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ABSTRACT This paper presents a decentralized zero-sum optimal control method for MRMs with
environmental collisions via an actor-critic-identifier (ACI) structure-based adaptive dynamic programming
(ADP) algorithm. The dynamic model of the MRMs is formulated via a novel collision identification method
that is deployed for each joint module, in which the local position and torque information are used to design
the model compensation controller. A neural network (NN) identifier is developed to compensate the model
uncertainties and then, the optimal control problem of the MRMs with environmental collisions can be
transformed into a two-player zero-sum optimal control one. Based on the ADP algorithm, the Hamilton-
Jacobi-Isaacs (HJI) equation is solved by constructing the actor-critic NNs, thus making the derivation of the
approximate optimal control policy feasible. Based on the Lyapunov theory, the closed-loop robotic system
is proved to be asymptotically stable. Finally, the experiments are conducted to verify the effectiveness and
advantages of the proposed method.

INDEX TERMS Adaptive dynamic programming, collision identification, decentralized optimal control,

modular robot manipulators, zero-sum game.

I. INTRODUCTION

Modular robot manipulators have attracted extensive atten-
tions in robotics community since they have better structural
adaptability and flexibility than conventional robot manipula-
tors. The standardized robotic modules, as the basic element
to constitute an MRM, consist of actuators, speed reducers,
sensors and communication units. These modules can be
assembled to desired configurations via standard mechan-
ical connectors according to the requirements of different
tasks. Profiting from the advantages above, MRMs are always
employed in dangerous and complex environments, such
as space exploration, hazard survey, rescue operation and
sports activities et al., in which the collisions from external
environments may occur at any time. Therefore, we need to

The associate editor coordinating the review of this manuscript and
approving it for publication was Jianxiang Xi.

96148

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/

develop appropriate control systems to guarantee the stability
and precision of MRMs even with external environmental
collisions.

To address the problems of enhancing the stability and
control precision of the robot manipulator systems in the face
of environmental collisions, collision identification, which
aims at obtaining the collision joint torques, is considered
an efficient method to implement the joint torque feedback
and to facilitate the controller design of the robotic sys-
tems with collisions. Several researches [1]-[3] report direct
torque sensing-based techniques, in which the joint torque
information are measured by embedding torque sensors into
the joint modules and thus completing the joint torque
feedback. However, the joint torques may increase signifi-
cantly while unexpected environmental collisions occurred
intensely. Unfortunately, this may cause irreversible damage
to the strain gauges, which are the core components of joint
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torque sensors. Luca et al. propose a sensorless collision iden-
tification method [4], in which the environmental collisions
are considered the faulty behaviors of the robot actuating
systems, and then the research results are further applied to
address the problems of collision detection and safe reac-
tion with lightweight robot manipulators [5]. However, when
the actuator faults and environmental collisions exist at the
same time, these methods can hardly distinguish their effects,
which may leave potential safety hazard for the robotic sys-
tems. Some other feasible solutions of implementing collision
identification include that measure the collision force/torque
information by using the sensing fusion of the tactile together
with exteroceptive information [6]—[8]. Nevertheless, the tac-
tile and exteroceptive sensors are terribly expensive and in
a general view, difficult to be generalized to multiple types
of robotic systems. Some forward-looking researches, which
investigated the synchronization [9] and convergence [10]
of the NNs, are presented for improving the noise tol-
erance [11] of multi-agent systems [12] and robotic
systems [13], but these methods still can hardly complete the
optimal implementation of the controllers. Therefore, an ideal
collision identification method should simultaneously take
into account both the safety, accuracy and economy of robotic
systems, especially, satisfy the requirements of modularity
and reconfiguration of the MRM systems.

Besides the requirement of the reliable collision identifi-
cation, MRM systems also need appropriate optimal con-
trollers, which are with the properties that guarantee the
stability of robotic systems and simultaneously consider the
optimality of composite of error characteristics and output
energy-efficiency. Adaptive dynamic programming method-
ology, which was proposed by Werbos [14], is recognized
as one of the key directions to address the optimal control
problems of complex systems. There are several synonyms
adopted for ADP, including ‘“‘approximate dynamic program-
ming” [15], “neural dynamic programming” [16], “adap-
tive critic designs” [17] and “‘reinforcement learning” (RL)
[18], [19] etc. Recently, ADP-based approaches have been
utilized to deal with the optimal control issues of discrete-
time systems [20]-[22], continuous-time systems [23]-[25],
data driven-based systems [26]-[28], two-player zero-sum
games [29]-[31], and further employed to develop the
intractability of nonlinear optimal control with input/output
constraints [32], [33], uncertainties and/or external distur-
bance [34]-[36], and actuator failures [37], etc. Some inves-
tigations report the latest research progress of ADP-based
optimal control methods for robot manipulators systems.
In [38], an adaptive fuzzy NN control method is developed
for constrained robots via ADP-based impedance learning.
An online adaptive tracking control algorithm is proposed
to solve the tracking problem of wheeled mobile robots
with uncertain resistance by using the ADP algorithm [39].
Reference [40] investigated the behaviors of robot manipu-
lators that use an RL-based decentralized control scheme.
Reference [41] presented a deep RL framework to han-
dle the learning control issue in physical human-robot
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interaction (pHRI) tasks. An RL optimal control method is
reported in [42] to address the problems of global dynamic
compensation and force tracking control in industrial inter-
action robotics tasks. The mentioned strategies above both
follow the premise that the dynamic models of the robotic
systems are completely unknown, thus the implementation
of these methods are restricted in solving the optimal control
problems of special type of robotic systems without local
dynamic compensation. Dong et al. address the optimal
control problems of MRMs by combining the model-based
compensation control with ADP-based learning control [43],
and their researches are further expanded to deal with the
optimal tracking control issues of MRMs with uncertain envi-
ronments [44]. However, the existing methods consider the
disturbance torques, which are introduced by environmental
contacts and collisions, a class of dynamic uncertainties,
and ignore the intractability of explicitly compensating the
effects of model uncertainties and environmental collision
disturbance. To the best of the authors’ knowledge, there
is less discussion on ADP-based optimal control for robot
manipulators in the face of environmental collisions with
both the implementation of reliable collision identification
and optimal disturbance compensation, especially, for the
MRM systems with theoretical and experimental
investigation.

In this paper, an ACI structure-based decentralized zero-
sum neuro-optimal control approach is presented for MRMs
with environmental collisions. First, the dynamic model of
the MRM systems is formulated via a novel harmonic drive
compliance model-based collision identification method, and
then a model-based compensation controller is developed by
effectively utilizing the local position and torque information
of each joint module. Second, an NN identifier, which is
established to approximate the dynamics of the model uncer-
tainty, is used to design the learning-based compensation
controller, then, the optimal control problem of environment-
collided MRM systems is transformed into a two-player zero-
sum optimal control one. The ADP algorithm is employed
to solve the HIJI equation, in which the cost function,
optimal control policy and worst collision disturbance can
be approximated by constructing one critic NN and two
actor NNs, and then the decentralized zero-sum neuro-
optimal control is developed. Based on the Lyapunov theory,
the joint position/velocity errors and NN weight approximate
errors are proved to be uniform ultimate bounded (UUB), and
the closed-loop MRM systems are also proved to be asymp-
totically stable. Finally, experiments are performed to clarify
the effectiveness and advantage of the proposed method.

