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ABSTRACT Successful terminal correction without an attitude feedback loop is a challenging task. Much
innovative effort is required to achieve a balance between performance and affordability. This paper presents
a unique trajectory correction fuze with a reduced number of sensors and actuators. A rapidly calculable
analytical dynamic response model for the terminal control force is derived, in which the oscillation part is
emphasized because of the limited time-to-go. The accuracy and effectiveness of the analytical model are
verified by comparison with 6DOF nonlinear simulations. The influences of the velocity, rotation rate, and
pitch on the dynamic response during terminal correction are subsequently investigated using the analytical
model. To enable a deep investigation of stability under terminal control with a trajectory correction fuze,
the Routh stability criterion is considered to define the necessary prerequisites for stable flight. The validity
of the derived instability boundaries is demonstrated through numerical simulations.

INDEX TERMS Dynamic response, terminal guided projectile, trajectory correction fuze, flight stability.

I. INTRODUCTION

A trajectory correction fuze is an effective tool for improv-
ing projectile delivery accuracy and reducing collateral
damage [1]-[3]. Compared with guided projectiles, trajectory
correction fuzes have a unique advantage in that stockpiles
can be easily retrofitted and upgraded by simply replacing the
trajectory correction fuzes, with no additional modification
of the projectile body. Research on ways to ensure that such
correction fuzes can meet the requirements of modern warfare
in terms of accuracy improvement and reduced expenditure
has undergone rapid development in the past twenty years.
The main correction strategies used for trajectory correc-
tion fuzes can be classified into two types: impact point
prediction [4]-[7] and model trajectory tracking [8]-[10].
In impact point prediction, the approximate target coordinates
are loaded prior to launch. An onboard ballistic algorithm is
used to predict the impact point of the current flight path.
The control signal is derived from the deviation between
the loaded and predicted impact points. Similarly, in model
trajectory tracking, the real-time projectile states are com-
pared with the loaded nominal trajectory states. The differ-
ence is used as feedback to correct the trajectory. These two
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frequently used strategies do not rely on a target detector and
thus are inherently limited in terms of accuracy improvement.
Consequently, in pursuit of further developments in trajectory
correction fuzes, correction schemes based on target imager
feedback have begun to be considered. Some recent efforts
regarding trajectory correction with imager feedback can be
found in references [11] and [12].

The main objects to which trajectory correction fuzes are
applied are gun-launched or cannon-launched projectiles,
which are always used to strike ground targets. Due to the
severe constraints on fuze volume, the field angle and focal
length of the target detector are limited, and the correspond-
ing maximal detection range is also limited. Therefore, such
correction fuzes are mainly used for terminal guided pro-
jectiles. There is no doubt that the successful application
of trajectory correction fuzes in terminal guided projectiles
has the potential to enable further accuracy improvements.
However, it should be noted that conventional projectiles are
not provided with a feedback loop for flight attitude. For
better correction, the dynamic response must be extensively
studied preflight. Many related efforts have been reported in
the literature. Mark Costello [13] investigated the influences
of control force position and duration on projectile response
through numerical calculations. Cooper et al. [14], [15] inves-
tigated the effects of different lateral pulse parameters on
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dynamic response, Ollerenshaw and Costello [8] explained
the relationship between the control force and the response
direction, and Cooper et al. [16] studied the effects of the
center-of-pressure position on the response amplitude and
phase. Liu et al. [17] obtained a steady-state analytical solu-
tion for the angle of attack under a given control force in the
case that gravity and other factors are ignored. Chang [18]
considered the coupled effect of the control force and grav-
ity and derived an approximate swerve response expression.
Hainz and Costello [19] proposed a modified linear projectile
theory to eliminate the accuracy problems in response pre-
diction that arise in the classical linear method when a high
elevation is applied. These studies have made significant con-
tributions in this field. However, to the author’s knowledge,
these efforts have always assumed that the time-to-go for
correction is sufficient and have focused only on the steady-
state response. In some studies, for simplicity, the oscillation
response is ignored entirely. This simplification has always
been a good approximation; however, if the subject under
investigation were to be a terminal guided projectile with a
trajectory correction fuze, the situation would be different.
Because of the constraints on the time-to-go in this case,
the dynamic response induced by the control force cannot
reach the steady state before impact. Thus, the oscillation
response in the terminal stage should receive greater atten-
tion. The objective of this paper is to bridge this gap and
provide supplemental research on the dynamic response of
a terminal guided projectile with a trajectory correction fuze.
Additionally, for such a fuze based on imager feedback,
the imager must be mounted at the fuze head, and due to
the limitations on the volume and monetary cost of fuzes
to be used in military operations, the number of other sen-
sors and the complexity of the maneuvering system must
be minimized. To this end, in section 2, a novel concept
for a trajectory correction fuze based on imager feedback
for a terminal guided projectile is proposed, and a general
description of its mechanism is presented. The dynamical
model of a terminal guided projectile with the proposed
fuze is subsequently established. Following sections 1 and 2,
the paper proceeds as follows. In section 3, the dynamic
response under terminal control exerted by the fuze actuator
is derived; here, unique linearized substitutes for the angular
rates are introduced to improve the accuracy of the analytical
expression. Examples of terminal guided flight simulations
are presented to verify the validity and accuracy of the derived
analytical model, along with a discussion of the influence
of the flight parameters on the dynamic response during
correction. In section 4, the stability of the terminal guided
projectile is discussed. By converting the stability problem
into a mathematical problem, the instability boundaries for
the terminal control force are derived based on the Routh
stability criterion. In section 5, a conclusion is presented.

