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ABSTRACT Multi-view learning mechanism, which enhances learning performance by training
multi-model data sets, is a popular filed in recent years. Multi-view generalized eigenvalue proximal support
vector machine (MvGSVM), as a most recently proposed classifier, has been shown to be successful in
multi-model classification, which incorporates multi-view learning into classical GEPSVM. However, this
method is still based on squared L2-norm distance measure, thus its robustness is not guaranteed in the
presence of outliers. To address this problem, we propose a robust multi-view GEPSVM based on Lp-norm
minimization and Ls-norm maximization. But, the introduction of the Lp-norm and Ls-norm makes the
problem different from the generalized eigenvalue problem. So an efficient iterative algorithm is designed
to solve this problem, and we also give the proof of convergence of the algorithm. The performances in
extensive experiments demonstrate the effectiveness and robustness of the algorithm.

INDEX TERMS Robustness, multi-view learning, classification, generalized eigenvalue proximal support

vector machine (GEPSVM).

I. INTRODUCTION
Support vector machine (SVM) [1]-[3], as a supervised
learning tool [4], has performed powerfully in pattern recog-
nition and data mining over the past decades. The main idea
of traditional SVM is to construct two parallel hyperplanes
between +1 class and —1 class datasets in a real space,
and seek an optimal hyperplane by maximizing the margin
between the two parallel hyperplanes [5]. SVM has been pop-
ularly applied in a great deal of practical problems [6]-[10]
with its characteristic based on structural and empirical
risk minimization, such as image classification, handwriting
recognition, disease diagnosis, bioinformatics and so on.
However, there are two main constraints for original SVM
that limit its exposure to a wider range of applications:
the complex Quadratic Programming Problems (QPPs) [11]
and Exclusive Or problems (XOR). In order to solve the
two problems, Mangasarian and Wild proposed a simple
and fast classifier for binary classification problem, termed
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as generalized eigenvalue proximal support vector machine
(GEPSVM) [12]. The main idea of GEPSVM is to generate
two hyperplanes and each hyperplane is close to one class
and as far as possible from another class [13]. Different from
the standard SVM in obtaining the optimal plane by solving a
quadratic programming problem (QPP), GEPSVM attempts
to achieve two nonparallel hyperplanes by solving a pair
of generalized eigenvalue problems. Hence, one superiority
of GEPSVM s that it can deal with XOR problem effec-
tively, which has been testified in many researches on the
cross datasets [12], [16], [36]. With the powerful scalability
of GEPSVM, many improved methods have been devel-
oped in the past period of time [14]—-[22]. Jayadeva et al. [14]
proposed an extended fuzzy multi-category algorithm based
on GEPSVM for multiclass problem. Ye [16] put forward
a new algorithm to resolve the singular problem by sin-
gular value decomposition, which is called improved prox-
imal support vector machine via generalized eigenvalues
(IGEPSVM). Shao [17] presented a developed version of
GEPSVM via replacing generalized eigenvalue decompo-
sition with standard eigenvalue decomposition, which is
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more efficacious and faster than GEPSVM. Chen et al.
trained a novel manifold proximal support vector machine
(MPSVM) [18] for semi-supervised classification by intro-
ducing a manifold regularization (MR) term. After that,
Liang et al. [20] proposed a novel method called manifold
regularized proximal support vector machine via general-
ized eigenvalue (MRGEPSVM). By reformulating differen-
tial search algorithm (DSA) to find near optimal values of
the GEPSVM parameters, Marghny ef al. proposed DSA-
GEPSVM [19]. In addition, inspired of the optimization
objective for GEPSVM, Jayadera et al. raised twin support
vector machine (TWSVM) [13], which tries to obtain two
nonparallel hyperplanes by solving two small-scale QPPs
instead of generalized eigenvalue problems, is an important
branch of SVM. After that, there have been many improved
versions of TWSVM in recently, like WLMSVM [23],
IMBSVM [24] and so on.

Multiview learning (MVL) [25], [26] is an ascendant
learning direction in machine learning that utilizes dif-
ferent feature sets of the same object to perform calcu-
lations, and via capitalizing on the complementarity and
consistency among distinct views to enhance classifiers
performance [28], [29]. These diverse views are usually
derived from common multi-model data with different fea-
ture extraction methods [25] in practical applications. For
instance, one picture can be described by color and texture
feature sets while a people can be identified by fingerprints or
gaits. Furthermore, it is still valid for the artificially generated
multi-view sets of the objects which have no extra modal
features [27]. However, the main challenge of multi-view
learning is to seek out an impactful model to combine mul-
tiple views. To solve the problem, Farquhar et al. [31] pro-
posed a new method which combines the two distinct stages
of kernel canonical correlation analysis (KCCA) [30] and
SVM [1] into a single optimization in 2005, called SVM-2K,
calculating with two views of the data. Sindhwani ef al. [32]
devised a co-regularization framework with multiple views.
In recent years, Xie and Sun extended laplacian twin sup-
port vector machine (LapTWSVM) [33] to multi-view lapla-
cian support vector machines (MvLapTWSVM) [34] with
a new framework which combines two views in the con-
straint, by introducing two similar one-dimensional projec-
tions to find two variant TWSVM from distinct feature
spaces alternative to the objective function. Later, by intro-
ducing a multi-view co-regularization to associate two views,
Sun [35] gave an improved version based on GEPSVM,
termed as multi-view learning with GEPSVM (MvGSVM),
which converts a complex optimization problem to a gen-
eralized eigenvalue problem. Tang et al. propose a new
multi-view privileged SVM model, multi-view privileged
SVM model (PSVM-2V) [36]. After that, they built a
new multi-view learning model based on nonparallel sup-
port vector machine, termed as MVNPSVM [37], which
combines the large margin mechanism and the consensus
principle. Zhang et al. stacked the correlation restricted
boltzmann machine (RBM) to create the correlation deep
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belief network (DBN), and then proposed the multimodal
correlation DBN for learning multi-view data representa-
tions (CRBM) [38]. He et al. [39] develop a model which
can perform better in both multi-view and transfer learning
settings (MTDM). Besides, there are many applications for
multi-angle learning in other fields of machine learning,
such as multi-view dimensionality reduction [40], multi-view
ensemble learning [41], and multi-view clustering [42].

Notwithstanding, it is worth noting that almost methods
mentioned above may suffer from the sensitivity of outliers
or noises due to the squared L2-norm operation. In order
to expand robust methods that can reduce the influence of
outliers and noises, many works introduce L1-norm dis-
tance metric into related algorithms in recent years, as a
result, extensive studies have shown that L1-norm operation
is an effective way against noises [43]-[51]. For instance,
Yan and Yan [45] reconstructed the ratio term of GEPSVM
with L1-norm metric to seek two nonparallel planes by
managing a pair of QPPs. L1-norm projection twin SVM
(L1I-TWSVM) is proved that has a more stable performance,
in which Yan et al. [46] constructed an unconstrained con-
vex programming problem and generate multiple projection
axes for each class by using recursive algorithms. Besides,
Ll-norm is also actively applied in feature extraction
and dimensionality reduction (DR), such as principal
component analysis based on LIl-norm maximization
(PCA-L1) [52]-[54], linear discriminant analysis based on
L1-norm maximization (L1-LDA) [55], [56], etc. Yet, con-
sidering the fact that although L1-norm distance can obtain
better robustness than L2-norm distance, it also lacks satis-
factory robustness especially large outliers and noises exist.
In [64], inspired by [58]-[60], Sun et al. reformulated the
optimization based on L1-GEPSVM via using an Lp-norm
regularization to replace L2-norm regularization, named
robust nonparallel proximal SVM with Lp-norm regular-
ization (LpNPSVM), which solves a strongly convex pro-
gramming problem in each iteration. Qi et al. [62] extended
the generalized multiple kernel learning (GMKL) [63] to a
more robust generalized MKL method, by joining L1-norm
and Lp-norm. Actually, L1-norm and L2-norm are both the
special form of Lp-norm. However, the related Lp-norm
researches still employ non-robust squared L2-norm in the
objectives. Previous our work [57] has shown that Lp-norm
distance metric is a better choice for improving robustness,
who redesigned a flexible linear discriminant analysis via
simultaneous Ls-norm distance maximization and Lp-norm
distance minimization (FLDA-Lsp), which solves a new more
effective iterative algorithm for the solution to the objective
as an excellent contribution, and the result of this research
shows the convergence and superiority of Lp-norm distance
metric.

