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ABSTRACT This paper considers the model-free optimal consensus problem of networked Euler—
Lagrange systems without velocity measurements. By employing the position information, a novel neural
network-based velocity observer is built for each agent to estimate the unmeasurable velocity vector and
unknown system model. Based on the estimated velocity information, we propose distributed optimal
control policies depended on the solutions to the coupled Hamilton—Jacobi—Bellman (HJB) equations.
Then, a model-free policy iteration (PI) algorithm is provided to learn the coupled HIB equations online.
To implement the PI algorithm, the critic-action neural networks are built and their weights are updated based
on the gradient descent method. The uniform ultimate boundedness of the integrated observer estimation
errors, the integrated consensus errors, and the weight estimation errors for the observer-critic-action neural
networks is demonstrated by the Lyapunov technique. Finally, the numerical simulation on a directed network
with six nonlinear manipulators is presented to validate the theoretical results.

INDEX TERMS Euler-Lagrange systems, adaptive dynamic programming, consensus control, adaptive

observer.

I. INTRODUCTION

Distributed control of networked Euler-Lagrange sys-
tems (NELSs) has attracted lots of attention due to
Euler-Lagrange equations are usually utilized to describe
the dynamical behaviors of many practical physical systems,
such as robotic manipulators, power electronic systems and
actuated autonomous vehicles. Extensive results have been
reported on distributed cooperation problems of NELSs
in [1]-[6]. The study of the consensus problem for NELSs
over an ideal and fixed communication network has been
considered in [7], which was extended to communication
delays or switching networks in [3], [8]. Later, by introducing
an auxiliary system, Hu et al. investigated the swarming
behavior of NELSs with cooperation-competition interac-
tions in [4]. It has been revealed that, under a stochastic
sampling communication setting, distributed consensus for
NELSs can be achieved in [9]. Most of these works assume
that the complete state information of the system is available.
Unfortunately, this assumption is rather restrictive and not
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realistic so as to stunt the application of the existing results
to practical systems.

It is usually difficult to access velocity information in
some mechanical systems since these systems may be either
not equipped with velocity sensors or those with velocity
sensors are often contaminated by noises. Hence, how to
avoid using the velocity information in addressing the con-
sensus problem of NELSs become a crucial and challeng-
ing issue. To deal with this issue, many works on partial
state feedback control have been presented in [10]-[14]. By
adopting the damping injecting principles of passivity-based
control, a position feedback consensus control protocol for
NELSs without velocity measurement was designed in [10].
For the finite-time tracking problem, Zhao et al. [11] built
a sliding-mode observer-based distributed consensus control
policy which only depends on the the position information.

In the process of achieving consensus, it is desirable to
optimize the system performance [15]-[18]. So far, adaptive
dynamic programming (ADP) [19], [20] combined rein-
forcement learning with adaptive control is an efficient and
promising method to address optimal consensus problem
forward in time. From the perspective of game theory, ADP
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technique was employed in [21], [22] to investigate the
optimal regulation problem of differential graph games, in
which all agents can achieve optimal consensus while they
are in Nash equilibrium. Extension to deal with the unknown
system dynamics can be found in [17], [23], where off-policy
reinforcement learning approach is introduced to address the
optimal synchronization problem for model-free homoge-
neous and heterogeneous MASs. By equipping with omnidi-
rectional vision sensors, [24] proposed the distributed optimal
consensus controllers for uncertain mobile multi-robot sys-
tems with external disturbances.

In this paper, we address the distributed optimal consensus
problem for NELSs without velocity measurements. Com-
bined with the above results, the main contributions of this
paper are given as follows.

1) By using only the position information of each agent,
we design a novel neural network-based observer to estimate
the velocity information and the system dynamic model.

2) It is noted that NELSs can be transformed into
second-order multi-agent systems (MASs) based on coordi-
nate transformation. Then we will employ ADP technique
to solve the optimal consensus problem for second-order
MAS:s.

