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ABSTRACT Period-one (P1) dynamics induced by an optically injected semiconductor laser oscillate at
microwave frequencies. The oscillation frequency of a P1 dynamic can be rendered nearly insensitive to
small-signal parameter fluctuations and intrinsic laser noise at appropriate operating conditions of the master
and slave lasers. In this paper, the noise-canceling properties of the various low-sensitivity (LS) operating
points is demonstrated through their dependency on the noise fluctuation frequency and power. The three
different types of LS operating points show their effectiveness in suppressing not only P1 intensity and
frequency fluctuations caused by narrowband laser perturbations but also intensity and frequency noise
caused by broadband intrinsic and extrinsic noise sources.

INDEX TERMS Microwave photonics, nonlinear dynamics, optical injection, period-one dynamics, semi-
conductor lasers.

I. INTRODUCTION
Period-one (P1) dynamics are self-sustained intensity oscil-
lations that can be induced by proper optical injection of a
semiconductor laser. These limit-cycle oscillations emerge at
critical operating points through a Hopf bifurcation due to
undamped relaxation resonances of the semiconductor laser
[1], [2]. They are invoked by a cost-effective, all-optical
configuration with innate single-sideband characteristics and
are frequency-tunable reaching up to ten times the relax-
ation resonance frequency of the uninjected solitary laser [3].
These favorable characteristics attracted considerable atten-
tion, resulting in extensive research in the last two decades.
Numerous applications using the P1 dynamics have been
demonstrated in optical signal processing [4]–[6], optical
communication [7], [8], and optical detection [9], [10]. The
P1 dynamics have been examined in several types of semi-
conductor lasers subject to external optical injection, includ-
ing quantum-well distributed feedback lasers (DFBs) [3],
[11], vertical-cavity surface-emitting lasers (VCSELs) [12],
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quantum-dot lasers [13], quantum cascade lasers [14], and
nano-lasers [15].

The P1 oscillations generated by semiconductor lasers
under optical injection suffer from poor spectral purity due
to spontaneous emission noise. Compared with other tech-
niques to generate photonic microwaves [16], the P1 oscil-
lations have broad microwave linewidths of the order of
1–100 MHz [17]. Furthermore, the fluctuations in the
operating conditions of the master and slave lasers cause
considerable microwave frequency jitters and frequency
hopping [18]. The poor stability of a P1 oscillation dimin-
ishes its appeal through reduction of the signal-to-noise
ratio in optical communication applications, degradation
in the noise performance in signal processing applica-
tions, and limitation in the detection range in optical
ranging applications. Therefore, many efforts have been
conducted to improve the P1 oscillation stability. A refer-
ence microwave source at the P1 oscillation frequency or
its subharmonics can double lock the P1 oscillation through
direct current modulation [19] or external optical mod-
ulation [20], [21]. To eliminate the reference microwave
source, an electronic microwave amplifier and an attenu-
ator are added to form an optoelectronic feedback loop,
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reducing the P1 microwave linewidth by three orders of
magnitude [22], [23]. To bypass the bandwidth-limiting elec-
tronics, an all-optical polarization-rotated optical feedback
approach was demonstrated, showing microwave stabiliza-
tion of P1 dynamics at high frequencies, although an order
of magnitude less than the optoelectronic feedback scheme
[18]. To suppress the time-delay side peaks, an all-optical
dual-loop optical feedback was also demonstrated [24].

Recently, P1 oscillations with low-sensitivity to intrinsic
and extrinsic perturbations on the laser have been iden-
tified [25]–[28]. By properly choosing the operating con-
ditions, the nonlinear effects are exploited to mitigate the
perturbation-induced noise in the system. Three types of low-
sensitivity (LS) operating points are identified: low sensitivity
to injection-strength fluctuations (LSξ ), low sensitivity to
detuning-frequency fluctuations (LSf ), and low sensitivity
to bias-current fluctuations (LSJ̃ ). A particular LS operat-
ing point is identified at a local P1 frequency extremum
with respect to the corresponding operating parameter. At an
LSξ operating point, injection strength fluctuations emerg-
ing from temperature and/or bias-current variations in the
master and slave lasers are minimized. Detuning frequency
fluctuations emerging from temperature and/or bias-current
variations in the master and slave lasers are minimized
at an LSf operating point. Current variations of the slave
laser are suppressed at a P1 minimum with respect to the
bias current at an LSJ̃ operating point. These LS operating
points can further enhance on the stabilization techniques
described above. For example, the LS operation can reduce
the microwave frequency jitters due to path-length fluctu-
ation and can reduce the emerging delay time side-peaks
of a P1 oscillation under the optical feedback stabilization
scheme mentioned above [18], [29]. Furthermore, the LS
operation can also enhance the P1 dynamic performance in
generating frequency-modulated continuous wave (FMCW)
andmicrowave frequency comb signals [29]–[31]. Therefore,
it is important to understand the capabilities of the various LS
points of operation in suppressing system fluctuation noise
for optimum P1 performance. Depending on the dominant
source of the system fluctuation noise, the various LS oper-
ating points can be exploited for the different P1 frequency
applications.