Under the inspiration of the works of multi-view
learning [25], [33], [37] and robust Lp-norm distance
measure [57], we propose a robust multi-view GEPSVM
algorithm, Lp,s-MvGEPSVM, which is based on the
Lp-norm distance minimization and Ls-norm maximization.
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Of course, the differences between the proposed method and
our previous work, in addition to the multi-view learning,
there is a dimension reduction algorithm in [57] but ours is
a classification method. In specific, the main contributions of
this paper is shown as follows:

(1) Considering the importance of the distance from hyper-
planes to the corresponding +1 class and —1 class may be dif-
ferent, Lp,s-MvGEPSVM introduces Lp-norm and Ls-norm
distance measure. Hence the adverse impacts resulting from
outliers and noises could be alleviated by setting relatively
minor p and s.

(2) Despite previous improvement, we also do the same
managing for the multi-view co-regularization term to ensure
the difference between the two views is as small as possible.
Obviously, MvGSVM is a special form of our algorithm if
we set p = 2 and s = 2 in (30), which illustrates the new
proposed method is flexible. And in other words, the opti-
mization of the more complex objective is one highlight of
this paper.

(3) Since the objective function is non-absolutely convex
and contains Lp-norm minimization term and Ls-norm max-
imization term, we put forward a new impactful method to
solve this problem.

(4) The convergence of our iteration algorithm is guaran-
teed and the experiment results on the distinct datasets exhibit
the effectiveness and robustness of our algorithm. Moreover,
our ideas can be integrated into other methods that will be
discussed in future work.

The remainder content of this paper is organized as fol-
lows. Section II gives a brief retrospect about GEPSVM
and MvGSVM. Section III proposes Lp,s-MvGEPSVM with
its geometric interpretation and section IV gives theoreti-
cal proof in details. All results of our experimentation are
displayed in Section V. Finally, Section VI summarizes the
whole work.

Il. RELATED WORK

In this paper, we consider a binary classification problem
and all vectors are column vectors. For a given real space
of dimension d, suppose dataset X = {x,X2,X3,...,X;}
and the corresponding label vector y;(i = 1,2,...,n) €
{+1, —1}, e; and e, represent the identity column vectors of
the appropriate dimension. And matrix A € R"* is a set of
points belonging to the 4-1 class in the sample, while matrix
B € R"2*4 is a set of points belonging to the —1 class, where
ny+ny =n.

A. GEPSVM
The purpose of GEPSVM [12] is to find two hyperplanes
which are nonparallel and proximal optimal in space R¢

x'wi+b; =0, x'wy+by=0. 1))

making the first hyperplane closest to the points of class
+1 and having the largest distance from the points of the
—1 class, while the second hyperplane is the opposite perfor-
mance, where wi, wp € Rd, b1, by € R. Therefore, the goal of
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GEPSVM leads to the following two optimization problems

. IAW; + e1by 12/ || [w bl]T”2
min > 3 2)
webt | Bwy + ey |12/ | [wi 117

and

. IBw> + exb2 12/ || [w2 bz]T||2
min 5 3)
Wb Awa +e1ba|? / | (w2 bal” |
where (w;,b;)) # 0 (i = 1, 2) and || .| indicates the
squared L2-norm operation, similarly, those also applies to
the following formulas. The above objective functions can be
optimized as

|Aw; + ;b
m 5 “4)
wi.bi || Bwy 4+ exbq||
and
IBw + exb,||?
©)

min ——= 1 =7l

waby  [[Aws + e1bs 2

For the singularity problem caused by positive semi-definite

matrix in the process of calculating, formulas (6) and (7)

can obtain a more stable solution via introducing Tikhonov
regularization term [65], as follows

2
AW +eby |2 + 8| [wa bo]7 ||
min )
wi,bi Bw2 + e2b: ||

(6)

and
2
| IBw +ebr|>+8] [wa b1
w2.b) AW + e1b; ||

where § is a non-negative regularization parameter. Define
21 =[wi b1, 20 = [wa 21", G =[A e/ ]"[A e1],

@)

H = [B e,]’[B e,]. Thence, the optimization prob-
lems (6) and (7) are equivalent to
T
z, (G + 6Dz
min 1(T—)1 8)
7 z; Hz,

and
2 (H+ 8Dz,
in*——"-=
5] zg Gz,

©)

where I is a unit square matrix that matching with G and H.
Obviously, both (8) and (9) are Rayleigh quotient problems.
So the optimal solution of the objective function could be
obtained easily by solving following two generalized eigen-
value problems

(G + 48D zy = M Hzq, 71 #0 (10)

and

H+ 8D z; = AGzy, 7 #0 an

where A1 and X, are the minimum eigenvalues of (10)
and (11), z; and z; correspond to the eigenvectors of A1 and
A2, respectively. And the first d components of z; denote the
weight vector w; of the i-th hyperplane, the last component is
bias b;, with i € (1, 2).
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2
20 Gz + 20 Gozy + 8( || z1|” + | 2211*) + & | Ma, 21 — M, 25|

min 14
71#0,22#0 ZITH1Z1 + ZgHQZQ (9
2
Lo TS+ EHE + 81612+ 161D +e [ Mp & — Mpb| en
£170,6,70 £TGi& + E1 Gy8)

B. MvGSVM

Assuming there are two different views, each view has n
samples X = (x’i, X;, e, x;) (i = 1,2) and shares a com-
mon label vector y;G = 1,2, ...,n) € {+1, —1}, of course,
they have different dimensions. Matrix A; € R"*91 denotes
the first view of positive class, matrix A, € R™ xd2 denotes
the second view of this class. Similarly, we have B; € Rr2xd1
and By € R™*% belong to the first view and the second
view of negative class, where n = n; + ny.There are two
hyperplanes for each view as shown

view 1
view 2

XITW1+b1 =0,
XgW2+b2=0,

xlTul +p1 =0

12
XguZ-l—pz:O (12)

where x; (i = 1, 2) means the data points in the i-th view. And
some abbreviations are defined as follows

My, =[A; e, My, =[A; e, Gi=M] My,
Mp, = [B; e], Mg, =[Bz e], G2 ZMXZMAZ
H; = Mj Mg, H, =M} Mz,
& = [ pil’, i

71 =[wy bi]"

H=[w pl’, z=[w b))’

Apparently G and G, are symmetric matrices in space
RA+Dx1+1) apd R+DX(d+1D) for this part, as same as H
and Hy. The goal of MvGSVM is to seek out two hyperplanes
of each view, in which the positive class hyperplane is as
close as possible to the +1 class samples and as far away as
possible from the corresponding — 1 class samples, contrarily,
the negative class hyperplane is the opposite. In addition, the
difference between two views should be as small as possible.
So before giving the objective function, a vital process is the
multi-view co-regularization of the algorithm

f =] Maz1 —Ma,z | (13)

where f is going to be as small as possible. Now the opti-
mization objective of the first problem in MvGSVM is given
as (14), as shown at the top of this page, where the signif-
icance of the multi-view co-regularization term is to min-
imize the disparity between two views, lz11? and ||z2|?
are Tikhonov regularization terms, § and ¢ are non-negative
weight factors. Equally, the co-regularization term can be
written as

” MAlzl - MA2Z2 ”2
2

T
[y, —My] [2] 2]

[ ] [ T [, M) [ ]
15)
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letz = [le zzT 17, objection problem (14) is equivalent to
G 0
T 1 2
. z [0 G2]Z+5IIZ|I
o H 0
z T 1
z [ 0 H2:| z

8ZT |:MA1 — MAz]T [MAI — MAZ] z

H; 0

T

z [ 0 HJ z
then define

[ 0+8G —(SM}Q]MA2 _[H; o0
Kl_[—aMgZMA1 (1+0G, | T 1=l o n,

a7

(16)

so the optimization problem is converted to a generalized
Rayleigh quotient
. 2TK;z
min
z#£0 ZTTll

(18)

It is easy to get the optimum solution by dealing with a
generalized eigenvalue problem as follows

Kiz=A Tz (19)

The second optimization problem can be solved in the
same way as the first one. And the second multi-view co-
regularization term is

| Mg, &1 — Mp, & ||2 (20)

therefore, via drawing term (20) into the other objective func-
tion, the optimal problem can be rewritten as (21), as shown
at the top of this page, by employing the same processing
method with (15), the second minimization problem with
&= [SIT SzT ]T can be described as

H 0 2
sT[O Hz}swngn
€40 G 0
AL
s§” [Mp, —Mp,]" [My,

G, 0

T
AL
and let

| A+ 8H,; —SMZT;IMBZ [Gi o
K2_|:—8M£2MB] d+om |70 =y ¢,

(23)

- MBz] g

(22)
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same as (18), the formula (22) is simplified to the following
Rayleigh quotient

- ETKag
min —
£#0 §TTH¥
Naturally, it is easy to get the optimum solution by resolv-
ing the following generalized eigenvalue problem

Ka§ = 2rThé (25)

where A; and A have identical definitions with GEPSVM.
So that there are four hyperplane parameters z1, z, &1, &2
to determine four hyperplanes corresponding to each classes
in the two views. Now, for given test samples x; and X»,
the Euclidean distance from samples to hyperplanes in each
view can be calculated

(24)

T T
X W b Xiu
viewl :  distl]l = M, dist]2 = | 1 1+V1|
w1l g |l
T T
X5 W b X5 U
view2 : dist2]1 = M, dist22 = | QW2 + V2|
w2l luz |
(26)

Thus the decision function for x; and x5 is
y = sign(dist12 + dist22 — dist11 — dist21) 27

where y is the predicted result of the hybrid views.

lll. Lp,s-MvGEPSVM

As shown that MVvGEPSVM adopts squared L2-norm dis-
tance metric, which is not robust against outliers [33].
Inspired by our previous work [50], we proposed a new
multi-view learning method with generalized eigenvalue
proximal support vector machines, called Multi-view Learn-
ing with Robust Generalized Eigenvalue Proximal SVM
(Lp,s-MvGEPSVM), which computes the distances from the
positive and negative points to the plane by using Lp-norm
distance and Ls-norm distance.