3) Compared with the existing model-based adaptive con-
sensus approach of NELSs [6], [25], a distributed model-
free optimal consensus algorithm is proposed in which
the critic-action network framework is built to approx-
imate the optimal performance and optimal consensus
policies.

The rest of this paper is organized as follows. Section II
presents the graph theory and problem formulation.
Section III designs a neural network-based observer for each
agent, while optimal control policy is obtained in Section I'V.
The critic-action network structure is built to implement the
proposed algorithm in Section V. A numerical simulation is
provided in Section VI. Finally, the conclusion is drawn in
Section VII.

Il. PRELIMINARIES
A. GRAPH THEORY
Let G = {V, &} be a digraph in which V = {1,2, N} is
the set of nodes and £€ C V x V is the set of directed
edges. A directed edge (i,j) € & exists if and only if node
i can get the information from node j. And N; = {j
(i,j) € &,j # i} denotes the neighbor set of node i and
N; = [N, i}. A directed path is a directed edge sequence
in the form of (i1, i), (i2, i3), - . ., (ik—1, ix). A digraph is
said to be strongly connected if there is a directed path
from one node to any other node. Graph G has a directed
spanning tree if there is a root node that has a directed
path to any other node. A = [a;] € RN*N denotes the
nonnegative adjacency matrix of digraph G, where a; > 0
if (i,j) € & orelse aj = 0. And L = [l;] € RVN
is the Laplacian matrix of digraph G with [; = ) a;
jEN;
and ll] = —dajj, i ;éj ’
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B. PROBLEM STATEMENT

Consider a group of N agents governed by the Euler-Lagrange
equations, the dynamics of each agent can be described as
Mi(q)qgi + Ci(gi. gi)gi + gi(g) = wi, i=1,....N (1)
where g; € R is the generalized configuration coordinate,
Mi(g;) € R™ denotes the inertia matrix, Ci(g;, ;) € R™*™
denotes the Coriolis and centrifugal force matrix, g;(g;) € R™
is the gravitational torque vector, and 7; € R™ is the vector of
control input torque exerted by the actuators.

Based on the structure of Euler-Lagrange systems, the fol-
lowing assumption is given.

Assumption 1 [4], [8]: The inertia matrices M;(q;) are
symmetric positive definite and bounded, i.e., my,; <
[Mi(g)ll < mp; for all agents in which my; = Apwin(Mi(g:))
and mygi = Apmax(Mi(g:)).

To simplify the dynamics model, v; = g; is defined as the
velocity vector of agent i. Thus the EL dynamics systems (1)
can be transformed into the second-order dynamic system as
follows

gi = vi
v = —Filgi, v) + M (g7 @

where Fi(gi, vi) = M;" (4)(Cilgi, vi)vi + 8i(q1)).

Now the problem is formulated as follows.

Problem 1: Consider the NELSs given by (1), the following
distributed control protocol is designed as

i = ki(q s Vir) 3

where qy;, = {gi :J € N;} and VAL = {vi:je N} such
that all the agents can achieve consensus, i.e., ||g; — gjl| — 0,
lvi —vjll = 0,Vi,jeV.

The designed distributed controllers (3) rely on the local
position and velocity information. In practice, yet, the Euler-
Lagrange systems can only obtain the position information.
To address this issue, an adaptive observer will be designed
for each agent to estimate the unknown velocity information
and the unknown system model.

IIl. NEURAL NETWORK-BASED OBSERVER DESIGN
According to the approximation property of neural net-
works (NNs) [26], [27], the velocity dynamics of the ith agent
can be presented as

b = —Fi(qi, v + M, (g

= W;,il/fF,i(CIi: vi) + €F.i(gi, vi) + W;,[,in,i(CIi)Ti
+em.i(gi)Ti

[T T Yr,i(qi, vi) 0 1
=l il [ 0 WM,i(CIi):| |:Ti:|

+ [erilgisvi)  em.i(gi) ] |:rl,:|
= Wz,ilﬂi(qz', vi) + €0,i(qi, Vi) 4)
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T :
where w,; = [wf,; wj; ;] denotes the unknown ideal

weight of the observer NN,

oo | Yr.igi, vi) 0 1
I/fz(%y Vi) = |: 0 1//M,i(ql')i| |:‘L',‘:|

is the activation function vector and &, ;(g;,vi) =

[81:,,'(6],‘, Vi) 8M,i(Qi)] L.i

is the estimation error. Thus the
1

velocity of agent i can be identified by updating its observer
NN weights.