The main contributions of this work are briefly summa-
rized as follows:

1) It is a novel idea that develops the collision identifi-
cation method based on a nonlinear harmonic drive
compliance model. Note that the compliance charac-
teristics of the harmonic drive components, which are
considered the uncertain perturbance in some exist-
ing researches, are effectively utilized in this paper to
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FIGURE 1. Schematic illustration of the harmonic drive device.

estimate the joint torques of the MRM system along
with the environmental collisions.

2) Unlike the existing methods that leave the intractability
of optimal compensation of environmental collision
disturbance out of consideration. In our works, a decen-
tralized optimal control method is developed via a
novel ACI structure-based zero-sum neuro-optimal
control scheme, and the advantages of the proposed
method is verified by using the established experimen-
tal platform.

The remainder of this paper is organized as follows:
Section 2 analyses the collision identification method and
the dynamic model formulation. The decentralized optimal
control method is developed in Section 3. Experiments are
performed in Section 4. Finally, a brief conclusion is derived
in Section 5.

Il. COLLISION IDENTIFICATION AND DYNAMIC MODEL
FORMULATION

A. COLLISION IDENTIFICATION

Collision identification aims at estimating the coupled
torques of each robotic joint, while the uncertain environmen-
tal collisions are acting along the robot structure [45]. In this
part, a novel collision identification method is presented
based on a nonlinear harmonic drive compliance model as
well as the position and current measurements of each joint
module.

1) HARMONIC DRIVE COMPLIANCE MODEL

As illustrated in Figure 1, the adopted harmonic drive device
includes a wave generator, a flexspline and a circular spline.
The wave generator consists of an elliptical wave genera-
tor plug, which is assembly inserted into the ball-bearing,
thus providing an elliptical shape for the bearing too. The
flexspline, which is a thin cylindrical cup with external teeth,
is designed with a slightly smaller pitch diameter than the
circular spline with internal teeth. Since the flexspline has
two less teeth than the circular spline, so that this may lead
to a small phase deviation between the corresponding teeth in
engagement. After assembled, the flexspline fits tightly over
the wave generator, accordingly, when the wave generator
plug is rotating, the flexspline deforms and molds into the
shape of the rotating ellipse. When the harmonic drive device
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is equipped into a joint module, the wave generator is con-
nected to a motor, the circular spline is fixed with joint shell
and the flexspline, which is sandwiched between the wave
generator and the circular spline, is connected to the joint
output. Then, for the purpose of identifying the coupled joint
torque that using only position and current measurement,
here, we need to formulate a harmonic drive model, in which
the nonlinear compliance features of each harmonic drive
component can be clearly reflected.

According to the kinematic relation and the compliance
behavior of harmonic drive components in [46], [47], one can
represent the torsional angular variables of wave generator
and flexspline, which are given as follows:

AgiF = GiFour — qiFin-
Agiw = GiWour — qiWin, (D

IT¥LE)

where the first subscript letter ““i”” means the ith joint module,
qiwour and g;wi, indicate the wave generator angular positions
at the outside part and the center part respectively; gir,,; and
girin denote the angular positions of load-side and gear-side
of the flexspline respectively. Note that it is impossible to
embed any sensors into a harmonic drive device, so that only
the flexspline output position (joint’s angular position) and
the wave generator input position can be measured by the
link-side and motor-side encoders respectively. These angular
position measurements can be used to calculate the harmonic
drive torsional angle Ag; with the following relation:

Agi = qiFour — qiWin s ()

Vi

where y; denotes the gear ratio of the harmonic drive device.
By adding and subtracting the terms g;r;,, and % to (2),
one may get

Agi = Girour — qiFin
n (qmn _ Cliv;/(.)m> N (%‘Wom B qz’Win) 3

i Vi Vi
Assuming that there is no relation displacement between
the flexspline input and the wave generator output, which
means that y;qirin — qiwowr = 0, then, substituting (1)
into (3), one obtains
Agi = Agir + 220 @
Vi
According to the hysteresis behaviors of a harmonic drive
device that is shown in Figure 2, one may conclude that the
local elastic coefficient e;r; increases along with the increase
of flexspline output torque 7;r, so that we can define the local
elastic coefficient e;r; as the form of

&)

Considering the symmetric property of the harmonic drive
stiffness and using Taylor expansion, the local elastic coeffi-
cient can be approximated as

eiFl = €iFI0 (1 + (CiFTiF)z) , (6)
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FIGURE 2. Typical hysteresis curve of a harmonic drive.

where ejrj9 and cjr are determined position constants.
If ejri90 # 0, one can obtain the flexspline torsion which is
expressed as follows:

TF Jr;
Agip = / il )
0 €iFl

Substituting (6) into (7), the flexspline torsion can be cal-
culated as
Agir = arctan(c,Fr,p)7 @)
CiF €iFI0
where arctan(-) represents the arctangent function. Besides,
from Figure 2, one obtains that the torsional angle Ag;r
may range from —®/2 to ®/2, while 7;r equals to zero;
moreover, the torsional angle turns to zero, while t;r reaches
to the nominal torque, where ® represents the hysteresis loss.
To replicate the shape of the hysteresis curve, we formulate
the local elastic coefficient of wave generator as follows:

eiwr = emwioe™ Tr !, 9

where e;wi0 and c;w are determined positive constants.
If e;wio # 0, one may calculate the torsional angle of wave
generator Ag;w by using the relation

Tw dTW
Adiw = / W (10)
0 eiwl

where t; is the torque at the wave generator location.
By substituting the expression of e;y; in (9) into (10), one
obtains

Agay = ED () _ el (an

Ciw €iwi0

where sgn(-) is a typical sign function, expressing as

1 for->0
sgn(t)=130 for-=0 (12)
—1 for-<0.
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2) COLLISION IDENTIFICATION BASED ON THE
HARMONIC DRIVE COMPLIANCE MIODEL
Based on the nonlinear harmonic drive compliance model,
in this part, we focus on estimating the coupled joint torque,
which equal to the flexspline output torque, when the envi-
ronmental collision happened.

Combining the flexspline torsional angle (8) with the wave
generator torsional angle (11), the coupled joint torque can be
estimated by:

tan (Agircireirio)
CiF

1 sgn(riw) (1—e—ciwfriwl
= __tan<CiF€iFlO (qu'— w { ) )

CiF YiCiw €iwi0

TiF =

13)

where the torsional angle Ag; is calculated by (2) and the
wave generator torque T; can be obtain by using the fol-
lowing relation:

— LimGiw (14)

where T1;,, is the motor output torque that can be calculate
by using the measured motor current; /;;,, denotes a coupled
moment of inertia including the inertia the inertia of the
motor’s rotor, the shaft and the wave generator. Note that the
magnitude of I;;,g;w is very small, so that one can approxi-
mately consider the wave generator torque t; is equal to the
motor output torque Tjy,.

Remark 1: From (13), one obtains that the coupled joint
torque can be estimated by substituting the measurements of
motor-side and link-side position as well as the motor current
into the harmonic drive compliance model. Note that the posi-
tion and current information can also be accurately measured,
when he undesired environmental collision happened, so that
the collision identification is realized without the need of
embedding joint torque sensors into joint modules.

In the following part, the coupled joint torque is utilized in
dynamic model formulation of MRMs.

