + 1)

(
L ′C ′ − LC

)
B′ (jω) = −C (jω)

C ′ (jω) = B (jω)

D (jω) = (βVs + 1)
(
βVs + 1− 4ω2LC

)
+ j2ωC (βVs + 1)

(
R− αV 2

s

)
Ideally, G1 (jω)must converge to unity and the other transfer
functions converge to zero at the fundamental frequency.
Considering the condition ω2LC << 1 in above equations,
it can be shown that G1 (jω) converges to 1, and G2 (jω),
G3 (jω), G′1 (jω), G

′

2 (jω), G
′

3 (jω) converge to 0 for β > 0.

V. EXPERIMENTAL RESULTS
The performance of the proposed Lyapunov-function-based
control method is evaluated experimentally on a three-phase
UPS inverter prototype controlled by an OPAL-RT. The sys-
tem parameters used in the experimental study are Vs =
350V, V ∗m = 120Vrms, ω = 100π rad/s, R = 0.1�, and
fsw = 12kHz. The output filter is designed using the method
presented in [28] as follows

L =
Vs

8fswio,rated ×%ripple
, C =

%ripple× Qrated
ωV 2

m
(32)

Substituting the values of Vs, fsw, ω and Vm together with
io,rated = 20A, %ripple = 10, and Qrated = 5kW
into (32) results in L = 1.8mH and C = 110µF. Based on
the availability of these components and considering ±%10
uncertainty, they were selected as L = 2mH, C = 100µF.
The control parameters were selected such that the poles are
located at points N and O shown in Fig. 4(b). The values of
control parameters are determined to be Kid = Kiq = 2α =
−0.001 and Kvd = Kvq = 2β = 0.25.
Fig. 8 shows the steady-state responses of output voltages

(abc, dq and αβ frames), load currents (abc and αβ frames)
and spectrum of output voltages obtained with−30% param-
eter mismatch when the output voltage loops are disabled.
The steady-state errors are discernible in the results obtained
in the dq frame. In addition, the output voltages are distorted
where the THD is measured as 8.7% as shown in Fig. 8(b).
This distortion can be clearly seen in the αβ frame shown
in Fig. 8(c) where the load voltage and current components
(horizontal axis: α-component, vertical axis: β-component)
exhibit a distorted circle trajectory.

Fig. 9 shows the steady-state responses of output volt-
ages (abc, dq and αβ frames) and load currents (abc and
αβ frames) under 5kW resistive load obtained with −30%
parameter mismatch when the output voltage loops are acti-
vated. It is obvious from Fig. 9(a) that the output voltages
are sinusoidal. This fact is verified in the αβ frame shown
in Fig. 9(b) where the load voltage and current components
exhibit circle trajectory. Comparing Figs. 8(a) and 9(a), one
can see that the performance of the controller is much better
when the output voltage loops are activated. Despite −30%

FIGURE 8. Steady-state responses of output voltages (abc, dq and αβ
frames), load currents (abc and αβ frames) and harmonic spectrum of
output voltages obtained with −30% parameter mismatch when the
output voltage loops are disabled (Kvd = Kvq = 0, Kid = Kiq = −0.001).
(a) abc and dq frames, (b) harmonic spectrum, (c) αβ frame.

FIGURE 9. Steady-state responses of output voltages (abc, dq and αβ
frames) and load currents (abc and αβ frames) under 5kW resistive load
obtained with −30% parameter mismatch when output voltage loops are
activated (Kvd = Kvq = 0.25, Kid = Kiq = −0.001). (a) abc and dq frames,
(b) αβ frame.

parameter mismatch, vod and voq are not distorted and they
track their references with no steady-state error. These results
verify the validity of the theoretical robustness study in
section IV.

Fig. 10 shows the steady-state responses of output voltages
and load currents under 5kW resistive load obtained with
−30% parameter mismatch when the output voltage loops are
activated and the current loop gains are set to Kid = Kiq =
−0.00002. In spite of activating the output voltage loops,
undesired oscillations occur on the output voltage waveforms
due to the poles located very close to the imaginary axis as
shown in Fig. 4(b).

