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ABSTRACT Hadamard fractional calculus theory has made many scholars enthusiastic and excited because
of its special logarithmic function integral kernel. In this paper, we focus on a class of Caputo-Hadamard-
type fractional turbulent flow model involving p(¢)-Laplacian operator and Erdélyi-Kober fractional integral
operator. The p(t)-Laplacian operator involved in our model is the non-standard growth operator which arises
in many fields such as elasticity theory, physics, nonlinear electrorheological fluids, ect. It is the first paper
that studies a Caputo-Hadamard-type fractional turbulent flow model involving p(#)-Laplacian operator and
Erdélyi-Kober fractional integral operator. Different from the constant growth operator, The non-standard
growth characteristics of p(¢)-Laplacian operator bring great difficulties and challenges. In order to achieve
a good survey result, we take advantage of the popular mixed monotonic iterative technique. With the help of
this approach, we obtain the uniqueness of positive solution for the new Caputo-Hadamard-type fractional
turbulent flow model. In the end, an example is also given to illustrate the main results.

INDEX TERMS Caputo-Hadamard fractional turbulent flow model, Erdélyi-Kober fractional integral
operator, mixed monotone operator, p(t)-Laplacian operator.

I. INTRODUCTION

Fractional differential equation models have been widespread
in recent years in a number of fields such as traffic flow, blood
flow phenomena, electrodynamics of a complex medium,
rheology, viscoelasticity, and so on [1]-[5]. Thanks to the
unremitting efforts of many researchers, many excellent
results have been produced, see the literature [6]-[12] for
the latest developments. Recently, Hadamard fractional cal-
culus theory has made many scholars enthusiastic and excited
because of its special logarithmic function integral kernel.
Details and properties of Hadamard fractional calculus, see
book [13] and papers [14]-[20].

The p(t)-Laplacian operator is the non-standard growth
operator which arises in many fields such as elasticity
theory, physics, nonlinear electrorheological fluids, ect.
see [21]-[24]. When the variable p(t) degenerates to a con-
stant, the p(¢)-Laplacian operator degenerates into the famil-
iar p-Laplacian operator, which has been studied by many
scholars and yields fruitful results. Some recent works on
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p-Laplacian fractional differential equations can be found
in [25]-[31].

But up to now, no papers considered a Caputo-Hadamard-
type fractional turbulent flow model involving p(¢)-Laplacian
operator and Erdélyi-Kober fractional integral operator. Dif-
ferent from the constant growth operator, the non-standard
growth characteristics of p(¢)-Laplacian operator bring great
difficulties and challenges. In this survey, we focus our atten-
tion on the uniqueness of positive solution for a new Caputo-
Hadamard-type fractional turbulent flow model involving
p(t)-Laplacian operator and Erdélyi-Kober fractional integral
operator

CHD™ Gy (CH D  x(1))
F L), I x() =0, te[l,e]
x'(1) = xx'(e), x(1)=x"(1)=0,
cHpXix(1) =0,

ey

where ¥ D is Caputo-Hadamard fractional derivative, 2 <
X1<3.0<0<18&n>0%<r<ZadyecR.
¢p@)(+) is the p(r)-Laplacian operator with p(t) € C 1o, 1]
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such that p(r) > 1. I,%/ % is the generalized Erdélyi-Kober
fractional integral operator (see [32]) of order § > 0 with
n > 0 and y € R, which is defined by

nt—N6+Y) /t sTHN=1f(s)
0

y,8 _
Lo = () (" — sm1=9

(@)

if the integral exists.
When n = 1, the above operator turns into the Kober operator

IO 4 yss0. ()
L@ Jo (t=9'°

that was first proposed and studied by Kober in 1940 [33].
Again as a special case, let n = 1 and y = 0, Erdélyi-
Kober operator degenerately degenerates into the well-known
Riemann-Liouville integral operator that has recently been
extensively studied.