Tiw = Tim

B. DYNAMIC MODEL FORMULATION

We consider an MRM system that is comprised of n joint
modules assembled in series and each module constitute a
direct current (DC) motor as actuator, a harmonic drive device
as speed reducer, a motor-side incremental encoder as well as
a link-side absolute encoder as position and velocity sensors.
Then, by referencing the modeling methods of joint torque
feedback-based robot manipulators with multi-degree of free-
dom (DOF) [48], [49], the dynamic model of the MRM can be
formulated as an integration of independent joint subsystems
with interconnected dynamic coupling (IDC) effects, where
the ith subsystem model is formulated as:

. TiF .
IimVi‘Zi‘Fj‘l’fri (i, q))+hi(q,q, 9)+d; (qi)) =i, (15)
1

IT¥1H)

where the subscript “i”” means the ith subsystem; g;, g;,
gi represent the joint position, velocity and acceleration
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variables respectively; t;r is the coupled joint torque;
f+i (qi, gi) indicates the lumped friction torque of the joint
module; 4; (¢, ¢, §) denotes the IDC among the joint subsys-
tems; d; (g;) is the disturbance torque and 7; is the control
torque.

1) JOINT FRICTION TORQUE

We consider the lumped friction torque f; (gi, g;) that
includes the motor friction and the harmonic drive friction
in each joint module. According to [50], [51], a friction
function, which is regarding of the joint position and velocity
information, is defined as follows:

Fi(qis 40) = findi + (fz‘se(_ﬁfé”z) +ﬁ'c> sgn(g;)
+fip(qis 4i) + Y (@) Fi,
Y(g) = [6'11', sgn(g;), i) sgn(gi),
e i) sgn() |
Fi = [fis = fivsfie = fesfis = Fisfie =Fic) ' (16)

where f;, denotes the viscous friction parameter, fi; is
the static friction coefficient, f;; indicates the Stribect
effect parameter, f;. is the Coulomb friction coefficient and
fin(qi, i) represents the posmon dependency friction term.
Moreover, f,b f,s, f,f and f,c are estimated parameters of fi,
fis» fir and f;. respectively.

2) INTERCONNECTED DYNAMIC COUPLING
The IDC term, which is considered a complex nonlinear
function, is defined as:

—1 j—

i—1 i—1 1
hi(q,q,q) = lim Z 2h 2+ Iim Z 2 (2 X 207) Gk
jfl j=2 k=1

i—1 j—1
= ,mZDq,H,mZ Olyaxd;» (17)
j=2 k=1

where z,;, zj; and zj denote the unity vectors along with
the rotation axis of the ith, jth and kth joint respectively.
Moreover, we also have the relations Dj’. = z;”.zlj and ®j(j =

zl (zi x zjj). Reformulating (17), one obtains

hi (q’ L‘Ia ‘Z) = Uiz + Viz,

i—1 T

U= Y [twD 1|3 Did] .
Jj=1
i—1j—1 T

Viz —ZZ [Ilm®kj zm] [qu] @%i]kf]j] , (18)
j=2k=1

where Di Di Di denotes the dot product of unit vector

Zmi and zjj, D’ is the ahgnment error. Similarly, ®;q = @}q

@}{ 1nd1cates the dot product of z,,; and zjx X zyj, @k is the
ahgnment error.
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3) DISTURBANCE TORQUE
Define the disturbance torque term d; (g;) as:

di (qi) = die (qi) + dic (gi) , 19)

where d;. (¢;) indicates the joint torque estimation error,
dic (gi) represents the unacquirable perturbed torque, which
is caused by undesired environmental collision. According to
the model formulation in (15), (16), (18) and (19), we know
that there exist many uncertainties, which include the friction
modeling error, the IDC effect, the joint torque estimation
error and the unobtainable collision disturbance. It is noted
that the uncertainties are with the following properties.

Property 1: For the frictional model (16), since the friction
coefficients fip, fis, fir, fic and their approximate ones are
bounded, the approximation error vector F, ; 18 also bounded,
where the up-bound can be given as )1:" i‘ < pril, where [ =
1,2, 3, 4 and pg;; is a known positive constant vector. Accord-
ingly, the friction modeling error term Y (¢;) F; is bounded by
‘Y D) F I-‘ < Y (¢;) pri- Moreover, the position dependency
friction term f;, (¢;, ¢;) is bounded by |f;p (4i.G))| < pfips
where pg;), is a known positive constant.

Property 2: For the IDC terms that represented in (17)
and (18), we know that the vector products among the terms

i T
Zmi» 2ij and zj are bounded by ‘DJ” = | Zmizlj| < 1 and

l®5{j = |zzu. (e x zlj)| < 1 respectively. Moreover, if the
ower jandk joints (1 < j, k < i — 1) are stabilized, then the
terms Uj, and V;; are bounded, and satisfying the following
relations:

Uil < piv
Vil < piv, (20)

where p;iy and p;y are known constants.

Property 3: The joint torque estimation error dje (g;) is
bounded and the known up-bound |d;. (¢;)| < pgie can be
calculated by the product of the kinematic error ratio of
harmonic drive transmission and the joint torque. Moreover,
the perturbed torque d;. (g;), which is attributed to the unob-
tainable collision disturbance, is also bounded, since the joint
external torque is bounded. Here, the up-bound can be given
by |dic (¢i)| < paic, where pgic is a known position constant.

4) STATE SPACE DESCRIPTION

Then, according to the dynamic model of the ith joint sub-
system (15), define the system state x; = [x; x,-z]T =
[q,- c'],-]T € R¥*1 the control torque u; = 7; € R'*! and the
positive coefficient B; = (I, yi)_1 € RT, one can obtain the
state space of the ith subsystem that is formulated as follows:

X1 =xp
Sii 1 %2 =¢i () +vi (x) +pi (x) +Biu; ., (21)
Yy =Xl

where ¢; (x;) represented the accurately modeled and esti-
mated parts of the subsystem dynamics, v; (x) indicates a
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global model uncertainty term of the subsystem and p; (x;)
is the environmental collision disturbance term. Here, we can
represent these terms as follows:

- <ﬁse(f’rq’2) +ﬁc) sgn (g;)

¢i (xi) = Bi )
L
Vi
U () = Bi (~Ue=Vie=fip (@ 0= @) F;) ~die (@)
pi (xi) = Bi (—dic (4i)) - (22)

In the following section, based on ADP algorithm and
ACI structure, a decentralized zero-sum optimal control
method is presented for MRMs in face of environmen-
tal collisions to ensure that both position and velocity of
MRM systems are asymptotically stable.

lIl. ACI STRUCTURE-BASED DECENTRALIZED ZERO-SUM
OPTIMAL CONTROL VIA ADP ALGORITHM

A. ZERO-SUM OPTIMAL CONTROL AND PROBLEM
TRANSFORMATION

For an MRM system with the dynamic model formula-
tion (15) and state space description (21), we consider the
environmental collision disturbance p; (x;) as a kind of sys-
tem control input, then the optimal control problem can be
transformed into a two-player zero-sum optimal control issue,
in which the continuously differentiable infinite horizon local
performance index function can be defined as follows:

liCe; ()" Qil; (ei (1))
+ ui(0)T Riu; (t) dr, (23)