Throughout this section, the following standard assump-
tion resulting from the PE condition [28] is introduced for
the observer NNs.

Assumption 2: The ideal weight matrices, the activation
functions and the estimation errors of the observer NNs
are bounded, i.e., there exist positive constants w, s, ¥y
and e,y such that lwoil < wou Wil < vu
and [l&,ill < &om-

When using NNs to estimate the velocity vectors,
the dynamics (4) can be approximated by

A AT A oA

Vi = w, i ¥i(Gi, Vi) (5)

where W, ; is the estimated weight matrix, g; and v; are the
estimated values of g; and v;, respectively.

Due to the velocities are unavailable, the passive observers

are designed by using the available position information to

estimate the velocity vectors and the system model. For each
agent, the following NN-based observer is designed as

gi = Vi +cali(qi — qi)

Vi = W Wi, %) + el (g — @) (6)
where [; > 0 is the observer gain to be determined later.
ci1, cip are coefficients of the Hurwitz polynomial fi(x) =
x2 + ciix + ¢pp.

Remark 1: The proposed observers (6) are designed based
on the position information of itself. In comparison to dis-
tributed observers in [13], [29], the proposed observers (6)
can reduce communication and computation load.

From (2) and (6), the estimation error dynamics for the
position and velocity vectors can be derived as

gi = vi — cilig

Vi = WD i@, 90 + & — colfd @)
where ¢; = ¢; — g; and V; = v; — V; denote the position and
velocity estimation error, respectively, W, i = W, i—W,,; 18 the
weight estimation error, and ¢; = wg {(Wilgi, vi)—¥i(@i, Vi) +
£0.i(qi, vi) 1s the bounded term based on Assumption 2.

Inspired by [30], [31], the weight update law of the ith
observer NN is given by

Wo.i = 07i(Gi. 9G] — ViWo.i ®)
where o; > 0 is the learning rate, y; > 0 is a small constant.

Furthermore, the integrated observer estimation error for
each agent is defined as n; = col(g;, v;/l;). Then one has

ni = LiCini + €; )]
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—ci1 1 0
where C; = ! ande; = | - A )
! |: —licpp 0:| ! [WZiWi(Qi, vi) + é‘zi|
Given a positive definite matrix Q;, then there exists a
positive definite matrix P; such that

CI'Pi+ PiCi = —Q; (10

Definition I [32]: The error & is uniformly ultimately
bounded (UUB) with respect to a closed ball 2 if for VB > 0,
there exists #¢(B) such that if [|£(f)|| < B, then £(t) € Q,
Vit >to+tr(B).

Theorem 1: Consider the NELSs (1), the NN-based
observers and the weight updated laws of NNs are provided
as (6) and (8), then the integrated observer estimation errors
n; and the weight estimation errors w, ; are UUB.

Proof: Choose the Lyapunov candidate function of agent
i as follows

Lo,i = Ln,i + Lw,i (11)
where L, ; = %niTPmi and L, ; = %tr(ﬁ/gifvo,[).