Let X = (x"l,xé, ...,Xfl)(i = 1, 2) denotes n points
in i-th view and y;(G = 1,2,...,n) € {+1,—1} be the
corresponding co-label. Define matrices A; € R"*%l and
Ay € R"*“ representing the first and second view of +1
class respectively. Similarly, B; € R™*% and B, € R™2*%
represent the —1 class of the corresponding views, with ny +
ny = n. Let sign(-) be a sign function with sign(-) = 1, where
(+) is a positive value and opposite sign otherwise. For a given
p > 0, the Lp-norm of a real vector f € R4 is defined as
[Ifl], = (Z?=1 If;|?)!/P. Pay attention that p is a variable that
can be replace by an arbitrary character such as s.

The goal now is to find two nonparallel hyperplanes in each
view that follows the same significance as MvGSVM

view 1 X{wi+b1 =0, Xju+p =0

view 2 1 Xbwa+by =0, Xup+pr=0 (28)

However, MvGSVM is also based on the traditional
squared L2-norm distance metric which broadens the out-
liers influence. L1-GEPSVM [39] substitutes L1-norm for
squared L2-norm in GEPSVM, which is more robustness than
the latter. And inspired by the related works in [50], with
considering the degree of outliers act on the hyperplanes to
distinct classes may be diverse, we supersede the squared
L2-norm distance metric by Lp-norm and Ls-norm measures.
In addition, we also employ Lp-norm to replace squared
L2-norm for the multi-view co-regularization term.

Before giving the optimization problem, it is necessary to
make some definitions as follows

H =[A e, Hb=[Ay e]", z,= Wi , Iy = w2
by by

=[B; e]’, Gy=[B, e]’, &= [)/1] 5—[)/2}
(29)

where e represents the identity column vector of the appro-
priate dimension. And ”HT21 HTzz H‘" 18 a multi-view co-
regularization term which minimizes the difference between
two views. These bring about the first objective function (30),
as shown at the bottom of this page, the formula above can be
written in the form of vector operations by

T P T P
S [n? zlj +z<1 b 2|
min

71,72 ny (1)
j=1 ‘ z] +

2
‘()2

T
Yie ‘h(l) ~ ' 22‘

T N
’m Zl‘ e g(2> -
d+1 d+1
z;l ul +22 | )
T K
‘ M7 z1’ o ‘gjqz) Z

where e, (el.z) denotes the vector of appropriate dimen-
sion in the first (second) view that the i-th element is
1 and others are O, hl(l/ 2), g](-l/ 2 represent the column
vectors of Hj/, Gy, € is the coefficient of multi-view
co-regularization and § represents the coefficient of Tikhonov
regularization terms, which both are non-negative. This prob-
lem (31) makes the ratio of the distance from positive hyper-
planes to +1 class and —1 class is as small as possible. The
adverse impacts causing by outliers could be alleviated by
setting a small value to p and s, and theoretical results shows
the objective is robust when 0 < p < 2, 0 < s < 2.
Obviously, MvGSVM with L2-norm is a special form of our
algorithm. If set p = 2 and s = 2 in (30), we will obtain

||HTZ1 ||p + ||HT12 ||p +¢ ||HTZ1

Hiz ) + 38 izl + 8 llz2

i |61z + Gz,
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MvGSVM, which indicates our method is very adaptable.
However, despite the improved robustness and flexibility of
our approach, there is also a problem need to be solved. The
introduction of non-convex proxy function makes it impos-
sible to resolve for a generalized eigenvalue problem. Here,
we propose solving (31) by transforming the problem into a
difference formulation, inspired by [48].
Firstly, let
)T Ol

T P
i P )h@’ dl
T
2 \g” 2+ 3,
Zn] h(])T (f) h(2)T (t)‘
o
z?jla ¢
n
22

where z(f) and zg) denote the optimal solution vectors in the
t-th iteration and 1) is the objective value at iteration 7. After
that, we get the solution of the (¢ + 1)-th iteration by resolving
the following problem

s

z(lH_l) D — argman
T TP
WYz —h? 2,

A0 —

"2

(2
&

+ Zdz—l—l

Z
" o
i L

DT (¢
gjﬁ)z()

(32

lT
b 2|+

T
h(z) ‘
z(®)

+Z'

d1+1 (I)T dy+1 (2)T 4
+Z ) ’ +Zi=l 1) €; Zz‘
05" (l)T * " ’ @, I
=20 2|8 7))
(33)

after deriving z; and z in (33) separately and setting them to
zero, we get

n
2rfh
n Zdl+l
+ Zizlpe

T
X sign(hgl) Al
_ N2 |7
A ijls)gj Z]
and
n
2
d +1
+0
B Zi:lpg

T
X sign(h(.]) Z]

)0 Z
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1

-l T
& z]‘ sign(h(.l) zl)hl(l)

(1)

-1 Ny
) sign(e; * z)e;

T T (p—1
hgw 2~z

)T 1
—h® z)n!"
s—1

51gn(g( Dt

g =0 (34)

1

h(z) zz‘ - sign(h(.z)Tzz)hgz)

(2

! &)
) sign(e; zz)e

T T p—1
hgw 2~z

T
— b z)h{?

s—1
s|g? %[ sieng® zig” =0 G3)

now, considering sign(z’h) = 2'hi/|z"h;|, equa-
tions (34) and (35) can be rewritten as following equivalent
formulations

(1 D)

di+1 2pée;
2-p i=1 -p
el

T
m 2ph(" z;p{" 7

2.

Z]‘

T T
m 2pem” z; — b z)h!"
+2

i=1 T T |2-p
= 2 W — )

*(')Z ‘ M, SIgn( ", g’ =0 (36)
and
m 2ph® h®  arr 2p5e? 256
Zi=1W STl
" 2pe(h(” —h? z)n®
o e

s—1

12 2" . )" 2
—\0 Zj:l s ‘g]( "1 s1gn(gj(. ) zz)g](- '=0 (37)

For (36), we construct a diagonal matrix D; € R™*"™M
T
and define dl.(ﬁll.) = p/(2|h§l) 21127P) as the i-th diagonal
T

entry of Dy, as well as defining u(l) = p/2le" z;|>P)
and v;; = p/(2|h(l) z — h(z) zz|2 P) as the i-th diagonal
entry of Uy € R@+DX@+D 40 V ¢ Rm>xm respectwely
Construct vector k| € R™ with its i-th element as kj(] =
s|g(l) 15~ 151gn(g(1) z1). Define z = [ZlT ZZT] and h; =
[hfl) — hgz) 17, thus the minus item could be converted into
Y 2ph!zh(" / (2|h[ z[>=7). Then, the formula (36) can be
equivalently reformed to a new matrix type in (38)

— 219G k=0
(38)

2H,DH!z; + 2¢H,VH' z 4 26E U E] 7,

where H denotes [HIT —Hg 17. And in the same manner as
the conversion from (36) to (38), we define a diagonal matrix

D, € R and let d2 = p/@ 7,2P) be the i-th
diagonal entry of D;. Set uf l) = p/(ZIe( ' 2,|>7P) as the i-th
diagonal entry of U € R@+Dx@+D)_ Construct vector k2 €
R with its i-th element as k](z) = slg(z) 2|5~ 151gn(g(2) 2).
Next, the equation (37) can be rewrltten as

2H,DH) 75 — 2eH, VH 7 4 26E,UsEX 25 — MGk =0
(39)

where E; and E; represent identity diagonal matrices cor-
responding to z; and z;. Consolidate (38) and (39) we can
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obtain
H |[D H’ 7
Hz_ D, Hg 7y
_30 | G k;
G, ko
E1 U] ET VAl
o P [0 [ ][]

+e __Hﬁz] [VI[HT —H!] [2} =0 (40

G

according to the transformations described above, (40) can be
written as

2My, DM}, z + 26My, VM z
+28EUE"z

=
I
=
=
[\)
||’—||
c
||
1
=
c
[\)
1

Mg, = | C1 k= kl] 41)

—2OMg k=0 (42)

which has the same solution as the following objective ques-
tion

20D = arg min 2" My, DMISIZ + ezTMHZVMIZzz
z

+ 82’ EUETz — 2.02" Mg k  (43)

since D, V, U and k are unknown variables and connected to z
that could be solved by an iterative optimization framework.
In other words, we calculate z of the last iteration to get the
current D, V, U and k.