In this work, through detailed numerical calculations,
demonstration of the noise-cancelling properties of the LS
operation of P1 oscillations are analyzed for different noise
intensities and frequencies. To mimic fluctuations in the
temperature and bias current of the master and slave lasers,
modulation on the injection strength, detuning frequency,
or bias current is applied. The amplitude of the emerging
modulation sidebands normalized to the P1-frequency ampli-
tude manifest the stability of the operating points against the
fluctuations of a specific parameter. Themodulation sideband
responses in the power spectrum and optical spectrum rep-
resent the response of the circulating optical power to the
fluctuation noise, whereas the modulation sideband response
in the carrier spectrum represents the response of the gain

medium to the fluctuation noise. The effectiveness of the
LS operating points in suppressing not only P1 intensity
and frequency fluctuations caused by narrowband intrinsic
laser perturbations but also intensity and frequency noise
caused by broadband intrinsic and extrinsic noise sources is
illustrated. The LSξ and LSJ̃ operating points respectively
show vulnerability to the fluctuation strengths of the injection
strength and bias current, limiting the suppression bandwidth
to around 1 GHz. The LSf operating points, by contrast,
is mainly limited by the fluctuation frequency of the detuning
frequency.

This paper is organized as follows: Section II describes
the theoretical model used to simulate the characteristics of
the optical field, power spectra and carrier spectra of an
optically injected semiconductor laser. The main results are
presented in Section III, showing the characteristics of the
three types of LS operating points against fluctuation noise.
Finally, Section IV concludes the paper by summarizing the
results and discussing their implications.

II. THEORETICAL MODEL
The nonlinear dynamics of an optically injected semiconduc-
tor laser with modulation on the injection strength, detuning
frequency, or bias current can be described by a set of coupled
equations relating the intracavity optical field amplitude to
the carrier density of the injected laser [32]. For numerical
calculations, these quantities are normalized where ar and
ai represent the real and imaginary parts of the normalized
complex field amplitude, respectively, and ñ is the normalized
carrier density [33]:
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The experimentally determined laser parameters used in this
paper are those from an InGaAsP/InP DFB laser with a cavity
decay rate of γc = 5.36 × 1011 s−1, a spontaneous carr-
ier relaxation rate of γs = 5.96×109 s−1, a differential carrier
relaxation rate of γn = J̃ ·6.162×109 s−1, a nonlinear carrier
relaxation rate of γp = J̃ · 1.563 × 1010 s−1, a linewidth
enhancement factor of b = 3.2, and a gain saturation factor
of b′ = 3.2 [34]. The normalized bias current, normalized
injection strength, and detuning frequency are J̃ , ξ , and f ,
respectively. The modulation indices mJ̃ , mξ , and mf , and
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modulation frequencies fJ̃ , fξ , and ff represent modulation on
the bias current, injection strength, and detuning frequency,
respectively.

Equations (1)–(3) are solved using a second-order Runge-
Kutta integration for a duration of 1.25µs for each time series
with an integration time step of 2.4 ps. The Fourier transform
of the resulting time series are calculated to find the optical
and power spectra of the slave laser output. The relaxation
rates γn and γp vary linearly with the normalized bias current;
therefore, as J̃ is changed the linear dependency must be
taken into account in the theoretical model [35].

The noise-cancelling properties of the P1 oscillation fre-
quency induced by an optically injected semiconductor laser
are influenced by fluctuations in the temperature and bias cur-
rents, as well as the random disturbances from spontaneous
emission noise and charge-carrier noise, in the slave and
master lasers. Fluctuating source terms with contributions
to the optical-field and carrier-density equations could be
introduced to account for spontaneous emission of the slave
laser. However, the LSJ̃ , LSf , or LSξ operation suppresses
P1 noise caused only by bias-current, detuning-frequency,
or injection-strength fluctuations, respectively, while sponta-
neous emission noise and charge-carrier noise of the lasers
still play a role in the P1 noise. The carrier-density equation
contribution from the charge-carrier noise is eliminated at
an LSJ̃ point, yet the field-equation contribution from the
spontaneous emission still exists at an LSJ̃ point. Similarly,
only the frequency contribution of the spontaneous emission
in the field-equation is eliminated at an LSf , and only the
amplitude contribution is eliminated at an LSξ operating
point. Therefore, in investigating the effects of noise, we do
not formulate the model by incorporating noise terms in
each equation. Instead, we consider the specific fluctuations
one by one. The noise source terms in the optical-field and
carrier-density equations are thus neglected in the model so
that the contribution from a specific operational-parameter
fluctuation is solely considered.

To show the influence of a specific fluctuation noise on
an LS operating point, the corresponding modulation source
term is applied. ThemJ̃ andmξ modulation indices are varied
from 1% to 10% while mf is varied from 0.1 to 2. The
modulation frequencies fJ̃ , fξ , and ff are varied from 100MHz
to 2 GHz.

III. RESULTS AND ANALYSES
A. EFFECTS OF FLUCTUATION NOISE ON THE
LOW-SENSITIVITY OPERATING POINTS
The P1 oscillation frequency induced by optical injection
can be tuned by simply varying one of the operating param-
eters. Applying modulation on the P1 frequency generates
two sidebands around the P1 frequency in the power spec-
tra, at positive and negative offsets from the P1 frequency.
The amplitudes of the modulation sidebands relative to the
P1 frequency amplitude represent the stability of the P1 fre-
quency against system fluctuations at a specific intensity

FIGURE 1. A representative LSf operating point obtained by applying a
weak modulation at 500 MHz on the detuning frequency at fixed
ξ = 0.065 and J̃ = 1.222. The responses of the positive (blue) and
negative (red) modulation sidebands show dips around a local minimum
of the P1 frequency (black) with respect to the detuning frequency. The
vertical double-headed arrows represent the prominence, whereas the
horizontal double-headed arrow represents the width of the prominence.
Note that the width of a prominence is defined at the half of the
prominence dip on the dBc scale, not as the 3dB width at the half of the
prominence on a linear scale.

and frequency. The positive and negative modulation side-
band responses represent the response of the circulating opti-
cal field with respect to a specific perturbation. Therefore,
to analyze the noise-cancelling properties around an LSξ ,
LSf , or LSJ̃ point, the depth, width, and prominence of
the positive and negative modulation sideband responses are
investigated for various modulation strengths and modulation
frequencies.

