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ABSTRACT In this paper, the practical performance of space-frequency block code (SFBC)-based
multiple-input multiple-output (MIMO) orthogonal frequency division multiplexing (OFDM) system in the
presence of nonlinear power amplifier with imperfect channel state information (CSI) over two-wave with
diffuse power (TWDP) channel is analyzed. In the performance analysis, we first introduce the equivalent
single-input single-output (SISO) scalar model with nonlinear power amplifier and then the SISO model is
used to construct a model for the nonlinear MIMO-OFDM system. Considering the channel estimation error
at the receiver, we study the effects of MMSE channel estimation error on the channel capacity. What is
more, based on inter modulation product (IMP) analysis, we study the BER performance of nonlinear SFBC
MIMO-OFDM systems, considering M-ary phase shift keying (MPSK) and M-ary quadrature amplitude
modulation (MQAM). And the effects of channel estimation error on the BER performance are studied.
Finally, this paper also derives the closed-form expressions of the system optimal operating point. The
numerical results and comparisons are provided for several forms of SFBC MIMO-OFDM. From these
analysis results, it is found that the analytical interpretation of the observed behavior in the simulation can
be advanced, and the actual analysis of the performance optimization of the nonlinear MIMO-OFDM system
is also provided.

INDEX TERMS BER, channel estimate error, MMSE, MIMO-OFDM, nonlinear PA, SFBC.

I. INTRODUCTION
Orthogonal Frequency Division Multiplexing (OFDM) is
widely used as an attractive technology in modern wireless
communications due to its robustness to frequency selec-
tive fading channels and its potential to achieve high data
rates [1]. In order to meet the explosive growth requirements
of mobile data access, various multiple-input multiple-output
OFDM (MIMO-OFDM) schemes with space-frequency
block coding (SFBC) have been used for long-term evo-
lution - advanced (LTE-A) Standard [2], [3]. In addition,
MIMO is generally considered to be a supporting technol-
ogy for the development of fifth-generation (5G) broadband
mobile networks. When MIMO technology is introduced
into an OFDM-based system, spectral efficiency and energy
efficiency are improved.

In recent works, the performance of SFBC-OFDM systems
was studied using numerical analysis. In [4], they propose a

The associate editor coordinating the review of this manuscript and
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novel algorithm to identify SFBC by analyzing discriminat-
ing features for different SFBC. In [5], they develop and ana-
lyze an SFBC identification algorithm for multiple antenna
OFDM transmission for the first time. An integer carrier
frequency offset (CFO) estimation algorithm for a SFBC
system is proposed in [6]. A cooperative single-carrier trans-
mission scheme considering a distributed quasi-orthogonal
space-frequency block code (QOSFBC) is constructed in [7].
Several novel peak-to-average power ratio (PAPR) reduction
schemes are proposed for SFBCMIMO-OFDM system in [8]
and [9]. In [10], they have designed Alamouti-like space-
time block coded (STBC) and space-frequency block coded
vector OFDM system. Moreover, an iterative pilot-aided
channel estimation technique for SFBC MIMO-OFDM sys-
tems is proposed in [11]. Furthermore, BER analysis of
SFBC-OFDM systems under different fading conditions has
been reported in the literature [12]–[16]. In [12], the frame
error rate and outage probability for STBC and SFBC
OFDM systems for BPSK and QPSK modulation are given.
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A closed-form expression of the BER of the SFBC OFDM
system based on MQAM andMPSK is derived in [13]. Later,
Singh et al. conducted an in-depth study of performance of
SFBC-OFDM over different fading channels with channel
estimation error [14]–[16].

But SFBC-OFDM systems have a major weakness,
i.e., the significant nonlinear distortion caused by power
amplifiers, [17]. To study the above indicative papers, it is
worth noting that the analysis of SFBC-OFDM with non-
linear power amplifier under imperfect channel state infor-
mation (CSI), also called nonlinear SFBC-OFDM, is lacked.
Is the equivalent SISO scalar model effective for SFBC
MIMO-OFDM systems when considering clear nonlinear
distortion that power amplifier (PA) produces and the imper-
fections on the CSI? How does channel estimation error and
PA nonlinear distortion affect the channel capacity of SFBC
MIMO-OFDM? Is the relationship between receiver signal-
to-noise ratio (SNR) and PA operating point relatively conve-
nient at different channel estimation error levels? Is there any
asymptotic behavior of SNR and any analytical expression of
the best PA operating point corresponding to the maximum
SNR? Given the nonlinear distortion at the receiver, is there
an expression for the bit error rate of MPSK and MQAM
modulated signals?

The main purpose of this paper is to explore the practi-
cal performance analysis of SFBC MIMO-OFDM system in
the nonlinear noise generated by the power amplifier under
imperfect CSI. In order to simulate the channel environ-
ment of the real scene, we study the nonlinear SFBC-OFDM
system over two-wave with diffuse power (TWDP) fading
channel. In this paper, we apply the SISO scalar model to
the studied nonlinear SFBC MIMO systems to simplify the
complexity of the analysis. For the channel estimation error,
we consider the effects of MMSE. Specifically, we study
the lower and upper bounds of mutual information and
channel capacity with a channel estimate at the receiver
and perfect feedback. For the BER analysis, we derive
closed-form expressions for nonlinear SFBC MIMO-OFDM
systems over TWDP fading channels, and both MPSK and
MQAM are considered. Moreover, we model the inter mod-
ulation product falling (IMP) as a Gaussian signal and the
inter modulation product analysis is combined with the accu-
rate Bessel-Fourier PA model. From these derivations above,
we derive the optimal system operating point to a polyno-
mial based expression, and it corresponds to the BER lower
bound. In addition, the channel estimation error reduces the
system performance of SFBC MIMO-OFDM system. The
total degradation (TD) performance is investigated as well.
These simulation observations are explained by the derivation
proposed in this paper.

