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ABSTRACT Mode mixing is a limitation of the empirical mode decomposition (EMD) method appropriate
for physiological signal analysis. In 2008, boundary condition map presented by Rilling and Flandrin
provided the efficiency of separating the two components of a two-tone signal as a function of their
amplitude and frequency ratios. Until 2019, their findings were still applied. However, their maps only give
an uncertainty-like efficiency of mode mixing separation for two-tone signals. In this paper, we propose a
criterion for mode mixing separation in EMD, which provides a binary judgment on mode mixing separation
instead of the above-mentioned efficiency. By comparing the slopes of the two components, we found
that the phenomenon of mode mixing occurs as the extrema of the high-tone component are suppressed
by the low-tone component. Under this condition, the criterion shows the relation among their amplitude
ratio, frequency ratio, and relative phase between the two components. Given with the values of the three
parameters, one can affirm whether the two components are mixed according to the criterion. Accordingly,
we derive a black/white three-dimensional (3D) map that plots the binary result of mode mixing in black
or white as a function of the three parameters. Our map agrees with Rilling’s map and the results obtained
from our gait analysis. Among the 23 sets of center-of-mass trajectory signals, six sets encountered the mode
mixing problem and their coordinates of the three parameters were found in the black region of the map,

while the other 17 sets were in the white region.

INDEX TERMS Empirical mode decomposition, mode mixing separation, improved EMD.

I. INTRODUCTION

Gait analysis is a method for identifying biomechanical
abnormalities in the gait cycle. Traditionally, the gait stability
of a patient is assessed via image processing from the tra-
jectories of the markers attached on the body of the patient
walking down a catwalk or a treadmill in a laboratory [1]-[3].
Alternatively, a relatively simple and inexpensive method was
developed for the ambulatory assessment of center-of-mass
(CoM) displacements by using inertial sensors [4], [5]. In this
case, the acceleration signal acquired from an accelerometer
was integrated with respect to time twice into a displacement
time series. Usually, the noises hidden within a physiological
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signal can be filtered off by using the empirical mode decom-
position (EMD) method [6]-[9], an adaptive filtering tech-
nique appropriate for physiological signal analysis. However,
in our study of CoM trajectory, the EMD-based filtering
technique failed occasionally.

The EMD method is a powerful signal analysis technique
for nonstationary and nonlinear systems. The algorithm of
the EMD is adaptive and data-driven, which decomposes
a time series of multiple frequencies into a finite num-
ber of components through a sifting process in the time
domain. Typically, each component, referred to as an intrin-
sic mode function (IMF) [6], [7], follows a trend char-
acterized by a dominant frequency, which usually varies
with time. This resembles the feature of nonstationary and
nonlinear systems, including many physiological signals,
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such as heart rate, respiratory rate, and stride rate. Thus, the
EMD method is especially suitable for physiological signal
analysis [10], [11].

For example, the CoM trajectory in the medio-lateral (ML)
direction of a healthy adult during walking usually oscil-
lates around 1 Hz statistically. This implies that an IMF
with a dominant frequency of 1 Hz is expected among the
various IMFs decomposed from a displacement time series.
Indeed, in our gait analysis of 23 sets of CoM displace-
ment signals, such a unique IMF could be extracted from
17 sets. However, it disappeared and remained mixed within
other IMFs for the other six sets. When the phenomenon
of mode mixing [12]-[14] occurs, the IMFs can lose their
physical meaning, hindering the interpretation of the results
of the analysis [6], [15]. Therefore, understanding the core
cause of mode mixing in EMD will benefit mode mixing
separation [16]-[22].

Mode mixing is a limitation of the EMD method [16]-[18].
Itis caused by the presence of either temporal intermittence in
a signal or closely spaced spectral components [15]. In 2008,
Rilling and Flandrin explored a theoretical analysis that sim-
ulated the mode mixing in EMD in the case of a two-tone
composite signal composed of two sinusoidal components
of different frequencies [17]. They presented a Boundary
Condition Map, which illustrates the efficiency of separat-
ing the two components as a function of their amplitude
ratio and frequency ratio. Till 2019, their findings were still
applied [15], [19]-[24]. However, each efficiency on the
Boundary Condition Map was obtained as an average value
over all relative phases of the criterion.