In the same way, by introducing another multi-view co-
regularization term H G{Sl — Gg & |, the second objective
optimization problem turns into (44), as shown at the bottom

of this page, by using the same trick of (31), formula (44) is
equivalent to (45), as shown at the bottom of this page, and
the objective value cp(’ ) in the -th iteration is (46), as shown
at the bottom of this page, thus the objective function can be
simplified from division to subtraction and find out optimal
solution in the (¢ 4+ 1)-zh iteration

%_ftJrl)’ séml) arg min Z

ny nT P
- ‘g]( : 52‘
30! J=

(l)T 4
‘j 51‘ +Z

lT
g,(-)é'l

n
+ € ‘
j=1

di+1 dr+1
+ Z 1 . 2
_¢(t)(z ‘ + Zl':l
(7

taking the derivative of &1 and &; in (47) and set them to zero
oleal
di+1 p—1 nT 1
+ Zi:l ps " signce" ée!”
ny 7T (2)T ’p 1
+ > pelgV e - e
T 1
@ s2>g; )

T
E” " signgn =0 (48)

TP
—g]() 1)

af +3

. nf 1
sign(g" &g}

T
sign" ¢ -

-0 an S
=

and
Yoo rlg el s1gn(gjz) &g
+ Zld:lr] pd ‘ - sign(e,(.z) éz)e,(.z)
S e -
xsign(g” & — g & )gj”

—2® Zr,llls
=

- T
hgz) gz‘ sign(hgz) Sz)h,(.z) =0 (49

|61, + IGI&], +< 616 -

GTEzwp + 8081y + 8 &l

44)
T T
s [H & | + B &
1 2 nr 2
e ‘()51‘ +yn, ’g;)fz’ +Zj=18(g,(-)f§1 ();g2
gg; Z s+znl ‘s
: "
p
ST elel s + B s sz\
+ - (45)
o \ + 3,
T T T p
" an ‘ ) gw‘ s 2 ](2) g’)‘ s nz ‘ (0 é(z) ](2> gé”
o= poAl h(_l)Té(o Ly h(2>T
= 1 [:
S [ e+t e e y
+ Y ‘hmTé(z) +yY h@ﬂé(n 5 (46)
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with the analogic alternation in (36) and (37), the derivation
formula above can be described by the following equivalence
forms

mr

T
s 8 fig Ly 2p5e £V
j=1 mr, |>r i=1 mr, |>r
24| o[

o
2y Wsz\z h
-2 Z::ls)h?l) 51‘ g™ eph® =0 (50)
and
Y M+Z@“M
=ty g’ 2r P i=1 2) ?ﬂgzr 7
o 2p8(g,(~1)752 (2) Ez)gﬁz)
-0 les)h?) & sign(hﬁz)réz)hﬁz) —0 (51)

Obviously, according to the treatment of the first problem
in (38) and (39), (50) and (51) can be rewritten as

2G1F1GT& +26G1QG & +20E101ET &) — ¢Hn =0
(52)
2GoF2Gl & — 26G2QGT & + 20E,00E & — ¢V Hanp =0
(53)

where both F; and F, are diagonal matrixes with dimen-

sion ny X np, whose the j-th diagonal element are f 0 _

p/lg" &Py and £ = p/lg? ©27), severally.

T
Define g ; = p/(2|gj(.1) & — (2) &2 1’) as the j-th diagonal
entry of the second multi- v1ew co-regularization term Q €
R™%m2 () € RAO+DxWi+1) gnd O, e R&+Dx(d+1) reg)re
sent diagonal matrixes with their diagonal entries as o

1 _ 2 -
p/21e" & 127y and o2 = p/2e? &17). Define 1)
T T
with its i-th element as 1\ = s|h{"" £ [~ 'sign(h{"" &), and
T T
12 with its i-th element as nl@ = slhl(»z) Szls_lsign(hgz) &2).

Let
_| & _ | Fi
Mo =| G ] p=[" 4]

ni
o] -[] e

where Mg,, My, and E have been defined in (40). Thus
combining (52) and (53) leads to

2Mg, FM; & + 26Mg,QM( &
+28EOE"e — ¢OMy,n =0 (55)

whose solution is equal as the minimum problem

g0+ — argsmin gTMGlFMglg + 8ETMG2QM6T;2‘§
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+8.TEOE & — ¢WeT™™Myn  (56)

where F, Q, O and 7 in (56) are determined by & which could
be computed upon the & that obtained in the i-th iteration.
And both the solutions of minimization problem (43) and (56)
in each iteration can be simplified into the following linear
system of equations as

2D = 0500 My, DM, + eMy, VOMY,
+SEUVET)'(Mg, k) (57)

and

£0HD = 0.5¢) (Mg, FOME, + eMg,Q M,

+SEOVEN) "\ (Mp,n)  (58)

Now the hyperplane parameters for Lp,s-MvGEPSVM can
be obtained until the algorithm converges, for given test
samples x; and X, the vertical distances can be computed
as

T T
X; W b X1 u
viewl :  distl1 = M gist2 = X1t n]
[Iwll lay |l
T T
X, W b X5 U
view?2 :  dist21 = M’ dist22 = |22—+V2}
(w2l laz |l
(59

then we can provide the forecasting function as same as
MvGSVM [35]

y = sign(dist12 + dist22 — dist11 — dist21) (60)

where ¥ is a prediction result of a mixed decision function
that combines two views. For simplification, the algorithm
we designed is described in Algorithml.

Algorithm 1 Lp,s-MvGEPSVM
Input: Training dataset A, A,, By, Bs.
Initialize z, £, give model parameters (g, §).
Until objective converges, do
1. Calculate A0 p®O,
FO, Q0,00 and 5.
2. Obtain optimal solutions by solving (43) and (56).
3. Obtain hyperplane parameters (w1, b1) and (w2, by)
for the first view, as well as (uj, y1) and (up, y») for
the second view.

) JOMR VO 5(OF kK®),

end
Output: Determine the attribution of class +1 or —1 for
the test sample.

For the nonlinear case, we choose Gaussian kernel and
give the derivation of kernel Lp,s-MvGEPSVM. Firstly, for a
given arbitrary data set X = {X1, X3, ..., X}, the definition
of Gaussian kernel is

k(xi, X)) = exp(— |xi — x;|* /262), ije(1,2,...,m)

(61)
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N

[k(A1,CT) e] [Zﬂ — [k(A2, CY) e] [Zﬂ
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(63)

w1

H [kB1,C]) e] [ by

P
T up
H[k(Bl,Cl) el [m] ,

s a2

N

+ H [k(B2, CT) e] [Zﬂ

p

+8‘

p p

min 5

T uj
H[k(Al,Cl) e] [m}

N

&

et of7]

p
[kB;,CT) e] [‘Pﬂ — [k(B2,CD) e] [;ﬂ

]

S
L8| !
P2

p

T u |’
iacp ]

oo o]

L (64)

N

where o is the width of Gaussian kernel, so that the kernel
generated hyperplanes can be written as

viewl : k(x],CTyw; +b, =0, kx!,CHu;+p1=0
view2 : k(x, Chywy +b, =0, kx5, Chuy +p2 =0
(62)
where CIT = [AIT B{], Ccr = [Ag BZT], so that the two mini-
mization objective problem can be described as (63) and (64),
as shown at the top of this page, then, we give these definitions
H; = [k(A1,C]) €], Hy=[k(A2,C)) e]
G = [k(B), C]) el, G2 =[k(By, C)) e

| | |l m N
e PR PR ]
(65)

where z1, z> correspond to the dimension of the kernel gen-
eration metrics Hy, Hy, as well as &, & corresponding to
G and Gj.

Thus the optimization problems can be written in the same
form as (30) and (44). With the same iteration solving as
the linear case, kernel Lp,s-MvGEPSVM can be described
in Algorithm 2.