(—6+y) ot

(0 =

10 f(s)

08,0\
WIO=56 Jy a—9=®

5 >0, “)

A natural question appears in the authors’ mind: ‘“‘how does
one find out it if a positive solution exists?”> The thought
always kept going round and round in authors’ head. In view
of the thought and all that has been mentioned so far, we focus
on the uniqueness of positive solution of the above Caputo-
Hadamard-type fractional turbulent flow model involving
p(t)-Laplacian operator and Erdélyi-Kober fractional integral
operator. In order to achieve our goal, we will take advantage
of the popular monotonic iterative technique, its importance
is self-evident. Discover the new development of this method,
the reader see the literature [34], [42].

Il. PRE-PREPARATION AND LEMMAS
In paper [43], Jarad, Abdeljawad and Baleanu proposed the
Caputo-Hadamard fractional derivatives:

nl 88 x(a) s
cHpX vty = HpM [x(s) - k2=(:) X log(;)k](t),

&)
d

where § = 4,5 € (a,1). Further, it was shown in
Theorem 2.1 [43] that

cHpX @ty = " X18"x(2).
For 0 < x1 < 1, it follows from (5) that
cHp*yt) = #p*! [x(s) - x(a)](t)-

In addition, the following conclusions were also established
in Lemma 2.4 and 2.5 of [43], respectively

cHp™ (1%1x)(1) = x(1), (6)
and
n—1 ok
PED ) = 2 - 30 S D loa(, )
k=0 :
109834

here, 1 D(') and I are classic Hadamard fractional deriva-
tives and integral operators [2].

Lemma 1: [32]1f §,n > 0 and y, ¢ € R. the following
conclusion holds

0y + D+ 1)

vOrd = : 8
" Ty +GD+8+1D) ®
Lemma 2: [23] For any (t,x) € [0,1] x R, the

inverse operator (pp_(tl)(~) of p(¢)-Laplacian operator ¢p)(x) =
|x|PO—2x is defined as

2—p(t

)
Gph () = Ix[Tx, x € R\ {0},
©)

<p;(})(0) =0, x=0.

Furthermore, p(¢)-Laplacian operator ¢p)(-) and its inverse
operator (pp_(tl)(‘) have the following characteristic:
(i1) @p(r)(+) is a homeomorphism from R to R.
(i2) For any fixed ¢, @p(,)(-) is strictly monotone increasing.
@13) <pp_(tl)(-) is a map from bounded sets to bounded sets and
continuous.

Lemma 3: 1If h(t) € C]O0, 1], the unique solution of the
following linear Caputo-Hadamard-type fractional turbulent
flow model involving p(¢)-Laplacian operator

cHp® o, ©IDX x(1)) + h(t) = 0, 1 € [1, e],
x'(1) = Ax'(e), x(1) =x"(1) =0, (10)
cHpXiy1) =0,

can be expressed as the integral equation

¢ -1 7rx2 ds
x(t) = | Gt g, U h(s) =, (1)
1 S
where
F(t,s) — 221 — e)(logt — log s)%1~!
2(2x —al'(x1) ’
G(t,s) = 0<s=<t=1, (12)
&’ <t<s< 17
22x = e'(x1)
with

F(t,5) = re(x1 — D2logr +log? 1)(1 — logs)X' 2. (13)

Proof: By (7), we have

oo D (1) = —12h(t) + c. (14)
Thus,
cH X y() = (pp_(,l)(—lxzh(t) +o). (15)

By the condition cHpXx(1) = 0, we have
wl;(})(—lxzh(l) +¢)=0. (16)
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Combining Lemma 2, we get ¢ = 0 and
x(t) = =11 L (I2h(0) + co + c1 logr + ez log”t (17)

1 - 1 20
X)) = =11 ‘gop(})(IXZh(t)) +— + =~ logr (18)

2¢o(1 —logt)

2 _ C1
x(1) = =112 I R() — 5 + p (19)