In this paper, based on the findings by Rilling and
Flandrin [17], we further explored the core cause of the mode
mixing separation of a two-tone signal, including the effect of
the relative phase between the two tones. By using a similar
concept [17] but from a different perspective, we propose a
criterion for mode mixing separation in EMD, which provides
a binary judgment instead of the above efficiency. In the
following sections, it will be shown that, given with the ampli-
tude ratio, the frequency ratio, and the relative phase between
the two components of a two-tone signal, one can affirm
whether the two components are mixed or not according to
the criterion. Accordingly, a black/white 3D map is derived,
which plots the binary result of mode mixing in black or white
as a function of the three parameters. Theoretically, our map
will be compared with Rilling’s Boundary Condition Map.
Experimentally, the judgment of mode mixing for each of the
23 sets of CoM signals obtained from our gait analysis will
be confirmed with the aid of the black/white 3D map.

Il. THEORY

A. MODE MIXING IN EMD

The EMD method decomposes a time series x(¢) into a finite
number of components in the time domain. As a consequence,
the target series can be rewritten in the form of x (r) =
Z{il IMF (t) + r(t), where IMF(t) is the i"* component
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FIGURE 1. First sifting process of EMD for two different target time series
(a) without and (b) with mode mixing, separately. These figures present
the way in which the extrema affect the decomposition during the sifting
process. Each target time series is composed of two sinusoidal functions
whose frequencies are 5 Hz and 1.25 Hz and amplitudes are (a) 1 and 3
as well as (b) 1 and 6, respectively. The first panel shows the target time
series (black) and its components (gray). The second panel identifies the
local maxima (red circles) and local minima (blue circles). The third panel
illustrates the upper envelope (red line) and lower envelope (blue line)
and their mean (black dashed line). The last panel shows the difference
between the target time series and the mean, which is the initial guess of
IMF;. In the presence of mode mixing, as shown in (b), each extremum of
x(t) lies within a single green region.

of the IMFs decomposed from x(z), k is the total number
of IMFs, and r(t) is the residual trend. The EMD algo-
rithm is a sifting process. The details of EMD can be found
in [6], [25], [26]. It is worth noting that the key step in
the sifting process is the identification of all extrema (local
maxima and minima) of the target time series. Accordingly,
each of the IMFs can be sequentially extracted, regardless of
whether mode mixing occurs.

For example, Fig. 1 illustrates a typical sifting round of
the EMD method for two target time series with and without
mode mixing, separately. Both target series are two-tone
composites and look alike. The high-tone components are the
same, whereas the low-tone components are different only in
amplitude. In the case of Fig. 1(a), 16 extrema are identified.
Then, the interpolation of the eight local maxima splines
an upper envelope, whereas that of the eight local minima
splines a lower envelope. The mean of the two envelopes,
denoted with a dashed line, reveals a low frequency similar
to that of the low-tone component of the target series. Thus,
subtracting the mean from the target series gives an initial
guess of IMF(t), which resembles the high-tone component
of the target series. Under this condition, the two compo-
nents are well separated from each other and mode mixing is
absent.

On the contrary, in the case of Fig. 1(b), only four extrema
are identified. The same process gives an initial guess of
IMF(t) similar to the original target series. In other words,
mode mixing is present. Conceptually, this example illus-
trates the dependence of mode mixing in EMD on the number
of extrema of the target series, which in turn is affected
by the frequency ratio and the amplitude ratio of the two
components [17], [27].
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B. BOUNDARY CONDITION MAP

In the mode-mixing simulation for the Boundary Condi-
tion Map presented by Rilling and Flandrin [17] in 2008,
a two-tone composite signal x(¢) was considered, which con-
sisted of a low tone Fy, () and a high tone F (t), as given by,
respectively,

Fr (t) =ap x sin 2Qufrt + o) (1a)

and

Fy (t) = apg x sin 2nfyt + ¢n), (1b)

where a, f, and ¢ denote the amplitude, frequency, and initial
phase of each of the two components and the subscripts L and
H denote the low and high tones. Herein, f; < fg. They pro-
posed an index of separation for the two-tone signal x(¢). The
index measures the absolute value of the difference between
the IMF(t) extracted from x(¢) and the high tone Fpy (2),
which is then normalized by the Euclidean norm of Fp (¢)
over a certain period of time. The value of the index, depend-
ing on their amplitude and frequency ratios as well as their
relative phase, ranges from zero to one. A zero value of the
index indicates a perfect separation of the two tones while a
value close to one implies a bad separation.