Ji (lio (ei)) =/0
— ypiCxi (1) pi (xi (1))

where [ (¢;), which indicates a filtered error function with
respect to the joint position and velocity errors, is defined as

li (e;)) = é; + ajee;, (24)

where e; = xj; — xjg and e¢; = xj» — X;q represent the position
and velocity tracking error of the ith robotic joint respec-
tively; x4, Xig, Xig indicate the determined reference joint
variables; Ql-T = 0, RiT = R; are positive constant matrixes
and a,, y;p are the positive constants to be determined. Then,
according to the local performance index function J; (o)
in (23), we can define the local Hamiltonian as follows:

H; (li, ui, pi, VJ;)
= 1] Qili + u] Riwi — vppl pi+ VI (1) 1;
=17 0il; + ul Riu; — )/;,Z,PiTPi
+ VI (1) (¢ + vi + pi + ieli + Biu — %ig) , - (25)
where VJ; (I;) = dJ; (I;)/01; represents the partial derivative
of J; (I;) with respect to /;, and /; denotes the time derivative
of ;. To ensure the existence of the optimal performance

index function, here, we assume that the Ly-gain [29] of the
robotic system (21) is less than or equal to y;p.
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Define the utility function as:
Ui (i, ui, pi) = 11 Ol + ul Riu; — V,-?)PiTPi, (26)

then, according to [52], [53], the optimal performance index
function can be given as:

liei ()T Qil; (ei (7))
+u; (1) R (1) dt

JI (I}) = min max /oo
O\ —2piei () pi (xi (v)

uj Pi

o
= minmax/ U; (i, ui, pi) dt
0

Ui pi
o0
= max min / Ui (li, ui, pi) dr. 27
pi Ui 0

From (25) and (27), we conclude that the optimal control
pair (i, p}) satisfies the following HJI equation:

0= VJT () (¢i + vi + pf + cieti + Biu} — ¥ia)
+ U; (si, u}“,p}") . (28)

According to the optimality principle, if J* (/;) is the pos-
itive definite solution of the HJI equation (27), then one can
represent the optimal control pair (u], p}) that is given as
follows:

1
wt = ——RIBTV*
2 1 1 1

pi= Z%le-*. (29)
Yip
In order to deal with the subsystem dynamic term ¢;, model
uncertainty term v; and the collision disturbance term p;
respectively, here, we can rewrite the optimal control law u}
as the form of

uf = ujl + up + uj, (30)

so that the HJI equation can be modified as:

oy (Bt vi+p]+ el — Xig (1 ox ok
0=VvJi < +Biuj1 + Biuip + Bjuj, + Uil i)

€2y

From (31), we conclude that the optimal control problem
has been transformed into the one of obtaining decentralized
compensation control laws u;1, u; and decentralized zero-
sum optimal control law u:.g, thus, to realize optimal com-
pensation of model uncertainty and collision disturbance of
MRM systems.

In (31), we know that the dynamic model term ¢;,
the desired joint acceleration term X;; and the joint velocity
error term ¢; are all known. In order to compensate these
accurately modeled and estimated dynamic model terms,
we can design the decentralized compensation control law u;;
as follows:

~ (=Firx2 A )
_ (fise( fzr’ﬂz) +fic) sgn (xp) — r}’/—lF

2 1. -1 .
—fivXiz — By Xig + B; atjee;

(32)

Uiy = —
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Next, an ACI-structured-based decentralized zero-sum
optimal control method is presented to deal with the optimal
control problem of environmental collided MRM systems via
NN implementation.

B. ACI-STRUCTURE-BASED DECENTRALIZED ZERO-SUM
OPTIMAL CONTROL VIA NN IMPLEMENTATION

Neural networks, which possess of excellent capability for
approximating unknown nonlinearities, are widely used in
community of robotic control. In this part, we employ
RBF-NNs to deal with the decentralized zero-sum optimal
control problem via an actor-critic-identifier structure.

1) IDENTIFIER FOR MODEL UNCERTAINTY

In this part, we establish an RBF-NN identifier to approxi-
mate the model uncertainty. First, the following assumption
should be considered:

Assumption 1 [54]: The NN approximation error ¢ (-) is
upper-bounded and the NN activation function o (-) as well
as its derivative with respect of its arguments ¢’ (-) are also
upper-bounded.

According to the Assumption 1, the model uncertainty term
v; (x) in (22) can be approximated by employing an RBF-NN,
which is given as:

v = W?;O'iu (xv) + €iv (xiv) (33)

where x;, denotes a determined NN state; x, = [xg, X1 =
[X1d, X2d - - - Xmd» Xiv]T, m < iis as defined state vector that is
composed of the NN state as well as the known and bounded
reference robotic system states; w;, is the unknown ideal
NN weight; €, (x;,) represents the finite NN approximation
error; 0, (x,) indicates the activation function that is selected
as the following Gaussian function:

—_ —_ T —
(xv VU; (xy VU)) ’ (34)

in which the constant y,, is the center of the activation func-
tion and the positive constant B, indicates the width of the
activation function. Besides, on the basis of the representa-
tion of model uncertainly in (33), we consider the following
nonlinear dynamic system, with a bounded control input u;,,,
as follows:

Ojy (Xy) = exp (

Xip = Vi +up = Wl?;)aiu (xv) + &iv (Xiv) + Uiy (35)

Then, we can define the following NN identifier to approx-
imate (35):

Xiv = O + iy = W00 (60) + Ui + 8, (36)

where X;,, indicates the identified state of x;,; U; denotes the
estimation of v;; Wy, is the approximated weight and §;,
denotes a robust integral of sign of the error (RISE [55])
feedback term, defined as:

Siv = Ajveiy + Eiv, 37
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where e;, is the state identification error that is represented
as ey, = Xjy — Xiy, Biv 1S the generalized solution of

Eiv = (QivBiv + Viv) €iv + Miv1 sgn (ei) , (38)

in which the terms «;y, Biv, ¥iv and n;,1 are positive control
parameters to be determined. By combining (35) with (36),
the state identification error dynamic can be represented as
follows:

. ~ T AT
iy = Uj = Wj,0ip — Wj,0iv + Eiv — v (39
where U; = v; — U;. On this basis, define the following
identification error function
Iy = € + Biveiv. (40)

Then, one can easily obtain the time derivative of (40),
which is given as:

7 T . AT AT A .
liv = wjy, o' ivXiv — Wi, 01 — Wi, 0 iwXiv + &iv
— divliv = Viveiv — Niv1 sgn (ei) + Biveiv,  (41)
in which the weight update law of the NN is given as:
Wi = proj (Pivoiwivel, ) (42)
where proj(-) is a smooth projection operation [56],
P;, indicates a positive constant gain matric. Rewriting (41),
one obtains:
liv =M1 (€ivs Wiv, Wiv) +Miva (Xiv, Wiv, Wiv)
+Miv3 (Riv, Wiv) —ivliv— Vivei —Niv1 sgn (ei) . (43)
in which 1\7Il~U 1, Min and A;Iw3 are defined as follows:

M' —_ LS. AT . 1 T I, lAT .o,
vl = Biveiv — Wi, Oiv + ZWi,0 ive€iv + =W, 0 iveéivy

2 2
My = %Wﬁﬁ/iuﬁ'ﬁu — %fvgﬂ/iuim + &y
Miys = %vvi,a’,-ufcw, (44)
where w;, = wp — vAv,:U. TheAn, define an auxiliary