Il. DYNAMICAL MODEL UNDER CONTROL
This section describes a novel trajectory correction fuze
based on detector feedback for the terminal phase. A brief
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FIGURE 1. Schematic of the trajectory correction fuze with canards
attached to the surface.

FIGURE 2. Schematic of the trajectory correction fuze with maneuvering
components.

description of its structure follows. The dynamical model of
the flight of a projectile under such terminal control is studied
and linearized, including the expressions for the aerodynamic
forces and moments. The differential equation for the angle
of attack is subsequently derived.

A. TRAJECTORY CORRECTION FUZE CONCEPT

The design of the proposed terminal correction fuze is based
on imager feedback. A single-axis control actuation system
is used to drive the canard rotation. The imager is the sole
additional sensor, and it is irrelevant whether the detector
signals are laser signals or infrared signals because general
seekers can approximately satisfy this design [20]. When the
projectile flies without any control, the canards are attached
to the fuze surface as shown in Fig. 1. The fuze is divided
into two parts. The aft part (green in Fig. 1) is screwed into
the projectile body by a threaded connection. The traditional
fuze components are contained in the aft part. The forward
part can independently rotate relative to the aft part (and the
body) by means of a pair of rolling bearings (red in Fig. 2).
The outer ring of the bearing is fixed to the internal surface
of the forward part of the fuze. The yellow part in Fig. 2
represents the drive shaft of the motor and a pair of internal
gears, which are used to drive the rotation of the forward
part. Two features of this design should be highlighted:
1. The imager and the canards are both packaged in a strap-
down manner in the aft part of the fuze. 2. The line between
the installation positions of the two canards (the dashed black

94995



IEEE Access

R. Li et al.: Dynamic Response Analysis for a Terminal Guided Projectile With a Trajectory Correction Fuze

Ay
AN //
\\ // yl
N
\
N -
N .7 target
AN e
S i
N 7
N -
» s
N
N o
e
. N X
// N
s AN
4 \
4 N
s
P \
. \
- N
s N
N
Xl\

FIGURE 3. The target shown in the detector plane.

line in Fig. 2) is parallel to the horizontal axis of the detector,
and both this line and the axis lie in the same horizontal plane,
as shown in Fig. 2. The purpose of feature 1 in this design is
to ensure that the detector and the canards will rotate with
the forward part of the fuze at the same frequency, whereas
the purpose of feature 2 is to ensure that the direction of the
control force induced by the canards will be perpendicular
to the x-axis (e.g., the horizontal axis) of the detector at all
times. Once the projectile’s flight has reached the terminal
phase, the target can be shown in the detector plane x-O-y
(as shown in Fig. 3). For correction, the aft part of the fuze
rotates until the target falls on the y-axis (e.g., the vertical
axis) in the detector plane. Because of the ‘“‘strapdown”
design, the canards rotate through the same angle together
with the detector and the fuze. The expected direction of the
control force is determined concurrently. To distinguish it
from the detector plane before rotation, the detector plane
after rotation is represented as x1-O-yl in Fig. 3. Then,
the canards are deployed into the airstream and generate
a control force due to the oncoming flow. Because of the
unique predetermined installation locations of the canards,
the control force can directly correct the terminal trajectory
towards the target.

The canards are designed in a waffle style to increase the
surface area exposed to the oncoming flow. Considering the
limited time-to-go for correction of the terminal trajectory,
this design is beneficial because it provides a larger control
force compared with the traditional configuration. Each inner
grid of the canard has a fixed deflection angle to provide the
prerequisites for various strategies. The specific design of the
canard parameters is determined by the dynamic response
of the projectile. Therefore, an accurate and fast dynamic
response expression is critical to the design of the trajectory
correction fuze and may be helpful for correction strate-
gies in which real-time calculations are required. From the
description of the fuze, it can be seen that the number of
sensors is reduced and the complexity of the maneuvering
system is minimized. By only utilizing a pair of canards and
a single-axis motor, the two dimensional correction can be
completed. Moreover, no more actuators are needed to adjust
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the canard deflection in time during correction because of
the fixed deflection design. Thus, this correction fuze can
meet volume limit requirements while maintaining a balance
between affordability and performance, as is necessary for a
terminal guided projectile.

B. FLIGHT MODEL OF THE PROJECTILE UNDER CONTROL
The inertial coordinate is defined firstly: The origin is located
at the launch point, x-axis is lied in horizontal plane and
points to the target on the ground, z-axis is lied in vertical
plane and points down, y-axis is determined by the right-
hand rule. The kinematic and dynamic equations of projectile
are written in the fixed plane coordinates, which are defined
as follows: The origin of the coordinate system is located at
the centroid of the projectile. The x-axis is aligned with the
longitudinal axis of the projectile, and the positive direction
points towards the nose of the projectile. The y-axis is per-
pendicular to the longitudinal axis and lies in the horizontal
plane; the positive direction points to the right. The z-axis
is perpendicular to the xy plane, and the positive direction
points down. According to the definition, it can be seen the
fixed plane coordinate is a non-spinning coordinate.

The equations are divided into two groups: the equations
of the center-of-mass motion in Eq. (1)-(2) and the equations
of the rotational dynamics in Eq. (3)-(4). Eq (1) and (3) are
used to describe projectile dynamics. Eq (2) and (4) are used
to describe the kinematics of projectile.