According to the index, they presented the 3D Boundary
Condition Map which illustrates the efficiency of separating
the two components of x(¢) as a function of their amplitude
ratio ay, /ay and frequency ratio f1 /fy. Each efficiency on
the Boundary Map was obtained as an average value over
all relative phases of the index. The 2D projection of the
3DBoundary Condition Map onto the (ay, /ay, f1.fm)-plane of
amplitude and frequency ratios exhibits three domains which
are well separated by two boundary curves. The domain
above the upper boundary curve, as given by the analytic
expression (ar /ay)(fi /fu)* = 1, guarantees the presence of
mode mixing within the area. On the contrary, the domain
below the lower boundary curve, as given by a fit expression
(ap/ag)(fL /fu)sin(3xfL /fu/2) = 1, guarantees the absence
of mode mixing within the area. However, the domain in
between is hybrid and the mode mixing performance of any
x(¢) within the area is measured in terms of the separation
efficiency ranging from zero to one. Although the lower
boundary curve was modified by Feldman in 2009 [27] by
treating the sifting process of EMD as a low pass filter,
the hybrid domain still remains just with a smaller area.

It is worth pointing out that the index proposed by Rilling
and Flandrin is indeed an uncertainty-like efficiency of sepa-
ration of the two tones. Therefore, a criterion of mode mixing,
which provides a binary judgment on the separation of the two
components of a two-tone signal is desired.

C. CRITERION OF MODE MIXING IN EMD

In order to investigate the core cause of mode mixing in EMD,
we also make use of the same two-tone composite signal x(z).
Recall that Fig. 1 illustrates the dependence of mode mixing
in EMD on the number of extrema of the target signal x(z).
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In order to identify all extrema of x(¢), we further derive the
slopes or first derivatives of F (¢) and Fy () with respect to
time, as expressed in the forms of

my (t) =2nfL X a; X cos 2rfrt + ¢L) (2a)
and
my (t) = 2nfy X ag % cos 2nfut + ¢n). (2b)

The zero-crossings of my (t) and mpy (t) on the time axis
locate the extrema of Fy, (¢) and Fpy (¢), respectively.

However, referring to Fig. 1, all the extrema of the two
components Fr, () and Fy () do not always contribute to
the extrema of their composite x(¢). In the presence of mode
mixing, as can be seen in Fig. 1(b), both the composite x(z)
and its low-tone component Fy, (¢) contain an equal number of
extrema. Careful examination of the top panel in Fig. 1(b) also
reveals that the extrema of x(¢) and Fy, () appear in pairs but
do not overlap. Each extremum of x(¢) is found lying between
an extremum of F, (¢) and a neighboring extremum of F (),
as the region highlighted with a green background, where
the signs of the two slopes my, (t) and F,, (¢) are opposite to
each other. In order to suppress any more extrema protruded
to x(¢) by the extrema of Fy (t), only two kinds of relations
between the slopes of Fy, (t) and Fy (t) are allowed outside
the green regions. One relation is that the signs of the two
slopes my (t) and mpy (¢t) are the same. The other relation
requires the magnitude of mpy () be less than that of my, ()
over the intervals, denoted by Topposire, in Which the signs of
the two slopes my, (t) and mpy (¢) are opposite to each other.
The two relations between the slopes can be given by

Im O] __ mi (@)
|mp (1)] my (t)

Substituting (2a) for my, (¢) and (2b) for my (¢) into (3)
yields

>1 forte T()pp()sile' (3)

ar - fu x cosQufut + ¢n)

ay frL X cos Qufpt + ¢r)
=M(t)>0 forte Topposite, 4

where ay, /ag is the amplitude ratio, f7 /fy is the frequency
ratio, and M (¢) is a new index that monitors the ratio of the
slope of the low tone to that of the high tone with both at unit
amplitude.