The rest of this paper is organized as follows. In Section II,
the SFBC MIMO-OFDM system is considered when nonlin-
ear distortion and channel estimation error are considered.
In Section III, lower and upper bounds of mutual information
for nonlinear SFBC MIMO-OFDM under imperfect CSI are
derived. And the capacity bounds are also derived. The BER

expressions for PSK and QAM signals based expression of
receiver SNR with nonlinear noise and channel estimation
error are derived in section IV. In section V, we derive the
accurate expression of the best system operating point. In the
Section VI, simulated observations are presented and analyt-
ical interpretations are performed. Next is the conclusion of
Section VII.

In this paper, (.)T indicates the transposition of the matrix,
andA(i,j) represents the element of the ith row and jth column
of the matrix A. E(.) expresses expectations of the matrix.
Nd(0, 1) represents a Gaussian distribution with a mean of 0
and a variance of 1.

II. SYSTEM MODEL
Fig.1 shows a basic model of SFBC MIMO-OFDM system
with XT transmit and XR receive antennas. For the conve-
nience of expression, we define that OFDM system has B
subcarriers. The Bt × 1 matrix Q denotes the QAM/PSK
modulated symbols. Thenwe can have thatBt= B∗RC , where
RC is the SFBC code rate. In order to use the space-frequency
gain, the length of each input block of the OFDM system is
assumed equal to B. The output of the SFBC encoder is F, and
it contains XT data blocks, {F1,F2, . . .FXT }. Then, the trans-
mission matrix after IFFT block, P={P1,P2, . . . ,PXT }, indi-
cating that the signal from the first antenna to the XT th

antenna needs to be transmitted. And it can be expressed as,
P=FE−, where E−(k, s) = ej2π (k−1)(s−1)/B.

FIGURE 1. The framework of SFBC MIMO-OFDM system with nonlinear
power amplifiers; The lengths of IFFT and FFT block are equal.

For simplicity, we define the system operating point as EP,
which denotes the sum of the input power of the XT antennas
into the PA, and it can be written as,

EP =
1
B

XT∑
t=1

B−1∑
b=1

E(P(t, b)× P∗(t, b))

=
XT
Rc

Bt−1∑
n=0

E(Q(n, 1)×Q∗(n, 1)) (1)
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As shown in Fig.1, the signal to be transmitted enters
the PA and it can be expressed as the nonlinearly amplified
transmission matrix T, where T = α0 × P+Dnon [18], [19].
In this formula, α0 is the amplification factor of PA and Dnon
denotes the nonlinear noise that PA produces. The nonlinear
distortion of PA leads to the reproduction of the spectrum, and
Dnon is closely related to the fading of the inter modulation
product on the OFDM subcarriers [17].

We assume that the fading process in each OFDM block
remains stationary and it varies from one block to another.
Different receive antennas are considered irrelevant for the
relevant fading process, and we assume full synchronization.
Therefore, at the receiver, after removing the cyclic prefix,
the received signal TR can be written as,

TR = HT+ Dch = H(α0P+ Dnon)+ Dch (2)

where Dch represents channel noise and its uncorrelated ele-
ments follow Nd(0, σ 2

ch). H represents the TWDP channel
matrix and the element H(j, i) describes the fading impulse
response of the channel between the ith transmit antenna and
the jth receive antenna. Furthermore, the fading envelope has
TWDP statistics and the instantaneous SNR per symbol has
an approximate PDF given in [20] as,

pγ (γ ) =
K̂
2γ̄

L∑
i=1

1∑
j=0

exp

(
−P2i−j −

K̂γ
γ̄

)
× CiI0

(
2
√
Ai,j
)

(3)

where K̂ = K + 1, K is the ratio of total specular power
to total diffuse power, P2i =

(
K̂ − 1

)
(1+ αi), P2i−1 =(

K̂ − 1
)
(1− αi), αi = δ cos (π (i− 1)/2L − 1), δ is the

relative strength of two specular components, Ci is constant
coefficient whose length depends on L and the first five exact
values are given in [20]. γ̄ is the average SNR, L is the order
of TWDP PDF, Ai,j = P2i−jK̂γ /γ̄ and I0 is the modified
Bessel function of first kind and zeroth order.

The exact MGF of TWDP fading will be required in order
to derive the closed-form expressions of BER and the exact
MGF of TWDP fading has been recently given in [21] as,

Mγ (s)=
K̂

K̂ − sγ̄
exp

(
(K̂−1)sγ̄

K̂−sγ̄

)
I0

(
(K̂−1)sγ̄ �

K̂−sγ̄

)
(4)

where � denotes the ratio of the peak specular power to the
average specular power. Considering that the channel is not
perfectly known at the receiver, the received signal can be
rewritten as,

TR = (Ĥ+ e)T+ Dch

= (Ĥ+ e)(α0P+ Dnon)+ Dch (5)

where we assume a minimum mean squared error of channel
estimate and define Ĥ = H − e, and e is the receiver’s
estimation error.

After OFDM demodulation, the received decoding signal
can be expressed as,

FR = TRE+ = ((Ĥ+ e)(α0P+ Dnon)+ Dch)E+

= α0(Ĥ+ e)PE++(Ĥ+ e)DnonE+ + DchE+ (6)

where E+ is a matrix, express FFT operation on the signal,
E+(k, s) = Bs−1e−j2π (k−1)(s−1)/B. Here we define Drec =

(Ĥ+e)DnonE++DchE+, which denotes the noise component
at the receiver. As we can see, the noise component contains
the nonlinear distortion and the channel noise.