Fx/m —sin6 Fxc/m
vy = Fy/m +g 0 +{ Fye i
W Fz/m cosf cm/m
0 r —gq u
+1-r 0 p v @))
g —p 0 w
ER cosfcosy —siny siné cosy u
vy | =] cosfOsinyy cosy sinfsiny v )
| Z | —sinf 0 cos w
p My 0
gt =" M+ M
;A MZ NZC
0 —r ¢ p
- r 0 —p|Ul{q (3
—q p O r
y 1 0 tané p
6 |=(01 0 q 4)
v 00 l/cos 0 r

where x, y, z are the components of the projectile position
in inertial coordinate. u, v, and w are the components of the
projectile velocity in the fixed plane coordinate; p, g, r are
the components of the projectile angular velocity in the fixed
plane coordinate. In addition, p equals -rtanf. Fx, Fy, and
Fz are the components of the aerodynamic forces acting on
the projectile body; Mx, My, and Mz are the corresponding
moment components. y, 6, ¥ represent roll, pitch and yaw
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angle of the projectile respectively. Fxc Fyc and Fzc are the
terminal control force components, which are only exerted
during the terminal phase; Myc and Mzc are the correspond-
ing control moments.

The second and third equations in (1) and (3) represent the
dynamic motion in the horizontal and vertical planes. The
angle of attack o and the sideslip 8 are introduced for lin-
earization; they are defined in (5) and (6).

« = arctan™! (%) ~ % (®)]
B = arctan™! (%) ~ % (6)
=t B
mv - mv
d=—+4-—"=+2cosf+q
my. my v
My + My, L @)
= ——— — Ppr —
Iy Ly
L L
Iy Iy

Then, the four equations can be rewritten in terms of «
and B. rtan 0 and its related terms can be regarded as small
quantities and ignored, thus yielding the set of linearized
equations shown in (7).

The aerodynamic forces in (7) include the drag force,
the lift force and the Magnus force (always treated as a
small quantity and ignored), while the aerodynamic moments
include the static moment, pitch damping moment, damping
moment and Magnus moment, for which the corresponding
expressions are shown below:

! 2 1 2 ! 2 pl
Fy=—pSV?Ciap =3 pSV>Cpp— 5 pSV* Crpa' e

1, 1, 1, pl
FZ:—E,OSV C[a(X—z,OSV CDO[‘}‘EPSV Cypav(x

M—] SV, +] SIvic, lﬂ—i-l Sv2c !
= — a —_— — — J—
2,0 Mo 2,0 Mpav 2[) Mqvq

N=—Lpsv2c ;3+1 SIV2Capne 2 +1 SIV2Cagy
== = —o+ = —=r
2p Mo 2,0 MpaV 2,0 MqV

3

p is the air density, S is the reference area of the projectile,
d is the projectile diameter, V is the projectile velocity, / is the
reference length of the projectile, and the notations involving
C represent the aerodynamic parameters of the projectile.

As mentioned in section 2.1, the designed canard has a
fixed deflection angle. Once it is unfolded, the control force
and moment can be generated. The expression of induced
control force and control moment are shown in

Fyc

1 .
Epvzsc (2Cns) 8¢ sinyc

FZC

1

EPV2SC (2Cns) 8¢ cos yc )
1

My = xc szZSc (2Cns) 8¢ cos yc
1 .

My = xc Epvzsc (2Cns) 8¢ sinyc (10)
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In which Cys means the normal force coefficient for a
single canard, §¢ means the deflection angle of the canard,
Sc means the reference area of the canard, xc means the
distance from the canard location to the centroid.yc means
the roll angle of the canard. It is determined by the detec-
tion information of the target orientation. It should be noted
that, the parameters p, Sc¢ are constant. §¢ is also invariable
because of the design of fixed deflection angle. For terminal
guided projectile, the time-to-go is limited, so the coefficient
Cns can be regarded as a constant within this duration.
For the same reason, we take the same approach of Frank
Fresconi [11] and regard parameter V as a constant, which
equals the initial velocity during the correction. So for a
short time-to-go, the control force and control moment for
correction are assumed as invariable for convenience. For
the projectile with low speed, the time-to-go may be not
sufficiently short. In such a situation, the relative parameter
should be updated according to the specific requirements.

It should be noted that the design of the novel fuze with
reduced complexity is applicable for terminal guided pro-
jectiles. However, the design makes the canard deflection
unchangeable, and the control force cannot be adjusted in
time during the correction. So common correction strategies
are not suitable any more. For this design, the roll angle of the
canard and the unfolding time are used as inputs of control
system. The former is used to determine the control force
direction, and the latter is used to determine the correction
duration according to various needed miss distance. More
details of the new correction strategy can be found in refer-
ence [21]. In this paper, we pay more attention on the dynamic
response for the projectile under terminal control with limited
time-to-go.

The response equation for the complex angle of attack
under control can be obtained from the four equations
in (7). The second and third equations are multiplied by the
complex operator i, and the results are added to the first and
fourth equations. By ignoring the products and high-order
exponentials of small quantities, the differential equation for
the complex angle of attack is obtained.

A+ (ke + by — iP) VA — (M +iPT) VA
(Myc+iMye)  i(Fye + iFye)licp
Iy mly,V

=—0—0(k.—iP)V +
(11

For a more simplified expression, the time infinitesimal is
substituted by an arc, as shown in (12).

dA  dAds

— =—Z=VA

dt ds dt
d’A  d(VA) ds (12)
d ~ ds dt

The velocity equation is necessary and supplemented here.

gsiné

V = —b,V (13)
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With Eq (12)-(13), the coefficients of the independent vari-
able in Eq (11) are substituted by constants in a short interval.
The resulting linear equation is (14).