However, the calculating of distances from hyperplanes to
samples should be redefined as

|k(x1, C)Twy + by |

viewl :  distll = ,
lwill
k(x;, C)T
dist12 — lk(x1, C)Tay +pi |
lay |l
k(x2, Co)Twy + b
view2 : dist21 = | (x2, C2)" w2 2|,
lw2]
k(x3, Co)Tuy +
gistzy = K02 € w2 42| (66)
fluz |l

and the decision function is the same as (60).
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Algorithm 2 kernel Lp,s-MvGEPSVM

Input: Training dataset A, A,, By, Bs.
Initialize z, £, give model parameters (e, §, o).
Until objective converges, do
1. Define Hy, Hy, G1, G> by using (65).
2. Calculate A0 ¢® DO YO y®» kO,
F(’), Q(t), 0O and 770)-
Obtain optimal solutions by solving (43) and (56).
4. Obtain hyperplane parameters (wq, b;) and (w2, by)
for the first view, as well as (uj, y1) and (up, y») for
the second view.

»

end
Output: Determine the attribution of class +1 or —1 for
the test sample.

IV. ALGORITHMIC ANALYSIS
The following procedures are given to prove the convergence
of the new algorithm and it is necessary to introduce the
lemma as follows

Lemma 1 [52]: For any nonzero scalars@andw, there
haveplwP~2|01> — 21017 > plolP*|o]* — ||’ when
O<p<2.

Theorem 1. Algorithm 1 will monotonically decrease the
objective value of (31) in each iteration whens > 1.

Proof: According to the first optimal objective of step 3

in Algorithm 1 for each iteration we have

z(‘“)TMHI D(’)M,El 20D 4 sz(’“)TMHZV(’)M,Ezz(’“)
+ 82tV EUOET 4D — A(’)z(’“)TMG] K®
< 20" My, DOMY, 2 + 20" My, VOM, 2
T T T
+ 82" EUVET 2 — )07 Mg,k (67)
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For the convenience of calculation, the inequality (61) can
be rewritten as

z(’“)TMAF(‘)MTzU“)
< 2" MATOMT 20D — 0,0 Mg kO (68)

where M = [My, My, E]e RG240 = 3y 4 d) +
d> + 2) with the i-th column vector as m; € RA1T42+2 and

'Y = diag@®, VO UD), A =diag, e,8) (69)

— 207D M KO

both I" and A are in a real space of R™*", «;; is the i-th
diagonal element of the scalar diagonal array A which is
non-negative and corresponding to I". So, according to the
definitions of D, V® and U®, we can give the new defi-
nition for 7;; = p/ (2|miTz|2_” ) as the i-th diagonal element
of I'. Thus the inequality (62) can be reformulated as

p n
525:1
xsZ

E Zn O{i’l‘Z() m,-ml. Z(t) _ )\,(Z)
i=1 |mTz(t)|27p

+1)7 T, (t+1
o2+ D" mm?7 7+

NG
lm/ 22— *

|g (t)|S lslg}’l(gTZ(t))gTZ(t+l)

xsZ g} 21 sign(g] 2*)g] 2
R () LR N ()
_p nooezl mm Y 2ny
o Zl 1 A SZ,-:l |g

Im/ z®|2-p
letd = miTz("H) and w = ml.Tz(’) in Lemma 2, we can obtain
that

[ (70)

nr T 1
p—n oz mym! 2D n G+
— E — a,,|m z |
i=1 |miTz(’>|2—1’ =1
R (L ()]
n o 2 m;m: z n
>y AR O eiilm{ 20 (71)
2 i=1 |msz(t) |2_P =1

combining (64) and (65), we arrive at the new inequality
shown as

n 1+1 t t 1
Z,‘=1a”|m 2( )|[7 X()SZ |gl ()|9
x sign(g! 21)g! 20D

< Zl_ a;ilm! 2P — 2O Z

Since the function f(z) = 22"2 g; Tg)® is convex when s >
1, and according to the work [59], for any convex function
(), the inequality f(x) = f(x) + V f(®)lg_yir(x — x)
is true, where Vy f(X)|y_x represents the gradient of f (x) at
point x). Combine the property mentioned above of f(z) and
the equality V £ (2)|,_,0 = SZan g7z~ Lsign(g! 2V)g;,
we get

Z2nz T (t+1)| >Z

T ([)|S (72)

T 2O

+Vf<z)|z:z<f>(z<’+“ -2y (73)

which results in
2ny
Z |gl (t+1)|s SZ |gl (I)|S ISIgn(gl (Z))gT (t+1)
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T4 (74)

2ny
=(1-s) g

By subtracting (66) and (74) from each side, we obtain

n 2ny
§ i:1 a”|m Z(t+l)|17 20 § T (t+1)|
2: dml,OW _ (t)}:”z T (1)s
=< i1 al,l|mi z"| A i—1 |gi | (75)
2 . .
where A® = Y7 | ai’i|miTZ(t)|p/Zi£21 lg7 2 V)" is the i-th

iteration objective value, and we can obtain the following
form by substituting A") into the right hand in (75)

" +1 2m2 +1
Zi= o ;/m] T, )|P A(Z)Z |gl 7 )|S

n
=Y eiim]Z0P — Zi:l o ilmj 277 = 0
(76)

which leads to

"o lm? zU+ D LI m.Tz(’) 14
Zz:l a; il i | <0 — Z, 1 %l | (77)

Y2 g 2+ D) Y72 gl 70

Thus, the objective value of (30) monotonically decreases in
each iteration. [J

Note that the above proof is motivated by [57] and for the
first objective function, the second optimal function is in the
same way as the first one.

V. EXPERIMENT

In this section, we evaluate the classification performance
of our proposed method on several public datasets from the
UCI repository, CUHK Face Sketch database (CUFS) [67]
and AR Face database, comparing with relevant algo-
rithms GEPSVM [12], IGEPSVM [17], L1-GEPSVM [45],
MvTSVM, MvGSVM [35], MvIGSVM [35]. The details of
these datasets are shown in table 1.

TABLE 1. List of dataset descriptions.

Name Classes Numbers Dimension
Handwritten
digits 10 2000 649
Spect 2 267 44
Wpbc 2 194 33
Housingdata 2 506 13
Germ 2 1000 24
Heart 2 270 13
Tonosphere 2 351 34
Sonar 2 208 60
CUFS 2 606 1024
AR 100 2600 2200

It should be noted that GEPSVM1 and GEPSVM2 are
consider as different single view of GEPSVM, in the same
way, IGEPSVM1 and IGEPSVM2, L1-GEPSVM1 and L1-
GEPSVM?2 are seen as diverse single view of IGEPSVM and
LI-GEPSVM respectively. In terms of parameter settings,
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the parameter § of Tikhonov regularization term for all meth-
ods is selected from the set {2i|i = —6,-5,...,5, 6}, while
the co-regularization parameter ¢ of multi-view methods is
selected from the set {i|i = 0.25, 0.5, 0.75, 1}. Except for
the § and ¢ are set as same as above, there are two more
parameter selections for Lp,s-MvGEPSVM in which p is
chosen from the set {p|p = 0.1, 0.2,..., 1.9, 2} and s is
chosen from the set {s|s = 1, 1.1,..., 1.9, 2}. All meth-
ods obtain optimal parameters via five-fold cross validation
with an exhaustive search strategy. And we also consider
the predictive function of the combined views [35] which is
different from the single view for both MvTSVM, MvGSVM,
MvIGSVM and Lp,s-MvGEPSVM. On UCI datasets, we first
compare the accuracy and robustness of our algorithm with
other relevant methods, then we observe the convergence of
the new iteration program and finally the impact of changes
in p and s are reported. For CUHK and AR database, part
B shows the performance of classification and anti-noise
of Lp,s-MvGEPSVM. All experiments are implemented
in MATALB 2014b on a PC with an Intel(R) Core(TM)
15-4590S, CPU @3.00GHz, RAM for 4GB.

A. UCI DATASETS

For the dataset Handwritten digits, it consists of six dis-
tinct feature sets (views) of handwritten numerals (‘0°—°9”)
extracted from a collection of Dutch utility maps. There are
200 patterns per number (for a total of 2,000 patterns) have
been digitized in binary images. In order to have comparabil-
ity with previous method, we choose 76 Fourier coefficients
of the character shapes and 64 Karhunen-Loéve coefficients
as the first view and the second view respectively. Seven digit
pairs (1, 7), (3, 4), (3, 5), (3, 6), (3, 9), (4, 8) and (6, 9) are
employed to evaluate performance of all mentioned algo-
rithms, and the range of corresponding parameter selections
and the partition of datasets have been confirmed above.

