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ABSTRACT In this paper, a stability analysis problem is studied for a class of two-dimensional
(2-D) discrete-time systems with time-varying and distributed delays described by the second
Fornasini-Marchesini (FM) model. First, new 2-D polynomials-based summation inequalities are proposed
to estimate summation terms in the forward difference of Lyapunov-Krasovskii functional (LKF). The
inequalities can reduce to 2-D Jensen inequalities and 2-Dfinite-sum inequalities by designing slack matrices
and arbitrary vectors. Second, a new augment LKF is constructed, which makes full use of the delay
changing information. By the Lyapunov stability theory, sufficient conditions for asymptotic stability of 2-D
discrete-time systems are derived in the form of linear matrix inequalities. Finally, two simulation examples
are given to demonstrate the effectiveness of the proposed methods.

INDEX TERMS Two-dimensional systems, time-varying delays, distributed delays, summation inequalities,

Lyapunov-Krasovskii functional.

I. INTRODUCTION

Two-dimensional (2-D) systems are generally regarded as
a kind of dynamic systems, which depend on two inde-
pendent variables. Over the past decades, because of wide
applications of 2-D systems in industrial field [1]- [3], great
efforts from researchers have been devoted to the analysis
and design of 2-D systems. In the study of 2-D discrete-time
systems, Roesser model [4], the first Fornasini-Marchesini
(FM) model [5], the second FM model [6], [7] and General
model [8] have received extensive attention.

In practical industry, time delays commonly exist in
the process of information transmission. Since time delays
usually cause system performance degradation or even
instability, stability analysis of time delay systems has
become the focus of research. In the last few years,
there have been many results for 2-D discrete-time sys-
tems with constant delays [9]-[11]. With the development
of 2-D discrete-time systems and control theory, some
researchers began to focus on 2-D discrete-time systems
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with time-varying delays [12]-[15]. Compared with the stud-
ies of 2-D constant delay systems before, 2-D systems with
time-varying delays are closer to actual industrial model.
During the above researches, there are two kinds of criteria on
time-delay analysis of 2-D discrete-time systems, i.e., delay-
independent [9]- [10] and delay-dependent [11]—[15] ones.
By comparison, delay-dependent ones are less conservative
due to delay information is fully utilized. It is worth not-
ing that there is another kind of delays called distributed
delays, which often exist in practice due to the existence
of a large number of parallel paths in information trans-
mission. Research on distributed delays has been developed
in one-dimensional (1-D) systems [16]— [18]. Unfortunately,
there is no research on stability analysis of 2-D discrete-time
systems with distributed delays and time-varying delays, this
motivates the present study.

In the study of Lyapunov asymptotic stability theory for
2-D discrete-time systems, the main purpose is to obtain less
conservative stability conditions. To achieve this goal, many
researchers follow two main directions: the construction of
Lyapunov-Krasovskii functionals (LKFs) and the estimation
of the forward difference of LKFs. For the construction
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of LKFs, those with simple form have been widely used
in stability analysis of 2-D discrete-time systems [10]-[15].
In addition, stability analysis of 2-D discrete-time systems
based on delay-partitioning technique has been considered
in [19]. Recently, it has been found that augmented LKFs
could help in reducing conservatism, because augmented
matrices provide more room to be adjusted in stability
criteria [20]. Augmented LKFs for 1-D systems have been
developed to improve stability criteria in [21]-[24]. Further-
more, In [25], [26], a term of delay product type is included
in LKFs for continuous-time systems, and the derivative of
time-varying delay is introduced into the stability analysis.
In [27], delay variation constraint has been taken into account
for 1-D discrete-time systems, which is helpful to improve
stability criteria. To the best knowledge of authors, up to now,
the most constructions of LKFs are still simple forms and
the delay changing information has not been fully utilized
in 2-D discrete-time systems. Therefore, there is room for
further study on the structure of LKFs for 2-D discrete-time
systems.

For the bounds on difference of functionals, the crux
i% how to deal with the introduced solllmmation terms
S Ax(i+1L,j+ DPAx(i+1,j+ 1)and Y Ax(@+1,j+1)
I= I=
ng(i + 1,7 + [). Some methods hﬁave been pro-
posed to solve the problems, such as, the free-weighting
matrix approach [28], [29], the 2-D Jensen inequalities [30],
the 2-D finite-sum inequalities [31]-[33]. 2-D Jensen inequal-
ities and 2-D finite-sum inequalities are methods to estimate
the difference items directly by boundary inequalities.
2-D finite-sum inequalities provide a more tighter lower
bound than Jensen inequalities [31]. But there is room
to improve the 2-D finite-sum inequalities as more gen-
eral summation inequalities. In recent years, for 1-D
systems, polynomials-based summation inequalities have
been proposed in [34], which utilize slack matrices and
arbitrary vectors. For systems with time-varying delays,
researchers have proven that polynomials-based summation
inequalities have more advantages than Jensen inequali-
ties and Wirtinger-based inequalities [34]. The emergence
of polynomials-based summation inequalities promotes the
development of general summation inequalities. However,
polynomials-based summation inequalities have not received
adequate attention for 2-D discrete-time systems.

In this paper, a delay-variation-dependent stability problem
for 2-D discrete-time systems described by the FM second
model with time-varying delays and distributed delays is
investigated. 2-D polynomials-based summation inequalities
are proposed. Combining 2-D polynomials-based summation
inequalities, a novel LKF is constructed to obtain improved
stability criteria. This paper is organized in the following.
Section II formulates the problem of 2-D discrete-time sys-
tems with mixed delays described by the second FM model
and proposes 2-D polynomials-based summation inequali-
ties. A delay-variation-dependent stability problem is stud-
ied in Section III. Two numerical examples are given in
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Section I'V to illustrate effectiveness of the proposed methods.
Finally, some conclusions are given in Section V.

Main contributions of this paper are summarized as below:

i Distributed time delays and time-varying delays are
considered simultaneously in the stability analysis
problem for 2-D discrete-time systems.

ii 2-D polynomials-based summation inequalities are
proposed, which encompass 2-D Jensen inequali-
ties and 2-D finite-sum inequalities as special cases.

iii A new augmented LKF which takes more state
information into account is constructed, and the
delay changing information is introduced into the
difference of the LKF.