Figure 1 shows a set of representative responses of the
positive and negative modulation sidebands around a P1 fre-
quency minimum when detuning-frequency modulation is
applied. The dips in the modulation sideband responses rep-
resent the maximum amount of noise suppression at an LS
operating point around a P1 frequency minimumwith respect
to the fluctuating operational parameter. The prominence
of the modulation sideband responses is represented by the
depths of the modulation sidebands relative to their respective
highest points in proximity of the P1 frequency minimum.
The proximity of the P1 frequency minimum is defined as
±30%, ±100%, ±20% away from the point where the P1
frequency is minimized for the injection strength, detuning
frequency, and bias current, respectively. For the operating
points used, deviating at a higher percentage away from the
P1 frequency minimum drives the laser out of the P1 dynamic
region and into either the stable locking or complex dynamic
region. The prominence is ameasure of the significance of the
dips in the modulation sideband responses at an LS operating
point relative to the surrounding background response around
a P1 frequency minimum. A high prominence indicates pro-
nounced dips in the responses of the positive and nega-
tive modulation sidebands; by contrast, a low prominence
indicates dull dips in the modulation sideband responses.
The prominence is shown as a vertical double-headed arrow
in Fig. 1. To characterize the noise-cancelling bandwidth as
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FIGURE 2. Responses of the positive (left column) and negative (right
column) modulation sidebands around a P1 frequency minimum (black)
at (a) an LSξ operating point with fixed f = 10 GHz and J̃ = 2.8, (b) an LSf
operating point with fixed ξ = 0.1 and J̃ = 1.222, and (c) an LSJ̃ operating
point with fixed ξ = 0.15 and f = 17 GHz. Upper curves show modulation
responses as the modulation strength is varied for a fixed modulation
frequency of 500 MHz. The modulation responses as the modulation
frequency is varied for fixed modulation strengths of mξ = 0.01,
mf = 0.8, and mJ̃ = 0.01 are offset by –30 dB and shown as lower curves
in (a), (b), and (c), respectively.

the operational parameters are tuned away from the P1 fre-
quencyminimum, the width of the prominence in terms of the
deviations of the operating parameters1ξ ,1f , and1J̃ from
the LS operating point is calculated. Note that the width of
a prominence, shown as the horizontal double-headed arrow
in Fig. 1, is defined at the half of the prominence dip on
the dBc scale. It is not defined as the 3dB width at the 3dB
point that corresponds to the half of the prominence dip on
a linear scale; the reason is that the 3dB width is so narrow
that adjusting an injection parameter to be within the 3dB
width is much more difficult than keeping it to be within
the prominence width defined in Fig. 1. Therefore, in this
paper, the term ‘‘half-prominence’’ refers to a point at half
of the prominence dip on the dBc scale, not that on a linear
scale. This point will be further discussed at the end of this
subsection.

Figures 2(a), 2(b), and 2(c) respectively show the positive
(left column) and negative (right column) modulation side-
band responses around a P1 frequency minimum when either
the modulation strength or the modulation frequency is fixed

at an LSξ , LSf , and LSJ̃ point. For clarity, the modulation
sideband responses when the modulation strength is fixed
are offset by –30 dB and shown in the lower colored curves
in Fig. 2.

Figure 2(a) shows an LSξ operating point at the local
minimum of the P1 frequency where the injection strength is
swept from ξ = 0.045 to ξ = 0.085, while the other operating
parameters are held constant at f = 10 GHz and J̃ = 2.8. For
a fixed modulation frequency of fξ = 500 MHz and weak
modulation strengths, pronounced dips in the positive and
negative modulation sidebands are observed at the P1 fre-
quency minimum. As the modulation strength is increased
from mξ = 0.01 to mξ = 0.1 at 0.01 increments, the dips in
the responses of the modulation sidebands are progressively
reduced. This reduction in the responses of the modulation
sidebands indicates that for a significantly strong fluctuation
in the injection strength, intensity noise suppression at an
LSξ operating point is no longer achieved. This behavior is
demonstrated in the upper parts of Figs. 2(a-i) and 2(a-ii) for
the positive and negative sidebands, respectively. For a fixed
modulation strength of mξ = 0.01 and a low modulation fre-
quency, pronounced modulation sideband responses in both
the positive and negative modulation sidebands are observed
at the P1 frequency minimum. As the modulation frequency
is increased from fξ = 100MHz to fξ = 1.9 GHz at 200MHz
increments, the dips in responses of the modulation sidebands
are still maintained but with reduced prominent features. This
frequency-dependent reduction in the prominent features of
the responses indicates that at a high modulation frequency
of the injection strength, noise suppression at an LSξ oper-
ating point is similar to that at other operating points in the
proximity of the P1 frequency minimum. This behavior is
demonstrated in the lower parts of Figs. 2(a-i) and 2(a-ii) for
the positive and negative modulation sidebands, respectively.
For small modulation strengths and low modulation frequen-
cies, the dips in the responses of the positive and negative
modulation sidebands are at the point where the P1 frequency
is at a local minimum. For large modulation strengths or
high modulation frequencies the dips in the responses of the
positive and negative modulation sidebands are slightly offset
to larger injection strengths away from the point where the
P1 frequency is minimized.