By the condition x'(1) = Ax’(e) and x(1) = x”(1) = 0, we get
co =0, c; =2c,
re
@xr—=2or(x1 — 1
e

x/ ( —logs)x'_ch;(l)(lxzh(s))é, (20)
1 ‘ §

) =

thus, we have

x(0) = ‘ﬁ/ (log 1 — log sy~ | (1X2h<s>>—

(Ae(Zlogt +log? 1)
22 —al'(x1 — D

f (1 —logsyt1~2 ‘1(1X2h<s)>—)

f G(t. ) (A)axzh(s))— 1)

Therefore, Lemma 3 holds. O
Lemma 4: Let w(t) = 2logt +log? t, then Green function
G(t, s) has the following properties:
(D1) G(1,5) € C([1, e] x [1, e]), G(z, 5) = 0, 2fort, s€[l el
A —1)—202r— 1—1 xa-

(Dy) [Ae(x1 — 1) —2( e)l(1 —logs) o(t) <

22xr = ol'(x1) 2

re(x1 — D(1 —logs)X1—

Gt s) < o).
22 — )I'(

X1
Proof: Based on the definition of G(¢, s), (D7) is satis-
fied. If 0 < s <t < 1, then we have 0 < logt — logs <
logt —logtlogs = logt(1 — logs),

re(x1 — D2logr + log? 1)(1 — log s)X1 2
—2(2x — e)(logt — log s)*1 7!
> re(x1 — 1)(2log + log? 1)(1 — log )12
—2(2% — e)(logt — log 1 log s)X1 ™!
> e(x1 — D2logt + log? 1)(1 — log s)X1 2

2(2x — e)(logt — logt log syl
1 —logs

= [re(x1 — D(2logt + log? 1) — 2(21 — e)log" ~' 1]
x(1 — log s)X172

> [re(x1 — D(2logt + log2 1) — 221 —e)logt]
x(1 — logs)’“_2
> [re(x1 — 1) — 2(2% — )](2logt + log® 1)

x(1 — log s)\1 2 (22)
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on the other hand,
re(x1 — D(2logt + log? 1)(1 — log s)X1 2
—2(2x — e)(logt — log s)¥1 !
< re(x1 — DQ2logr +log? 1)(1 — log )12, (23)
IfO <t <s <1, wehave
re(x1 — D2logr + log? 1)(1 — log s)X1 2
> [re(x1 — 1) =221 — )]

x(2logt 4 log? 1)(1 — log s)1 2. (24)
Therefore, Lemma 4 holds. O
Lemma 5: [44] Let E be a real Banach space, P C E be

a normal solid cone. If mixed monotone operator U maps P
into P and for a constant 0 < ¢ < 1, satisfies the following
characteristic

1
U(cs, —t) > cSU(s, 1), s,teP,0<c<1. (25
c

Then the operator U has a unique fixed point s* € P.
Moreover, for any initial values s, fo € P, by construct-
ing successively the sequences s, = U(sp—1,th—1),tn =
Ulty—1,s,-1),n = 1,2...,we have ||s, — s*||] — 0, and
|t — t*| — O0asn — +oo, where P = {s € Plsis an
interior point of P}.

IIl. UNIQUENESS OF POSITIVE SOLUTION

We work throughout in the Banach space C[1, e] endowed

with the max-norm |x|| = HhaX] [x(@®)|. Let P = {x|x €
tell,e

C[l,e] : x(t) > 0}, PL = min p(t), Py = max p(t) and
tell,e] tell,e]

w(t) = 2logt + log? ¢, and define a cone
1
Ow=1{x€eP: A—/Iw(t) <x() =Mo(@),t €[l e]}  (26)

where M is a constant and satisfies
M {[Qew*‘[zgagﬂ(l, 1)+ b~ Sp(l, 1>]]ﬁ
C(x2 + DIT(x1)22A — e)]Pr ! ’
[< [22x — DI (x)]1P ! )
[he(x1 — 1) — 2(2A — e)]Pm 1
< FGe+1)
X
2-sa~sp(1, DBOERUL, 5,

)]

(27)

here

a = max{w(t), I} (1)},

b = min{w(1), I}’ (1)},

0<c¢c<Py—1. (28)
For convenience, the following conditions are listed:
(H1) f(u,v) = B, v) + 9(u,v), where @ : [0, +00)* —
[0, +00), g [0, +00)> — [0, 400) are continuous,
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and ((u, v) is non-decreasing and g(u, v) is non-increasing
in u, v > 0 respectively.