Notation: Throughout the paper, R" denotes the
n-dimensional Euclidean space. N and NT represent the
sets of nonnegative and positive integers, respectively. For
a real matrix P, PT and P~! represent the transpose and the
inverse of P, respectively. A matrix P > 0, means that it
is a symmetric, positive definite real matrix. The shorthand
diag{-} denotes a block diagonal matrix. The symmetric
terms in a symmetric matrix are denoted by *. The notation

||I-|| refers to the Euclidean vector norm. col{xy, x2, - - - , X}
T . . .
means [xlT sz . an ] .Ina symmetric block matrix Z, Z;; is

k
forO0 <k <n.S,and S;l“ denote the set of symmetric definite
matrices of R”*" and the set of symmetric positive definite
matrices, respectively.

the (i, j)th component. sym{M} = M + M". <n> = o

Il. PROBLEM STATEMENT AND PRELIMINARIES
Consider a 2-D discrete-time system with mixed time delays
as follows:

x((+1,j+1) =A1x(@,j+ D+ Ax(@+ 1,))
+Ax(i —di(,j+1)
+Axgx(A+ 1,7 — da()))

+00
+A3 Y g x(i—s1,j+ 1)
s1=1
+00
+ALY pox(i+1j—s). ()

sp=1

where x(i, j)) € R" is the state vector, A1, A>, A14, A2q, A3
and A4 are constant matrices with appropriate dimensions.
i,j € N.d1(i) and d»(j) are time-varying delays along vertical
direction and horizontal direction, respectively, satisfying:

0 <dim <di(i) <dim, 0 < dowm < do(§) < dom,  (2)
Am < Ad1() =dii+ 1) — di() < M. 3
rMm < Ady(j) = da2G+ 1) — d2(j) < dom,s 4

where di,,, dom, diy and dopy are constant positive integers,
denoting delay bounds. A1, A2, A1y and Apyy are constant
integers, denoting the delay variation bounds.

Ws, and pg, are constants. pg, > 0, ug, > 0(s1,82 =
1,2,---), in the same time, satisfying the following
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restrictions:

“+00 —+00
D sty < 400, Y sapt, < +00, (5)

s1=1 sp=1
+o0
= Z My < 400, Iy, = Z tsy, < +00.  (6)

S1=1 S2:1

The boundary conditions are assumed as:

x(,)) = ¢ij, Y0<i=<n, j=—dowy, —dom+1,---,0,
x(1,))=0 Vi>r, j=—day, —doy+1,---,0,
x(i,)) =vij, YO<j<n, i=—dym,—diy+1,---,0,
x(i,))=0 Vi>nr, i=—diy, —diy+1,---,0,
®0,0 = ¥0.0,

(N

where r1 and r, are positive integers.

Definition 1: The system (1) is asymptotically stable if
l_i)m X, = 0 under any bounded boundary conditions of (7),
where X, = sup{||x(i, )| : i +j = ri,j € N}.

Before presenting the main results of the paper, the follow-
ing lemmas are introduced first, which will be important for
subsequent derivation.

Lemma 1: ForamatrixR € S, constants a € Z, h € N¥,
and a function x : Zla,a+ h — 1] x Z[la,a+ h— 1] - R",
the following inequalities hold:

(1) 2-D discrete Jensen inequalities in [29]

a+h—1 1
> Ax G )RAXIG.)) = Z@{Rcb], 8)
=a
a+h—1 1
Z AT (i, HRAX2 (G, j) > Zw{ RV, 9)
J=a
(2) 2-D finite-sum inequalities in [31]
a+h—1 . . 1 , 3 ;
> Ax[ G )RAX ) = ZOIR®| + - ®IR®y,  (10)

i=a

a+h—1
T,. . .. l T § T
> A EHRAGG ) = S Y[R + 2 W] RY, (1)
Jj=a
(3) 2-D finite-sum inequalities in [33]
a+h—1

Z AxT (G j oo Lo 3 7
1 G DRAX1(L)) = EfbchDl + ECI>2RCI>2

i=a

5
+ zd>3TR<I>3, (12)
a+h—1 | 3
> A G PRANG.)) = 2 U RY) + W] R,
Jj=a
5
+ h\ll3 RYs3, (13)
where
Ax((i,)) = x(i + 1, )) — x(0, ),
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Axp(i,)) = x(,j+ 1) — x(Q, )),
¢ = x(a+h,j)—x(a,)),
U, = x(,a+ h) — x>, a),
a+h

®; = x(a+ h,j) + x(a, J)—mzx(l P

a+h
Wy = x(i,a+h) +x(i, @) — —— Y _ x(i. j),
ht1 =

a+h
o — B xa s O
3 = x(a+h,j) x(“”+h+1i§x(’”

12 a+h a+h

T+ Dh+2) 22X,

s=a j=s
a+h

V3 = x(,a+ h) — x(, a)—i—mZx(l 7

12 a+h a+h
T 2 2N

Lemma 2: [35] Given lmearly mdependent functions
{ps(®), s € [0, m] () Z|po(i) = 1}, where m € N, the orthog-
onal function of ps(i) based on {pr(i), k € [0,s — 11 Z},
say ps(i), can be generated by

Ps(i) = ps(i)
s—1 , at+h—1 a+h—1 -1
- Z( > m(z’)ﬁk@)( > 5%(:‘)) B (i),
k=0 i=a i=a

Po(d) = po(d).
Then, the following properties are satisfied
a+h—1

> By =0,

a+h—1

> PPk =0,

Lemma 3: [34] Forr e Nyae Z,h e NT, letx : [a,a +
h—11(Z — R" be a vector function. Then, we have

1 <s<m,

0<s, k<m, s#k.

a+h—1 ,. 4 a+h—1 a+h—1a+h—1

1—a r . .
2 ( , )’“(’>= )OI DD IR
i=a iry1=a =iz i1=i

The following rth-order polynomial functions are chosen
when deriving 2-D polynomials-based summation inequality.