A+ H—iP)A — (M +iPT)A =C (14)
The related parameters are shown below.
H = by + ke — by — Zg;izné’
M = kg, T:by—&ky, le)oc_p
) . L L,V
C = —%—%(kz —iP)—i-%
i(Fye + iF)lop (15)
mly, V3
where by = 2Cp by = £C) k, = ;’,—jim; ke =
%méz ky = %m/y,m is the projectile mass, Iy, is the

moment of inertia around the transverse axis of the projectile,
and [, is the moment of inertia around the longitudinal axis
of the projectile.

Ill. ANALYTICAL DYNAMIC RESPONSE AND
VERIFICATION

In this section, an analytical expression is derived for the
dynamic response of a terminal guided projectile. In previous
research in this field, a sufficient time-to-go has always been
assumed when obtaining such response expressions; how-
ever, this assumption is not applicable for terminal correction.
To address this issue, this assumption is relinquished when
deriving the effective analytical expression in this section.
Furthermore, periodic updating of the trajectory parameters,
as is commonly done, is no longer necessary because of the
proposed linear substitute for the angular rate.

A. RESPONSE EXPRESSION FOR TERMINAL CORRECTION
When the parameters in (14) are treated as constant over a
short interval, the solution to this ordinary differential equa-
tion is obtained as shown in (16).

A =Crel" + G + A, (16)

Here, [ and [, are expressed in terms of the parameters H, P,
M, and T as shown below:

1
ho=5(-H+iP+ VAM + H? — P2 +2iP2T — H))
a7
By extracting the real and imaginary parts of 11 and 12,
we can define A and w as shown in (18). From a mathematical
perspective, A represents the damping of the complex angle
of attack, while w represents the angular rate. Specifically,
A1 and w; represent the fast epicyclic motion, and A, and w;
represent the slow epicyclic motion.

I =AM +wii

L =X + wpi (18)

94998

The solution for the complex angle of attack consists of
two parts. The first and second terms on the right-hand side
of (16) are induced by the initial disturbance and represent
the oscillating part of the response, which decays with time.
Therefore, this part of the solution has always previously been
neglected to facilitate the analysis. However, for a terminal
guided projectile, the oscillation cannot be ignored because
of the limited time available for correction. The third term
is induced by the control force and gravity and represents the
steady-state part of the response. Ap is derived and expressed
directly as shown in (19).

[0 + VO (k. —iP)]

V2(M2 +P2T2)

[mV (Myc + iMc) + ilyyp(Fye + iFy)| (M — iPT)
B mlyy V3(M? + P2T2)

Ap =

19)

Because it is reasonable to assume that the launch-
ing and meteorological conditions are ideal, the ini-
tial angle-of-attack response and its derivatives can be
assumed to be zero. Accordingly, C; and C, are as shown
in (20).

bhA
C =Ci+Crii=— 270
L —1
. llAp
Cr = Cy + Cpii = — (20
h—h

It is obvious that C; and C, are influenced by the steady-
state conditions. The subscripts i and r indicate the values
of the imaginary and real parts, respectively. Through the
calculation above, the components of the complex angle of
attack in the horizontal and vertical planes are decoupled in
this paper.

a = M (Cyycoswit — Cy; sinwi 1)
+ &M (Cyy cosant — Coisinwnt) + Apy  (21)
B = M (Cyycoswit + Cy;sinwi 1)
+ ! (Cor coswnt + Cyisinwat) + Apg  (22)
The steady-state components of the angle of attack and

sideslip in expressions (21) and (22) can be derived from (19)
as shown in (23) and (24).

Ao 6 + Vok,.
Pa = V2 (MZ —|—P2T2)
(mVMye — LipFoe) M + (mVMyc + LipFyc) PT
- mly, V3 (M2 + P2T2)
(23)
— VPO
Apg

= V2 (MZ + P2T2)
(mVM_e + LipFye) M — (mVMye — LepFc) PT
mly V3 (M? + P2T?)

(24)
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The trajectory shift response is derived subsequently in
this section. Because the aerodynamic forces and moments
exerted on the projectile (e.g., the lift force, drag force, and
Magnus force) are directly correlated with the angle of attack
and sideslip, the expression for the trajectory shift response of
the terminal guided projectile can be derived as shown in (25).
The horizontal and vertical components are given by (26)
and (27).

Sc =y +2 (25)

1 pl Fye
y= (EpS(Claﬁ + CpB + Cypava) t o )ds (26)
1 pl F,. gcos6
z= (EpS(Claoz—l-CDa—i-Cypa V,B)+mV2 ) )ds
(27

From the response expressions (14) and (15), it is evident
that the oscillation part of the response is closely related to the
angular rates w. For a clearer investigation of the oscillation
part, the angular rates w are expanded as shown in (28), where
A=1- ‘;—A;I — %2 B = #. By ignoring small-quantity
terms and expanding the expression under the root into a
series, the w expressions can be simplified.