(H») there exists 0 < ¢ < Py — 1, such that, for u, v > 0 and
forany0 <c < 1,

Blcu, cv) > SO, v), o u, ) > cSpu,v), ((29)

forc > 1,

B(cu, cv) < cS@u, v), go(c*lu clyy < csp,v), ((30)

Theorem 6: Assume that (H1), (H>) hold, then the Caputo-
Hadamard-type nonlinear fractional turbulent flow model
involving p(¢)-Laplacian and Erdélyi-Kober operator (1) has
a unique positive solution x*, and there exist two constants
0 < p < w such that

pa(t) < x* < po(t). (31

Moreover, for any initial value ug, vo € Q,,, one can construct
two iterative sequences by

e
1
Uy = G(t, s)p_ ! (—
" /1 © 9960\ T

/A (logs — log 7)1 [@(um_1(f), Iy’aum—l(f))
1

ds

+69(Vm71(1'), I,)’/’vafl(‘c)>]d-[) =

v =/EG(t o] (L
" T TTPOAD (x)

“(logs — Tog 02 B (vm_1(2). 17 vy
fl(ogs 02 = [0yt (00, 1) v (1)

+5 (110, I,;“‘Sum_l(r))]dt)% (32)

and the sequences u, (), v, (t) converge uniformly to x*(¢)
on[1,e] asm — oo, i.e., ||uym — x*|| = 0, ||V, — x*|| = 0
as m — 00.

Proof: With the aim of achieving the unique posi-
tive solution of the Caputo-Hadamard-type new fractional
turbulent flow model involving p(#)-Laplacian operator and
Erdélyi-Kober fractional integral operator (1), we first inves-
tigate an auxiliary problem:

cHD® g (CH D' x(1))
O+ L+ =0, re1,el
x'(1) = ax’ (e), x(H=x"1)=0
cHpMx()=0

(33)

where n € 2,3.... With the help of Lemma 3, one can
easily know that x is a solution of the boundary value
problem (33) if and only if x solves the following integral
equation

¢ 1 1\ d
s= [ G910+ ) S o

109836

This, together with the condition (H;), we define an operator
T by

e
Tu,v)t) = | G, logs — log 7)%2~!
(1, V)(®) /1 (1 97500 ( e )/(ogs 0g7)
1 s
[0(e) + ~ 172 uce) + Z>
1 1 ds
—qvs Z il
+5o<v(r)+ 1] v(r)—i—n)]dr) = 69)
Firstly, we prove that T : Q,, x Q, — Q. In fact,

@(u(t)—i— ,1,7V“M(z)+}1) < B(Mo) + 1, ML} P00 + 1)
< (Ma+1,Ma+1)
< (Ma+ 1501, 1)
< 25aSMSH(1, 1), (36)

and

(v(t>+— IV%(t)+1)< Lot imw(;>+l)
2 =¥\ n M7 n

M 7'M n
1 —
=(+a) P00
< b SMSp(1, 1), (37)

in which
a = max{w(t), Ig’aa)(t)},
b = min{(1), I w(1)}. (38)

Since 0 < ¢ < Py — 1, then

s
(logs — log t)*2~!
F(XZ)./I grmos

x[0(u(r) + 1, 17 %u(r) + %)

+5o<v(r) + =, 170v(r) + %)]df

/ (logs — log 7)™
1

<
F()(2)
d
X[25aSMSH(1, 1) + b SMS (1, 1))
T
log®® s[25aSMSG(1, 1) + b=SMS p(1, 1)]

= . 39
FOe+D &

As a result,

T (u, v)(t)
- Are(x1 — Dao(r)
T 22h —al'(x1)
X[1ogx2 s[2aSMSP(1, 1)+ b=SMSp(l, 1)]]mﬁ§
L2+ 1)

e
(1 — log s)*1—2
1

S
_ o)
= 22r — ol (x)
X[zgasMgw(l, 1)+ b= SMS (1, 1)]#1
2+ 1)
< Mw(t). (40)
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On the other hand,