(i—a+u
i —(r=0,--- ,m(m e N).
pr(i) = 1"[l v )om € N)
Lemma 4: (2-D polynomials-based summation
inequality)

Fora € Z, m € Nand h,q € N*, a vector function
x : Zla,a+h — 1] x Zla,a + h — 1] — R", a matrix
M € S((m+l)q+l)n’ an arbitrary vector function n1(i,j) €
R?*, and kth-order polynomial functions py(k = 0, --- , m),
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the following inequality holds:

a+h—1

= Y AX] G DM 2mi2) Axi . ))
i=a
m+1  a+h—1

=Y (X PLO)n] G pMamG.)

s=1 i=a
m  m+1

+ Z Z sym{pan(i,j)kaUl(i,j)}
k=1 s=k+1
m+1 a+h—1

+ > sym{nl G pMnin Y AnGp). (4

s=1 i=a
where
a+h—1
p=Y Pei()Ps1(i).
Proof: Choose £(i,j) = col{Po()n1G,j), -+ , Pu(i)
n (i, ), Ax1(3, j)}. Ax1(i,)) is defined in Lemma 1.
00, j) = & (i, )M&1(, j) > 0.

Summing 6(i, j) overi € [a,a+ h — 1]() Z, it can be shown
that:
a+h—1
0< Y 0G.)
i=a
m+1 m+1 a+h—1

=Y 3 > P a P )] G )M (. j)

s=1 k=1 i=a
m+1 a+h—1

+ 3 sl G Mansn) Y Pro1®AxiGi, )
s=1 i=a
a+h—1

+ Y A G DMang 22 Axi G, )}
i=a

Due to Mj; # Mjlr(i # J), the inequality (14) is obtained. [

Remark 1: Fora € Z, m € Nand h,q € N*, a vector
funclionx Zla,a+h—11xZ[a,a+h—1] — R", a matrix
M € S((m+l)q+l)n’ an arbitrary vector function ny(i,j) €
R?", and kth-order polynomial functions py(k = 0, --- , m),
the following inequality holds:

a+h—1
- Z A (i DMy 2)m+2) Axa(i )
j=a
m+1  a+h—1
<3 (X Pl Mt
s=1 j=a
m m+l
+ 303 sym{pnd i pMiena(i. )}
k=1 s=k+1
m+1 a+h—1
+ > sm{nl G Mz Y AnGp) (15
s=1 j:a

where p is defined in Lemma 4.
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In order to be applied to 2-D discrete-time systems with
time-varying delays, the following Lemma is proposed.
Lemma 5: For a € 7, h,q € N*, a vector function
: Zla,a+ h — 1] x Zla,a + h — 1] — R", a matrix
M € S(Squl)n’ an arbitrary vector function n1(i,j) € R?",
the following inequality holds:

a+h—1
— 3 Axl G )Mas Axi G )

i=a

h h

< T (hM n e ) ..
<m@) 1+ 5 My + =30 M33 )G, j)

+Sym{771T(i,j)M14X1 + 01 (i, )Moax2

+ 1] (. )Maa s} (16)

where
X1 = -x(a + hv]) _.x(a,j),
a+h

X2 —x(a+h])+ x(aj) g 2o X,

=a
a+h

1 1
X3 = ppxa+h.j)— 5xa ,J)+2(h+1)2 x(0,))

a+h a+h
T+ D(h+2) 1)(h+2) Z; @D

Proof: Design P,(i) as P S(D)(r = 0,1,2) in lemma 4,
according to Lemma 2, it is obtained that:

S0 = 1 ~ . i—a+1l 1
po(i) =1, Pl(l)—ﬁ—i,
~ . i—a+2)(i—a+1) i—a+1 1
p2) = — - =
(h+ 1)(h+2) 2(h+1)
where
a+h—l~(.)_ h(h+1)
; P = i1y
aph ! h(h — 1)(h — 2)

O

i=a

720(h + D)(h +2)°
According to Lemma 3, several summation terms are
obtained as follows:

a+h—1
> Bilox( )
i=a
a+h—1 a+h—1 a+h 1
h+1 Z Z x(l])—— Z x(i, j),
a+h—1
> PalixGi. )
i=a
a+h—1a+h—1a+h—1

(h+1)(h+2) 2; Z Zx(”)
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a+h—1a+h—1 a+h—1

1 | .
- m Z Z x(i, ) + D Z x(i, J),
S=a =S I=a
a+h—1a+h—1
> AxG))
s=a i=s
a+h
= (h+ Dx(@a+h.j)— Y x(.j),
i=a
a+h—1a+h—1a+h—1
YD Y AxG))
k=a s=k i=s
(h n 1)(/’1 n 2) a+h a+h
= @+ h =33 k).
sS=a |=s
Let m = 2 in lemma 4, it can be shown that:
a+h—1
= D M )Maadxi ()
i=a
h(h—1)
<TG, (M —
< ol G (s + R+ 12

h(h — 1)(h — 2)
720(h + D)(h + 2)

+sym{n] G DM + ] G DMaata

+ ﬁlT(i,j)M34X3}-

M3 ).

— h—1)(h—2 . . .
Due.to % 1, w 1, the inequality (16) is
obtained. O

Remark 2: For a € 7Z, h,q € NT, a vector function
x : Zla,a+ h — 1] x Zla,a + h — 1] — R", a matrix
M € S:gq-i-l)n’ an arbitrary vector function n1(i,j) € R?",
the following inequality holds:

a+h—1
— D Ax) (i, )MasAxa(i, j)
J=a
< 06,y (M Mo - M )i
12 720
sy . pMraen + 1] G, )Moser

+ 03 (i, pMaas . (a7)
where
o) = x(i,a+ h) — x(i, a),

1 1 a+h
@ = 5x(ia+ )+ 3x(0) = 3 ;xa',j),

{ 1 a+h
0 = Sali.a+h)— Sxia)+ WD Z:x(i’f)’
1 a+h a+h j_a
NEnEErS jzzsx(”)'
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Remark 3: Define the arbitrary vector and the slack matri-
ces in lemma 5 as following:

a+h
(i, J) col{x(a+ D@ ;x(l,ﬁ},

My = diag{X, 0},
M4 = col{Y, 0},
X = YR YT,

My = M33 =0, Mgy =R,

My = M34 =0,

_ gy
Y = n[R R]".