In nonlinear MIMO-OFDM system,
[
DnonE+

]
(r, s) can

be modeled as a Gaussian signal, as indicated by [22]
and [23]. Therefore, it can be known that

[
HDnonE+

]
(r, s)

is also a Gaussian signal and is equivalent to the SISO
model, [24], [25]. Furthermore, Drec follows distribution
Nd(0, σ 2

η ) [24],

σ 2
η =

1
XRB

XR∑
r=1

B∑
n=1

×


E
([
DchE+

]
(r, n)×

[
DchE+

]∗(r, n))
+E

[(Ĥ+ e)DnonE+
]
(r, n)×[

(Ĥ+ e)DnonE+
]∗
(r, n)

 (7)

Considering that Ĥ+e is a normalized XR×XT matrix and
E+ represents an FFT operation, the above equation can be
modified to,

σ 2
η =

1
B
σ 2
ch +

1
B
σ 2
non

=
1
B
σ 2
ch +

1
B

XT∑
t=1

B∑
n=1

E
( [

DnonE+
]
(t, n)

×
[
DnonE+

]∗ (t, n)
)

(8)

Here, E
(∣∣[DnonE+

]
(t, n)

∣∣2) denotes the power of the fad-
ing term of the nth OFDM subcarrier through the t th transmis-
sion path. The total energy of the symbols transmitted by XT
antennas can be normalized to XT . Therefore, we can express
the average SNR at each receiver, i.e., receiver SNR, and it
can be written as,

γrec=
α0

2EP
Bσ 2

η

=
α0

2EP
XT∑
t=1

B∑
n=1

E
(∣∣[DnonE+

]
(t, n)

∣∣2)+ σ 2
ch

(9)

III. CHANNEL CAPACITY OF NONLINEAR SFBC
MIMO-OFDM SYSTEM UNDER IMPERFECT CSI
This section derives lower and upper bounds of mutual infor-
mation for nonlinear SFBC MIMO-OFDM system given an
estimated channel knowledge Ĥ first. And then we derive the
channel capacity under imperfect CSI and the optimal power
allocation strategy to achieve it over spatial (antenna) and
temporal (fading) domains.
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A. LOWER AND UPPER BOUNDS OF
MUTUAL INFORMATION
In this subsection, to obtain a lower bound of mutual infor-
mation I (T;TR|Ĥ) given an estimated channel knowledge
Ĥ, we can expand the mutual information into differential
entropies as,

I (T;TR|Ĥ)=h(T|Ĥ)− h(T|TR, Ĥ) (10)

Here we define Z as the autocorrelation matrix of the
transmitted signal, and it can be written as Z = E(TT∗).
Since the entropy of a random vector reaches its maximum
when the entropy of a Gaussian random vector with the
same variance, h(T|Ĥ) can be rewritten as E[log2(πe

1Z)].
I (T;TR|Ĥ) is upper bounded by the entropy of a Gaussian
random variable whose variance is equal to the mean square
error of the linear MMSE estimate of T given TR and Ĥ.
Therefore, the lower bound of I (T;TR|Ĥ) can be written as,

Ilower (T;TR|Ĥ)

= E

(
log2

{
det

[
IBXR +

Ĥ†ĤZ

IBXR
(
σ 2
ch + σ

2
non
)
+
∑

eT

]})
(11)

Considering that the entries of H are independent and
identically distributed, we have that

∑
eT = σ 2

e PIBXR , where
P is the total power of the transmitter and σ 2

e dictates the
quality of the channel estimation, σ 2

e = E(H2
ij) − E(Ĥ2

ij).

Therefore, Ilower (T;TR|Ĥ) can be rewritten as,

Ilower (T;TR|Ĥ)

= E

(
log2

{
det

[
IBXR +

Ĥ†ĤZ

IBXR
((
σ 2
ch + σ

2
non
)
+ σ 2

e P
)]})

(12)

On the other hand, we expand the mutual information in an
alternate way to obtain an upper bound,

I (T;TR|Ĥ)=h(TR|Ĥ)− h(TR|T, Ĥ) (13)

Similar to the maximum value of h(T|Ĥ), using the fact
that the Gaussian distribution maximizes the entropy over all
distributions with the same covariance and we can get that,

h(TR|Ĥ)≤E
[
log2 det

(
πe1

(
ĤZĤ†

+ σ 2
e PIBXR(

σ 2
ch + σ

2
non
)
IBXR

))]
(14)

Here we define e as complex Gaussian, and (TR|T, Ĥ) is
complex Gaussian with Nd(ĤT,

∑
eT + IBXR ). Therefore,

h(TR|T, Ĥ) can be written as,

h(TR|T, Ĥ) = ET

[
log2 det

(
πe1IBXR + σ

2
e ||T||

2IBXR
+
(
σ 2
ch + σ

2
non
)
IBXR

)]
(15)

Then, the upper bound of the mutual information can be
expression as,

Iupper (T;TR|Ĥ)

= Ilower (T;TR|Ĥ)+ XRET

[
log2

σ 2
e P+ 1

σ 2
e ||T||2 + 1

]
(16)

B. CHANNEL CAPACITY AND OPTIMAL
POWER ALLOCATION
The ergodic capacity of nonlinear SFBC MIMO-OFDM sys-
tem, with an estimated Ĥ known at the transmitter and the
receiver, is given by [26] and it can be expressed as,

C = max
p(T|Ĥ)

I (T;TR|Ĥ) (17)

where p(T|Ĥ) is the probability distribution of T given Ĥ.
In this subsection, to obtain a lower bound of channel capac-
ity, we need to find the optimal input covariance matrixZ that
maximizes Ilower (T;TR|Ĥ). Let the singular value decompo-
sition of the estimated channel matrix be Ĥ = UDV∗, where
U and V are unitary and D is diagonal, and let us define two
quantities, Z̃ = V∗ZV and K = D∗D. Then Ilower (T;TR|Ĥ)
can be written as,