To characterize the new index M(¢), the top panel
in Fig. 1(b) is further quantified for study. First, the low tone
Fp, (1) and the high tone F(f) are normalized to F; (1) =
sin 2nfpt 4+ ¢r) and Fp, (1) = sin Qufyt + @y) of unit
amplitude, respectively. Then, Figs. 2 and 3 plot the normal-
ized F; (1), F}; (1), and their corresponding M (¢) as a function
of time, separately, in which the parameters are set as follows:
fo = 5 Hz, fi = 1.25 Hz, and ¢ = 0. For comparison,
¢p = 0in Fig. 2 and ¢y = 7/2 in Fig. 3. As expected in (4),
the indices M (¢) in both figures are all greater than zero over
the intervals Tpposire; highlighted with a gray background,
in which the signs of the two slopes of F; (1) and Fy, (1) are
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FIGURE 2. (a) F/ (t) and F/, () of unit-amplitude as well as (b) their
corresponding M(t) for the illustration of mode mixing separation
according to the criterion given by (5). The parameters of F; (t) and F/, (t)
are set as fyy = 5 Hz, f; = 1.25 Hz, 9; = 0, and gy = 0. Mmax in (b) is the
maximum of M(t) in the gray regions. For reference, a single extremum of
x(t) always exists in each of the green regions while no extrema of x(t)
are allowed in the white region. In the presence of mode mixing, not any
extra extremum of x(t) is allowed in the gray regions as the criterion is
satisfied.
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FIGURE 3. (a) (t) and F, (t) of unit-amplitude as well as (b) their
corresponding M(t) for the illustration of mode mixing separation
according to the criterion given by (5). In this case: fy; =5 Hz,

f; = 1.25 Hz, ¢; = 0, but 9y = /2. The green regions are shorten into
individual green points. Two Mmax points of a same value appear right
beside the instance of the green point between two gray regions. For
reference, a single extremum of x(t) always exists in each of the green
points while no extrema of x(t) are allowed in the white region. In the
presence of mode mixing, not any extra extremum of x(t) is allowed in
the gray regions as the criterion is satisfied.

opposite to each other. Thus, the requirement for ay, /ay in (4)
can be rewritten in the form of

aL/aH > Mypqx forte Topposites )

where M, is the maximum of M (¢) within the gray regions,
t € Typposire- Referring to Figs. 2 and 3, the expression
in (5) indicates that, as the amplitude ratio ay, / ay of the
two original components F (¢) and Fp (¢) is greater than
the maximum M, of M(t) over the gray regions, not any
extra extremum will be contributed to x(¢) outside the green
regions. Under this condition, Fr (¢) and Fg (t) cannot be
separated by EMD, and the phenomenon of mode mixing
occurs. Therefore, (5) serves as a common criterion of mode
mixing in EMD. Implicitly, the value of M, in the criterion
depends on the frequency ratio f7, / 'fu, o, and ¢y, of the two
tones and has to be solved numerically.

Nevertheless, the situation of ¢y = 7 /2 at fy = 5 Hz,
fo = 1.25 Hz,and ¢;, = O in Fig. 3 reveals an additional infor-
mation on ay,/ay for mode mixing. In this particular case,
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TABLE 1. List of symbols used in this paper.

Symbol Meaning

x(t) two-tone composite

F.(t) low-tone component of a two-tone composite x (t)
Fy(t) high-tone component of a two-tone composite x(t)
m, (t) slope of the low-tone component F, (t)

my (t) slope of the high-tone component Fy; (t)

a amplitude of the low-tone F; (t)

ay amplitude of the high-tone Fy (t)

fi frequency of the low-tone F, (t)

fu frequency of the high-tone F, (t)

oL initial phase of the low-tone Fy (t)

Ou initial phase of the high-tone Fy; (t)

Topposite intervals in which the signs of m, (t) and my (t) are

opposite to each other but except for the green
background region

M ax the maximum value of M (t) in the intervals of
Topposite (gray background)

all extrema of the low tone F; (r) coincide with a portion
of the extrema of the high tone F ;1 (t). This shortens all
green regions into individual green points, where all extrema
of x(t) take place within. In order to avoid any unexpected
extremum of x(¢) outside the green points, the requirement
for ar /Jay > My in (5) has to be fulfilled over the gray
regions Topposite- As shown in Fig. 3, two My, points of a
same value appear right beside the instance of the green point
between two gray regions. However, evaluating the value
of My, according to (4) results in an indeterminate form
of 0/0 since the slopes of F; (t) and Fy; (¢) are approximate
to O at the two M4, points. Yet the limit of M,,,, may be
derived using L Hopital’s rule. Substituting the limit, (fiy/fi.)*
in this case, for M., into (5) leads to ar/ay > (fH/fL)z.
Thus, the analytic expression determines the range of mode
mixing for the two-tone signal x(t) on aay, /ay —fi. /fu plot.
It can be imagined that different combinations ofpy, fu, fi,
and ¢y such that all extrema of the low tone coincide with a
portion of the extrema of the high tone also lead to the same
result. In these cases, the analytic expression also determines
the boundary curve of the mode-mixing range as given by