P A+ /A + B?
> 1+ — | =P

w] =

Pl |A+ VA2 + B2
wy) = — — _ | X
2 2

(28)

1S

It should be noted that the angular rates vary with time.
In general, the influence of w on the response is ignored
because the oscillation response decays with time. However,
for a terminal guided projectile, neglecting this variation may
gradually result in inaccuracy of the approximate analytical
solution. To derive a more practical analytical solution for a
terminal guided projectile, the error induced by the angular
rate variation should be minimized. Updating the trajectory
parameters periodically along the trajectory may be a solution
to this problem. However, the repeated stopping and restart-
ing during the calculation process that such periodic updates
would necessitate would inevitably complicate the analyti-
cal method. When real-time calculations are required, this
approach would increase the onboard computational costs.
Therefore, this paper proposes a rapid computing method for
terminal guided projectiles. Because the increase in M in (28)
over a short time interval can be ignored for a terminal guided
projectile, w1 and w, are monotonic and can be considered to
have high linearity. For simplicity, the variations in w; and
wy with time are substituted by linear functions, of which the
intercepts b and the slopes k are derived via linear fits. The
substituted linear functions are written as w1 = kg, + by,
and wp = kgt + by,, and are used as time-dependent
self-compensation terms for the angular rates. The validity
and feasibility of this simplified linear substitution will be
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TABLE 1. Projectile physical parameters.

Initial conditions Meteorological conditions

Velocity 250 m/s Ground pressure 1000 hPa

Pitch 430 Virtual 288.9
temperature

Direction 0° Longitudinal wind 0 m/s

Spin-rate 1050 rad/s Lateral wind 0 m/s

verified later. The newly derived expressions for the angle of
attack and sideslip are given in (29) and (30).

a =M (Cyy coS(ky, 14Dy, ) t—Cyj sin(ky, t +bey, )t)
+ " (Cay €08yt +biyy )t — Cai $in(kpy t o))+ A py
(29)

B =M (C1y coS(key, 14D, )t +C1; sin(k, t+be, 1)
+ "21(Cay cO8(kpyt +bioy )t + Cai sin(kyy t 4By )+ Apg
(30

It should be noted that the assumption of sufficient time
to reach the steady state is relinquished and the oscilla-
tion part of the response is highlighted in these termi-
nal response expressions. Therefore, the analytical response
model presented in this paper is applicable to terminal guided
projectiles.

B. EXAMPLE SIMULATIONS AND VERIFICATION

The feasibility and accuracy of the simplified analytical
model derived in section 3 are verified in this section. A sim-
ulation of nonlinear 6DOF rigid equations is treated as the
ground-truth model for validating the method. The simulation
solver used is a fourth-order Runge-Kutta solver, and the step
size is 0.001 s. Some relevant parameters of the example
terminal guided projectile are given as follows: the mass
is 15 kg, the moment of inertia around the longitudinal axis
is 0.023 kg-mz, the moment of inertia around the transverse
axis is 0.22 kg-m?, the reference area is 0.087 m?, the projec-
tile diameter is 0.0105 m, and the time-to-go for correction
is 6 s. The initial and meteorological condition parameters
are listed in table 1.

To better demonstrate the validity and effectiveness of
the analytical response model, angular motion results with
no external control force are first presented in Fig. 4 and
Fig. 5, where the solid red lines represents the sideslip and
angle-of-attack responses computed via the numerical 6DOF
simulation. It is clear that the oscillation cannot be neglected.

Before verifying the analytical model, we verify the valid-
ity of the linear substitution for the angular rates presented in
section 3.1. A comparison for the example trajectory demon-
strates the practical applicability of this substitution method.
The results are shown in Fig. 7, where the solid red lines
represent the solutions for @ over time from (28) for the
terminal guided projectile and the dashed blue lines represent
the linear functions obtained by fitting the discrete solution
points. It is obvious that the difference between the two lines
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FIGURE 4. Sideslip versus time for a ballistic trajectory.

FIGURE 5. Angle of attack versus time for a ballistic trajectory.

FIGURE 6. ; versus time for a terminal guided projectile.

is very small, indicating that the simplified linear substitution
is applicable in the following study.

Now, let us verify the analytical model with angular rate
substitute. The dashed blue lines in Fig. 6 and Fig. 7 represent
the results computed with the modified model. As shown,

95000

FIGURE 7. o, versus time for a terminal guided projectile.

FIGURE 8. Sideslip response versus time under a 10 N control force.

the analytical results agree well with the sideslip and angle-
of-attack responses derived from the 6DOF model.

For further investigation, a similar comparison for the
angular motion response under a 10 N rightward horizon-
tal control force is illustrated in Fig. 8 and Fig. 9, and a
comparison for a 20 N leftward horizontal control force is
illustrated in Fig. 10 and Fig. 11. The meanings of the lines
in these two figures are the same as those in Fig. 4 and Fig. 5;
to avoid repetition, they are not described again.
As shown, the analytical solutions and the true values exhibit
good agreement over time. Thus, the effectiveness of the
analytical response model for angular motion prediction is
verified for both ballistic and controlled trajectories.

Now, let us compare the analytical trajectory shifts derived
in this paper with the numerical 6DOF nonlinear results.
In Fig. 12, no additional control force is acting on the
projectile during the terminal phase, while in Fig. 13 and
Fig. 14, horizontal 10 N and —20 N control forces are exerted,
respectively. The solid red lines represent the true values
computed from the 6DOF rigid ballistic equations, and the
dashed blue lines represent the results computed from the
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FIGURE 9. Angle-of-attack response versus time under a 10 N control

p FIGURE 12. Trajectory shift versus time for a ballistic trajectory.
orce.

FIGURE 10. Sideslip response versus time under a —20 N control force. FIGURE 13. Trajectory shift versus time under a 10 N control force.

FIGURE 11. Angle-of-attack response versus time under a —20 N control

force. FIGURE 14. Trajectory shift versus time under a —20 N control force.

analytical response model. As illustrated, the simplified ana- Overall, the accuracy and effectiveness of the analytical
lytical model is able to accurately predict the trajectory shift model are demonstrated by these simulation results, and it is
for a terminal guided projectile. concluded that the proposed analytical model can satisfy the
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FIGURE 15. Sideslip versus time for a ballistic trajectory.