Lemma 5 reduces to (8) in Lemma 1. When the slack matrices
in lemma 5 are defined as following:
My = MuuMp' MYy, My = MaM'M1,, Ms3 =0,
6
—R 0]", Muy=->[R -R 2R],
n

Lemma 5 reduces to (10) in Lemma 1. When the following
arbitrary vector and slack matrices are chosen in lemma 5:

a+h
i, j) = col{x(a +hopx@ ) ;xa,j),

1 a+h a+h
<h+1><h+z>§;§“””}’
Mii = MMM (i =1,2,3),
1
Ma=—-[R —R 0 0]",
6
M24=—Z[R R 2R 0],
60
My =——[R —R G6R 12R]", My =R,

Lemma 5 reduces to (12) in Lemma 1. Therefore,
2-D polynomials-based summation inequality contains
2-D Jensen inequality and 2-D finite-sum inequality as
special cases.

To reduce the complexity of the calculation of Lemma 5,
the following corollary is obtained.

Corollary 1: For a € Z, h,q € N7, a vector function
x :Zla,a+h— 1] x Zla,a + h — 1] — R", for matrices
My € R "(i = 1,2, 3), a positive definite matrix Mys €
S;F, an arbitrary vector function n1(i, j) € R?", the following
inequalities hold:

a+h—1
— > Ax (i pMaaBAxi(, )

i=a

< 0] (g M b M
b o MM ML Y. ) -+ sm ] G Mo
0] G Mz + 0] G M. (18)
a+h—1
= D A (L )Maadxa(i )
j=a
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.. _ h _
< nzT(l,J)(hM14M441M1T4 + — 24M441M2T4

12
M M nai )+ sym{ G
720 34M g M3y )M2(L, ] symy 1, (1, )M 140
0 (G, )Mascts + 1] G, )M sacts | (19)
Proof: Let My = MuMy'MLG = 1,2,3) in (14)
and (15). O

lll. MAIN RESULTS

In the section, a novel approach of stability analysis for
2-D discrete-time system is developed. The following theo-
rem presents a delay-variation-dependent sufficient condition
for system (1) based on the above results.

Theorem 1: For given scalars dim,, dip, Man, Mt (K =
1,2), di(i), d2(j) satisfy the conditions (2)-(4), us, > 0,
s, > 0 and satisfy the conditions (5)-(6), 2-D system (1) is
asymptotically stable if there exist real matrices P1, P3 € S;r
Py, Py S}, Oc R, S1, S €Sf, (k=1,2,3,4), M, E; €
R**" N;, Wy, Fi, E; € R (i = 1,2,3), such that the
following LMIs hold:

[Y1(di () = dvm, Ad1(i) = ) + T2+ T3 91]

L * Q]

< 0, (20)
[Y1(d1() = dip, Adi(i) = Aip) + T2 + T3 ®2]
L k Q]

<0, (21)
[ Y4(da(j) = dom, Ada(j) = Aa) + Y5+ Y6 ®3]
L * Qz

<0, (22)
[ Y4(da() = dom, Ada(j) = Aa1) + Y5 + Y ®4]
L k Qz

<0, (23)

where
l=mM,

T1(d1(D), Ady(i))
= 1Py + sym {MEPYTL |+ (@i
+ Ady ()T Py T3 — dy (i)T1] PaTly,

_ 1
T2 = €] (Q1 + 115, S1)er — —el Sies

51

+ 2 (0 — Q1)e7 — e§ Qreg

+(eg — e (d,,R1 + EfRz)(eo —e1),
T3 = dimsym{yiMix1 + yiMaxa + YiM3 x3}

+disym{y2N1 x4 + v2Naxs + v2N3 x6)

+disym{ysWix7 + 3 Waxs + vaWaxol,
Tu(da()), Adr()))

= NIPsMs + sym | P3Ms | + (@20)

+ Ady ()T P4Tl7 — dy ()T PyTlg,
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T — 7
Ts = e5 (02 + Uy, S2)er — —e¢ 26
52

+e§(Q4 — O3)es — e1pQaeio

+(e0 — )7 (d3,R3 + d3Ra)(eo — e2),
Y6 = domsym{B1E1a1 + B1Exas + B1E3as}

+ dasym{BaF 104 + BaFaas + BrF3ac)

+ dasym{B3Zya7 + B3Zoag + B3Zzao},

ey — el
el €0
I, = el —ey , TIz= e3+eq1 s
e7 — €9 (dim+Dez—e7

| (dim + D)(e1—ei3)

€y — e
e €]
Il5 = ey —eg , Tly= €3 ,
eg — el (dim + Deiz — e

| (dom~+1)(e2— e14)

) ()
H7 = é4 + €12 s Hg = é4 s
_(d2m + Deyy —eg (dom+1)es—er

]
ez +ej]
I, = (dim + Derz —e7 ,
dim(De1s + dim(ierr — ez — e7
| (dim + D(dim + 2)e19 — (dim + Dey |

o
e4 + e
[ = (dom + 1)e1s — es i
22m(].)el6 + E2M(i)€18 —eyq —eg
(d2m + D(dom + 2)e20 — (dom + e |