Figure 2(b) shows an LSf operating point at a local mini-
mum of the P1 frequency, where the detuning frequency is
swept from f = 0 GHz to f = 6 GHz while the other
operating parameters are held constant at ξ = 0.1 and J̃ =
1.222. For a fixed modulation frequency of ff = 500 MHz
and small modulation strengths, dips in the responses of the
positive and negative modulation sidebands are observed at
the P1 frequency minimum. As the modulation strength is
increased from mf = 0.4 to mf = 2 at 0.2 increments,
the responses of the modulation sidebands maintain their
prominent features while the response dips are progressively
reduced. The preservation in the response of the modula-
tion sidebands indicates that at such modulation strengths
the LSf operating point noise-cancelling properties are not
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disturbed. This behavior is demonstrated in the upper part of
Figs. 2(b-i) and 2(b-ii) for the positive and negative modula-
tion sidebands, respectively. For a fixed modulation strength
of mf = 0.8 and a low modulation frequency, pronounced
dips in the responses of the positive and negative modulation
sidebands are observed at the P1 frequency minimum. As the
modulation frequency is increased from ff = 400 MHz to
ff = 2 GHz at 200 MHz increments, the dips in responses
of the modulation sidebands are progressively reduced. The
reduction in the responses of the modulation sidebands indi-
cates that for a sufficiently high fluctuation in the detuning
frequency, noise suppression at an LSf operating point is no
longer achieved. This behavior is demonstrated in the lower
parts of Figs. 2(b-i) and 2(b-ii) for the positive and negative
modulation sidebands, respectively. For small modulation
strengths and low modulation frequencies, the dips in the
responses of the positive and negative modulation sidebands
are at the point where the P1 frequency is minimized. For
high modulation frequencies, the dips in the responses of
the positive and negative modulation sidebands are offset to
lower and higher detuning frequencies, respectively.

Figure 2(c) shows an LSJ̃ operating point at a local mini-
mum of the P1 frequency, where the normalized bias current
is swept from J̃ = 3.5 to J̃ = 4.3 while the other operating
parameters are held constant at ξ = 0.15 and f = 17 GHz.
For a fixed modulation frequency of fJ̃ = 500MHz and small
modulation strengths, pronounced dips in the responses of
the positive and negative modulation sidebands are observed
at the proximity to where the P1 frequency is minimized.
As the modulation strength is increased from mJ̃ = 0.01 to
mJ̃ = 0.1 at 0.01 increments, the dips in the responses of the
modulation sidebands are progressively reduced. The reduc-
tion in the responses of the modulation sidebands indicates
that for a sufficiently strong fluctuation in the bias current,
noise suppression at an LSJ̃ operating point is no longer
achieved. This behavior is demonstrated in the upper parts of
Figs. 2(c-i) and 2(c-ii) for the positive and negative modula-
tion sidebands, respectively. For a fixed modulation strength
of mJ̃ = 0.01 and a low modulation frequency, pronounced
dips in the responses of the positive and negative modulation
sidebands are observed at the P1 frequency minimum. As the
modulation frequency is increased from fJ̃ = 100 MHz to
fJ̃ = 1.9 GHz at 200 MHz increments, the dips in responses
of the positive and negative modulation sidebands are still
maintained but with less prominent features. The reduced
prominent features of the responses indicate that at a high
fluctuation frequency of the bias current, noise suppression
at an LSJ̃ operating point is similar to that at other operating
points in the proximity of the P1 frequency minimum. This
behavior is demonstrated in the lower parts of Fig. 2(c-i)
and 2(c-ii) for the positive and negative sidebands, respec-
tively. For small modulation strengths and low modulation
frequencies, the dips in the responses of the positive and
negative modulation sidebands are at proximity to the point
where the P1 frequency is minimized. For high modulation

frequencies, the dips in the responses of the positive and
negative modulation sidebands are offset to lower and higher
bias currents, respectively.

The offsets in the positive and negative modulation side-
band responses when the modulation index is increased
is related to the shift in the P1 frequency minimum. The
P1 frequency around the LS operating points slightly shifts
to higher frequencies as the modulation index is increased,
as illustrated in the black curves in Fig. 2. By contrast, for
each LS operating point, the P1 frequency is unchanged as the
modulation frequency is varied. The offsets of the dips in the
positive and negative modulation sidebands is a consequence
of the anitguidance effect of the laser and is attributed to
the parameters that relate the gain to the refractive index
of the laser [33]. Therefore, the frequency dependencies of
the LS operating points on the modulation strength can be
used tomeasure the intrinsic parameters of the semiconductor
laser [36].