FIGURE 16. Angle of attack versus time for a ballistic trajectory.

requirements of response analysis for terminal guided projec-
tiles. Moreover, it is useful for real-time correction strategies
and the aerodynamic design of the control actuators.

It should be noticed that although the analytical solution is
well verified by the simulations, we find that the analytical
angular motion prediction in Fig 9 and Fig 10 is gradually
deviating from the true value from the fifth second. For a
more comprehensive verification, another set of simulations
under different initial conditions are implemented. In these
simulations, the projectile velocity is 200m/s, the pitch angle
is —55 degree, the spin-rate is 800rad/s.

Fig. 15 and Fig. 16 illustrate the angular motions under
the new initial conditions. The red line represents the result
derived from numerical 6DOF model. Blue line represents
the analytical result. In the first four seconds, although the
deviation from true value is bigger when compared with the
last set of simulations, the analytical solution can still predict
the angular motion with a relatively small error. However,
in the last 1.5 second, the deviation becomes evident. The
trajectory shift is shown in Fig. 17. The maximum error
between the analytical result and true value is about 8.4%.

95002

FIGURE 17. Trajectory shift versus time for a ballistic trajectory.

FIGURE 18. Sideslip response versus time under a 10 N control force.

the final calculation error of the results between the analytical
model and nonlinear 6DOF rigid model is 3.2%.

When a 10N control force is exerted as a control force,
the angular motions under new initial conditions are shown in
Fig. 18 and Fig. 19. It can be seen the results of the controlled
trajectory are similar with that of a ballistic trajectory. The
analytical solutions almost agree with that from a numerical
6DOF model. But the track deviates gradually after about
4.5 seconds. Fig. 20 represents the comparison of the trajec-
tory shift under control. The maximum error is about 9.3%.
the final calculation error of the results between the analytical
model and nonlinear 6DOF rigid model is 6.1%.

From the simulations and verifications we find that the
oscillation response is a indispensable part in terminal guid-
ance. the proposed method is used to predict the response in
an analytical way. It should be mentioned that the analytical
method proposed in this paper is based on linearization.
So the parameters of the differential equation can be regarded
as constant. The simulation results shows that it is well used
in a short interval. It can be seen, however, in some specific
cases, the calculation accuracy may be decreased as time goes
by. The reason is that the valid intervals for calculation are
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FIGURE 19. Angle-of-attack response versus time under a 10 N control
force.

FIGURE 20. Trajectory shift versus time under a 10 N control force.

different according to the variation of the physical properties
and initial conditions of projectiles. Fortunately, the correc-
tion time for terminal guidance is limited. So itis applicable in
such a situation. For the projectile with low terminal velocity,
the flight time is longer, and one parameter update for the
analytical expression may be necessary.

C. ANALYSIS AND DISCUSSION

By analyzing the dynamic response model derived in this
paper, it is found that the control force is not the only factor
influencing the dynamic response. Other parameters, such
as the initial velocity and the rotation rate and pitch dur-
ing terminal correction, also influence the response. Here,
we present a detailed study of the dynamic response of the
trajectory shifts for a terminal guided projectile with different
parameters using the analytical model.

We take the projectile considered in section 3.2 as an
example. A constant 10 N control force in the horizontal
plane begins to be exerted on the projectile with only 6 s left.
We consider several values of the projectile velocity at the
initiation of control: 250 m/s, 300 m/s, 350 m/s and 400 m/s.

VOLUME 7, 2019

FIGURE 21. Shift response with velocity during correction.

FIGURE 22. Shift response with pitch angle during correction.

Fig. 21 shows the variation in the trajectory shift response
with these different terminal velocities. For the same control
force, the trajectory shift response for the controlled projectile
increases as the terminal velocity decreases. From the per-
spective of the analytical model, the reason for this behavior
is that the quadratic and cubic velocity terms are negatively
correlated with the trajectory response. Now, let us consider
the influence of the pitch angle on the response. For a terminal
guided projectile, correction always begins in the descending
stage. Therefore, we consider the following values of the
initial pitch angle during the terminal phase: —40°, —50°,
—60°, and —70°. Fig. 22 shows that the shift increases as the
pitch angle decreases. Similarly, to investigate the influence
of the rotation rate on the trajectory shift for a terminal guided
projectile, the analytical solutions for controlled projectiles
under different rotation rates are compared. As shown in
Fig. 23, a higher rotation rate results in a larger shift response.

These comparisons based on the analysis of the dynamic
response model illustrate that when investigating the
dynamic response under control, all of the parameters men-
tioned above should be considered. These results are also
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FIGURE 23. Shift response with rotation rate during correction.

helpful for research on correction strategies for terminal
guided projectiles.

IV. STABILITY ANALYSIS

The relationship between the dynamic response and the con-
trol force was investigated in section 3. This relationship
can play a significant role in research on terminal correc-
tion. However, flight stability is a prerequisite for successful
correction. There is no doubt that the control force can also
influence the flight stability. For a standard precision-guided
weapon, an attitude loop, a sophisticated actuator and various
sensors can be used together to maintain a balance between
maneuverability and stability for the controlled projectile.
Therefore, the influence of the force magnitude on the flight
stability is not a critical issue and is always ignored because
the flight time is sufficient and the flight attitude can be
adjusted in real time. Consequently, the control frequency
and the attitude angle have received the most attention in
previous stability research [22], [23]. However, for a terminal
guided projectile with the trajectory correction fuze proposed
in section 2, a simple control strategy without an attitude loop
is always used; thus, the influence of the force magnitude
must be considered preflight. In this section, this issue is
investigated by deriving the instability boundaries for the
control force magnitude.