M3 (xiy, Wipy) that replace x;, in Mj,3 with X;,, moreover,
we can also define the relations ]l71,~v3 = M,'U3 — M;,3 and
M3 = My + M;y3 to facilitate the subsequent stabil-
ity analysis. Therefore, according to the Assumption 1 and
using (40), (42) and (44), we may have the following bounds:

My @iv Ui D 1Bl
IMiv2ll < mivt, IMiv3ll < mi2,
IMiva3ll < miy3 + mipaiv2 (biv | 1Divll

Ny 2 2
eiuMiv3| < mivsllell” + mislllivll©, (45)

w

IA

T -
where b;, = [eiTU ll{}] , @ivl (+)s @iv2 (+) are positive, non-
decreasing, globally invertible functions, and mj,r,f =
1,...,6, are positive constants. In order to facilitate the

subsequent stability analysis, we define
T
v in kY% Riu] ) (46)
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in which the auxiliary function Q;,, is the generalized solution
of the following differential equation:

in = _li{, (Miv2 — niv1 sgnleiy)) + éi];Miu3
= Niv2@iv2 U1biv D) 1biv |l el ,  (47)

where 7;,1, Niv2 can be selected according to the following
conditions to ensure that Q;,, is nonnegative definite:
mjy3
Yiv1 > max { miy1 + ——, Mjp1 +Mjp2 |,
,Biu
Piv2 = Piv4. (48)

Moreover, the auxiliary function R;,, in (46) is defined as:
Ry, = Ly w! Pl 49
v = Z,Btv r\wi,lpy, Wiv) |, 49)

where fr () denotes the trace of matrix.

Theorem 1: Consider the global model uncertainty of an
MRM system that is represented as (33), and the dynamic
system formulated in (35). The RBF-NN identifier presented
in (36) along with the weight update law given in (42) can
ensure the model uncertainty term to be asymptotically iden-
tified, in the sense that

lim ||| =0,
t—00

afforded the parameters

niys
,31'1) ’
in which oy, Biv, Viv, Mivs and mj,e are introduced in (38)
and (45) respectively.

Proof: See Appendix A.

Then, according to (31), (36), (37) and (38), one can
design the model uncertainty identifier-based learning control
law u;», which is given as:

Qjy > Miy6, Yiv >

VAVE,UI'U + aiveiy
up = —B;"! s (@ivBiv + Yiv)eiv E (50)
0 +1iv1 sgnleiy)

where the NN weight w;,, is updated by (42).

From (32) and (50), we know that the control law u;; is
developed to address the effect of modeled and estimated part
of the dynamic model, as well as u;; is designed to deal with
the model uncertainty of the MRM system. Next, we focus
on finding a zero-sum neuro-optimal control u}; to realize
the optimal compensation of the effect of disturbance that is
caused by environmental collisions.

2) CRITIC AND ACTOR NNS

In this part, we employ the critic NN, u—actor NN and
p—actor NN to estimate the performance index function
Ji (I;), the zero-sum optimal control law u«7; and the worst
environmental collision disturbance p? respectively.
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a: CRITIC NN
By using RBF NN, the ideal critic NN can be given as

Ji (1) = whoie (1) + &ic, (51)

where w;. denotes the unknown ideal NN weight, ;. is the
finite estimation error of the critic NN, oj. (s;) indicates the
activation function that is similar to the form of (34). Then,
the gradient of the estimated performance index function is
given as:

VJi (1) = Voie(l) wie + Vel (52)

i’

where Vi (I;) is the activation function gradient that is given
as Voi. (l;) = 9o (l;)/9l; and Veg;. is the gradient error.
Then, we can rewrite the Hamiltonian in (25) and obtain the
following relation:

Ui (i, wi, pi)
+ (WLVoic (1)) I — eicn
where e;.p7, which is the estimation error of the critic NN, can
be represented by:

H; (i, uj, pi, wic) = =0, (33)

it = Uy + (WhVaic) i (54)

Let w;. be the approximated weight vector of wj, so that
the actual output of the critic NN can be given as:

Ji (1) = Whoie () . (55)

Then, one obtains the approximated Hamilton function that
is given as:

A (1 1, i Wie) = Ui (i i, p) + (WL Ve () B (56)

Define the error function for adjusting the critic NN as
Cic = Ifli — H;, which is in fact ¢;; = I:I,-. Let the weight
estimation error to be Wi, = wj. — Wy, then, combining (53)
with (56), we obtain that e;c = ejcr — WL Vi (I;) I;. Then,
based on the gradient descent method, define the residual
error function E;; = %eizc that is minimized to adjust the
critic NN (55), which is updated by

. OE;c e (PXWie + U;
b= —a ( Au> _ _aicp’c(plc—’czl), (57)
IMWic (L pic +1)

where pj. is defined by p;c = Voi. (I;) J; and o is a posi-
tive learning rate of the critic NN. Moreover, define m;. =
plpic + 1 and nje = %‘C, so that the critic NN error dynamic
can be given as:

€icH

(58)

Wic = _aicnicn?;ﬂ’ic + ticnje )
i’c
b: ACTOR NNs
Here, we employ the actor NNs that include u-actor NN and
p-actor NN to approximate the optimal control law w5 and
the worst environmental collision disturbance. Consider that
the ideal u— and p— actor NN are given as:

u;k?; = Wi];;O'ia (U5 + €ias (59)
P = wioip (1) + €ip, (60)
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where wj,, wjp are the ideal weight vectors; oy, 0;, which are
selected as the similar form of (34), represent the activation
functions and ¢;,4, €, denote the finite approximation errors.
Let wj, and Ww;, be the approximated weight vectors of wj,
and wjp, then, the actual output of the u— and p—actor NNs
are given as:

ity = Whoi (1), (61)
pi = Wi ). (62)

Substituting (61) and (62) into (56), one obtains the rela-
tions:

(31%' (i, @i, pis Wic) /31%') = 0H; (Ii, i, pi. Wic) /3p; = .
(63)

Therefore, we can rewrite the approximated optimal con-
trol and the worst environmental collision disturbance as
follows:

. 1 R

Lm==—5RﬂB?vm£m)mw (64)

. |,

pi = 2_2vaic i) wic. (65)
ip

Then, the approximation error of the u— and p— actor
NN can be expressed as:

. | R
eia = Woig (1) + ERi IB,-TVG,{ ) wic

%=%%@—iﬁﬁ@m. (66)
ip
We know that the objective of the u— and p— actor NNs
are to select the weight estimation w;, and Ww;, that minimize
the residual error functions E;; = %el.za and £, = %ei,. Then,
based on the gradient descent rule, the NN weight update laws
Wl i (1)

can be given as follows:
T
_ . . (67
+1R7'BI Vol (1) w,-c>

N T
Wwihoip (1) )

1 T (1 1b:
_;ilz}vaic (D) Wie

A
Wia

—jq0ig (1) - (

%=—%%my< (68)

where a;, and o, are the positive learning rates to be deter-
mined. Define the following weight estimation errors:

Wia = Wig — 1’AVia

Vvip = Wijp — vAvip. (69)

Then, one can define the error dynamics of the u— and
p— actor NNs, which are given as follows:

~ T
—w! oia () +whoia (1)
Wia = aiaoia (1)- | —3R; B Vol (i) wic
+IR'BIVaT (1) wie

T

_W;Ufp (li)+Wi71;O—ip ()
T ~
+_2y£ VUiC (i) wic . (70)

— L voT (1) w:
2)/1227 Vo,. () wic

Wip = djpoip (1)
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Remark 2: According to the Hamiltonian (25) and the HJI
equation (31), we know the fact that H; (;, u}, p¥, VJ¥) = 0.
Moreover, from (52), (61) and (62), we also conclude that
VJY, uf and p} can be rewritten with respect to the ideal
weights of critic and actor NNs. In this sense, the Hamil-
tonian (53) can be further expressed as the relation of:
H; (i, wi, pi, wie) = Hi (i, Wia, wip, wic) = 0.