Taking the derivative of L, ; along the dynamics of the
integrated observer estimation error (9) yields

. [
Ly;= éﬁ,’T(C,'TPi + PiCini + n! Pie;
l‘
= —ElfliTQini + 0} Pie;

l.
< == hmin(@DIMill* + il 1 Pill €]

<
2
; 1
< —E’Ammgonmnz + EllmllzllPillz
[
+ §<||on, Vi@, I + 11Ei 1) (12)

Based on Assumption 2, it is known that

gl < ||Wg,i(1/fi(61i, vi) — ¥i(qi, V)l + ll€o,i(qi, vl
=< 2Wom¥rMm + Eom
<¢ (13)

where ¢ = 2w, yYm + go.m-
Combined (12) with (13), one has

i e L 0N 1P (12
Ln,z = 2(lz)tmm(Qz) 1P 1) m:l
1 - 1-
+ 5 Vi IWoill* + 582 (14)
Then taking the derivative of L,, ; along (8) yields
Lw,i = _tr(‘:{}(z,‘";{’a,i)
= —tr(iv, (0ii(Gi. 9G] — ViWo,))

= —tr(oW] i@, D)G! ) + tr(yw ] (Wi — Wo,i))

(T'IﬂM ~ - Yi, o~

< =5 W0l + 1201 + 5 (1ol + w5 pr)
= illo, il
oYM — Vi, - oiym, 2 Vi

< T il + = Il S e (19)
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Substituting (14) and (15) into (11), one can obtain
Lo,i - Lr;,i + Lw,i
1 2 2 1 LT
—E(li?»mm(Qi) = 1Pl Nn:ll” + —lelwo,iII + 54‘
oYM — Vi oiYm

+———1Iw Woill® +—|Im|| + 2W0M

1
_E(li)‘«min(Qi) — 1PilI* = o) il

IA

IA

1 - 1- Vi
=50 = @+ DY) o ll® + 587 + Twi

Setting /; >
following inequalities hold

and y; > (o;

12 .
HPAL,:EOQ}K/M + 1)lﬁM, if the

52 + ViW(ZJ’M
Inill > 5 =0y,
Lidmin(Qi) — |1Pill= — oivm
or
- 52 + Viwz M
[Wo,ill > | —————— = O,
—(oi + Dy

then we can obtain I;,,, i < 0. This means that the integrated
observer estimation error 7; and the weight estimate error w,, ;
for each agent are UUB.

Remark 2: 1t is noted that LOQ,- is negative definite outside
the ball ©; = {(;, Wo)lmill > Oy and [l > Opi).
The size of the error bound ©;,; and ©, ; can be arbitrarily
small by selecting the suitable parameters /;, o; and y;.

IV. ADP-BASED OPTIMAL CONSENSUS

CONTROLLER DESIGN

To synthesize the system performance, the optimal consensus
problem of NELSs will be transformed into a distributed opti-
mal regulation of second-order MASs in this section. Then
we employ ADP technique to design the optimal consensus
control policies for second-order MASs.

A. OPTIMAL CONSENSUS CONTROLLER DESIGN
The local neighbor position and velocity consensus errors for
agent i are defined as follows

el =3 aylqi — q)
JjeN;

el =) aj(vi—v)) (16)
JjeN;

Then the dynamics of the local neighbor position and
velocity consensus errors are derived as

JeN;
e = ) li~Filgpv)+ M gpr) (D)
jeN;
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For each agent in digraph G, the dynamics of integrated
local neighbor consensus error are given by

y 0
‘= Z IU(|:—Fj(‘§jv Vj>] * [Mj_l(%')} o)
JeN;

= > i(Filg, v) + Mj(g)T)

JjeN;
= Li(F(q,v) +M(q)7) (18)
where ¢; = col(e?, elV) is the integrated local neighbor con-

sensus error, g = col(qy,...,qy) and v = col(vy, ..., VN)
denote the global position and velocity vectors, £; =
Li ® L, F(q,v) = col(Fi(qi,v1),...,Fn(gn,VvN)) and
M(g,v) = colMi(q1,v1),. MN(CJN, vy)) in Whlch
Fi(gj,vj)) = col(vj, —=Fj(g;j, v})) and M(q]) = col(0, M_
(gj)), T = col(t1, ..., Tv) is the global control input torque
In order to find an optimal control policy for agent i,
we define a value function which depends on the local neigh-
bor consensus error ¢; and the control input torques 7, of

agent i and its neighbors as follows,

o
Vilei Ti) = [ (] Suei+ Yt RyTyds  (19)
JjeN;
where Ty, = {tj :Jj € J\_/}}, S;i and R;; are symmetric
positive definite matrices. In practical, Vj(e;, T N ) denotes the
local performance on energy consumption of agent i during
consensus evolution.
Based on Leibniz’s formula, the coupled Hamiltonian equa-
tion of agent i is given by