Generally, divergent angular motion over time indicates
unstable flight. Because expression (7) in section 2 is used
to describe the angular motion, it is recalled in this section
and rewritten in matrix form as follows:

X=KX+0
The full expression is shown in (31).
Fre
. mV
B ki kh 0 —1 B zc
|l _| <kk 1 0 o mgcos@—i—m
c:[ ks k3 ks O q &
r —k3y kg O ks r I{/Y
C
I
e
95004

where
= pSVCia _ pSVCp ke PSCypapl ke pSIV?Cry
2m 2m 2m 2Iy
pSIPVCypap pSI2VCiy
k4 = ks =

2ly 2ly

K is the state matrix of the angular motion of the projectile,
and the subscripted k parameters represent the state coeffi-
cients. By deriving the characteristic equation for K, we can
convert the stability problem into a mathematical problem
that can be solved by analyzing the state matrix. However, it is
evident that the control force does not appear in the matrix K.
This implies that the control force has no effect on flight
stability, which is contrary to reality. The main cause of this
phenomenon is investigated below.

The fixed plane coordinate system has a roll rate rtanf rela-
tive to the inertial coordinate system. This roll rate is required
to keep the y-axis of the fixed plane located in the horizontal
plane. The linearized expression given in (31) is derived by
ignoring rtanf and its related terms, which is always an effec-
tive approach in angular motion research. However, as illus-
trated above, this linearization causes difficulty in stability
analyses because the assumption violates the requirement and
forces the fixed plane coordinate system to rotate at a rate
of rtanf. As a result, the directions of the control force and
gravity vary with the fixed plane coordinates, and this varia-
tion should be reflected in the linearized equation. Therefore,
we propose an angular compensation matrix. We define the
roll angle ® induced by the linearization, the expression for
which is given in (32), and use it to write the compensation
matrix given in (33). This compensation matrix should be
applied before linearization.

& = rtan6 (32)
1 0 0
Tw=1|0 cos® sin®d (33)
0 —sin® cosd

With this compensation matrix, the translational motion of
the projectile can be rewritten as shown in Eq. (34).

. F ;
i 5/, 1 0 0 —sin6
{?}Z{F)/n}+g|:0 cos® sin®d 0
W Fz/mn 0 —sin® cos® cos 6

F
1 0 0 xc
+ 10 cos® sind ch?"
0 —sin® cos® cmm
0 r —q u
+ 9 —r 0 —rtan6 V 34
qg rtan6 0 w

Similarly, the angular motion of the projectile can be
rewritten as shown in Eq. (35).

p L 1 0 0 L.
g = [171] M3 +10 cos® sind M.
r N 0 —sin® cos P N,
0 —r q p
— r 0 rtan6 | [I]1{ ¢q 35)
—q —rtan6f 0 r
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Then, linearization is performed. The projectile velocity V
and roll rate p are treated as constant over a sufficiently short
time interval. Suppose that the velocity component u is equal
to V. The pitch angle 6 can be substituted by 8y + 64, where
fo is the initial pitch angle and 6y is the departure from
6y, which is small. It should be noted that this method is
applicable only within a few seconds of the selected feature
point. Fortunately, the time-to-go for terminal correction is
limited to several seconds, so this method is reasonable. The
linear ballistic differential equations are eventually derived as
shown in Eq. (36)-(39).

5 Fy Fee 8 ch
= — - 6y)® — 36
B mv—l-(mv—i-vcos o) r—i—mv (36)
. F; Fre 8 Fyc 8 .
== 2 cosby + g — —=d — (= sinbp)d
a mV+mV+VCOS b+ ¢ -7 (VSIH 0)64
37
M Ix M., N,
= — _ g2 4221 o 38
q Iy ply+1Y+1Y (38)
N I N, M
F= g = (39)

By combining the four equations above with Eq. (32) and
the supplemental Eq. (40), the set of equations is completed.

f1=1q (40)

Rewriting the set of equations Eq. (32)-Eq. (40) in the
matrix form

K=KX+0 (41)
yields the following:
B ki k» 0 —1 k¢ O B
o ky ki 1 0 k7 kg o
g | | ka k3 ks —kii ko O q
7 - —k3 k4 k11 k5 kl() 0 r
o 0 O O tanfy O O )
64 0 01 0 00 64
_ i _
mV
Fac + g cos b,
my v o0
Mc
+ - (42)
Y
Nc¢
Ix
0
L 0 —
where the new notations are defined as follows:
F F
ke = ﬁ + écoseo ky = —ﬁ ks = —é sin 6y ko
N¢ Mc Ix
=—ko=——kin=p—
Iy Iy Iy

It can be seen that terms related to the control force now
appear in the state coefficient matrix K because of the com-
pensation matrix, and thus, the problem is transformed into
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an algebraic stability problem. Characteristic polynomial for
the coefficient matrix in Eq. (42) is established as follows:

detOE —A)=agh®+asr’ +asr* +a3)> +arr> +ajh+ag
(43)

where ag-ag represent the state coefficients. By ignoring sec-
ondary factors, the expressions for ap-ag after simplification
can be written as follows:

ag = 1

as = —2k1 — 2k5

as = k121 — 2k3 — ko tan 6y

a3 = —2kik}, + 2kiks + 2ksks + 2kgki — kokq1 tan 6y
a) = k% + k3kio tan 89 — kako tan 6y + 2k koky tan 6y

a) = k32kg — k§k6 tan 6y — k1kskio tan 6y + k3kgkio tan Gy
ay = —ki1kzkgkiotan 6y — k32k6kg tan 6y

(44)

The Routh matrix corresponding to the characteristic equa-
tion is given in Eq. (45).