As a result, Table 2 shows the average accuracy, stan-
dard deviation, and the running time of each algorithm
on digit pairs datasets. Table 3 shows the performance of
all methods on other seven UCI datasets (Spect, Wpbc,
Housingdata, Germ, Heart, Ionosphere, Sonar), the sec-
ond view are generated via PCA dimensionality reduc-
ing which contains 99% significant features, and note that
the best results are shown in bold. In Figure 1 below,
l.a and l.c are the classification accuracy on 7 digit
pairs and UCI datasets in the absence of noise which
display the comparison between GEPSVM1, IGEPSVMI,
L1-GEPSVMI1, MvTSVM, MvGSVM, MvIGSVM and
Lp,s-MvGEPSVM, Figure 1.b and 1.d show the accu-
racy of GEPSVM2, IGEPSVM2, L1-GEPSVM?2, MvTSVM,
MvGSVM, MvIGSVM and Lp,s-MvGEPSVM.

From Table 2 and Table 3, we can see that the accuracy of
the four multi-view methods are higher than other algorithms
in most cases, which validates the classification performance
of multi-view learning is better than single view learning.
Owing to the multi-view learning considers the consistency
and complementary of different views. There is a special
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FIGURE 1. The accuracy of each algorithm on 7 Handwritten Digit Pairs
and other UCI datasets.

situation worthy of attention in Figure 1 that the accuracy of
the three single-view methods have a great divergence which
may be due to the distribution of the dataset. In stark contrast
MvVTSVM, MvGSVM, MvIGSVM and Lp,s-MvGEPSVM
still hold advantageous results, that can be explained by the
stability of multi-view learning mechanism.

Separate Lp,s-MvGEPSVM out for comparison, the result
of our proposed method in Figure 1.a-d is more accurate
than other methods on most datasets, and we can also see
a more smoother trends on different Handwritten digit pairs
in Figure 1.a-b, which shows great stability and adaptability.
Furthermore, the standard deviation of Lp,s-MvGEPSVM
shown in Table 2 and Table 3 are smaller than other methods
on most datasets, which implies its great stability and robust-
ness again.

Since the superiority of our algorithm in terms of noise
resistance theoretically, we add thirty percent Gaussian noise
to the Handwritten digit pairs and twenty percent Gaus-
sian noise to the other UCI datasets respectively to evaluate
the robustness of Lp,s-MvGEPSVM, and the result is seen
in Table 4 and Table 5. In addition, we conduct more detailed
and persuasive experiments for Lp,s-MvGEPSVM. Firstly,
MvGSVM and Lp,s-MvGEPSVM are compared on the seven
UCT datasets with 5% and 10% percent noise to observe the
ability of anti-noise, whose result shown in Figure 2. Next,
Figure 3 displays the comparison between L1-GEPSVM and
Lp,s-MvGEPSVM on the seven digit pairs, for the accuracy
bar graphs with 30 percent Gaussian noise or not.

From Table 2 to Table 4, we can see the accuracy of
all methods in the presence of noise decrease but Lp,
s-MvGEPSVM is also the highest method that meets theo-
retical expectations, and the general reduction current is the
most smooth in all methods.
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TABLE 2. The classification accuracy on digit pairs datasets.

1,7 3.4 (3.,5) (3.6) (3.,9) (4,8) (6,9)
Datasets Test + Std (%) Test + Std (%) Test + Std (%) Test + Std (%) Test + Std (%) Test + Std (%) Test + Std (%)
Time(s) Time(s) Time(s) Time(s) Time(s) Time(s) Time(s)
GEPSVM1 89.75%+4.3598 95.00%=+2.2361 98.00%=1.5000 98.00%=+1.6956 97.50%*1.3693 98.75%+0.7906 61.25%+3.9528
0.0087 0.0098 0.0092 0.0097 0.0095 0.0099 0.0092
GEPSVM2 98.75%+0.7906 99.50%+0.6124 97.00%+2.5739 98.00%+1.2748 97.75%+2.2913 98.50%+1.2247 99.00%+0.9354
0.0069 0.0064 0.0066 0.0065 0.0067 0.0071 0.0067
IGEPSVMI1 78.75%+10.7238 95.50%+2.8062 97.00%+1.2748 98.25%+1.2748 98.00%+1.6956 97.00%+0.6124 60.75%+4.2279
0.0074 0.0077 0.0079 0.0075 0.0075 0.0076 0.0075
IGEPSVM2 97.25%+1.2247 98.25%+0.6124 96.50%+1.4577 97.50%+1.1180 99.25%+1.0000 98.00%+1.6956 98.00%+1.5000
0.0071 0.0085 0.0057 0.0080 0.0061 0.0060 0.0063
L1-GEPSVMI 86.75%+4.5139 95.25%+1.8371 97.25%+1.4577 98.00%+1.0000 97.75%+1.6583 99.25%+0.6124 58.50%+5.2082
0.0213 0.0224 0.0238 0.0214 0.0218 0.0272 0.0286
L1-GEPSVM1 97.00%+1.8708 99.50%+0.6124 95.25%+1.4577 97.75%+1.2247 98.50%+1.4577 97.50%+1.5811 98.75%+1.1180
0.0167 0.0185 0.0194 0.0190 0.0178 0.0182 0.0176
MvTSVM 96.00%+2.0540 95.50%+5.4199 96.50%+3.2355 98.50%+1.6298 95.50%+2.5810 99.25%+2.7990 98.25%+2.2361
3.0006 3.0071 2.9860 2.9085 3.1348 2.9643 3.1154
MvGSVM 96.75%+0.6124 99.25%+0.6124 96.50%+1.4577 98.50%+0.9354 99.00%+0.5000 98.50%+1.8371 99.00%+0.9354
0.0353 0.0359 0.0364 0.0357 0.0356 0.0351 0.0358
MvIGSVM 99.25%+0.6124 99.25%+0.6124 97.75%+0.9354 98.75%+0.7906 99.25%+0.6124 97.75%+1.8371 99.25%+1.0000
0.0238 0.0258 0.0244 0.0232 0.0235 0.0232 0.0228
Lp,s- 99.75%+0.6124 99.75%+0.5000 98.50%+1.4577 98.75%=+1.1180 99.00%+1.4577 99.50%+0.6124 99.50%=+0.6124
MvGEPSVM 0.1728 0.1699 0.2241 0.2606 0.2514 0.2694 0.2423
TABLE 3. The classification accuracy on UCI datasets.
Spect Wpbc Housingdata Germ Ionosphere Sonar Heart
Datasets Test + Std (%) Test = Std (%) Test = Std (%) Test + Std (%) Test + Std (%) Test + Std (%) Test + Std (%)
Time(s) Time(s) Time(s) Time(s) Time(s) Time(s) Time(s)
GEPSVMI 64.79%+9.6020 68.49%+6.6127 75.88%+3.3998 69.90%+1.3565 76.92%+3.6662 74.98%+6.3913 71.85%+2.7217
0.0058 0.0036 0.0029 0.0029 0.0038 0.0024 0.0025
GEPSVM2 57.31%+3.5590 70.61%+5.0843 73.12%+4.3912 65.20%+3.9950 80.04%+4.9877 71.63%+2.4364 80.74%+1.4815
0.0044 0.0032 0.0023 0.0028 0.0028 0.0028 0.0023
IGEPSVM1 79.41%+4.2579 75.71%+6.9466 71.73%+5.5051 70.30%+2.6192 76.67%+7.3444 71.14%+2.7656 82.59%+5.3158
0.0031 0.0033 0.0025 0.0028 0.0034 0.0057 0.0025
IGEPSVM2 72.31%+6.4712 76.23%+5.7898 75.09%+2.6505 71.50%+4.4609 81.75%+4.0206 75.45%+4.5647 79.63%+3.3127
0.0032 0.0026 0.0030 0.0030 0.0028 0.0032 0.0023
L1-GEPSVMI 57.25%+9.0210  64.33%+10.4471 76.29%+4.6346 70.00%+1.5811 78.66%+4.5410 68.76%+2.5032 83.70%+3.9545
0.0153 0.0138 0.0155 0.0466 0.0139 0.0192 0.0124
L1-GEPSVM1 67.78%+4.4095 69.60%+4.3520 73.91%+4.4264 66.80%+2.3152 80.91%+4.7679 74.51%+3.9998 74.07%+5.6169
0.0128 0.0127 0.0146 0.0541 0.0148 0.0145 0.0131
MvTSVM 78.15%+5.1387 74.87%+4.9321 79.61%+3.6278 75.80%+4.1473 85.92%+4.6713 73.81%+3.7646 77.41%+3.3127
59712 1.3642 1.6709 2.2949 1.8686 1.6236 1.2357
MvGSVM 73.02%+5.7235 73.71%+3.3920 79.24%+4.9178 70.80%+4.2342 77.76%+3.2851 74.08%+4.6870 81.85%+2.4568
0.0228 0.0203 0.0138 0.0110 0.0198 0.0204 0.0087
MvIGSVM 75.64%+5.3801 72.63%+6.0476 77.66%+4.5641 72.30%+3.8549 84.04%*1.4115 69.34%+9.2275 81.85%+2.4568
0.0137 0.0107 0.0095 0.0104 0.0114 0.0163 0.0092
Lps- 80.17%+2.6605 77.84%+4.4386 83.19%+4.6690 71.00%+1.4832 84.90%+2.9343 75.91%+3.7461 81.11%+3.9545
MvGEPSVM 0.2563 0.1311 0.1184 03343 0.1111 0.1412 0.1399