Fig. 11 shows the dynamic responses of output volt-
ages and load currents for an abrupt change in the resistive
load from 2.5kW to 5kW obtained when the output volt-
age loops are activated and the parameter match is perfect.
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FIGURE 10. Steady-state responses of output voltages and load currents
under 5kW resistive load obtained with −30% parameter mismatch when
output voltage loops are activated and current loop gains are set to
Kid = Kiq = −0.00002.

FIGURE 11. Dynamic responses of output voltages and load currents for
an abrupt change in resistive load from 2.5kW to 5kW obtained when
output voltage loops are activated. (a) Output voltages and currents,
(b) Phase-a load current and actual and reference output voltages in the
dq frame.

Despite %100 of load change, the controller recovers the
output voltage very fast. Compared to Fig. 8(a), vod and voq
track their references with zero steady-state error.

Fig. 12 shows the dynamic responses of the output voltages
in the dq frame and phase-a load current for an abrupt change
in the resistive load from 2.5kW to 5kW obtained with the
proposed control method with output voltage loops activated
when the parameters in the control variables deviate ±30%
from the actual parameters.

The effects of parameter variations on the tracking
capability of the proposed control method can be seen
in Fig. 12(a) and 12(b) for +30% and −30%, respectively.
Clearly, the actual voltage components (vod and voq) track
their references (v∗od and v∗oq) in both cases. This means that
the proposed control method is robust against variations in
the LC filter.

FIGURE 12. Dynamic responses of output voltages in the dq frame and
phase-a load current for an abrupt change in resistive load from 2.5kW to
5kW when parameters in the control variables deviate (a) +30%,
(b) −30%.

FIGURE 13. Steady-state responses of output voltages and load currents
under nonlinear load in the abc and αβ frames obtained with −30%
parameter mismatch when output voltage loops are activated. (a) Output
voltage and current waveforms in the abc frame, (b) Output voltage and
current trajectories in the αβ frame.

FIGURE 14. Harmonic spectrums of the output voltage under linear and
nonlinear loads corresponding to Figs. 9 and 13.

Fig. 13 shows the steady-state responses of the three-phase
output voltages and load currents under nonlinear load (diode
bridge rectifier with RC load) in the abc and αβ frames
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TABLE 1. Comparisons of five control methods with the proposed control method.

FIGURE 15. Steady-state responses of output voltages (abc and dq
frames) and load currents (abc frame) under 5kW resistive load in case of
−30% parameter mismatch obtained with: (a) DB control, (b) SMC.

obtained with −30% parameter mismatch when the output
voltage loops are activated. Clearly, the output voltages are
sinusoidal with negligible distortion. The load voltage (vo, αβ )
and load current (io, αβ ) trajectories in the αβ frame are shown

FIGURE 16. Harmonic spectrums of the output voltage under linear load
obtained with: (a) DB control, (b) SMC.

in Fig. 13(b). Circle trajectory of the load voltage verifies that
the output voltages are sinusoidal and are almost not distorted
with this highly nonlinear load.

Fig. 14 shows the harmonic spectrums together with the
THD values of the output voltage under linear and nonlinear
load cases corresponding to Figs. 9 and 13. The measured
THDs are 1.2% and 2.6%, respectively. The 3rd , 5th, and 7th

harmonic components are very small.
The proposed control method is comparedwith the existing

control methods presented in [7], [16], [19], [20], and [23]
in terms of dc voltage input value, number of required sen-
sors, switching frequency, number of controller gains, robust-
ness to variations in LC filter, output voltage quality and
steady-state error in the output voltage. It is apparent from
Table 1 that the proposed method offers some important
advantages over the existing ones in terms of achieving high
robustness to variations in the LCfilter, almost no steady-state
error in the output voltage, good output voltage quality under
nonlinear load, and the number of controller gains.

The measured steady-state error and THD values of the
output voltage under linear and nonlinear load types obtained
with and without voltage feedback loop using various param-
eter mismatch amounts are shown in Table 2. The steady-state
error and THD values are reduced considerably when the
output voltage feedback loop is enabled.