Ilower (T;TR|Ĥ)

= log2

{
det

[
IBXR +

KZ̃(
σ 2
ch + σ

2
non
)
+ Pσ 2

e

]}
(18)

Under an average power constraint E(P) = E(trace(Z)) ≤
α0

2EP, observing that trace(Z) = trace(Z̃), Ilower (T;TR|Ĥ)
is maximized with Z̃ a diagonal matrix, Z̃ = diag(P1, . . . ,
PXT ), with an optimal power distribution {Pi} such that
XT∑
i=1

Pi = α0
2EP. Thus, the lower bound of ergodic capacity

is given by,

Clower = max
{Pi}

E

( XT∑
i=1

log2

((
σ 2
ch + σ

2
non
)
+ Pσ 2

e+Piλi(
σ 2
ch + σ

2
non
)
+ Pσ 2

e

))

subject to E(P) = E(
XT∑
i=1

Pi) ≤ α02EP (19)

where λi is the (i, i)th element ofK and thus the ith eigenvalue
of Ĥ∗Ĥ. The above expectations are performed over the joint
distribution of (λ1, . . . , λXT ). The input to the channel that
achieves the capacity has covariance matrix of the form Z =
Vdiag(P1, . . . ,PXT )V

∗ whose optimal subchannel powers
{Pi} are determined as functions of (λ1, . . . , λXT ).

As we have seen, Clower is the supremum of achievable
data rates in practical transmission systems that employ
Gaussian codebooks and nearest neighbor decoders. More-
over, we have seen that the difference between Clower and the
exact capacity is small for Gaussian inputs unless XR � XT .
Hence, we treat Clower as a performance measure and con-
centrate on deriving the optimal power allocation strategy to
achieve it.

In TWDP fading channels, the optimal Z that maximizes
Clower is spatially white, i.e., Z = (P/XT )IBXR . Moreover,
it can be verified by using Jensen’s inequality that the tempo-
ral power adaptation does not increase the capacity, i.e., P =
α0

2EP. Therefore, the capacity lower bound is given by,

Clower = E

( XT∑
i=1

log2

(
1+

α0
2EP/XT(

σ 2
ch + σ

2
non
)
+ α02EPσ 2

e
λi

))
(20)
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Therefore, we can show that the lower bound of channel
capacity can be expressed as,

C = E

log2

det
 IBXR + ĤĤ†

XT
×

α0
2EP

(σ 2ch+σ
2
non)+α02EPσ 2e




= E

(
log2

{
det

[
IBXR +

ĤĤ†

XT
×

γrec

1+ γrecσ 2
e

]})

= E

(
log2

{
det

[
IBXR +

ĤĤ†

XT
× γce

]})
(21)

where γce denotes the SNR at the receiver under imperfect
CSI.

IV. BER ANALYSIS OF NONLINEAR SFBC MIMO-OFDM
SYSTEM UNDER IMPERFECT CSI
This section derives the average BER of nonlinear SFBC
OFDM system under imperfect CSI for both QAM and PSK
signals. The closed-form expression of average BER can
be obtained by averaging the conditional BER for AWGN
channels over the PDF of the output SNR γ . Mathematically,
the average BER µMQAM/MPSK can be determined as,

µMQAM/MPSK =

∫
∞

0
µMQAM/MPSK × p(γ )dγ (22)

where, p(γ ) is the PDF of γ and µMQAM/MPSK is the condi-
tional BER of the modulation scheme in AWGN channel.

A. NONLINEAR MQAM-SFBC-OFDM WITH IMPERFECT CSI
In this subsection, the closed-form expressions of BER for
MQAM nonlinear SFBC OFDM system under imperfect CSI
over TWDP fading channel are derived.

At the receiver of the SFBC OFDM system, the decoder
outputs the decoded signal by minimizing the decision
matrix, |̃q[k] − q[k]|2, k = 0, . . . ,B − 1. And the decoded
signal can be written as,

QR =
1
RC
α0||Ĥ||2FQ+W (23)

where Q and QR represents the source PSK/QAM symbols
and post decoding symbols, respectively; W represents the
noise part and follows distribution Nd(0, 1

RC
||Ĥ||2Fσ

2
η ) [24],

Therefore, we can express the normalized instantaneous
SNR after the SFBC decoding as [13],

γdec =
1

XTRC

XR∑
j=1

XT∑
i=1

|H(j, i)|2γce (24)

Then, using the expression for the SNR in eq.(21), γce can
be written as,

γce =
γrec

1+ γrecσ 2
e

=
α0

2EP(
XT∑
t=1

B∑
n=1

E
(∣∣[DnonE+

]
(t, n)

∣∣2)+ σ 2
ch + α0

2EPσ 2
e

)
(25)

Then, apply eq.(25) into eq.(24), the instantaneous SNR for
SFBC OFDM over TWDP fading channels under imperfect
CSI after the SFBC decoding can be rewritten as,

γdec

=

α0
2EP ×

XR∑
j=1

XT∑
i=1
|H(j, i)|2

XTRC

(
XT∑
t=1

B∑
n=1

E
(∣∣[DnonE+

]
(t, n)

∣∣2)+σ 2
ch+α0

2EPσ 2
e

)
(26)

In [23] and [22], E
(∣∣[DnonE+

]
(t, n)

∣∣2) is derived from
the spectral analysis of nonlinear distortion, and its complex
expression makes it difficult to bring it to the extended anal-
ysis of SNR behavior. In [27], a new expression is derived
through the analysis of the inter-modulation product,

E
(∣∣[DnonE+

]
(t, n)

∣∣2) = ∑
∑
dm=1,

∑
|dm|=θ≥3,∑

m×dm=n,max(|dm|)=1

∣∣∣∣∣∣
G∑
g=1

[
hg

×

B∏
m=1

Jdm

(
2gπ
D mod

√
EP
XTB

)]∣∣∣∣∣
2

(27)

where dm can be any integer, and Jdm represents the first term
of the d thm order Bessel equation. D mod and hg represent the
dynamic range of models and the coefficients of the G order
Bessel-Fourier PA model, respectively.