TroutH

ae as ap ag |

as as a
-1 -1

by=—(asasz —asas) by =—(aga1—azas) bz=ay
as as

-1 -1
c1=-—/(asby—a3b1) cpy=—(asb3—aiby)
b] bl
dry=ay

|
dy=—(b1c2—bacy)
ci

—1
el =d—1(01d2—02d1)

L fi=ao i
45
The necessary prerequisites for stable controlled flight are
given by the Routh stability criterion: the coefficients ag-ag in
Eq. (43) must be positive, and the elements in the first column
of the Routh matrix must be positive. In other words, if the
control force magnitude does not satisfy Eq. (46), then the
projectile will lose stability. In this case, the control force
is characterized as an unstable force. The set of all unstable
forces is called the unstable scope. The boundaries of this
scope are called the instability boundaries. If a control force
magnitude lies within the unstable scope, it can be directly
concluded that the flight is definitely unstable.

as > 0,a4 > 0,a3 >0,ay >0,a; >0,ap >0

(46)
b1 >0,c1>0,di >0,e1 >0

The example projectile considered in section 3 is used
here to verify the instability boundaries. According to the
research of Lloyd and Brown [24], projectiles under control
are most sensitive to horizontal forces. Therefore, the sim-
ulations in this section focus on the effect of the horizontal
control force Fyc. The unstable scope computed for Fyc is
[—o0, —35.48]U[58.33, +oc]. If the control force magnitude
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FIGURE 24. Angular motion for a flight without a control force.

FIGURE 25. Angular motion for a flight with a —40 N control force.

derived in accordance with the theory presented in section 3
lies within this unstable scope, then the projectile will lose
stability.

First, as a basis for comparison, the angular motion of
the projectile without a control force is presented in Fig. 24.
This figure illustrates that the angular motion during a flight
without a control force converges gradually over time, cor-
responding to stable flight. The angular motion of the same
projectile under a —40 N leftward force during terminal
correction is presented in Fig. 25. The results illustrate that
the fast epicyclic motion of the projectile is stable. However,
the slow epicyclic motion markedly diverges over time, i.e., is
unstable. Finally, the results of applying a 60 N terminal
control force in the simulation are shown in V; these results
indicate that the slow epicyclic motion of the projectile is
stable, while the fast epicyclic motion is unstable. Because
stable flight implies the simultaneous stability of both the
slow and fast epicyclic motions, both situations correspond to
unstable flight. Thus, the validity of the proposed instability
boundaries is demonstrated for the values of —40 and 60 N,
which lie in the positive and negative parts of the unstable
scope, respectively.
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FIGURE 26. Angular motion for a flight with a 60 N control force.

V. CONCLUSION

A novel trajectory correction fuze with an imager sensor is
proposed for a terminal guided projectile. The strapdown
design of the detector and the waffle canards is useful for
achieving two-dimensional trajectory correction with lim-
ited volume requirements and at a low cost. The dynamic
response to the terminal control force is studied. Because of
the limited time-to-go for correction, the oscillation response
is emphasized. A linear substitution for the angular rate vari-
ation is introduced in the analytical expressions to improve
the accuracy of the response prediction. Moreover, the real-
time periodic updating of the trajectory parameters is no
longer necessary in the derived analytical model. The analyt-
ical solution is compared with the 6DOF nonlinear solution.
The results show that the analytical solution agrees well
with the simulation result. Based on the analytical model of
the dynamic response, the influences of the velocity, pitch
and rotation rate are discussed. To make the research more
comprehensive, the Routh stability criterion is considered
to define the necessary prerequisites for stable flight under
control, and the instability boundaries for the control force
are derived. This research is expected to be helpful in guiding
the design of canard parameters and correction strategies for
terminal guided projectiles with trajectory correction fuzes.

APPENDIX

Cla = Lift force coefficient

Cp = Drag force coefficient

Cypa = Magnus force coefficient derivative

Cya = Static moment coefficient derivative

Cupe = Magnus moment coefficient derivative

Cuyq = Damping moment coefficient derivative
induced by the pitch and yaw rates

u v, w = Components of the projectile velocity
along the x-, y-, and z-axes in the fixed plane
coordinates, m/s

Fy, Fy, F; = Components of the aerodynamic forces on

the projectile body along the x-, y-, and z-axes
in the fixed plane coordinates, N
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Fye, Fre = Components of the control forces on the
projectile body along the y- and z-axes in the
fixed plane coordinates, N

pqr = Components of projectile angular rate in
the fixed plane coordinates, rad/s

My, My, M, = Components of the aerodynamic moments
acting on the projectile body along the x-, y-,
z-axes in the fixed plane coordinates, Nm

My, My = Components of the control moments acting
on the projectile body along the y- and z-axes
in the fixed plane coordinates, Nm

Vv = Projectile velocity, m/s

0 = Projectile pitch angle, rad

g = Gravitational acceleration, m/s>

P = Atmospheric density, kg/m?

S = Projectile reference area, m?

l = Projectile reference length, m

L = Moment of inertia around the longitudinal
axis of the projectile, kg-m?

Iy = Moment of inertia around the transverse
axis of the projectile, kg-m?

[1] = Diagonal inertia matrix

w1 = Angular rate of slow epicyclic motion

12 = Angular rate of fast epicyclic motion
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