Fig. 15 shows the steady state responses of output volt-
ages (abc and dq frames) and load currents (abc frame)
under 5kW resistive load in the case of −30% parameter
mismatch obtained with the DB control presented in [7] and
SMC presented in [23]. It is obvious that the output voltages
obtained with both control methods are sinusoidal. As can be
seen from dq frame results, both control methods offer good
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FIGURE 17. Dynamic responses of output voltages (abc and dq frames)
and load currents (abc frame) for an abrupt change in linear load from
2.5kW to 5kW in case of −30% parameter mismatch obtained with:
(a) DB control, (b) SMC.

tracking performance. Fig. 16 shows harmonic spectrums of
output voltage that corresponds to Fig. 15. It is apparent that
the output voltage obtained with SMC is less distorted. On the
other hand, comparing Fig. 14(a) with Fig. 16, one can easily
see that the output voltages under linear load obtained with
the proposed method are less distorted. The measured THD
values of output voltage obtained with DB and SMCmethods
are 1.5% and 1.3%, respectively. The 3rd and 5th harmonic
components are negligibly small.

Fig. 17 shows the dynamic responses of output voltages
and load currents for an abrupt change in the resistive load
from 2.5kW to 5kW in the case of−30% parameter mismatch
obtained with DB and SMC methods. It is clear that both
methods offer good dynamic response and tracking perfor-
mance. Comparing Fig. 11 and Fig. 17, it can be seen that

TABLE 2. Measured steady-state error and THD values of output voltage
under linear and nonlinear loads with various parameter mismatches.

FIGURE 18. Steady-state responses of output voltages and load currents
under nonlinear load in case of −30% parameter mismatch obtained
with: (a) DB control, (b) SMC.

the dynamic performances of DB, SMC and proposed control
methods are close to each other. However, it is worth noting
that the major disadvantage of DB control is its sensitivity to
parameter variations. On the other hand, SMCmethod suffers
from chattering.

Fig. 18 shows the steady-state responses of the three-phase
output voltages and load currents under nonlinear load in the
case of −30% parameter mismatch obtained with DB and
SMC methods.
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FIGURE 19. Harmonic spectrums of the output voltage under nonlinear
load obtained with: (a) DB control, (b) SMC.

TABLE 3. Measured steady-state error and THD values of output voltage
under linear and nonlinear loads obtained with DB and SMC methods in
cases of various parameter mismatches.

Comparing the nonlinear load performances of DB and
SMC, it can be seen that the SMC method leads to less
distorted output voltages than the DB control. On the other
hand, comparing Fig. 13(a) and Fig. 18, the output voltages
obtained with the proposed control have better waveform
quality.

This fact can be verified in Fig. 19 where harmonic spec-
trums of output voltage obtained by DB and SMC methods
corresponding to Fig. 18 are shown. The measured THD
values attained by DB and SMCmethods are 2.9% and 2.7%,
respectively. The 3rd , 5th and 7th harmonic components are
negligibly small. Comparing THD values in Fig. 19 with the
THD value in Fig. 14(b), one can easily see that the THD
of output voltage under nonlinear load obtained with the
proposed method is less than that obtained with the DB and
SMC methods under the same load condition.

The measured steady-state error and THD values of the
output voltage under linear and nonlinear load types obtained
with DB and SMC methods using various parameter mis-
match amounts are shown in Table 3. Comparing Table 2 with
Table 3, it can be deduced that the proposed control method
provides better performance in terms of steady-state error and
THD.

VI. CONCLUSION
ALyapunov-energy-function-based control method with out-
put voltage feedback loops is proposed for three-phase UPS
inverters with an output LC filter. It is demonstrated that the

traditional Lyapunov-energy-function-based control method
causes steady-state error and distortion in the output voltage
and weak robustness against variations in LC filter param-
eters. Therefore, a Lyapunov-energy-function-based control
method with output voltage feedback loops is proposed. It is
shown that the proposed control method not only preserves
the stability of the inverter, but also reduces the steady-state
error in the output voltage considerably, improves the quality
of the output voltage and strengthens the robustness against
variations in LC filter parameters. Inclusion of output voltage
feedback loops shifts the dominant closed-loop poles away
from the imaginary axis. As a consequence of such move-
ment, the proposed control method offers strong robustness
against variations in LC filter, high-quality sinusoidal output
voltage along with acceptable THD values under linear and
nonlinear loads, fast dynamic response under abrupt load
changes, and negligible steady-state error in the output volt-
age. The experimental results show the effectiveness of the
proposed control method under linear and nonlinear loads.
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