Considering that J−1(z) = −J1(z), the equation can be
rewritten as,

E
(∣∣[DnonE+

]
(t, n)

∣∣2) = ∑
κ=3,5,...

λ(κ,EP)× ρ(κ, n) (28)

where ρ(κ, n) denotes the number of κ th order inter-
modulation product in the nth OFDM subcarrier, and
it dose not depend on the characteristics of PA and
the total power EP. For example, for the 64-point FFT

OFDM signal in this paper,
B∑
b=1

ρ(κ, 3) = 82000. At the

same time, the feature vector of IMP satisfies condition:∑
dm = 1,

∑
dm × m = n,

∑
|dm| = θ ≥ 3,max(|dm|) = 1.

What’s more, the average power of individual IMPs,
i.e., λ(κ,EP) can be obtained by an unique IMP
analysis [27], i.e.,

λ(κ,EP) =

∣∣∣∣∣∣
G∑
g=1

 hg × Jκdm ( 2gπ
D mod

√
EP
XTB

)
×JB−κ0

(
2gπ
D mod

√
EP
XTB

)
∣∣∣∣∣∣

2

(29)
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Apply eq.(28) into eq.(26), γdec can be rewritten as,

γdec =

B× λ(1,EP)
XR∑
j=1

XT∑
i=1
|H(j, i)|2

RC

(
XT

∑
κ=3,5,...

[
λ(κ,EP)×

(
B∑
n=1

ρ(κ, n)
)]

+ σ 2
ch + σ

2
e (XTB× λ(1,EP))

)
(30)

Considering that the third order IMPs dominate the nonlin-
ear distortion, eq.(30) can be rewritten as,

γdec =

B× λ(1,EP)
XR∑
j=1

XT∑
i=1
|H(j, i)|2

RC

(
XTλ(3,EP)×

(
B∑
n=1

ρ(3, n)
)

+ σ 2
ch + σ

2
e (XTB× λ(1,EP))

)
(31)

As shown in Fig. 1, the output of SFBC decoder,
i.e., QR, is driven to QAM/PSK ML Decision block and is
demodulated to the bit stream. We assume that the system
uses a square MQAM modulation scheme of Gray code, and
the symbol rate for sub-channel is ρ = (log2M )bit/symbol.
Then, the BER of the bth sub-channel, µb−MQAM can be
expressed as [28],

µb−MQAM

=
2
√
2ρ − 2

ρ
√
2ρ

erfc

(√
1.5ξα02EP

(2ρ − 1)(σ 2
ch + σ

2
non + σ

2
e α0

2EP)

)
(32)

where we define a variable ξ and it can be written as,

ξ=

XR∑
j=1

XT∑
i=1
|Hb(j, i)|2

XTRC
(33)

A tight bound of eq.(32) is given by [29] and can be
expressed as,

µb−MQAM = 0.2 exp

(
−

1.6ξα02EP
(M − 1)(σ 2

ch + σ
2
non+σ

2
e α0

2EP)

)
(34)

Now, the BER of nonlinear MQAM SFBC-OFDM system
under imperfect CSI can be expressed as,

µb−MQAM =
0.2
B

×

B−1∑
b=0

exp

(
−

1.6ξα02EP
(M−1)(σ 2

ch+σ
2
non+σ

2
e α0

2EP)

)
(35)

The average BER (ABER) for nonlinear MQAM SFBC
OFDM under imperfect CSI system can now be derived by
substituting eq.(35) in eq.(22) as,

µMQAM =

∞∫
0

. . .

∞∫
0

µb−MQAMp(γ1,1) . . . p(γXR,XT )
dγ1,1 . . . dγXR,XT

=

∞∫
0

. . .

∞∫
0

0.2
B

B−1∑
b=0

exp
(
−

1.6ξα02EP
(M−1)(σ 2ch+σ

2
non+σ

2
e α0

2EP)

)
p(γ1,1) . . . p(γXR,XT )dγ1,1 . . . dγXR,XT

(36)

where we define γj,i=γce|Hb(j, i)|2, and p(γj,i) is the PDF of
γj,i as defined in eq.(3). Then the above expression can be
further simplified into,

µMQAM =
0.2
B

B−1∑
b=0

∞∫
0

f (γ1,1)p(γ1,1)dγ1,1

. . .