0 = [dlm)/lMl dimyiMy  dimy1M3
diysWi diysWs 317/3W3] ,

0, = [dlm)/lMl dimyiMy  dimy1M3
diyaN1 diyaNs 31V2N3],

Q1 = diag{Ry, 12R1, 720R1, R>, 12R,, 7T20R,},

O3 = [dzmﬂlEl domB1Er  donPrE3

d2B3Z1  dafsZn 32,3323],
@4:[d2m,31E1 domPr1Ey  dymPrE3

d2BsF1 drf3Fr 32,33F3] ,
Qo = diag{R3, 12R3, 720R3, R4, 12R4, T20R4},
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V= [61T e7 91T3 61T9]v
2=y = [€7T 93T e9T 61T5 91T7 €2T1 653] )
pr=[edef el eh).
B2 = p3 = [eg e ey € ey ey 654] ,
dy =diy —dvm, dr=doy — dom,

din(i) = dv() —dim+ 1, din() = disg — dr(D) + 1,

dom(j) = da() — dom + 1, do () = day — da(j) + 1.
Proof: Choose a Lyapunov function candidate for
system (1) as

7 7
V=TT =Y e+ YW, 24)
k=1 k=1
with

Vi =&lpg,

Vi = di()E] Paga.
-1
Vi= > xT(i+s)0Qix(i+s.))
S:—d]m
—dim—1
Vy = Z X1+ 5, )02x(i + 5, ),
s=—d\y
+o0 —1
Vs =Y 1y Y x(i+s5)S1xG + 5. j).
51 §=—5]
-1 —1
Ve=dim »_ > AxT(i+s)RIAXG+s.)).

I=—dy;, s=I
—dim—1 —1

Vi=dy Y Y AxT(i+s)RaAX(+5.)).
I=—dipy s=I

Vi = & Ps&s,

Vo = do(EL Paka,
-1
Vi= Y x4 )03 j+9),
s=—dm
_d2m_1
V4 = Z xT(i,j + S)Q4x(i7j + S),
s=—dyy
+00 —1
Vs = Z,,Lsz Z X7, j+ $)Sax (i, j + 9),
52 §=—52
-1 -1
Vo=dmm Y. > AxT(i.j+9)R3Ax(.j+5),

I=—dyy, s=l
_dZm_l -1
Vi=dy Y ) AT+ RAXG + ),
I=—dyy s=I
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where

—1

slz[”ﬁ,j) Mi—diny) Y x G+ s

s=—d\m
—diy—1 -1 -1 r
x 3 x+s) X Xall+s)| o,
S:—d]M l:—d]m s=I

T
—1
& = |:xT(i,j) xT (i — di(i), j) > XT(i+S,j)j| ,
s=—dy
& = |:x

—1
Ta,jy TG j—do(G)) Y xTGj+s)

s=—doy
—dy—1 -1 -1 r
x 2 x4+ X XA+
s=—dy I=—dyy s=I1

T
-1
s4=[xT(i,j) i, j—dG) Y xT(i,j+s>]

s=—dyn

Denote

X =x(@+&,j+n),
AX_g,(),1
=x(i+1-di(i+1),j+1)—x@i—di(D),j+1),
AX1,—ay(j)
=x(i+1,j+1-d2G+ 1)) —x((+ 1,j — da()).
AV = AV(@i+1,j+1)
=AVGi+1,j+D+AVGi+1,j+1),
AV = AV(@i+1,j+1)
=V@i+1,j+1)—-V(3ij+1),
AV = AV(i+1,j+1)
=V@i+1,j+D)=VGi+1,).

Then, the difference of the LKF is given as follows:

7
AV =Y " (AVi + AV,
k=1

with
AV = AE P A +sm (6T Py g )
= 707 P I, + sym {ngplnl});,
AV = T ((di() + Adi()TT] PaTT3 — dy ()T} PaT14)¢,
AV3 = x({1Q1XO,1 - xidlmJle—dlm,l»

- _.T T
AVy = xfdlm,lQZX—dun,l —X,dlM,1Q2X—d1M,1,

5. — T
AVs = MSlxo’lslxo’l

1 +00 r ~+00
—_—<Zﬂs1x51,l> SI(Z/J/S]-XX],])a
MS]

si=1 s1=1
-1
7 2 T T
AVe = d]mAxO,lRle(),l —dim E Axg 1R Axy 1,

s=—dim
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7‘11)1171
AV7 = A Rodxo —d1 Y AxT RoAxy 1,

S=—d1M

AV = AETPsAgs +sym (6] s ey

= ¢T(NLP3Tls + sym {H6TP31'I5} )¢,

AVy = T ((da() + AdaGNTIE P4TT7 — do(HTTL P4Tls)c,

T T
X7,003%1,0 = X| _g,, 93X1,~ds,»

T T
AVy = X{ _gy, Q4X1,—dyy = X1, —dyy, Q4X1,~dopy »

5% — T
AVs = Pg, X1, 052%1,0

_ _< Z sy X1, _v2> Sz( Z HsyX1, —vz)

sr=1
—1
AVs = d3,,Ax] oR3sAx10 —dom Y Ax| R3Axy g,

>
) =
I

s=—dyn
—dym—1
~ — —
AVy = dzAxlT’OthAx],o —ds Z AXIT’SR4AX1,S,
S:—dZM
where
_ Xs,1 P X1,s
V] = . V] = ,
! Xd: dm+1 Zi: dym + 1
=—dlm =—a2m
—dim X —dom X
— s, 1 ~ 1,s
V) = V) =
Z o dim(D) Z ~ dam())
s=—d (i) s=—d>(j)
—d (i) X | —d> (i) x|
— S, -~ 5
V3 = = NE 3= = N
S_ZdlM dim(0) X_ZdZM dom())

0
V4 = (dlm 1)(d1m n 2 Xd: sz 1,

- 1
T o+ Dldan +2) Zmle o

7dlm 7d1m
VS = X 1
dlm(zxdlm(z) +1) l__zdl(,) ZI ;
_d2m _d2m

~ 1
BT G @+ 1), 2, 2

=—da()) 5=l
—d(i) —d(i)

Ve = dlM(l)(dlM(l) +1), Z Z Xs, 15

=—diy s=I

1 —dr(j) —da())
Vo= =————— XLs>
Do ()da () + 1) ,_de 2:,: '

e = [Onx(i—l)n Lyxcn 0n><(24—i)n] s
eo=[A1 Ay A Aw Ay Ay Ouise],
+00

= Col{xo,l,xl,o,x—dl(i),l,m,—dz(j), Z PesiX—s1.15
s1=1

w
|

99824

+o00
E MosyX1,—sp5 X—dyp, 1> X1, —dpX—dipg 15 X1, —dop 1 5
sp=1

V4, V4, VS,"TS, V6, V6}
Then, it can be shown that:

AV = T (01(d1 (), Adi (i) + T2)¢
—1

—dim Z AxST,lR1Axs,1

S:—d|m
—dip—1

> Ax] RyAxg, (25)

S:—dlM

AV = (T (0y(da(f), Ado()) + Y5)C
-1

—dym Z AxlT,SR3Ax1’S

s=—doy,
—dym—1

—dy Y Ax] RyAxi. (26)

S=_d2M

For the summation terms in (25), applying the summation
inequality (18) in Corollary 1, and the adaptive vector is
selected as follows:

yle(s, ), Vs eli—dimi—1],
m@, )=y ¢(s,j), Vs eli—di(i),i—dym— 11,

y3Té-(saj)a VSG [l_dlMal_dl(l)— 1]
It is shown as:

—1
—dim Z szlRles,l

Szfdlm
_ 1 _
< ;T(dfmyl <M1R1 M7+ SMR; ‘M7

1
+==—M3R| 1M3T)V1T+d1msym{)/lM1Xl

720

+yiMax2 + J/1M3X3}>§“,
—dim—1

—dy Z AxSTlezAxs,l
s=—dM
—dim—1 —di(i)—1

= —31 Z AxST’leAxs,l —31 Z szlezAxS’l,

s=—d (i) s=—d\y
—dim—1

Z AxI Ry Axg
s=—d (i)

< ¢ (@1 — i (VRSN + 5 NaR N
1 1
RETTIACLIAE )J/z +disym{y2N1 x4

+y2Naxs + V2N3X6}>§’
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—dy(i)—1
dy Y Ax] | RyAxg,

s=—diy

< 7 (@i — di(oyys (WiR; ' WT + S waR; ' WE

12

1 AW\ T |5
+ ~-W3R, W3 )ys +disym{ysWixs

720
+y3Waxs + J/3W3X9}>C,
where

X1 =¢€1—¢€7, X4=¢€7—e3, X]=e3— €9,

1 1 1 1 1
X2 = 561 + 567 —e13, X3 = i) er— 12€7+2€13—€19,
1 +1 1 1 +l
X5 = 267 263 €15, X6 = ]26 263 3 — e,
1 +1 1 1 4 1
X8 = 263 269 €17, X9 = B e3 1269 2817 €23.

When di(i) = dim,

AV ay(y=d,,
7
-y
k=1
< ¢ Y1(d1() = dimy Adi (D) = M)E + ¢t
+dim¢ Tsym{yiMix1 + yiMayxa + viMs x3)¢

+d ¢ sym{yaNi xa + y2Naxs + v2N3 xe )¢
+d ¢ symlysWix7 + vsWaxs + v3sWaxol¢

_ 1 _
+cTdimm <M1R1 ‘M 4+ MR, ImT

1 _
+ ==—M3R] 'mT )dlml/l +§Td1V3<W1R w{

720
1 1 —1 T\ . T
WoRT'WT + — WaRS'W )d . 27
+122 2+72032 3 1Y3 ()
When d(i) = diy,
Avdl(i)zdlM
7
N/
k=1
< ¢I'Y(dG) = dim, Ad1G) = A + ¢ Ta¢
+dim¢ Tsym{yiMi x1 + yiMayxa + viMs x3)¢
+d ¢ sym{y2Ni xa + y2Naxs + v2N3 xe)¢
+d1 T sym{ysWix7 + v3sWaxs + v3Waxo)¢
_ 1 _
+ T dimnm (M1Rl 'mT + SMR; 'mr
1 B - _
+ o MaR; 1M3T)d1mle + 74, yz(Nle INT
1 —1 /T 1 —1A/T\7 ., T
+ 5NaRy 'NT + = NaRy N )divt. (28)

For the summation terms in (26), applying the summation
inequality (19) in Corollary 1, and the adaptive vector is

VOLUME 7, 2019

selected as follows:

Bl ¢, s), Vselj—dumj— 11,
m@.)=1 B3 ¢G,s), Vselj—d(),j—dom— 1],
Bic(,s), Vselj—dumm,j—da() —1].

It is shown as:
-1
—dom Y Ax] R3Axi

s=—day
- 1 -
< CT(dzzmﬂl (E1R3 'ET + R 'ET

1 _
+ ﬁE3R3 1E3T>/31T + domsym{B1E1a)

+ B1Exar + ,31E30£3}>§,

—dom—1
3 T
—d» E Ax1,3R4AX1,s

s=—day
—dy—1
= —d, Z AxESR4Ax1,s
s=—d>(j)
—d2()—1
dy Y Ax[ RiAxy,

s=—dom
—d2m—1

> Ax{ RyAxy
s=—ds())

< ¢ (@2(a) — dono (FiRT T +

T _
+ ﬁFz& 11”3T),32T + dasym{BaF o4
+B2Fas + ,32F3016}>§,

—dy(j)-1
> Ax{ RaAxy

s=—doy

¢ (@t — daips (2iR; 2] +

1 1T T =
+——7Z3R, ' Z; ),33 + dasym{B3Z1a7

720
+ B3Zpag + /3323119}){,
where

Q] =e€3 — ey, 0«4 =¢€3—¢e4, 7 = €4 — €10,

1
—FR'F]

1
— R, 'Z]

11 1 1 1
m=sertoeg—ew, 03= e Segt se—en,

11 1 1 1
as=zeg+oea—eip, A= 58— et SeiTen,

1 1 1 1 1
ag=estselo—els, a9 = e — el e — e
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When dz(j) = do,
AVidy()=da)
7
>V
k=1
< (" Yu(dr(j) = dom, Ado(j) = 22)C + ¢ Y58
+dom¢ T sym {B1E1a + Bi1E2az + Bi1E3as) ¢