A few remarks should be given to illustrate the reason-
ing behind the use of the prominence and its width at
half-prominence as defined in Fig. 1 as the quantifiers of the
LS operating points. The prominence is used to quantify the
significance of the dips in the modulation sideband responses
at an LS operating point relative to the surrounding back-
ground response around a P1 frequency minimum. Differ-
ent LS operating points have different modulation sideband
responses; therefore, the prominence is used to compare the
different modulation sideband responses. If only the maxi-
mum suppression level is used, different modulation sideband
responses would seem the same. For example, comparison of
the fJ̃ = 100 MHz response and fJ̃ = 1.9 GHz response
of Fig 2(c-i) show similar maximum suppression levels but
different prominences. From a practical perspective, oper-
ating away from the maximum suppression points in the
fJ̃ = 100 MHz and fJ̃ = 1.9 GHz responses results in
different noise-cancelling properties. Therefore, the LS oper-
ating point at fJ̃ = 1.9 GHz response is less significant than
that at fJ̃ = 100 MHz since the change in the response at
fJ̃ = 1.9 GHz is much less than that at fJ̃ = 100 MHz
when operating away from the maximum suppression point.
The width at half-prominence as defined in Fig. 1 is used,
rather than the 3dB width, to quantify the noise-cancelling
bandwidth. The width at half-prominence measures the width
relative to points much higher than 3 dB away from the
maximum suppression point. At such points the amplitude of
the modulation sidebands is still significantly less than the
P1 amplitude, and the P1 dynamic is within low-sensitivity
operation, as illustrated in Fig. 1. Consequently, the 3dB
width is much narrower than the width at half-prominence.
From a practical perspective, adjusting the injection param-
eters to be within the 3dB width is much more difficult
than being within the width at half-prominence. For exam-
ple, the half-prominence width defined on the dBc scale
in Fig. 1 is around 1f = 700 MHz, yet the 3dB width is less
than 1f = 200 MHz.
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FIGURE 3. Mapping of the suppression level at the maximum
suppression point in the modulation sideband response as a function of
the modulation index and the modulation frequency for (a) the slave
laser under optical injection with a varying injection strength but a fixed
detuning frequency and a fixed bias current of ξ = 0.045− 0.085, f = 10
GHz, and J̃ = 2.8 at an LSξ operating point, (b) the slave laser under
optical injection with a varying detuning frequency but a fixed injection
strength and a fixed bias current of ξ = 0.1, f = 0− 6 GHz, and J̃ = 1.222
at an LSf operating point, and (c) the slave laser under optical injection
with a varying bias current but a fixed injection strength and a fixed
detuning frequency of ξ = 0.15, f = 17 GHz, and J̃ = 3− 4.5 at an LSJ̃
operating point. The contour curves represent the maximum amount of
sideband suppression with respect to the P1-frequency amplitude, in dBc,
for the positive, column (i), and negative, column (ii), modulation
sidebands.

B. MAPPING THE CHARACTERISTICS OF THE
LOW-SENSITIVITY OPERATING POINTS
To demonstrate the noise-cancelling properties of the LS
operating points, mappings of the response sideband suppres-
sion, the prominence, and the width at half-prominence for
the positive and negative modulation sidebands are presented.
The noise-cancelling properties of LSξ , LSf , and LSJ̃ oper-
ating points are calculated when fluctuations in the injection
strength, detuning frequency, and bias current are applied,
respectively.

1) RESPONSE SIDEBAND SUPPERSION
Figure 3 shows mappings as a function of the modula-
tion index and modulation frequency of the suppression
in the positive (left column) and negative (right column)

modulation sideband responses near a P1 frequency min-
imum. Figure 3(a) shows the level of maximum sideband
suppression when the laser is under optical injection with
a varying injection strength but a fixed detuning frequency
and a fixed bias current of ξ = 0.045–0.085, f = 10 GHz,
and J̃ = 2.8, generating a P1 frequency near an LSξ
operating point. For small modulation strengths, suppression
in modulation sidebands is observed even for high modu-
lation frequencies, reaching 2 GHz. For large modulation
strengths, the modulation sideband suppression is progres-
sively reduced for increasing modulation frequencies. The
maps in Figs. 3(a-i) and 3(a-ii) correspond to the dips in the
responses of the positive and negative modulation sidebands
shown in Figs. 2(a-i) and 2(a-ii), respectively.

Figure 3(b) shows the level of maximum sideband suppres-
sion when the laser is under optical injection with a varying
detuning frequency but a fixed injection strength and a fixed
bias current of ξ = 0.1, f = 0 − 6 GHz, and J̃ = 1.22,
generating a P1 frequency near an LSf operating point. For
LSf operating points, the maximum sideband suppression
is reduced as modulation frequency is increased. For low
modulation frequencies, the modulation index has minimal
effect on the point of maximum sideband suppression. The
maps in Figs. 3(b-i) and 3(b-ii) correspond to the dips in the
responses of the positive and negative modulation sidebands
shown in Figs. 2(b-i) and 2(b-ii), respectively.

Figure 3(c) shows the level of maximum sideband suppres-
sion when the laser is under optical injection with a varying
bias current but a fixed injection strength and a fixed detuning
frequency of ξ = 0.15, f = 17 GHz, and J̃ = 3–4.5, gen-
erating a P1 frequency near an LSJ̃ operating point. Similar
to that seen at LSξ operating points, modulation sideband
suppression is observed even at high modulation frequencies.
For large modulation strengths, the maximum sideband sup-
pression is progressively reduced for the various modulation
frequencies. Themaps in Figs. 3(c-i) and 3(c-ii) correspond to
the dips in the responses of the positive and negative modula-
tion sidebands shown in Figs. 2(c-i) and 2(c-ii), respectively.

2) RESPONSE SIDEBAND PROMINENCE
To quantify the suppression in the positive and negative mod-
ulation sidebands in reference to the response away from the
P1 frequency minimum, the prominence of each response
curve is calculated. As illustrated in Fig. 1, the prominence
of a modulation sideband response is calculated by finding
the difference between the lowest point in the modulation
sideband response relative to the highest point in proximity to
the P1 frequency minimum, in dB. Figure 4 shows mappings,
as a function of the modulation index and the modulation
frequency, of the prominence in the responses of the positive
(left column) and negative (right column) modulation side-
bands near a P1 frequency minimum.