In Table 5, the result shows LI-GEPSVM has lighter
degradation than GEPSVM, IGEPSVM, MvGSVM and
MvIGSVM. Besides, there is also a highest result on heart
dataset for L1-GEPSVM, which both indicate L1-norm is
more robust than the counterparts based on squared L2-norm
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distance measure. Figure 2 shows that MvGSVM fluc-
tuates significantly in some data sets with the increase
of noise ratio, but Lp,s-MvGEPSVM demonstrates a
flat performance generally at the same time. Because
Lp-norm minimization distance measures and Ls-norm
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TABLE 4. Classification accuracy on Digit pairs datasets for 30% noise.

1,7 3.4) 3.5 (3,6) 3,9 4.8) (6,9)
Datasets Test + Std (%) Test + Std (%) Test + Std (%) Test + Std (%) Test + Std (%) Test + Std (%) Test + Std (%)
Time(s) Time(s) Time(s) Time(s) Time(s) Time(s) Time(s)
GEPSVMI 68.25%+6.0017 60.58%+5.1602 66.73%+3.3086 62.50%+5.6067 59.81%+5.8139 43.08%+2.8782 48.65%+6.0995
0.0079 0.0079 0.0081 0.0081 0.0088 0.0083 0.0080
GEPSVM2 76.54%+7.4750 88.65%+1.2756 86.35%+1.6543 88.27%+2.2261 87.88%+3.3640 85.19%+3.0769 86.15%=+0.9806
0.0062 0.0069 0.0067 0.0070 0.0069 0.0065 0.0071
IGEPSVM1 78.27%+1.3043 78.46%+5.5603 84.81%+1.5385 73.27%+11.3998 78.08%+7.4827 79.81%+9.4993 50.77%+4.6074
0.0081 0.0079 0.0080 0.0076 0.0079 0.0078 0.0076
IGEPSVM2 87.69%*1.6543 86.35%+1.4132 86.54%+2.9165 86.92%+1.3043 87.69%*1.8645 87.69%+3.2408 85.38%+2.2261
0.0056 0.0062 0.0057 0.0056 0.0058 0.0064 0.0057
L1-GEPSVM1 72.50%+2.8910 72.69%+2.1586 85.19%+3.8269 86.15%+3.0162 86.92%+1.9799 86.35%+3.0649 51.92%+5.5403
0.0210 0.0230 0.0227 0.0220 0.0234 0.0212 0.0209
L1-GEPSVM2 86.73%+2.4627 88.08%+1.3043 84.81%+1.4132 87.69%+1.4132 86.73%+2.1414 86.92%+2.7601 89.23%+2.3077
0.0191 0.0198 0.0198 0.0173 0.0177 0.0182 0.0206
MvTSVM 87.12%+1.6090 87.50%+0.9615 76.75%+22.3503 87.31%+1.7201 87.50%+0.9615 86.73%=+3.4266 86.54%+2.6333
3.1411 2.9863 3.1042 3.0960 2.9881 3.0631 3.0108
MvGSVM 85.00%+3.5251 88.27%+2.8782 78.46%+6.5101 87.12%+2.5512 85.19%+3.2522 81.73%+6.1418 88.27%+1.9612
0.0346 0.0358 0.0363 0.0390 0.0363 0.0369 0.0386
MvIGSVM 83.33%+6.1802 89.38+0.7795 83.96%+4.3000 89.38%+1.2148 86.54%+1.3598 88.13%+2.6842 86.35%=+3.5146
0.0293 0.0285 0.0253 0.0265 0.0283 0.0266 0.0274
Lp,s- 89.81%=2.5512 90.19%=+3.4077 90.96%+1.4391 89.23%+2.3865 89.42%+1.8244 89.23%=+1.4132 89.42%=+1.3598
MvGEPSVM 0.2237 0.2033 0.1942 0.2348 0.2259 0.2282 0.2356
TABLE 5. Classification accuracy on UCI datasets for 20% noise.
Spect Wpbc Housingdata Germ Tonosphere Sonar Heart
Datasets Test + Std (%) Test + Std (%) Test + Std (%) Test + Std (%) Test + Std (%) Test + Std (%) Test + Std (%)
Time(s) Time(s) Time(s) Time(s) Time(s) Time(s) Time(s)
GEPSVM1 58.65%+7.7994 69.82%+8.3255 66.66%+4.8095 65.50%+3.5688 71.06%+8.7999 59.23%+5.1612 55.94%+5.4453
0.0052 0.0046 0.0044 0.0059 0.0044 0.0058 0.0080
GEPSVM2 51.13%+2.9336 70.27%+6.8665 66.51%+5.0459 61.00%+4.4845 64.61%+5.1276 56.85%+6.5499 68.44%+5.7960
0.0048 0.0032 0.0028 0.0028 0.0039 0.0028 0.0028
IGEPSVM1 74.45%+3.8742 72.46%+3.9954 66.99%+2.3922 66.17%+2.7563 71.99%+5.6089 61.27%+4.4096 63.13%+7.8187
0.0041 0.0033 0.0026 0.0032 0.0036 0.0056 0.0026
IGEPSVM2 68.78%+3.4966 70.71%+5.2490 68.15%+3.7736 67.25%+1.7989 71.26%+1.9179 57.66%+5.6782 71.56%+2.5000
0.0043 0.0032 0.0025 0.0028 0.0029 0.0030 0.0023
L1-GEPSVMI1 57.71%+4.9811 62.84%+5.6612 70.46%+3.8645 66.50%+1.7989 73.65%+5.1687 68.17%+4.2747 77.19%+2.8980
0.0162 0.0150 0.0247 0.0624 0.0189 0.0178 0.0194
L1-GEPSVM2 67.83%+4.2498 71.57%+7.0868 68.64%+4.1751 62.92%+3.0732 71.99%+5.8711 63.34%+5.4256 70.94%+3.2174
0.0242 0.0156 0.0163 0.0525 0.0161 0.0138 0.0156
MvVTSVM 77.50%+3.4266 70.43%+3.9491 65.90%+2.9893 68.25%+1.8494 74.35%+4.0241 68.80%+5.9330 70.00%+4.6087
6.6809 1.3268 1.7513 2.0862 1.9235 1.5946 1.2554
MvGSVM 59.60%+5.8631 68.47%+10.3894  69.64%+3.7351 67.00%+2.7437 71.06%+9.1163 58.06%+4.6858  64.06%+13.4411
0.0145 0.0106 0.0089 0.0107 0.0142 0.0234 0.0110
MvIGSVM 69.41%+3.6660 69.79%+9.6737 71.94%+5.0017 67.75%+2.7714 74.62%+7.7575 58.98%+4.1597 71.25%+6.1397
0.0139 0.0114 0.0092 0.0104 0.0128 0.0169 0.0113
Lp,s- 76.66%+4.5897 74.21%+5.1670 75.40%+4.2642 69.42%+2.6431 78.64%+6.0978 71.36%+2.8248 76.56%+3.5630
MvGEPSVM 0.1591 0.1311 0.1464 0.6941 0.2054 0.1412 0.1484

maximization distance measures have a strong advantage
in anti-noise than squared L2-norm squared operation.
According to Figure 3, we know Lp, s-MvGEPSVM is
not only generally higher in accuracy than L1-GEPSVM,
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but also has a relatively lower change after adding noise.
To sum up in this section, our proposed algorithm is con-
firmed to have a great robustness and stableness against
noise.
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FIGURE 2. The accuracy of MvGSVM and Lp,s-MvGEPSVM on 7 UCI
datasets with 0, 5% and 10% noise, respectively.
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FIGURE 3. The accuracy of Lp,s-MvGEPSVM and L1-GEPSVM on 7 Digit
Pairs with the comparison in the absence or presence of noise.