+do¢ sym{BoF1aa + BoFaas + BaF3ae) ¢
+docTsym{BsZiar + B3Zaas + B3Zza} ¢

o L
+ & oy (ERSE] + S EaR3EY

1 _ = _
+ = EsRs B )donB] + (T dops (2iR; 2]

1 —1-T 1 —17T\F_ aT
+ 5 2R' 2] 4+ 7R, 7 )d2ﬂ3. (29)

When d>(j) = dowm

AViarGy=donr)
7
Vi

]

< ¢"Y4(dr() = domr, Ada(j) = o) + ¢ 7 Y5t
+dom¢ T sym {B1E1ay + Bi1Exay + BiEsas} ¢
+dat " sym (BaF a4 + BoFaas + BaF3ae) ¢
+do¢ " sym{BsZiar + PsZoas + P3Zzao} ¢

_ 1 _
+ ¢ dy By <E1R3 el 4+ - 2R; 'l

1 _ = —
+ s Eaks L o] + 5T dopa (FiR; ]

1 —1 5T 1 —1pT\7. T
+ 5 PRy F s FaR )d21. (30)
According to Schur’s complement, negativity conditions of
inequalities (27)-(30) are equivalent to inequalities (20)123),
which implies AV(i+1,j+1) = AV(i+1,j+ 1)+ AV(i+
1,j+ 1) < O for all nonzero ¢. The inequality means

»
S

V@i+1,j4+ D)+ Vi+1,j+1) < V@i, j+ 1)+ Vi+1,)).
3D

According to inequality (31) and the boundary conditions (7),
for any integer k > max{ri, r»}, it will be obtained that

Yo vip= Y (Vi) + V)
i+j=k+1 i+j=k+1
=Vk,D+Vk, D+Vk—1,2)+V(k —1,2)
+ o+ VAL K+ VLK)
<Vk-1,D4+Vk,00+V(k—2,2)+V(k —1,1)
+ 4+ VO, )+ V(1L k—1)
=Vk-1L,D+Vk-1,D+Vk—-2,2)+V(k —2,2)
+ o+ V(L k=14 VA, k—1)+ V(k, 0) + V(0, k)
=Y VG (32)
i+j=k
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Denote a separation set Dy = {(i,)) i+j = k},

d = max{dpy, day }. Inequality (32) implies that the energy

stored at all points in Dg41 -+ Dk—g+1 is less than

the energy stored at all points in Dg | J---|JDr—a [13].

Thus, it’s obtained that .+1jm V(i,j) = 0, which implies
I+]—> 00

lim  lx(i, )l = 0. By Definition 1, the system (1) is
I+j=00

asymptotically stable. ]

Remark 4: The LKF proposed in this paper is quite differ-
ent from the previous literature of 2-D systems. To activate the
advantage of the 2-D polynomials-based summation inequal-
ities, V1 and V] are proposed which contain more summation
terms. Due to the delay-product type terms are introduced in
V, and Vz, the differences of V, and V2 contain more delay
changing information, which make the stability criteria is
delay-variation-dependent. The state vector x(i—d (i), j) and
x(i, j—da(j)) in the augmented LKF are developed according
to similar terms for continuous-time systems [20]. Simulation
examples will illustrate the effectiveness of the proposed LKF.

If distributed time delays are not considered, then system
(1) reduces to the following model:

xG+1L,j+ 1) =Ax@,j+ 1)+ Awx(@+ 1,))
+Agx(@—di(i),j+ 1)
+A2x(i + 1,7 — d2(). (33)

Since there is no stability criterion about 2-D discrete-time
systems with mixed time delays, in order to make an effective
comparison, the following corollary is derived.

Corollary 2: For given scalars dyn, dig, Mom» Am
(k = 1,2), di(i), d2(j) satisfy the conditions (2)-(4),
the 2-D system (33) is asymptotically stable if there exist real
matrices Py, P3 € Y, P2, P4 € S}, O, R, (k =1,2,3,4),
M;, E; € R N; W;, Fi, E; € RT" (i = 1,2,3), such
that the following LMIs hold:

Ci(di() = dim, Ad1 (i) = A1) + T2+ T3 Cbl]
* Ay
<0, (34)
Cidi() =dim, Adi() =2+ Ta+T3 @
* A]

<0, (35)

[T4(d2(j) = dom, Adr(j) = 22) +Ts +T6 @3
A

- * 2
<0, (36)
Fa(da() = dom, Adz () = Ao) + s +Tg Py
L k A2
<0, (37)
where
l=mM,

Ti(di()) = ET P18 4 sym{E) P1 B2} + (d1()
+ Adi())EY P2 B3 — d1 (i) B} P2 Ea,
[y =72 0121 +2L (02 — Q1)es — &5 02
+ @ — D" (d},Ri + E%Rz)(evo —e),
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I3 = dipsym{ViMi X1 + V1M X2 + VM3 X3)
+d1sym{PaN1 X4 + 72N2 X5 + 7aN3 X6}
+d1sym{y3W1 X7 + 73 WaXs + 73 W3 Xol,

T4(d2()))

= B{P3Es + sym{Eg P3Ee} + (da(j)
+ Ady()ET Py B7 — da(j)EL P2 B,

[s =23 0382 +2¢ (01— Q03)¢6 — o4 Q43
+ @o—22)" (@d},R3+(diy —dim)*Re)@o — &),

L6 = dimsym{B1E1&1 + B1E2ds + B1Esds )
+dsym{BoF 14 + BoF2ds + BaF3tis )
+d sym{BsZ187 + P3ZaGis + B3Z3lo )

i 3

€9

1= 1= ,

€5 —e7

| (dim + D)(er —€12)

- o

3= e3 +e9 )

| (dim + Deg — es

B e — ¢

= e — ¢ ,

g —'eg

| (dam + 1)(e2 —¢12)

= o -

es +eqo )

| (dom + Dern — e |

= . -

€3 s

| (dim + Der — e |

- . -

g = e4 ,

| (dom + Derz — ea |

- 2

€3+ ¢
(dim + ey —¢5 ,

dim(i)e13 + d1ym ()¢5 — 3 — 25

| (dim + D(dim + 2)€17 — (d1 + De] |

- % -

s+
(dam + e — e ,
dom()e1s + dom ()16 — 24 — @6
(dom + D)(dam + 2)e18 — (dom + ez |
e el