1 s 1
PO + = 1 Pv(t) + =)
n n

1 s 1
> pMao(t) + —, MLV o(t) + ~)
n n
> Ma+1,Ma+1)
> Ma+1)"p(1,1)
>27Sa M Sp(, 1), (41)
T (u, v)(t)

e . 1
:/ GU’S)QDP(S)(TX)

/(logs—logr)X2 1[ (u(t)—i—— 1V%(r)+1)
n

+@(V(r) + =, I v(r) + —)]dr)é

Z/ G(t, s)p (A)(l"( > /l(logS—Ing)’(21

(v(r)—l— — 1) + — )]dr) :
- [Ae(x1 — 1) — 2(2A — e)]w(2)
- 22x — e)I'(x1)

e
1
_ xi=2,-1(_~
X/] (1 — log s)%! (pp(s)(r()(g)

x/ (logs — log t)X2_1[2_§a_§M_5@(1, 1)]dt)%
1
_ [reGu =D — 2022 — e)]w(t)/ (1 — log 5172
22x — T (x1)
y [2’§a’§M*§5o(l, 1)logx2 s],ﬁ @
F(x2+ D

N

_ LeCu = D) = 2Qh—e)lo(0r25a™ M~ p(l, 1>]pM_1
- 2(2% — e)T'(x1) L TG+l

¢ _x (.
X / (1 — log $)X1~2(log 5)7m 1 as
1 s
1
[Le(x1 — 1) —2QAr —o)[27Sa~SM~Spl, 1)]m-1
1
(C(x2 + Dyrm=t

BODUL ) — 1)
20 —orcn
> Ailwm. (42)

Therefore, the operator T : Q,, X Q, — QO holds.
Next, we prove T is mixed monotone. For any u1, up € Q)
and u; < up, we have

T (uy, v)(t) :/1eG(t D (S)<F( )/ (s — )yl
[ ('41(1’)4-l IV Sui(t) + —)
(v(t)—i—— 1 Sy(T) + )]df)i

VOLUME 7, 2019

‘ _ el
< /1 Gty ( (e / (s— 1)

x[0 (uz(r) I (o) + —)
(v(r) + -1 Sy(t) + )]dr)i

= T(uz, v)(1), (43)
which means that

T(uy,v)(t) < T(uz, v)(¥), VveE Q. 44)

Thus, the operator T (u,v) is non-decreasing in u for any
v € Q. Similarly, one can easily prove that, for any v; >
V2, V1, V2 € Qu,

T(u,vi)(1) = T(u,v2)(t), u€ Qo. (45)

Therefore, the operator T : Q4 X Q, — Q@ is mixed
monotone.

Finally, we show T satisfies (25) of Lemma 5. For any
u,v € Q,and 0 < ¢ < 1, by means of the condition (H>),

we achieve
T (cu, lv)(t) = /e G(t, s)ng1 (L /S(s — gyl
c 1 POXT (x2) i
1 1
x[@(cu(r) + - cl,%”‘su(r) + ;)
1 11 1 ds
o(H0)+ o o+ 1) Jar) T

e . 1 s .
> fl G(z,s)wp(s)(m /1 (s — 7Y

[cm(u(ﬂ + = 1 u(e) + %)
+5o(v<r)+ L) + %)]‘”ﬁ

= clﬁ /e G(t, s)(p71 (L
I PORT (x2)
/1 (s — )yt [ﬂ(u(t) + i Iu(t) + %)
1 5 1 ds
+5o(v(t) + . IY°v(r) + ;)]d‘l,')?
> P T (u, v)(1). (46)

In view of 0 < ¢ < Py — 1, it follows from Lemma 5
that the operator T has a unique fixed point x; € Q,,, such
that T(x;, x,) = x,i. That is, the problem (33) has a unique
positive solution for every n € 2,3,.... It follows from
a standard argument that {x;}},>2 being an equicontinuous
family on [1, e]. Let x* = lim,_, « x,;, by using of Lemma 5,
we know x* is a unique positive solution of (1).