In addition to verifying classification performance and
robustness advantages, the algorithm we designed is an iter-
ative algorithm, convergence is the prerequisite to ensure
the effectiveness of the algorithm. Despite the theoretical
convergence analysis in the previous section, we also need to
prove its convergence from the experiment. Several datasets
are extracted randomly (digit pair (3, 4), digit pair (3, 9),
wpbc dataset, sonar dataset) with the parameters p, s, §, €
fixed, and we set the difference between the consecutive
target values of the iteration is less than 0.001, the results are
plotted in Figure 4. The horizontal axis represents the number
of iterations and vertical axis is the difference between two
continuous objective values.

From Figure 4.a-d, we can get that Lp,s-MvGEPSVM
keeps monotonically decreasing along with the iteration pro-
cesses until the D-value converges a small positive number
close to zero, within about five to seven times, which means
our algorithm is fast convergent and feasible on the computa-
tion cost.

Thus far we have described the efficiency and robustness of
our proposed method. Next, we disentangle the influence of
parameters on the performance. In order to verify the effect
of the values of p and s on the classification accuracy, we first
study the influence of p and s separately on the germ dataset,
with the other three parameters fixed, and Figure 5 shows the
result. Then the interaction of the values of p and s on the
accuracy is tested on digit pairs (3,5) and (6,9), the classifica-
tion performance is ploted in Figure 6. Finally, we compare
the impact of p and s with or with no noise on the housingdata
dataset. Figure 7.a shows the accuracy in the absence of noise
on the housingdata dataset, and Figure 7.b shows the accuracy
after introducing 20 percent Gaussian noise.
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FIGURE 4. The convergence along with the number of iterations.
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FIGURE 5. The accuracy of Lp,s-MvGEPSVM with the change of (a) the
norm parameter p, and (b) the norm parameter s respectively on the germ
dataset.

Comprehensive Figure 5 to Figure 7, it can be seen that
the classification accuracy varies with the change of the
p and s, which means that it is meaningful to measure the
distance from hyperplanes to corresponding positive class
and negative class by introducing the Lp-norm minimization
and Ls-norm maximization. Specifically, with reference to
Figure 5 and Figure 6, we can learn that the accuracy is lower
and fluctuates greatly when p is between 0.1-0.5 and s is
in the range of 0.1-1, synchronously. However, in the range
of 0.5-2 for the value of p, the accuracy gradually increases
with the increase of p, in the case of s value decreasing by
degrees. Furthermore, an interesting result is when p = 2
and s = 2, the accuracy of Lp,s-MvGEPSVM is very close
to MvGSVM, which shows the excellent flexibility of our
proposed method. Finally, the comparison experiment on the
housingdata dataset displays the low-order distance metric
performs well against noise.

B. CUHK FACE DATASET (CUFS) and AR DATABASE

In CUFS, each face has another sketch drawn by an artist
based on original photo taken in a frontal pose. So we choose
188 student faces from CUHK that taking the photos as the

VOLUME 7, 2019



P. Huang et al.: Multi-View Learning With Robust Generalized Eigenvalue Proximal SVM

IEEE Access

(35

100
90
80
70
60
50
40
30
20

15

1

valueofp 0.5 B is 1
2 .

value of s
(@
(6,9)

100
90
80
70
60
50
40
30
20

2
15

1
valueofp 05

N

P 15 1
value of s

(b)

FIGURE 6. The accuracy of Lp,s-MvVGEPSVM versus the variations of the
parameters p and s on the digit pairs (3,5) and (6,9).

first view and sketches as the second view, which is shown
in Figure 8.

Since the photos are under normal lighting condition, and
with a neutral expression, we add random black and white
block for 30 percent training face, which is displayed in
Figure 9. All experimental settings has been mentioned in
the beginning of this section. Table 6 and Table 7 record the
experimental results, respectively, in the case of no noise and
30% noise. Figure 10 shows the performance of all methods
after adding noise more intuitively.

For AR dataset, there are 26 pictures per person of 50 males
and 50 females in different lighting, occlusion and expres-
sions, so it can be seen as a noisy binary face database.
Of course, the original pictures are choose to be the first
view, and the second view is LBP feature of original pictures,
which are exhibited in Figure 11. And Table 8 reports the
experimental result. Figure 12 is the convergence trend of
Lp,s-MvGEPSVM on CUFS and AR database, where the
threshold is set to 0.001 and parameters fixed.
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FIGURE 7. The accuracy of versus the variations of the parameters p and s
on the housingdata dataset for (a) with no noise, and (b) with 20 % noise.

FIGURE 8. The photos and sketches of student faces from CUHK.

FIGURE 9. The examples after adding random black and white block.

From Figure 11, firstly we can learn that the accu-
racy of last four multi-view methods are higher than other
single-view methods on noiseless faces. When adding noise,
obviously, the difference between two results (the blue
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TABLE 6. The classification accuracy on CUFS with no noise.

methods GEPSVM1  GEPSVM2  IGEPSVMI IGEPSVM2 L1-GEPSVM1 L1-GEPSVM2 MVISVM  MvGSVM  MvIGSVM M Lps-
VGEPSVM
CUFS 71.19% 73.94% 87.18% 88.29% 84.01% 82.93% 92.63% 89.35% 92.53% 96.26%
Test(%)+Std ~ £18.1108 +11.0329 +4.4127 +1.3386 +5.4236 +6.4057 +3.9033 +5.3010 +3.1365 +3.8423
Time (s) 0.3974 0.1366 0.1369 0.1053 0.6638 0.1427 18.7546 3.0231 0.1452 3.1797
TABLE 7. The classification accuracy on CUFS with 30 noise.
methods GEPSVMI  GEPSVM2  IGEPSVMI IGEPSVM2 L1-GEPSVMI L1-GEPSVM2 MvTSVM MvGSVM MvIGSVM Mvcl;gfnsévm
CUFS 63.64% 62.25% 72.83% 73.91% 80.75% 82.45% 81.29% 79.64% 82.87% 92.51%
Test(%)£Std ~ +£16.0288 +23.1848 +3.4432 +3.3157 +11.0940 +4.2749 +8.7888 +13.5300 +10.5372 +2.8564
Time (s) 0.4456 0.1588 0.1240 0.1138 0.5172 0.1538 17.9970 3.0661 0.1350 3.4057
TABLE 8. The classification accuracy on AR database.
methods GEPSVM1  GEPSVM2  IGEPSVMI IGEPSVM2 L1-GEPSVM1 L1-GEPSVM2 MVISVM ~ MvGSVM  MVIGSVM Lpss-
MvGEPSVM
AR 88.23% 72.46% 87.08% 72.69% 89.00% 81.92% 81.11% 87.12% 89.92% 93.60%
Test(%)+Std +0.8720 +11.5490 +2.0975 +1.3756 +1.4766 +1.6363 +5.6890 +1.4236 +2.8331 +3.8604
Time (s) 0.5812 0.0066 0.3175 0.1155 30.6580 0.1732 1844 3441 3.2535 58.0697
100 . CUFS 01s AR database
L [Jwith 30% noise
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FIGURE 10. Accuracy comparison for all methods on CUFS.

FIGURE 11. Grayscale and texture maps per person for AR.

and yellow columns of each method) of L1-GEPSVM and
Lp,s-MvGEPSVM are lower than other algorithms based
on squared L2-norm distance measure, which means bet-
ter robustness. In Table 6 and Table 7, the results of Lp,
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FIGURE 12. The convergence along with the number of iterations.

s-MvGEPSVM are both highest, and standard deviation get
minimum after adding block noise. In Table 8, the proposed
method is also the highest result. So, the experiment on CUFS
and AR database demonstrate the advantages of our approach
in classification accuracy, noise immunity and stability. How-
ever, despite the experimental on CUFS and AR have an
ideal convergence rate, the calculation time is also the highest
among all methods except MVTSVM, because of the iterative
process.

In convergence of Lp,s-MvGEPSVM on CUFS and AR
database, there are about ten times to converge for proposed
algorithm.

VI. CONCLUSION

In this paper, a new robust multi-view generalized eigen-
value proximal SVM based on Lp-norm minimization and
Ls-norm maximization distance measure is proposed termed
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as Lp,s-MvGEPSVM. By setting special value of p and s,
Lp,s-MvGEPSVM can be degenerate to previous versions
such as MvGSVM, which represents the favorable flexibility
of our method. Since our objective function is non-smooth
and non-convex due to the introduction of Lp-norm and Ls-
norm, we design an efficient iterative algorithm to solve this
problem. Next, we give the theoretical proof of the conver-
gence of the new algorithm. The result in a large number
of experiments testifies the great generalization ability and
robustness over all related methods of comparison, as well
as a fast convergence speed within a finite number of times.
In future work, the robust multi-view learning idea can be
extended to other machine learning fields such as sparse
learning which is meaningful to deal with a large-scale dataset
problem. However, the major limitations of our research are
the binary classification and just two views, we will extend
the binary classification to multiple classification and more
than two views in future work.
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