Hi(e;, V. eis T_/\/) =¢€; S,,e, + Z Rt/T/
jeN;
+VILi(F(q.v)+M(g)r)  (20)

where V,, = 0V;(e;)/de; denotes the partial derivative of the
value function V;(e;) with respect to e;.

Using the stationarity conditions, the optimal control pol-
icy for each agent can minimize the value function (19), thus
one has

T =— dl i M)V 1)

L
2
where V*(e;) denote the optimal value function of agent i.
Inserting (21) into (20), the coupled HIB equation for each
agent is rewritten as

0 = Hi(ei, V;,, TX-/i)

1 _ 1 -
= e-TSiiei - —d-ZV*TM'(‘Ii)RiilMiT(qi)V;
+- Zsz*TM(q, Ry " RiR; M (g)Ve;
]e./\/'
*T T g \V*
= Z dilyVey' Mi(g)R; M} (g)V,)
jEN
+ D Ve Figv)) (22
JjeN;
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To find the optimal consensus control policies, it requires
to obtain the solutions of (22). Yet, it is difficult to find the
solutions due to the nonlinear nature of the coupled HIB
equations.

B. MODEL-FREE PI ALGORITHM

Here, a model-free PI algorithm working together with
NN-based observers is developed to solve the coupled HIB
equations (22). The NN-based observers (6) and the weight
update laws (8) which only depend on the measurable posi-
tion information provide the estimation of the system model
and the velocity vectors. Thus based on the estimations,
we develop the model-free PI algorithm for the integrated
error system (18) as shown in the following.

Algorithm 1 guarantees that the value functions and control
policies can converge to their optimal values, i.e., Vl.(l) —- VI
and ugl) — uf as | — oo. The convergence analysis of
Algorithm 1 is similar to [18], [21], thus it is omitted here.

Algorithm 1 PI Solutions for Second-Order MAS
Step 1: Initialization

Start with the admissible control policies u?o), ieV.
Step 2: Neural network observation

Update the weight law (8), estimate the inertia matrix
Mi(q,-) and compute the estimated values of g; and
v; according to (6).

Step 3: Policy evaluation

Employing the estimation information of M, i(gi),

gi and V;, solve the Hamilton equations
m@wﬁ¢%=o

Step 4: Policy improvement

Seek the control inputs using

I+1 -1y I
.[i( +1) — _%diRii IM[T(qi)Ve(i)
Step 5: Stop Criterion

If ||Vl.(l+1) — Vl.(l)|| < € (€ is a small positive constant ),
stop and acquire the approximated optimal control

policies u; Otherwise, set / = [ + 1 and go to Step 3.

V. IMPLEMENTATION OF CRITIC-ACTION NN STRUCTURE
In this section, the critic-action network framework based on
model-free PI algorithm will be introduced to approximate
the solutions to the coupled HIB equations (22).

A. CRITIC NN DESIGN
Similar to observer NN, the value functions can be approxi-
mated by the critic NNs as

Vi(e) = W£i¢c,i(éi) + &c.i(@;)

where w.; € R is the ideal weight vector with A,; being
the number of neurons in the hidden layer, ¢, i(e;) € Rhwvi
is the activation function, &, ;(¢;) is the approximation error
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and ¢; = L;col(g, V) is the estimation of the local neighbor
Consensus error e;.
Taking the derivative of V; with respect to ¢; yields

Ve, = V¢Ziwc,i + Veg,

where V(bc’i = 8¢>c,i(éi)/8éi and V&C,i = aec,,-(é,-)/aé,-.
Suppose that w, ; is the weight estimation of w, ;, then the
output of the critic NN and its derivative are given by