2
() Go) = ©
ag H

It is worth noting that this curve agrees with the upper bound-
ary curve in Rilling’s map [17], as mentioned in section II-B.
Table 1 shows symbols used through the paper and their
corresponding definition.

lll. METHOD

A. SIMULATION

First, each of the two phases ¢;, and ¢p is assigned a value.
For simplicity, we can always shift both phases together
so that ¢; = 0 and ¢y becomes a relative phase at all
times. Second, the value of the finite maximum Mfinire max 1S
calculated as a function of f, /fi at the fixed ¢y and ¢y, = 0.
Namely, the corresponding minimal amplitude ratio ar /ay
(= Mnqy) to cause mode mixing is obtained according to (5).
Third, repeating the same procedures for 0 < gy < 27 gives
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FIGURE 4. A computer flowchart for deriving our 3D map.

a reference to identify the mode mixing problem in a 3D
space of the coordinate (log (az /ar) .f, [fu. ¢r).- Namely,
given with a set of values of the three parameters, one can
affirm whether the two components are mixed according to
the criterion. Last, a black/white 3D map is obtained, which
plots the binary result of mode mixing in black or white as
a function of the three parameters. Then, the position of the
black/white 3D map within the black region indicates the
presence of the mode mixing problem. Fig. 4 illustrates a
computer flowchart for deriving our 3D map.

B. EXPERIMENT

The experimental validation of (5) as a criterion of mode
mixing for a two-tone composite signal was demonstrated
by using the decomposition of the CoM trajectory signals
in EMD. In this study, 23 adults walked with wearable
accelerometers on their lower backs for gait analysis [11].
All subjects provided informed written consent before partic-
ipating in the study. The protocol was approved by the local
human studies committee. The acceleration signal of each
adult was detrended by EMD and then integrated with respect
to time twice into a CoM displacement time series. Then,
each CoM displacement time series was decomposed for an
expected IMF with a dominant frequency of 1 Hz, which is
the average oscillating frequency of the CoM trajectory in
the ML direction of a healthy adult during walking. It is the
particular IMF that is valid for gait analysis. In our study,

300 —

200 ~
0,)
100 -

flf, log(a, /ay)

the decomposition works for 17 out of the 23 CoM displace-
ment time series but fails for the remaining six.

In the case of successful decomposition, the phenomenon
of mode mixing is absent. For each of the 17 CoM dis-
placement time series, the particular IMF due to walking and
its neighboring IMF due to noises are first separated using
EMD. The values of the two frequencies f; and fy, the two
amplitudes ay and apy, and the two phases ¢; and ¢y of
the two IMFs can be obtained through estimation, separately.
We use the counting extrema method [26] to estimate the
frequency of an IMF. Moreover, the amplitude of an IMF can
be estimated through averaging the heights of all extrema.
As for the initial phase, the normalized Hilbert transform [28]
is used. After that, we shift both the estimated ¢y and
@1, together to obtain the relative phase ¢, accompanying
¢; = 0. For simplicity, we still denote the relative phase ¢},
as gy . Finally, ay,/ay, fi/fu, and the relative phase gp of
the particular IMF and the neighboring IMF are presented
as the practicable decomposition results to be compared in
our black/white 3D map. A symbol of “0” is marked at the
coordinate (log (az. /aw) .f /fu. @r) in our map for each of
the 17 series, individually. We expect that all the decomposi-
tion results without the mode mixing problem will be located
inside the white region of the map.

In the case of mode mixing for the remaining six CoM
displacement time series, the particular IMF due to walk-
ing and its neighboring IMF due to noises are mixed. For-
tunately, the mixed IMFs can be separated using masking
signal-assisted EMD [16], [19] instead. Similarly, the values
of the frequencies, the amplitudes, and the phases of the two
IMFs can be obtained, separately. Subsequently, a symbol
of “x” is marked at the corresponding coordinate in our
black/white 3D map for each of the six series, individually.
All these six records located within the black region of the
map are expected.