∞∫
0

f (γXR,XT )p(γXR,XT )dγXR,XT (37)

where f (γi,j) = exp
(
−1.6γi,j

(M−1)XTRC

)
. The above equation can

be easily solved using MGF approach because,

Mγi,j (−1.6/((M − 1)XTRC )) =

∞∫
0

f (γi,j)p(γi,j)dγi,j (38)

Finally, substituting eq.(4) and eq.(31) into eq.(37), we can
express the closed-form expression of ABER for nonlin-
ear SFBC OFDM system using MQAM modulation under
imperfect CSI as,

µMQAM = 0.2

 8K̂
8K̂−1.6α02EP

exp
(
1.6α02EP(K̂−1)
8K̂−1.6α02EP

)
× I0

(
1.6α02EP(K̂−1)�
8K̂−1.6α02EP

) XRXT

(39)

where we define a variable 8 and it can be written as,

8 = (M − 1)XTRC × (σ 2
ch + σ

2
non + σ

2
e α0

2EP)

= (M − 1)XTRC ×

(
XTλ(3,EP)×

(
B∑
n=1

ρ(3, n)

)

+ σ 2
ch + σ

2
e (XTB× λ(1,EP))

)
(40)

B. NONLINEAR MPSK-SFBC-OFDM WITH IMPERFECT CSI
Using the same approach as for the MQAM case, we can
express the BER µb−MPSK as,

µb−MPSK =
1
ρ
erfc

(
sin(

π

M
)×
√
γdec

)
=

1
ρ
erfc

(
sin(

π

M
)×

√
ξα02EP

(σ 2
ch + σ

2
non + σ

2
e α0

2EP)

)
(41)
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which can be approximated as [29],

µb−MPSK =0.2 exp

(
−

7ξα02EP
(21.9ρ+1)(σ 2

ch+σ
2
non+σ

2
e α0

2EP)

)
(42)

Therefore, the BER of nonlinear MPSK SFBC-OFDM
system under imperfect CSI can be expressed as,

µb−MPSK =
0.2
B

B−1∑
b=0

exp

(
−7α02EPζ

(21.9ρ+1)(σ 2
ch+σ

2
non+σ

2
e α0

2EP)

)
(43)

Similar to the derivation of µMQAM , we can get an average
expression of µMPSK by substituting eq.(43) in eq.(22) as,

µMPSK =

∞∫
0

. . .

∞∫
0

µb−MPSKp(γ1,1) . . . p(γXR,XT )
dγ1,1 . . . dγXR,XT

=

∞∫
0

. . .

∞∫
0

0.2
B

B−1∑
b=0

exp
(

−7ξα02EP
(21.9ρ+1)(σ 2ch+σ

2
non+σ

2
e α0

2EP)

)
p(γ1,1) . . . p(γXR,XT )dγ1,1 . . . dγXR,XT

(44)

Finally, substituting eq.(4) and eq.(31) into eq.(44), we can
easily show that the ABER is given by,

µMPSK = 0.2

 θK̂
θK̂−7α02EP

exp
(
7α02EP(K̂−1)
θK̂−7α02EP

)
×I0

(
7α02EP(K̂−1)�
θK̂−7α02EP

) XRXT

(45)

where we define a variable θ and it can be written as,

θ = (XTRC21.9ρ + 1)× (σ 2
ch + σ

2
non + σ

2
e α0

2EP)

= (XTRC21.9ρ + 1)×

(
XTλ(3,EP)×

(
B∑
n=1

ρ(3, n)

)

+ σ 2
ch + σ

2
e (XTB× λ(1,EP))

)
(46)

V. ANALYSIS OF OPTIMAL SYSTEM OPERATING POINT
In this section, we will discuss the characteristics of γdec and
analyze the system operating point. When the PA operates in
its linear region, the nonlinear distortion is negligible, so we
can get λ(3,EP) ≈ 0. Based on the eq.(31), we can get that,

γ Lindec = lim
EP→0

γdec =
XTB× λ(1,EP)ξ

σ 2
ch + σ

2
e XTBλ(1,EP)

(47)

where γ Lindec is the behavior of γdec when a low power EP
applied. Introducing eq.(29) into eq.(47), we can get that,

γ Lindec =

ξEP

∣∣∣∣∣ G∑g=1 (hp pπ
D mod

)

∣∣∣∣∣
2

σ 2
ch + σ

2
e EP

∣∣∣∣∣ G∑g=1 (hp pπ
D mod

)

∣∣∣∣∣
2 (48)

In this equation, we can clearly see that when the PAworks
in its linear region, the instantaneous SNR γdec only relates to
the symbol energy EP, the channel estimate error σ 2

e and the
channel noise σ 2

ch. Therefore, the performance of γ Lindec can be
obtained as the follows,

∂γ Lindec

∂EP
=

ξσ 2
ch

∣∣∣∣∣ G∑g=1 (hp pπ
D mod

)

∣∣∣∣∣
2

σ 2
ch + σ

2
e EP

∣∣∣∣∣ G∑g=1 (hp pπ
D mod

)

∣∣∣∣∣
2
2 > 0 (49)

and,

∂γ Lindec

∂σ 2
ch

=

−ξEP

∣∣∣∣∣ G∑g=1 (hp pπ
D mod

)

∣∣∣∣∣
2

σ 2
ch + σ

2
e EP

∣∣∣∣∣ G∑g=1 (hp pπ
D mod

)

∣∣∣∣∣
2
2 < 0 (50)

and,

∂γ Lindec

∂σ 2
e
= −ξ


EP

∣∣∣∣∣ G∑g=1 (hp pπ
D mod

)

∣∣∣∣∣
2

σ 2
ch + σ

2
e EP

∣∣∣∣∣ G∑g=1 (hp pπ
D mod

)

∣∣∣∣∣
2


2

< 0 (51)

When the PA operates in nonlinear state, the nonlinear
distortion determines the loss of the system, i.e., σ 2

η >> σ 2
ch.