Vi@ = Wl ie.i(@) (23)
Vs = V@ e, 24)

Then, the approximated Hamiltonian equation of agent i
corresponding to (20) is rewritten as

Hi(e;, "}.e” TJ\_fz) = éiTS,','éi + Z ‘LT/TR,'jTj
jeN;
+ W Voo i Li(F(G, %) +M@rt)  (25)

Based on (25), we select the weight update law of the critic
NN for agent 7 as

2 oE;
Wei = —0i——
C,l lawcgi
pi(pT We,i + ri@i, Tip)
=~ . ' (26)
p; pit+1
where «; > 0 is the learning gain, p; = Vd)c,iéi, and
ri@i, Tiy) = & Siéi + 2 5 T Ry
Let W, ; = Wc,; — w,i, then we have
"~Vc,i = 1’AVc,i - 1"Vc,i
pip] We.i + i@, Tx))
= —ai T
p; pi+1
T ~
_ _aipz(p, Tc,l HJ,z) @7
p; pi+ 1

T 5o
where epy ; = W iPi + ri(e;, T/\/})'

B. ACTION NN DESIGN
Here, an action NN is employed to approximate the control
policy for agent i as follows

Ti(e) = W;,-%,i(@i) + &4,i(€))

where w, ; € R*™ is the ideal weight matrix with h,; being
the number of neurons in the hidden layer, ¢, ;(e;) € Rbei is
the activation function, and g, ;(¢;) is the approximation error.

Let w, ; be the weight estimation of wy, ;, then the estimated
control policy for agent i can be expressed as

©i(21) = Wy, iPa.i (@) (28)
Furthermore, the optimal control policy of agent i using the
gradient of the value function (30) can be given as
| .
T = — iRy M GV e,
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Then the approximation error of the ith action NN is
defined as

R S R
Va,i 1= WY iha,i(@) + SR "M GVl he: (29

Based on (29), the weight update law of the action NN for
agent i is selected as

. Bita.i(@)v];
Wa,i = - T /A ~
Gy.i(€Dda,i(er) + 1

(30)

Let W,,; = Wq,i — Wa,i», then one can obtain

Wai = Wai — Wayi
Bida.iCiv, ;
@L @paite) + 1)?
Biba.i(€) W] $a.i(éi) + Diwei + )"
- OT (@pai(e) + 1

where D; = 3diR;'M!(G)Vel, and i = Diwe; +
Wg,j(ﬁa,i(éi)-

Assumption 3: The ideal weight matrices, the activation
functions and the reconstruction errors of the critic and action
NN are bounded, that is, there exist positive constants w,. 7,
WaM»> GeMs Pams Pam > Ec,m and gq p such that [we ;|| <
We M » ”Wa,i” =< WaMm ||¢C,i” =< ¢C,M’ ¢a,m < ”(pa,i” =< ¢a,M,
llec,ill < &c.m and lleq,ill < €am-

Theorem 2: Consider the error dynamics be given by (18).
Let the critic-action NN for agent i be given by (23) and (28),
the update laws for the two NNs are provided by (26) and
(30). Then the integrated consensus error e;, the critic and
action NN estimation errors w, ; and w, ; are UUB.

Proof: Choose a local Lyapunov function candidate as

Ly;=Lii+Lis+Liz+Lig 3D

where L; | = tr(wl we.i)/20i, Lip = tr(w} Wwa,))/2Bi, Lis =
tr(wh Wo.i), Lia = ef e + 2TV,

Based on Assumption 1 and 3, it is easily known that exy ;,
D; and Y; are bounded, i.e., there exist positive constants
eny.m> Dy and Yy such that |lepy ill < enym, |Dill < Dy
and ||| < Y.