Theorem 2: Let the performance index function and the
optimal control pair be approximated by the critic NN (51)
and the actor NN (59), (60) with the ideal weight w;., w;, and
wip, respectively. If the estimated performance index function
and optimal control pair are expressed by (55), (61) and (62)
that are built with approximated weight Wi, Wi, and Ww;,
respectively, as well as the NN weights are updated by (57),
(67) and (68) respectively, then, the weight approximation
errors Wi, wiq and w;, are UUB.

Proof: See Appendix B.

By combining (32), (50) with (64), we can formulated
the completed decentralized zero-sum neuro-optimal control
law u that is given as:

uj = wi + up + ujs

s (<) a
_<m4 ) + e ) sem )
2 1. TiF -1 .
—fivxip — B; Xig — — + B " cé;
Vi
Wl oi + aive;
ivOiv iv€iv

_Bi_l N /’ (otiv Biv + Viv) €iv
0 + Niv1 sgn (eiv) dt
1 o
B ERi ]BiTVGizwic' 71)

C. STABILITY ANALYSIS OF THE CLOSED-LOOP
ROBOTIC SYSTEM
In this part, we focus on investigating the stability problems
of the closed-loop MRM systems under the proposed decen-
tralized control scheme (71). The theorem is given as follows:
Theorem 3: Consider a modular robot manipulator system
that subjects to environmental collisions, with the subsystem
dynamic model formulated in (15), the model uncertainties
and the collision disturbance existed in (22). The closed-loop
robotic system is asymptotically stable under the proposed
decentralized zero-sum neuro-optimal control given in (71).
Proof: See Appendix C.

IV. EXPERIMENTS

Based on the established experimental platform and the col-
lected experimental results, in this section, we present the
experimental verifications to analysis the advantages and
effectiveness of the proposed method.

A. EXPERIMENTAL SETUP

As illustrated in Figure 3, the details of the experimental
setup are given as follows: An MRM is consist of two
modular robotic joints, each joint composing a DC motor,
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FIGURE 3. Experimental setup.

an incremental encoder, an absolute encoder, a harmonic
drive device and a joint torque sensor. The DC motors,
with type no. 218014 from Maxon Inc., possess the nomi-
nal torque 0.2 Nm and nominal voltage 48V. The harmonic
drive devices, which are with the reduction ratio of 100:1,
are coupled with the DC motor. The motor-side position
variables are measured by the 500-line incremental encoder
from Maxon Inc. and the link-side position variables are
obtained by using the absolute encoder with 19-bit resolution
from Netzer Inc.. The joint torque sensors, which are with
nominal torque 20 Nm are equipped at the end of each
joint module, are used to verify the joint torque estimation
performance. A linear power amplifier (LPA) and a QPIDe
data acquisition board from Quanser Inc. are adopted to drive
the motor and to collect the experimental data. The LPA is
seamless embedded into Simulink from MathWorks Inc. by
using QUARC from Quanser Inc., and these softwares are
installed in a host-computer, which can communicate with
the QPIDe data acquisition board to process the experimental
data in Simulink.

Remark 3: Tt is noted that the proposed control algo-
rithm, which is in the form of continuous time, needs to be
realized discretely, when it is implemented in experiments.
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FIGURE 4. Experiments of the MRM system with environmental
collisions, (1)-(6) Collision example.

Fortunately, the control system, which is constructed under
the Simulink environment, may complete the discrete realiza-
tion automatically and adjust the sampling period adaptively.

We consider that the environmental collisions occur at
random place of the MRM links. As illustrated in Figure 4,
the collisions between the collision objects and the MRM
links may create instantaneous contact forces. Note that
the collision external torques are estimated and calculated
in advance to avoid exceeding the instantaneous maximum
range of the joint torque sensors. Moreover, to match up the
nominal values of the DC motors and the torque sensors,
the robotic joints follow the desired trajectories of

in which0 <t < 80s.

The MRM system parameters, which include the model
parameters, the uncertainty up-bound parameters and the
control parameters, are represented in Table 1. Besides,
the activation function for the identifier is selected as a
symmetric sigmoid function, the critic NN is chosen as the
structure of 2-5-1 with 2 input neurons, 5 hidden neurons
and 1 output neuron, and the weight vectors are selected as
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TABLE 1. Parameters setting.

Parameter type Name Value Name Value Name Value
fib 12mNms/rad fic 30mNm fis 40mNm
fir 2052 /rad? Yi 100 Lim  120gcm?

Model t

Oel patameters cr 835Nm™'  cw  89mNm™!
€iFl0 1.33Nm/rad  e;wio  8.3e+3Nm/rad
. prin 30mNms/rad  prio 60mNm pris  80mNm
Uncertaint -bound
fieertainty up-boutt PFid 5052 /rad? Pdic 0.2Nm Pdic 0.5Nm
parameters
pPiv 2.3 PiU 2.6 Pfip 0.3
Qe 0.5 (679 0.85 Qip 0.85

Control parameters Qia 0.85 Yip 1.9 Qi 800

ﬂ“) 350 Yiv 5 Nivl 0.11
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FIGURE 5. Estimated joint torque without environmental collisions,
(a) Joint 1, (b) Joint 2.

Wet = [Welt Wei2 Wel3 Wels Wcls]T for joint 1 and Wep =
[‘:{}CZI We22 Wea3 Wead ®025]T for joint 2, with the initial val-
ues we; = wea = [0]. Moreover, the NN structures and initial
weight values of the actor NNs are selected as the same of the
critic NNs.

B. EXPERIMENTAL RESULTS

In this part, the experimental results are proposed to analyze
the variations of joint torque estimation performance, tra-
jectory tracking performance, position and velocity tracking
errors, control torques and the network weights. In order
to compare the advantages between the existing methods,
e.g. [57]-[59], and the proposed method, in this paper, two
different control schemes are considered in the experiments,
which include the existing learning-based decentralized con-
trol method and the proposed decentralized zero-sum neuro-
optimal control method. The performance comparisons with
each control method are listed in Table 2.
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FIGURE 6. Estimated joint torque with environmental collisions,
(a) Joint 1, (b) Joint 2.

1) JOINT TORQUE ESTIMATION

Figures 5 and 6 illustrate the joint torque curves under the
situation of collision free and uncertain collision environ-
ments by using the torque sensing technique and the proposed
harmonic drive model-based joint torque estimation method,
respectively. In Figure 5, the joint torques are obtained under
the collision free environment and we observe that the torque
estimations are highly consistent with the torque sensing
measurements as well as the torque estimation deviation
keeps in a very small range. Besides, Figure 5 also verifies
that the torque estimation method is suitable for multiple
joint trajectories. Figure 6 illustrates the joint torque curves
under the situation of uncertain collision environment. From
this figure, one observes that there exists significant jump on
the torque curves while the environmental collision occurred.
Fortunately, the proposed joint torque estimation method,
which is rely on the position and current measurements that
are sensitive to the collisions, may effectively capture the
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TABLE 2. Performance comparisons under the existing and the proposed control methods.