Figure 4(a) shows the prominence in the responses of the
modulation sidebands when the laser is under optical injec-
tion with a varying injection strength but a fixed detuning
frequency and a fixed bias current of ξ = 0.045 − 0.085,
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FIGURE 4. Mapping of the prominence in the responses of the
modulation sidebands as a function of the modulation index and the
modulation frequency for (a) the slave laser under optical injection with a
varying injection strength but a fixed detuning frequency and a fixed bias
current of ξ = 0.045− 0.085, f = 10 GHz, and J̃ = 2.8 at an LSξ operating
point, (b) the slave laser under optical injection with a varying detuning
frequency but a fixed injection strength and a fixed bias current of
ξ = 0.1, f = 0− 6 GHz, and J̃ = 1.222 at an LSf operating point, and
(c) the slave laser under optical injection with a varying bias current but a
fixed injection strength and a fixed detuning frequency of ξ = 0.15,
f = 17 GHz, and J̃ = 3− 4.5 at an LSJ̃ operating point. The contour curves
represent the depth of the modulation sideband response relative to the
highest point in proximity to the P1 frequency minimum, in dB, for the
positive, column (i), and negative, column (ii), modulation sidebands.

f = 10 GHz, and J̃ = 2.8, generating a P1 frequency near
an LSξ operating point. For small modulation strengths and
low modulation frequencies, high prominence is observed,
as shown in Fig. 4(a). As either the modulation strength or
the modulation frequency is increased, the prominence in the
response of a modulation sideband is progressively reduced.
The negative modulation sideband still shows a significantly
high prominence even at high modulation frequencies and
large modulation strengths. Therefore, simultaneous high
prominence and pronounced dips in the responses of the pos-
itive and negative modulation sidebands indicating reduced
sensitivity to fluctuations in the injection strength appear
in the broad regions of small modulation strengths and low
modulation frequencies. Figure 4(b) shows the prominence in
the responses of the modulation sidebands when the laser is

under optical injection with a varying detuning frequency but
a fixed injection strength and a fixed bias current of ξ = 0.1,
f = 0 − 6 GHz, and J̃ = 1.222, generating a P1 fre-
quency near an LSf operating point. The prominence in the
responses of the positive and negative modulation sidebands
is maintained as the modulation index is varied. By contrast,
the prominence in the responses of the positive and nega-
tive modulation sidebands is progressively reduced as the
modulation frequency is increased. Therefore, limited regions
of LSf operation are found at low modulation frequencies,
where simultaneous high prominence and pronounced dips
in the responses of the positive and negative modulation
sidebands are observed. Figure 4(c) shows the prominence in
the responses of the modulation sidebands when the laser is
under optical injection with a varying bias current but a fixed
injection strength and a fixed detuning frequency of ξ = 0.15,
f = 17 GHz, and J̃ = 3−4.5, generating a P1 frequency near
an LSJ̃ operating point. High prominence in the responses of
the positive and negative modulation sidebands is observed
regardless of the modulation strength. The high prominence
in the region of strong modulation is attributed to strong
modulation sidebands reaching amplitudes higher than the
P1 frequency amplitude; therefore, strong modulation does
not lead to reduced sensitivity. At high modulation frequen-
cies, the prominence of the positive and negative modulation
sidebands is progressively reduced. Therefore, simultaneous
high prominence and pronounced dips in both the positive and
negative modulation sidebands indicating reduced sensitivity
to fluctuations in the bias current of the slave laser appear
in the broad regions of small modulation strengths and low
modulation frequencies.

3) RESPONSE SIDEBAND WIDTH AT HALF- PROMINENECE
To quantify the suppression width of an LS operating point,
the widths at half-prominence in the responses of the pos-
itive and negative modulation sidebands are calculated. As
illustrated in Fig. 1, the width at half-prominence of a
modulation sideband response is calculated by finding the
difference between the intersects of the response with the
half-prominence line in terms of the varied control parameter.

Figure 5 shows mappings of the widths in the responses
of the positive (left column) and negative (right column)
modulation sidebands as a function of the modulation index
and modulation frequency near a P1 frequency minimum.
Figure 5(a) shows the width at half-prominence, in terms of
1ξ , of the modulation sideband responses when the laser
is under optical injection with a varying injection strength
but a fixed detuning frequency and a fixed bias current
of ξ = 0.045 − 0.085, f = 10 GHz, and J̃ = 2.8,
generating a P1 frequency near an LSξ operating point.
In the regions of small modulation strengths and low mod-
ulation frequencies, the modulation response curves at the
LSξ operating point show narrow modulation sideband dips
of 1ξ < 0.005. As the modulation strength or modulation
frequency is increased, the modulation sideband responses
show broad responses around the P1 frequency minimum.
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FIGURE 5. Mapping of the width in the response of the modulation
sidebands as a function of the modulation index and the modulation
frequency for (a) the slave laser under optical injection with a varying
injection strength but a fixed detuning frequency and a fixed bias current
of ξ = 0.045− 0.085, f = 10 GHz, and J̃ = 2.8 at an LSξ operating point,
(b) the slave laser under optical injection with a varying detuning
frequency but a fixed injection strength and a fixed bias current of
ξ = 0.1, f = 0− 6 GHz, and J̃ = 1.222 at an LSf operating point, and
(c) the slave laser under optical injection with a varying bias current but a
fixed injection strength and a fixed detuning frequency of ξ = 0.15,
f = 17 GHz, and J̃ = 3− 4.5 at an LSJ̃ operating point. The contour curves
represent the width at half-prominence of the modulation responses in
proximity to the P1 frequency minimum, in terms of 1ξ , 1f , or 1J̃ , for the
positive, column (i), and negative, column (ii), modulation sidebands.

Comparison of Figs. 3(a), 4(a), and 5(a) shows that at LSξ
operating points broadband intensity fluctuations are sup-
pressed, reaching fluctuation frequencies of 1 GHz for weak
intensity fluctuations.