According to (27), we take the derivation of L; | as

. 1 .
Liy = —tr(w, we.i)
o

~ T T ~
W, iPi(P; We,i + €HJ,i)

= —tr(
plpi+1
—wl oW p)" =Wl pigny i
= ool ’ (32)
p; pi+1

Due to Wg l.p,-(fvz’ l.,oi)T > 0, then there exists a constant

A; > 0 such that A;[[Wwei1? < w7007 ,p)T. And it can
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observe that ﬁ < 1, then one has
p; pit+1
Fin <= el 4 (Rt + 2 )
p; pi+1 2(p; pi+ 1) ' '
L 0 L (33)
T ooph+1 20T 202+ 1 HIM

Taking the derivative of L; » yields

, 1
L, = Ftr(wa,[wa,i)
l

wi,’d’a,i("’{/,{’iqsa,i + Diwc,i + Ti)T

= —1r(
¢;j¢a,i +1
_ (wii‘pa,i)Tﬁ’;i(f’a,i (wii(l’a,i)TDiﬁ’c,i
¢Z,i¢a,i +1 ¢Z,i¢a,i +1
(wgi‘i’a,i)TTa,i
- (34)
¢a’l¢a,i +1

Since (vT/aTJ(;ba,,-)Tﬁziiqﬁa,,- > 0, there exists a constant
I1; > 0 such that IT;||Ww,||> < (W) i®ai) W, Bai. And it is

T .
known that g“f"; - < 1, then (34) can be rewritten as
i< il Waill> | Naill*IWaill> | 1D el
2 < —
P2yl 205 ¢ai+ D) 2@L¢ai+ 1)
llBa, i1 11a,i1% 1012
2¢g bai+ D) 2B] ibai+ 1)
I1; - Dy, .S
< —(5—— = DlIWail® + 52— el
Gop + 1 “ g2,
TZ
A (35)

T, 1D

Subsequently, consider the third term, L; 3, the derivative
remains the same as in (15), so it yields

. - ~ 2
Liz < (0¥ — y)lloill> + oivrm Il + yiwl yy  (36)

Next, consider the derivative of L; 4 with respect to time,
then one has

Ll',4 = Zel.Té,- + 2F,’V,'
= 2¢] Li(F (g, v) + M(q)7) — 2Tiri(ei, )
= D 2ye] (Filgj. v)) + Mi(q)))

jeNi
— 2F,’€iTS,','€,' = 2I%; Z ‘[jTR,'j‘[j
JjeNi
< Y Ulmuill> = 2T idmin R 511 + 2(IAG |
JeN;

— Tidmin(Si)lleill* + Z 123 F (g, vpI> (3T)
jeN;

where ||Nj| denotes the number of agent i and its
neighborhood.
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FIGURE 1. Communication graph of six 2-DOF nonlinear manipulators
with revolute joints.
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FIGURE 2. The estimation errors of the position and velocity vectors.

Finally, based on (33), (34), (36), and (37), the derivative
of Ly; is written as

Lot <~ Dl + e,
’ 1%4 +1 27°° 202 +1 7
D2
—1 ﬂ) . 2+—M ‘,’{, 112
<¢ a,il 2@5%“)” il
2
m + (@i = YdllWoill* + oim il
+yiwour + Y (lgmai* = 20 dminR)IT1>
JjeN;
+ 200Nl = Cidmin(Si)) leill> + Y IFi(gy, vl
JjeN;
2 i Dy
< —(yi—oi Wo,ill = — -
< —(y iYm)|| 0,1” (,02 1 2(¢gm+ N
1o 2 2
= el —<¢ - = Dlla il + 204G
— Tikmin(Sii)lleill* + Z(||l,~,-mM,-||2 -
JjeN;
X Amin R + E; (38)
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FIGURE 3. The NN weight estimations: (a) Observer NNs; (b) Critic NNs;
(c) Action NNs.

2
1 2 )
20241 HJM+W+W/W® i Yiwe y+

Zje/\_/,- ”lijF (QJ’ Vj)” .
For simplicity, the following new variables is defined as

where E; =

@1 = Y — oYM
A; Dlzw 1
T T 2@, + D) 2
oy + (bam+ D
I1;
T eyt

@ia = 2(Cikmin(Si) — INGI)

UM Nma])?