Therefore, we can have that,

γ Nlindec = lim
EP→∞

γdec

=
B× λ(1,EP)ξ

λ(3,EP)×
(

B∑
n=1

ρ(3, n)
)
+ σ 2

e (B× λ(1,EP))

(52)

The behavior of γ Nlindec can be found in [23]. What’s more,
γ Nlindec is the gradual progression when the input power EP is
high, and it’s also the average SNR of the output elements
of the OFDM subcarriers output on each PA. Therefore,
the performance of γ Nlindec can be obtained as the follows,

∂γ Nlindec

∂EP
=

−2ξEP

(
B∑
n=1

ρ(3,n)

)∣∣∣∣∣ G∑g=1 (hp pπ
D mod

)3
∣∣∣∣∣
2

X2
TB

3

∣∣∣∣∣ G∑g=1 (hp pπ
D mod

)

∣∣∣∣∣
2

σ 2
e +

E2
P

(
B∑
n=1

ρ(3,n)

)∣∣∣∣∣ G∑g=1 (hp pπ
D mod

)3
∣∣∣∣∣
2

X2
TB

3

∣∣∣∣∣ G∑g=1 (hp pπ
D mod

)

∣∣∣∣∣
2


2 < 0

(53)
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and,

∂γ Nlindec

∂σ 2
e
=

−ξσ 2
e +

E2
P

(
B∑
n=1

ρ(3,n)

)∣∣∣∣∣ G∑g=1 (hp pπ
D mod

)3
∣∣∣∣∣
2

X2
TB

3

∣∣∣∣∣ G∑g=1 (hp pπ
D mod

)

∣∣∣∣∣
2


2 < 0

(54)

and
∂γ Nlindec
∂σ 2ch
= 0.

It can be clearly seen that γ Lindec and γ Nlindec follow monoton-
ically increasing or decreasing, as denoted by eq.(49) and
eq.(53). Therefore, the maximum value of γdec, written as
γdec−max, will exist. And it shows that the damage of the
system is transformed from being initially affected by channel
noise to dominated by nonlinear distortion.We defineEP−best
as the optimal operating point of the SFBC MIMO OFDM
system corresponding to γdec−max. Since the channel noise
power level is much lower than the PA output power, when EP
has its correspondingEP−best , the work area of PA far exceeds
its linear area. Then we can have that,

γdec−max =
ξXTB× λ(1,EP−best )(

XTλ(3,EP−best )× (
B∑
n=1

ρ(3, n))+ σ 2
ch

+ σ 2
e XTB× λ(1,EP−best )

)
(55)

Applied with eq.(29), eq.(55) can be rewritten as,

γdec−max=

ξX2
TB

3EP−best

∣∣∣∣∣ G∑g=1 ( hgpπ
D mod

)

∣∣∣∣∣
2

σ 2
e X

2
TB

3EP−best

∣∣∣∣∣ G∑g=1 ( hgpπ
D mod

)

∣∣∣∣∣
2

+ X2
TB

3σ 2
ch

+ (EP−best )3

∣∣∣∣∣∣
G∑
g=1

hg

(
pπ

D mod

)3
∣∣∣∣∣∣
2 (

B∑
n=1

ρ(3, n)

)
(56)

Considering that when γdec is at its maximum, its
derivative for EP is 0. And EP has its optimal value EP−best .

Therefore, we can get that,

dγdec
dEP

= 0

⇔ 2(EP−best )
3

∣∣∣∣∣∣
P∑
p=1

hg(
pπ

D mod
)

3
∣∣∣∣∣∣
2 (

B∑
n=1

ρ(3, n)

)
= X2

TB
3σ 2

ch (57)

Then, it can be obtained from eq.(57) that,

EP−best =
3

√√√√√√√
X2
TB

3σ 2
ch

2

∣∣∣∣∣ P∑
p=1

hg
(

pπ
D mod

)3∣∣∣∣∣
2

×

(
B∑
n=1

ρ(3, n)
)2

(58)

Here, eq.(58) shows an analytic expression of EP−best ,
which is related to γdec−max. Bring eq.(58) into eq.(56),
we can have that (59), shown at the bottom of this page.

VI. SIMULATION AND DISCUSSION
In this section, the results of the analysis of BER and EP−best
derived in Section IV are verified in simulations using var-
ious system configurations, and the analysis of the channel
capacity derived in Section III is also verified. In addition,
TD performance was also studied. The over-sampling rate of
OFDM symbols is 4 and B is 64 with cyclic prefix B/4. The
length of OFDM block is also set as 64. The example PA is
measured from an S-band LDMOS solid state PA (SSPA) and
its finite variation in AM/PM conversion over the operating
range is ignored. Here, the input and output amplitudes of
the example LDMOS PA are normalized with respect to
the input and output amplitudes of their 1 dB compression
point (P1 dB). The tested modulation schemes in simulation
include QPSK, 16QAM, and 64QAM.

The analytical and simulated BER using different modula-
tion schemes are plotted in Fig.2. As shown in the deriva-
tion, the QPSK signal has better BER performance than
the 16QAM and 64QAM signals. The EP−best , which corre-
sponding to the BER lower bound, is independent of the mod-
ulation schemes as shown in eq.(58). In order to demonstrate
the proximity between the analysis and the simulation results,
we define the absolute relative difference percentage, which
is the same in [14]. The calculation results of absolute relative
difference percentage shows that the average percentage of
QPSK is 6.3742%, while the average percentages of 16QAM
and 64QAMare 23.5328% and 13.5443%, respectively. It can

γdec−max = ξ


X2
TB

3σ 2
ch

∣∣∣∣∣ G∑g=1 ( hgpπ
D mod

)

∣∣∣∣∣
6

2

∣∣∣∣∣ P∑
p=1

hg
(

pπ
D mod

)3∣∣∣∣∣
2

×

(
B∑
n=1

ρ(3, n)
)2



1
3

×

σ
2
e


X2
TB

3σ 2
ch

∣∣∣∣∣ G∑g=1 ( hgpπ
D mod

)

∣∣∣∣∣
6

2

∣∣∣∣∣ P∑
p=1

hg
(

pπ
D mod

)3∣∣∣∣∣
2

×

(
B∑
n=1

ρ(3, n)
)2



1
3

+
3
2
σ 2
ch



−1

(59)
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FIGURE 2. The analytical and simulated results of BER as the functions of
EP as three signal modulation schemes applied. Both nonlinear and
linear power amplifiers are considered. XT = 2, XR = 1, σ2

e = −70dB,
σ2

ch = −50dB, K = 0 and 1 = 0.

be seen that the results of using closed formulas are very close
to those obtained using exact expressions and simulation
results.