It follows from x;; € Q,, that x; has uniform lower and
upper bounds. Letx;¥ — x* asn — oo, by astandard process,
we know from Lemma 5 that the mixed monotone operator 7
has a unique fixed point x* € Q,,. That is, the Hadamard type
fractional turbulent flow model (1) has a unique solution x*
and po(t) = 3r0(t) < x(t) < Mo(t) = po(t). Furthermore,
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for any initial value ug, vo € Q, one can develop two mixed
monotone iterative sequences by

um:/]eG(t )(p (S) e )/ (logs — log t)*2~ 1
X[Q(Mm—l(f)yl,;/’gum—l(f))
+5o<vm_1(f),Ig’avm—l(f))]df>%

S log s — log 7)%2~
v ./1G(t )<p(s) Fix )/(ogs 0gT)
%[ (V1 (0, 11 (0))
d
9 (11 (0.1 P () ) = 47

and the sequences i, (1), vy, (¢) satisfy ||u, —x*|| — 0, ||V —
x*|| = 0as m — oo.
O
Example 7: Consider the following Caputo-Hadamard-
type p(z)-Laplacian fractional turbulent flow model with
Erdélyi-Kober operator:

CHD%¢>IZ+1(CHD%)C(I)) 1 x8(7)
o1 a0 + 1 )
x’(lz) =2x'(e), x(1)= xz”(l) =0
CHD%x(l) =0.

1
1=0,re[l,e] 48)

wherex1—2,xz—2,y—1 n—% 8:%,k=2,and

p(t):tz—i—l, Au, v):u% +v%, pu,v)y=u"s +v7%. 49)

Thus, P = 1, Pyy = 2, and we can choose ¢ = 5 < 1, then

11 11 1
A(cu, cv) = c6us + c8v8 > c50(u, v),

go(cilu, cilv) = (cflu)fé + (cflv)f% > c%p(u, V),

forany u,v > 0and O < ¢ < 1, the conditon (H2) holds. It is
obviously that (H 1) holds. Thus, with the help of Theorem 6,
we can safely conclude that the problem (48) has a unique
positive solution x*, and there exists a constant M = 330 >
max{324.78, 1.2} such that

t
— < t) < 330¢. 50
330 =% (1) (50)

Moreover, for any initial up, vo € Q,, We can construct
successively two sequences {u;,} and {v,,} by

e 1 s 1
”rnzﬁ G, )(sz_H @/O(S—T) 2

x[@(um_l(r)J;%um_l(z))

ds

4 (1@ 1) P @) Ja) ©

B e _q 1 K B
vm_/l G(t’s)%”l(r(%)/o(s

109838

X [@(vm 1(7), 1; ] vm_l(r))

5 (1@ 1] e (0) Ja) S D)

and the iterative sequences i, (t), vi(t) converge uniformly to
x*(Hon[l,elasn — oo, i.e., |um—x*|| = 0, [V —x*|| —
0asm — oo.

IV. CONCLUSION

In this paper, by employing mixed monotone iterative tech-
nique, we have developed the existence theory for a class
of Caputo-Hadamard-type fractional turbulent flow model
involving p(t)-Laplacian operator as well as Erdélyi-Kober
fractional integral operator. Our results are new and con-
tribute significantly to the literature on the topic. By fixing
the parameters involved in the given problem, we can obtain
some new fractional turbulent flow model and results as
special cases of the present work. For example, if we take
n = 1, the above fractional turbulent flow model turns into
fractional turbulent flow model involving the Kober operator.
Letting ¥ = 0 in fractional turbulent flow model involving
the Kober operator, our model degenerates into fractional
turbulent flow model involving the well-known Riemann-
Liouville integral operator. Moreover, if we put p(f) = p
(constant). our fractional turbulent flow model also contains
a series of Caputo-Hadamard-type fractional turbulent flow
model involving standard p-Laplacian operator.
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