Mean absolute

Control method Joint  Mean absolute value Mean absolute value
. .. . value of control
selection No. of position error of velocity error .
torque consumption
The existi thod Joint 1 1.32e — 3/rad 3.95e — 4/rad/s 95.65/mNm
e existing metho .
g Joint2  1.6de — 3/rad 6.86e — 4/rad/s 64.72/mNm
Th d method Joint 1 0.74e — 3/rad 2.98¢ — 4/rad/s 85.27/mNm
e proposed metho .
prop Joint2  0.80e — 3/rad 4.20e — 4/rad/s 57.36/mNm
~ 1 a1
3 30 31 32 K 30 31 32
Z 05 0.52 1 = 05r 052 7
o b 2 \
s 0 \ 0.5 Z 0 0.5
3 £
=05 . =05t 1
S -1 S -1
0 10 20 30 40 50 60 70 80 0 10 20 30 40 50 60 70 80
Time (s) — Desired trajectory Time (s) — Desired trajectory
(@) - Actual trajectory (@) — - Actual trajectory
= 1 T T =
£ 0 3031 32 g
= 0.5 i &
g / )// -0.76 5
7 0f L ’ -0.78 E=
=S 2
207 ] g
2 . . | \ | . | = -1
) 10 20 30 40 50 60 70 80 0 10 20 30 40 50 60 70 80
Time (s) Time (s)
(b) (b)

FIGURE 7. Trajectory tracking curves by using the existing methods,
(a) Joint 1, (b) Joint 2.

instantaneous changing trend of the joint torque, therefore,
torque estimation deviation still keeps in an acceptable range
when the collision occurred. Note that the proposed joint
torque estimation method is independent of the selected con-
trol methods.

2) TRAJECTORY TRACKING PERFORMANCE

Figures 7 and 8 illustrate the trajectory tracking curves of
the MRM system under the existing and the proposed con-
trol methods with uncertain environmental collisions respec-
tively. In these figures, the desired trajectories are tracked
appropriately by the actual joint trajectories, which means
the trajectory tracking tasks are completed successfully under
both of the two control methods. Besides, the initial joint
positions of the MRM system are equated to the initial loca-
tions of the trajectory tracking tasks, that is attribute to the
effect of the initialization localization programs.

3) POSITION AND VELOCITY TRACKING ERRORS

The position and velocity tracking error curves under
the situation of environmental collisions are shown
in Figures 9—12. In Figures 9 and 10, the steady state position
and velocity errors are less than 4e-3 rad and 2e-3 rad/s
respectively for each joint module under the existing con-
trol methods, and the errors keep in an acceptable range.
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FIGURE 8. Trajectory tracking curves by using the proposed method,
(a) Joint 1, (b) Joint 2.
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FIGURE 9. Position error curves by using the existing methods, (a) Joint 1,
(b) Joint 2.

Besides, obvious instantaneous increasing of the position
and velocity errors are captured in these figures, which
are due to the effect of collision force. However, since the
dynamic identification and optimal compensation of the
model uncertainties and environmental collision disturbance
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FIGURE 10. Velocity error curves by using the existing methods,
(a) Joint 1, (b) Joint 2.
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FIGURE 11. Position error curves by using the proposed method,
(a) Joint 1, (b) Joint 2.

are not implemented in the existing control methods, the error
curves are featured with obvious chattering and noise effects.
In Figures 11 and 12, the steady state position and velocity
errors are less than 2e-3 rad and 1e-3 rad/s respectively, which
are with better performance than the former ones, and the
main reason of this phenomenon is that the proposed control
method has compensated the effects of frictional modeling
error, IDCs and environmental collision disturbance targeted
and effectively. Moreover, we also observe that the instan-
taneous increasing of position and velocity errors, which
are caused by the environmental collisions, return to normal
ranges within very short time periods, which is attributed
to the performance of the proposed zero-sum neuro-optimal
controller that realizes the optimal compensation of uncertain
collision disturbance.

4) CONTROL TORQUE
In Figure 13, the control torque curves, which is plot-
ted under the existing control methods, are with serious
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FIGURE 12. Velocity error curves by using the proposed method,
(a) Joint 1, (b) Joint 2.
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FIGURE 13. Control torque curves by using the existing methods,
(a) Joint 1, (b) Joint 2.

chattering effect that may decrease the precision of joint
trajectory tracking and affect the durability of DC motors.
Moreover, we observe that the control torques may sharply
increase when the collision contact occurred instantly, note
that this may trigger the circuit break and protect mecha-
nism of the power amplifier and thus making the robotic
system out of control. Smooth and healthy control torque
curves are represented in Figure 14 that profits from the
proposed control method, in which the output torques have
been optimized with an appropriate behavior in accordance
with the output power of motors. Besides, we also observe
that the instant increase of control torques are kept within
safe limits while the collision occurred. This is attribute to
the proposed optimal control that realizes the optimization of
tracking errors and output torques.

5) CRITIC NN WEIGHT ESTIMATIONS

Figure 15 illustrates the variations of the estimated critic
NN weights under the proposed method with environmental
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FIGURE 15. Estimated critic NN weight adjustment curves by using the
proposed method, (a) Joint 1, (b) Joint 2.

collisions. From this figure, one observes that the weight
estimation curves, which can effectively reflect the influence
of the environmental collisions, are updated regularly within
certain boundaries. Consequently, with the update of the
weight estimations, the critic NN can learn the performance
index function in real time, as well as the HJI equation and the
optimal control law can be solved and derived respectively.
Besides, the weight estimations of the u- and p-actor NNs are
with the same RBF NN structures of the critic NNs.

From the experimental comparative cases, we conclude
that the proposed control method is with better control per-
formance in the aspect of motion control accuracy and power
consumption than the existing ones. Moreover, we can also
conclude that both position and velocity variables of the
MRM systems are asymptotically stable under the proposed
decentralized zero-sum neuro-optimal control method, and
the control torques are smooth and healthy in the tasks with
environmental collisions. All the experiments reported in
this section are repeatable, and the experimental results are
consistent.
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V. CONCLUSION

In this paper, we propose a decentralized zero-sum neuro-
optimal control scheme for MRMs with environmental col-
lisions. Based on the collision identification method and the
local dynamic information, we formulate the dynamic model
of the MRM system and then a model-based compensation
controller is designed. An NN identifier, which is established
to approximate the model uncertainties, is adopted to develop
the learning controller, then, we can transform the problem
of optimal control for MRMs with environmental collisions
into a two-player zero-sum optimal control one. Based on
ADP algorithm, the HJI equation is solved by establishing
the actor-critic NNs that include one critic NN and two actor
NN, and then the decentralized zero-sum neuro-optimal con-
trol is developed. Based on the Lyapunov theory, the closed-
loop robotic system is proved to be asymptotically stable by
the implementation of a set of proposed decentralized con-
trollers. At last, experimental results are illustrated to verify
the effectiveness and advantages of the proposed method.