If ['; satisfies I'; > max{-—"7&~ TS m} and the inequal-

=

ities ||[Wo.il| > “,i or [[weill >

=
(=T

i3

5 or [waill >

or |le;|| > “’ hold, then L si < 0. ThlS implies that the

integrated error the weight estimation errors of the observer-
critic-action NNs are UUB.
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FIGURE 4. The neighbor consensus errors of the position and velocity
vectors.

VI. SIMULATION

This section presents a numerical simulation to verify the
resulting optimal consensus control algorithm. The NELS is a
connection of six 2-DoF nonlinear manipulators with revolute
joints as shown in Fig. 1. Refer to [25], [33], each agent is
modeled as a two-link robotic manipulator with the the inertia
and Coriolis matrices given by

Mi(g) = 8i1 + 82 + 283c08(gin) Sz + i3cos(qiz)
g0 = 8i2 + 8i3cos(qin) 8

.| —nsin(gn)gn  —dnsin(gin)(qi + gi2)
Cilai- 40 = [ 8insin(gi2)gin 0

and the gravity vector given by

2iai) = diageos(gi1) + Sisgcos(qi + qin)
o disgcos(qin + qi2)

where 6;1 = Jii + m,'zll.zl, dp = Jp + 0.25m,'gll.22, 8iz =
0.5mplili, 8ia = (0.5m;1 + mp)lix, 8i5 = 0.5mplp.

In the simulation, the parameters of six robot manipulators
are: mj;y = 4kg,mp = 2kg and l;; = 0.4m,lp = 0.4m
foragenti = 1,2,3; mj; = 1.5kg,mpp = 3kg and [;; =
0.3m, lj = 0.3m for agent i = 4,5, 6, the weight matrices
Sii =514, Ry = Do, R,‘j = 0.51, and the gains g =2,yi =35,
;=3 x 1072, Bi=5x 10~2. The observer-critic-actor NN
activation functions are chosen as

agc}i 0 0
A A Vv 0 0 1:|
i\gi, Vi) = ~ A A
vildi. Vi) 0 a qi1qi2 [Ti
0  Gnan G5
e.i(er) = [tanh(e},) tanh(ejep) tanh(e;ie3)

tanh(e;e;q) tanh(eizz) tanh(epes) tanh(epeis)
tanh(el%) tanh(ejze;q) tanh(el-z4)]T
$a.iler) = [tanh(eq) tanh(ep) tanh(eis) tanh(ei)]"
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Fig. 2 shows the estimation errors of the position and veloc-
ity for all agents, from which it can be observed that the esti-
mated positions and velocities using the designed NN-based
observers can converge to their real values well. In Fig. 3,
the evolutions of the weight estimation for the observer-
critic-action networks are depicted which shows that they
are UUB. Moreover, Fig. 4 plots the local consensus error
result for the positions and velocities of the manipulators, it is
easily observed that the NELS can reach consensus under the
proposed optimal controllers.

VIl. CONCLUSION

In this paper, for the NELSs without velocity measurements,
we built a distributed optimal control scheme using only the
position information. For each agent, an NN-based observer
was designed to estimate the unknown system dynamic model
and unmeasured velocity vectors. Besides, the UUB of the
integrated observer estimation errors and the weight estima-
tion errors for observer NNs was proven. From the differen-
tial game point of view, the optimal consensus problem of
NELSs was transformed into an optimal regulation problem
of second-order MASs. To solve the optimal consensus issue
online, a model-free PI algorithm was introduced to obtain
the solutions of the coupled HIB equations. Then, the update
rules for the critic-action network weight were designed and
the stability of the closed-loop system was demonstrated.
Finally, the simulation was provided to verify the effective-
ness of the proposed approach. The proposed approach was
based on local cooperation but not competition, so one future
challenging problem is how to address the distributed coordi-
nation and competition problem.
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