~T  ~T ~T ~T ~T
¢7 €3 €5 €p 621]’

1]

]

]
w
|

[
~
Il

[a]
&~
I

1]

Q!
o
Il

0]
=)

I
’A u]m’g
45

I
>
’L
£
o,
E

2

2

2
$

[\S)

|

Il

—
Q
¥
Q

=4
—_

R PR
Il
My <
NS
7

~ o~ 1

ey~ @ = 50 + 7% -,

N
Il
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- 1 1. +l~ -

o3 = —ey — —e —ejy — eig,

3 ¢ ¢ T e 18

~ - o~ - 1. +1~ ~
o4 = eq — €. o5 = —¢€ —€4 — €
4 6 — €4, 5= 3¢+ 5e4 14,
gools Lo 1o o

a6 = 1266 ]284 2614 €20,

~ o~~~ L +1~ ~
a7 = €4 — ey, 0y = S€4 + S€8 — €l6,
RE YR DRI P

a9 = 1264 1268 266 €22,

~ o~ o~ o~ L Jr1~ ~
X1 =e€1 65,X2—261 265 €11,
- 1. 1 1. -

X3 = —e1— —=es+ ~ey1 —enr,

2 12 2

~ o~ o~ 1. 1. <
X4 = e5—e3, X5 = ze5+ —~e3 —e13,

2 2

- | 1~+1~ ~

= —e5—-—e3+=¢€13 — €],
X6 125 123 213 19
~ _ o~ o~ 1. 1. -
X7 = €3 —e7, X§ = 563 + 587 —eis,
- 1. 1. 1. -
X9 = €3 — —e71+ ~e5— ey,

12 12 2
e = [Onx(i—l)n Lyxcn Onx(zz—i)n], i=172,-.22,
20=[A1 Ay A Au Onxisal.
Proof: The proof method of Corollary 2 is similar to that
of Theorem 1. It is omitted here. O

IV. NUMERICAL EXAMPLE

In this section, two examples are given to show the effec-
tiveness of the proposed methods. Since the existing stability
criteria are not about 2-D discrete-time systems with mixed
time delays, Example 1 ignoring distributed delays is given to
make an effective comparison. In order to prove the effective-
ness of the proposed methods for more complex 2-D systems
with mixed delays, Example 2 is given.

Example 1: A thermal processes in chemical reactors,
heat exchangers and pipe furnaces can be expressed in
a partial differential equation with time delays, which
can be modeled in the 2-D FM model [11]. Consider the
2-D discrete-time system (33) with the following parameters:

0 1 0 0
A‘Z[o 0]’ Az:[o.zs 0.65]’

0 0 0 0
A‘dz[o 0]’ Azd:[o —0.12] (38)

In this example, in order to compare with the references,
distributed delays are not taken into account. Take di(i) =
6 + 5sin(”7i), d(j) = 18 4+ 17 sin(%), =5 < Adi() <
5,—17 < Ady(j) < 17. The state dimension is n = 2.
The simulation result is shown in Fig. 1 and Fig. 2 with the
following boundary conditions.

T
L . .
x(i, j) = [5(i+1) 3(i+1)] » 0=i=20,j=0,

0, i>20,j=0,

(39)
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0.2

0.15

x,(i)

. 0 0
] i

FIGURE 1. State x, (i, ) trajectory of the system (33).

40

0 0

FIGURE 2. State x, (i, ) trajectory of the system (33).

T
1 1 . .
X, j) = [mm] 0=<j=20,i=0,
0, j>20,i=0.

(40)

It is seen clearly that state responses converge to origin,
which means the system (33) with matrices (38) is asymptoti-
cally stable. Table 1 lists the maximum delay bounds of d(j)
obtained by the Corollary 2 and the results in the literature.
Obviously, the result in this paper is better than previous
methods which based on the 2-D Jensen inequalities and
2-D finite-sum inequalities.

TABLE 1. Allowable time-delay upper bounds d, ;.

dim  dipyg dom  dom
[19] 1 11 1 20
[29] 1 11 1 20
[33] T 11 1 28
Corollary 2 1 11 1 36

Example 2: the 2-D system (1) with the following param-
eters is studied:

01 0 04 0
Al—[1 0.2]’ Az—[o.z 0.1]’

99828

0.2

0.15

X, (i)

FIGURE 3. State x, (i, j) trajectory of the system (1).

0.35

0.3

x(i)

. 0 o0
] i

FIGURE 4. State x, (i, j) trajectory of the system (1).

002 0 001 0
A‘d—[ 0 0.01]’ Az‘l—[ 0 0.01]

01 0 0 0
A3=[0 0.1}’ A4:[0 —0.1]‘ “D

The time-varying delays satisfy di(i) = 11 + 10sin(”7i),
d)(j) = 21 + ZOsin(%j), —10 < Adi(i)) < 10,-20 <
Adr(j) < 20. pg, = 2_(31'*'1),,1/42 = 2=+ fp s easy
to get that dy,, = 1, dom = 2, diy = 21, doyy = 41,
My = gy = 1/2.

Simulation results are shown in Fig. 3 and Fig. 4 with
the boundary conditions (39) and (40). In the initial stage,
the state curves have notable variations. This effect will
gradually reduced when the system states asymptotically tend
to zero. Thus, the stability of the given systems can be verified
by the method proposed in this paper.

V. CONCLUSION

In this paper, the problem of stability analysis for the
2-D discrete-time systems with mixed delays has been
studied. New 2-D polynomials-based summation inequali-
ties have been proposed. It has been discussed that the
inequalities can be transformed into 2-D Jensen inequalities
and 2-D finite-sum inequalities by specially designing slack
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matrices and arbitrary vectors. The novel LKF which contains
more crossing information has been constructed. Sufficient
conditions on asymptotical stability in terms of linear matrix
inequalities have been obtained. Finally, two examples have
been presented to illustrate the availability of the proposed
results.
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