Fig.3 presents both simulated and analytical BER as func-
tion of σ 2

e . It can be seen that, BER gets into saturation when
σ 2
e is tiny enough for the cases of nonlinear power amplifiers.

This is because, when σ 2
e is neglectable, we can have that

γdec = γ Lindec . Thus, based on eq.(39) and eq.(45), it can be
derived that here BER is independent with σ 2

e . Also, it is
interesting to find that, ∂BER/∂EP > 0 as σ 2

e gets small
enough, while ∂BER/∂EP < 0 as σ 2

e gets large enough. This
is because that γdec = γ Lindec and γdec = γ Nlindec when σ 2

e gets
small and big enough, respectively.

FIGURE 3. The analytical and simulated results of BER as the functions of
EP as applying various MIMO structures. Both nonlinear and linear power
amplifiers are considered; XT = 2/3, XR = 1, σ2

e = −70/− 40dB,
σ2

ch = −50dB, K = 10 and 1 = 1.

Fig.4 presents the simulated and analytical BER as the
functions of EP as applying various MIMO structures.
As expected, EP−best can be identified when nonlinear power
amplifiers are applied. BER decreases as either XR or XT gets

FIGURE 4. The analytical and simulated results of BER as the functions of
σ2

e . Both nonlinear and linear power amplifiers are considered; XT = 2,
XR = 1, EP = −3.5/− 10/− 15dB, σ2

ch = −50dB, K = 0 and 1 = 0.

increased for the cases of linear PAs, and BER of the 3 × 1
structure is lower than that of the 2 × 1 one. As shown in
eq.(53), as the power of the input PA decreases, γdec begins
to increase. γdec gets increased as XT increases because the
increase of XT decreases the input power of each PA.

FIGURE 5. The total degradation performance as various target BERs are
applied while considering nonlinear PA. The channel estimation error
σ2

e = −30/− 50dB, XT = 3/4, XR = 1, K = 10 and 1 = 1.

Fig.5 presents the TD performance of example nonlinear
SFBC MIMO-OFDM system. The x-axis is OBO, i.e., the
PA output backoff referring to its maximum output power.
It is observed that when the nonlinear power amplifier is oper-
ating in its highly nonlinear region, the TD pattern deviates
significantly from the graph produced by the linear power
amplifier. As shown in Fig.4, when the system damage σ 2

e
can be ignored, the BER will enter a lower saturation, and as
theOBOdecreases, the lower BER saturation value increases.
The BER is in the low value OBO range. At some point of the
truncation, the saturation value at the BER associated with the
truncation point is equal to the target BER. It can be under-
stood that when the TD cutoff point occurs, the OBO value at
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which the TD cutoff point occurs increases. The target BER
is reduced. This can be observed in Fig.4 and Fig.5.

Fig.6 presents the analytical and simulated channel capac-
ity as the function of OBO with QPSK scheme. As expected,
while considering nonlinear PA, nonlinear distortion is slight
when OBO is low. Moreover, the optimal system output back
off OBObest corresponding to the channel capacity upper
bound can be identified.

FIGURE 6. The analytical and simulated result of channel capacity as the
function of Output Back Off (OBO) while considering nonlinear power
amplifiers. The channel estimation error σ2

e = −30/− 50dB, XT = 4/6,
XR = 1, σ2

ch = −50dB, K = 10 and 1 = 1.

FIGURE 7. The analytical results of receiver SNR γ as the function of the
channel estimation error σ2

e and the system optimal operating point EP .
Nonlinear PA is considered.

Fig.7 presents the analytical results of receiver SNR γrec
as the function of system operating point EP and the channel
estimation error σ 2

e roughly. The upper bound of γ , γrec−max
is marked. As expected, receiver SNR γrec is negatively
related to channel estimation error σ 2

e . System optimal oper-
ating point EP−best is positively related to channel estimation
error σ 2

e .
Fig.8 presents the analytical results of channel capacity C

as the function of system operating point EP and the channel
estimation error σ 2

e roughly. The upper bound of C , Cmax

FIGURE 8. The analytical results of channel capacity C as the function of
system operating point EP and the channel estimation error σ2

e .
Nonlinear PA is considered.

is marked. As expected, channel capacity C is negatively
related to channel estimation error σ 2

e .

VII. CONCLUSION
In this paper, the performance of SFBC MIMO-OFDM sys-
tem in the presence of clear nonlinear distortion over TWDP
fading channel with imperfect CSI is analyzed. Consider-
ing the channel estimation error, we study the lower and
upper bounds of mutual information. Furthermore, based
on inter modulation product analysis, the receiver SNR is
derived as a polynomial function of the system operating
point, and its asymptotic behavior is also derived for the
cases of linear and nonlinear power amplifiers are considered.
Based on these efforts, the optimal system operating point
corresponding to the BER lower bound can be identified and
analytically derived to a polynomial-based function. In the
following, the bit error rate of the PSK and QAM signals is
derived. Through these derivations, the observations support-
ing the simulation are analyzed and explained. The proposed
closed-form expressions can be used to quantify the amount
of degradation that the BER suffers with nonlinear distortion
under imperfect CSI at the receiver, and to devise adaptive
link adaptation techniques.
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