APPENDIX A
PROOF OF THEOREM 1
We define a Lyapunov function V;,, (T},) : 'y, — Kjy as:

1 1
Viv (Tin) = Ell];llu + Eyiueiz;eiv + Oiv + Riv, (Al)

which satisfies the following relations:
Ui (Tiw) = Viv (Tiv) = U2 (T, (A2)

where U (T;y), Uz (Tj,) represent continuous positive defi-
nite functions:
I .
U (Tiy) = 5 min (1, i) 1 T2,
Us (Ti) = max (1, yi) | T ||, (A3)

Under Filippov’ s framework, we obtain the time derivative
of (A1) as:

—Niv1 sgnleiy) — Viveiv
+ yiueiTU (liv — ﬁiueiu)
— 1 (M2 — niv1 sgn(en)) — &}, Mi3
+ niv2@iv2 (b D) 1biv |l el
1 T 1A
- EIBiU [tr (w?;Pl.Ulw,-Uﬂ . (A4)

Vip < 1L (Mivl + M2 + Mius — Oéiuliv)

Decomposing for o, = @iy + @iz and vy = Yiu1 +
Viv2, using (44) and completing the squares, we obtain the
following upper bound:

. 2 2
Viv £=(BivVivl — Miv3) llei I — (@ivt —mive) |||

@iv1 (b )? 5 0202 (1bi)?
4 DR by |12 4 2T
4:3iu)/iv2

2
BivlI”.
Ly)

(AS5)
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If the inequality conditions in Theorem 1 can be satisfied,
then (A5) can be rewritten as:

@i (lbiv )?

T 15i 1> < =Utve (Ti)

VT, € Ty, (A6)

Viu < —Aivl ”biv ”2 +

where Ay = min{aiv1 — Mive, BivYivl —Mivsh, Aiva =
By } and @i (Ibiw)?> = g (Ibil)? +

min S
Miv2
Oiv2 (1biy D2. Moreover, Uy, (T;), which is considered
a continuous positive semidefinite function U, (T;) =
aiuc||b,-vl|z, is defined on the domain 'y, = {Ti| || Tiv] <
(pizl (2«/%,~U1)\,~U2) } and oy, 1s a positive constant.
Let K;,, C T'j,, represents a set, defined as:

1, _ 2
Kin= {Tw CTul Una (T < 5 (3" (2R a2)) } (A7)

Then, one can adjust the region of attraction in (A7) to be
arbitrarily large that includes any initial conditions, thus, one
may have divellbiv > = 0, while VT, (0) € Ky, t — 00.

Per the definition of b;,, [;;, and v;, we conclude that
lewll . llewll, Il — O, while VT3, (0) € Kiy, t — oo.
Therefore, according to the representation in (39), one obtains
the conclusion that ||U;|] — O while # — oo. This completes
the proof of the Theorem 1.

’ ale

APPENDIX B
PROOF OF THEOREM 2
We select the Lyapunov function candidate as:

1 Z Zj

~T ~ ia ~T ~ ip ~T ~

Vin = 2 Wi Wic + —1r (wiawm) + Yo tr (Wipwip) ,
Uic Qiq Qip

(BI)

where z;,4, zjp are positive constants to be determined and #r (-)
denotes the trace of a matrix. Then, one can formulate the
time derivative of (B1) that is given as:

) 1 _ -
Vin = — W Wic
ic
~T T T
Wi.Oia — W;i,Oia
1
- _lp—lpTg, T, .
— Zialr Wl-TaO','a 2Ri Bi VO‘icwlc
1
1T, T
+§Ri B; Vo, wic
T 1 T ’
WipOip — =5 V0ic Wic
~T ip
— Ziplr WinOip 1
T T
— Wl-pO'ip + 2_2V0ic Wie
Yip
Zia RBT VT 2
i Di VO
) Wi Wic
Zip T 2 T icWic
+8—2 ” Vo, .| — nicn;,

1 T
~T ~T
- Ezia (Wiaoia) (W,’aaia>
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1 T e
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— =Zp (wipaip> (wipa,-,,> + w; nje—
2 mje

- T I _
+ Zia (mﬁ%) : <W,7;,cria + 3R IB[TVUiZWic>

s T 1
+ zip <wg,0ip> . <w5]aip - 2—2vc,.§w,-c> . (B2
Vip

Besides, we define the matrices ¥y 1, ¥y2 and Y3 as:

Zi _ 2 Zi 2
yn = mieni— = | K; ALH —S%HV%% :
Yip
1 1
Yn2 = > Gia: YNz = > 3ip- (B3)

Define a matrix ¥ng as Yy, = diag (Yn1, ¥n2, Yn3) and
select the constants z;, and z;, as the following form to make
sure that vy, is positive definite:

4n;ont
Zia < S— (B4)

HR;‘BZ.TVaiC

2 T
4Vipni0nic
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Consider the vectors M,, and N,, as:

7
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Then, one obtains that (B2) satisfies the following relation:

(B6)

ViN

IA

~MT YoM, + MIN,
— Ml Amin (k) 4 1Myl - INAl (B7)

A

where Amin (+) denotes the minimum eigenvalue of a matrix.
According to (B7), let |M,| > M,p, in which

Nl
Amin (WNg)

From (B7) and (B8), we know that V;y is negative, there-
fore, one can obtain the conclusion that the weigh approxima-

tion errors wjc, Wi, and w;, are guaranteed to be UUB. This
concludes the proof of Theorem 2.

Mg = (B8)

APPENDIX C
PROOF OF THEOREM 3
We choose a Lyapunov function candidate as:

Vi (1) = ) Vin (1)

i=1

n
i=1

will l; + wird; (1)
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+oip f vapi (©)pi(v)de
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where w;; and wj, > w;g are positive definite constants.
According to (24) and (31), we obtain the time derivative
of (C1) that is given as:

n ¢ + v +P;~k + aje€;
Vi (1) = Z 2wj ll-T —Xiq + Biujl
i=1 +Biup + Biuj;

n
- Z WiR (liTQili +ul R — )/i,Z;PiTPi>

i=1

n
= > o (vl p). (C2)

i=1
In (C2), we know that the control law u;; is proposed
as (32) to compensate the dynamic model term ¢;, the control
law u;» is given as (50) to due with the effect of the model
uncertain term v;, in which the asymptotic convergence of
identification error has been proved. Then, by substituting

(32), (50) into (C2), Vjy (7) can be approximated by:

. d I
IZICEDS <2wﬂ (nzl-n2 + 5 1Bl s H2)>

i=1
n Amin (O 1112 domin (R:) Nl |

- Do

=\ Frmin R 22+ Aomin R 15

n
= 3 (~ou = (@r = @) v2) Inil1?
i=1
n
= = (@irhmin (Q)) — 200 L]
i=1

n

— > (@irAmin (R) lluin |>
i=1
n

— > (@iRhmin (R) lup ]|
i=1
n

— Z (a)iR)»min R) — a),-1||Bi||2) ””1*3 ”2

i=1
n

-3 (—wiz — (wir — wip) 7/,~,2,> pill>. (C3)
i=1

From (C3), we obtain that Vi (t) < 0, when the following
condition satisfied:
2wj;

Amin (Qz) =

Amin (Ri) >

WiR
- Cc4
wirB7 €4

wil
Wip Z OR + — -
Yip
If the conditi.ons in (C4) are all hold, then for any /; # O,
one concludes Vjs () < 0. So that according to the Lyapunov
theory, the closed-loop robotic systems is asymptotically sta-
ble under the decentralized control law (71). This concludes

the proof of the Theorem 3.
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