Figure 5(b) shows the widths at half-prominence, in terms
of1f , of the modulation sideband responses when the laser is
under optical injection with a varying detuning frequency but
a fixed injection strength and a fixed bias current of ξ = 0.1,
f = 0 − 6 GHz, and J̃ = 1.222, generating a P1 frequency
near an LSf operating point. In the regions of low modulation
frequencies, relatively narrow modulation sideband dips are
observed with 1f < 1.5 GHz, regardless of the modulation
index. Comparison of Figs. 3(b), 4(b), and 5(b) shows that at
an LSf operating point broadband frequency fluctuations are
suppressed, reaching 500 MHz regardless of the fluctuation
strength.

FIGURE 6. Responses of the positive and negative modulation sidebands
around a P1 frequency minimum (black) at (a) an LSξ operating point
with fixed f = 10 GHz and varying J̃ = 2.7− 3.2, (b) an LSf operating
point with fixed J̃ = 1.222 and varying ξ = 0.06− 0.11, and (c) an LSJ̃
operating point with fixed ξ = 0.15 and varying f = 11− 15.5 GHz. Upper
curves show the modulation responses of the positive modulation
sideband; lower curves show the modulation responses of the negative
modulation sidebands offset by –30 dB. The modulation strengths are
fixed at mf = 0.8 and mξ = mJ̃ = 0.01 while the modulation frequencies
are fixed at fξ = ff = fJ̃ = 500 MHz.

Figure 5(c) shows the widths at half-prominence, in terms
of1J̃ , of themodulation sideband responses when the laser is
under optical injection with a varying bias current but a fixed
injection strength and a fixed detuning frequency of ξ = 0.15,
f = 17 GHz, and J̃ = 3–4.5, generating a P1 frequency
near an LSJ̃ operating point. For small modulation strengths,
narrow modulation sideband responses are observed with
1J̃ < 0.2. Considerable increase in the width of the response
is observed as the modulation index is slightly increased.
Comparison of Figs. 3(c), 4(c), and 5(c) show that at an LSJ̃
operating point, broadband bias-current fluctuations are sup-
pressed, reaching 1 GHz, for low fluctuation powers. As the
fluctuation power is slightly increased, the noise suppression
capabilities of the LSJ̃ are diminished.

C. EFFECTS OF OPERATING PARAMETERS ON THE
LOW-SENSITIVITY OPERATING POINTS
The characteristics of the LS operating points do not only
depend on the fluctuation strength and frequency of the fluc-
tuating parameter but also on the operating conditions of the
optical injection. The P1 frequency can be tuned by varying
the injection strength, the detuning frequency, or the bias
current, generating P1 frequency minima with respect to a
specific operating parameter. Mappings of the various low
sensitivity points showed different regions of LS operations
for the laser under study [27]. Furthermore, under optical
injection, the laser cavity configuration and the intrinsic prop-
erties of the semiconductor medium play a crucial role in the
generated LS operating points [37].
Figure 6 shows the responses of the positive and negative

modulation sidebands around a P1 frequency minimumwhen
the modulation strength and the modulation frequency are
fixed. For clarity, the curves for negative sideband responses
are offset by –30 dB with respect to those of the positive
sideband responses in each panel of this figure. Figure 6(a)
corresponds to the LSξ operating point in Fig. 2(a). It shows
the progression in the responses of the positive and negative
modulation sidebands as the bias current is swept from J̃ =
2.7 to J̃ = 3.2 while the other operating parameters are held
constant at f = 10 GHz, mξ = 0.01, and fξ = 500 MHz.
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The minimum in the P1 frequency with respect to the injec-
tion strength originates at a point close to the chaotic dynamic
region. The minimum in the P1 frequency with respect to the
injection strength fades away as the bias current is increased
to a point close to a Hopf bifurcation. By contrast, the positive
and negative modulation sideband responses progressively
reach a maximum point of suppression then fade away as
the bias current is increased. This behavior is attributed to
two competing nonlinear phenomena, the red-shifting of the
cavity resonance and the Adler-type frequency pulling [25].

Figure 6(b) corresponds to the LSf operating point
in Fig. 2(b). It shows the progression in the responses of the
positive and negative modulation sidebands as the injection
strength is swept from ξ = 0.06 to ξ = 0.11 while the
other operating parameters are held constant at J̃ = 1.222,
mf = 0.8, and ff = 500 MHz. Similar to the LSξ operating
points in Fig. 6(a), the minimum in the P1 frequency with
respect to the detuning frequency originates at a point close
to the chaotic dynamic region. The minimum in the P1 fre-
quency with respect to the injection strength fades away as
the injection strength is increased to a point close to a Hopf
bifurcation. The positive and negative modulation sideband
responses progressively reach a maximum point of suppres-
sion then fade away as the injection strength is increased.