IV. RESULTS

A. BLACK/WHITE 3D MAP

According to the criterion of mode mixing as given by (5),
Fig. 5(a) illustrates the black/white 3D map which plots the

25

03 . o ;

(b) 02 44 T, 05

Ly Iog(aL/aH)

FIGURE 5. (a) The black/white 3D map in this study, which provides a clear vision for identifying the mode mixing problem of a two-tone signal. The
position within the white region means the two-tone signal can be decomposed by EMD, and vice versa. (b) The cross section at ¢5; = 0 of the

black/white 3D map.
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FIGURE 6. Normalized average of Fig. 5(a) onto log (a, /ay) — f, /fy
plane. There are 17 and 6 records with the absence (symbol of “0”) and
presence (symbol of “x”) of the mode mixing problem, respectively.
According to the corresponding location, (5) is verified successfully by all
the records. Moreover, the upper and lower boundaries derived from
Rilling and Flandrin [17] and by Feldman [27] are also plotted.

binary result of mode mixing in black or white as a function of
the amplitude ratio ay, / ay, the frequency ratio fy, /fy, and the
relative phase gy between the two components of a two-tone
signal x(¢). Fig. 5(b) shows a cross-section of the black/white
3D map at ¢y = 0. The black and the white regions in the
map denote the presence and the absence of mode mixing,
respectively. Note that the boundary between the two regions
in Fig. 5(b) s irregular, which is similar to that in Rilling’s
Boundary Condition Map.

Fig. 6 shows a gray two-dimensional (2D) map. The 2D
map was first an average of the black/white 3D map onto the
log (ar far) —f, /fu plane and then normalized such that
the pixels of the 2D map are in gray ranging from 0.0% to
100.0%. Herein, each pixel represents a coordinate on the
map, which reveals the relation of ar /ay and f7 /fgbetween
the two components of a two-tone signal. Again, the black
and the white areas indicate the presence and the absence
of the mode mixing of the two components for all ¢y
between 0.0 and 2w, respectively. However, the gray area
implies that the mode mixing only occurs at some particular
relative phases ¢g. It can be imagined that the grayer a
pixel is, the more particular relative phases ¢y the pixel has,
and the higher the probability of mode mixing. In other words,
the degree of the gray color of a pixel suggests the probability
of mode mixing to occur at the pixel as the relative phase
¢g is unavailable. This resembles the efficiency of separation
for two-tone signals over the interspace in Rilling’s Boundary
Condition Map.

Figure 6 also shows the upper and the lower boundary
curves in the Boundary Condition Map presented by Rilling,
Flandrin [17] and Feldman [27]. It can be seen that the inter-
space between their upper and the lower boundary curves just
coincides with the gray area in our gray 2D map. However,
the occurrence of mode mixing in Rilling’s interspace is
statistically estimated in terms of the separation efficiency.
On the contrary, the occurrence of mode mixing in our
gray area can be affirmed once the relative phase ¢p is
available.

VOLUME 7, 2019

B. MODE MIXING OF COM TRAJECTORY

The validation of the black/white 3D map is examined by
using the experimental results obtained from our gait anal-
ysis. As seen in Fig. 6, there are 17 symbols of “0” within
the white and the gray areas as well as 6 symbols of “x”
within the black and the gray areas. Recall that each symbol
“0” denotes a CoM trajectory time series that is free of mode
mixing. On the contrary, each symbol “x’’ denotes a CoM
trajectory time series that encounters mode mixing. As the
23 symbols were relocated into the black/white 3D map,
the 17 symbols of “0” were found within the white region
while the 6 symbols of “x” were found within the black
region. Experimentally, the result agrees with our findings,
as described in section I1I-B. Numerically, the result has been
justified by applying (5), a criterion of mode mixing, to each
of the 23 sets of CoM trajectory signals, individually.

V. CONCLUSION

Based on the findings by Rilling and Flandrin [17] and
Feldman [27], we proposed a criterion for mode mixing sep-
aration in EMD, which provides a binary judgment on the
mode mixing separation instead of the above efficiency of
separation. According to the criterion, one can affirm whether
or not the two components of a two-tone signal are mixed
once the amplitude ratio, the frequency ratio, and the rela-
tive phase of the two components are given. Accordingly,
a black/white 3D map was derived, which plots the binary
result of mode mixing in black or white as a function of
the three parameters. The black/white 3D map agrees with
Rilling’s Boundary Condition Map and the experiment results
obtained from our gait analysis. Among the 23 sets of CoM
trajectory signals, six sets encountered the mode mixing prob-
lem and their coordinates of the three parameters were found
in the black region of the 3D map while the other 17 sets
were in the white region. Therefore, our black/white 3D map
provides a straightforward interpretation of the mode mixing
problem in EMD. The criterion along with the interpreta-
tion will benefit the further development of EMD-related
algorithms [16], [19], [21], [24], [29]-[31] for mode mixing
separation.
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