Figure 6(c) corresponds to the LSJ̃ operating point
in Fig. 2(c). It shows the progression in the responses of the
positive and negative modulation sidebands as the detuning
frequency is swept from f = 11 GHz to f = 15.5 GHz
while the other operating parameters are held constant at
ξ = 0.1, mJ̃ = 0.01, and fJ̃ = 500 MHz. Similar to the
LSξ and LSf operating points in Figs. 6(a) and (b), the min-
imum in the P1 frequency with respect to the bias current
originates at a point close to the chaotic dynamic region. The
P1 frequency minimum shifts to lower bias currents as the
detuning frequency is increased. However, unlike the LSξ and
LSf operating points in Figs. 6(a) and (b), the positive and
negative modulation sideband responses are not completely
suppressed and do not fade away as the P1 frequency mini-
mum with respect to the bias current vanishes. This behavior
is the same in different regions of the operating maps where
a change in curvature of the P1 frequency minimum with
respect to the bias current is observed. Bias-current modu-
lation on the slave laser modulates the laser intensity and
frequency because a change in the carrier density causes a
change in the index of refraction of the laser medium which,
in turn, generates frequency modulation. Therefore, the LSJ̃
points can be found at a local P1 extremum with respect to
the bias current as well as at a P1 frequency extremum with
respect to the detuning frequency. The operating point shown
in Fig. 6(c) represents a P1 frequency extremum with respect
to the detuning frequency showing simultaneous LSJ̃ and LSf
operating point.

The suppression, prominence, and width at half-
prominence of the modulation sideband responses when
the modulation strength and modulation frequency are
varied at the various LS operating points represented

in Fig. 6 have similar general characteristics as demonstrated
in Figs. 3, 4, and 5, respectively.

The operating points that exhibit reduced sensitivity to a
specific type of fluctuation noise show suppression in the
response of the modulation sideband in the power spectrum.
Similarly, suppression in the response of the modulation
sideband in the carrier spectrum is observed for the various
LS operating points. The suppression, prominence, and width
at half-prominence in the responses of the carrier-spectrum
modulation sidebands when the modulation strength and fre-
quency are varied are similar to the behavior demonstrated
in Figs. 3, 4, and 5, respectively. However, the modulation
sidebands around the strong frequency components of the
optical spectrum do not show simultaneous suppression in
the modulation sideband responses at the various LS oper-
ating points. This suggests that the insensitivity arises from
interference of the many frequency components in the optical
spectrum suppressing the response of the gain medium and
circulating optical field to the fluctuating parameter at an LS
operating point [28].

IV. CONCLUSION
The noise-cancelling properties of the LS operation of
P1 oscillations induced by optically injected semiconduc-
tor lasers have been analyzed. For different intensity- and
frequency-fluctuation noise, the stability of the P1 oscillation
against system parameter fluctuations are calculated through
the amplitudes of the modulation sidebands relative to the
P1 frequency amplitude, by modulating a specific operational
parameter. Unlike phase noise measurements, this method
allows the analysis of a specific noise contribution on the
overall system. The suppression, prominence, and widths
at half-prominence of the emerging modulation sideband
responses at LSξ , LSf , and LSJ̃ operating points demon-
strate the stability of the P1 oscillation against injection-
strength, detuning-frequency, and bias-current fluctuations,
respectively.

The LSξ operating points are insensitive to fluctuations in
the injection strength arising from intensity variations due
to the fluctuations in the temperature and bias currents of
the master and slave lasers. The P1-frequency insensitivity at
LSξ operating points are highly susceptible to the strength of
intensity fluctuations. The P1-frequency insensitivity to the
fluctuations in the injection strength is no longer observed
when the modulation strength is slightly increased. For weak
intensity fluctuations, suppression of broadband intensity
fluctuations at LSξ operating points reaching up to a fluc-
tuation frequency of 1 GHz is verified. The LSf operating
points are insensitive to fluctuation in the detuning frequency
arising from frequency variations due to the fluctuations in
the temperature and bias currents of the master and slave
lasers. The stability of the P1 frequency at LSf operating
points are highly susceptible to the system’s frequency varia-
tion, showing a narrower bandwidth of suppression compared
to the bandwidths at the other two types of LS operating
points, reaching only 500MHz. The LSJ̃ operating points are
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insensitive to the fluctuations in the temperature of the slave
and master lasers as well as to the fluctuations of the bias
current of the slave laser but not the fluctuations of the bias
current of the master laser. The stability of the P1 frequency
at an LSJ̃ operating point shows a broader suppression band-
width as compared to the other two types of LS operating
points. All three types of LS operating points are located
at proximity to points where the P1 frequency undergoes a
frequencyminimumwith respect to the fluctuating parameter.
The variations in the operational parameters also affect the LS
characteristics although, regardless of the operating parame-
ters, the LS operating points show similar trends as described
above when changes in the fluctuation noise parameters are
introduced.

The LS operating points are effective in suppressing spe-
cific small-signal, low-frequency fluctuations. Most intrinsic
fluctuations that contribute to the noise of a semiconductor
laser are low-frequency fluctuations. The main aspect of this
work is to show the dependency of the LS operating points on
the intensity and frequency of a specific noise term. Fluctu-
ating source terms with contributions to the optical-field and
carrier-density equations could be introduced to account for
the spontaneous emission noise of the master and slave lasers.
However, the LSJ̃ , LSf , and LSξ operation respectively sup-
press only the noise caused by fluctuations in the bias current,
the detuning frequency, and the injection strength of the slave
laser, while spontaneous emission noise and charge-carrier
noise of the slave laser and the noise from the master laser
still contribute to the noise in the P1 dynamics. Therefore,
for white noise associated with the master and slave lasers the
various LS operating points show more complex noise sup-
pression characteristics. The noise-cancelling properties of
the P1 oscillation frequency induced by an optically injected
semiconductor laser subject to simultaneous fluctuation noise
terms is beyond the scope of this work.

These characteristics of the various LS operating points
can be a guide to be exploited in the P1 oscillation stabi-
lization schemes to further suppress the effects of unwanted
system fluctuations. The optically injected semiconductor
laser displays broadband insensitivity of the P1 oscillation
frequency against system noise, which compares favorably to
other photonic microwave oscillators for emerging photonic
microwave applications.
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