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ABSTRACT This paper studies the performance of a half-duplex (HD) two-way relay (TWR) in power line
communication (PLC) over a log-normal fading channel with impulsive noise. We consider the two common
relaying protocols: amplify-and-forward (AF) and decode-and-forward (DF). For the DF relaying, we apply
physical-layer network coding (PNC) and analog-network coding (ANC) to the PLC TWR. We derive
analytic expressions for the average sum capacity and the outage probability of the system. The Monte
Carlo simulations are provided throughout to validate our analysis. The analytical results show a tight
approximation to the simulation results.We compare the one-way relay (OWR) to the TWR and show that the
HD spectral efficiency loss incurred by the OWR can be sufficiently mitigated in PLC. However, the outage
probability of the TWR is inferior to that of the OWR. To enhance the outage performance of the PLC TWR,
we implement a hybrid PLC/wireless (HPW) system, where all nodes are equippedwith the PLC andwireless
capabilities. Data transmission occurs over the two parallel links. The diversity in the transmission allows
the TWR to improve its outage performance in the AF and DF protocols. The impact of the impulsive noise,
inherent to the PLC channels, is also highlighted in the simulation results. It is shown that the impulsive
noise severely impairs system performance.

INDEX TERMS Two-way relaying, average capacity, outage probability, power line communication (PLC),
PLC/wireless diversity.

I. INTRODUCTION
Smart grid (SG) technology is considered an integral part
of next-generation electric power grids to improve upon the
quality of service (QoS). SGs allow a bidirectional exchange
of data that gives utilities the ability to provide a wide range of
essential services such as smart metering, load management,
data privacy, and security [1]. Although there are several
candidates for communication in the SG, power line com-
munication (PLC) has gained a preeminent spotlight since it
uses the existing power lines [1]. Thus, there is no need to
build new infrastructure. To transmit a data signal in PLC,
a coupling circuit injects a modulated carrier signal onto the
power line. At the receiving end, another coupler is utilized
to separate the transmitted data signal and decoding ensues.
Depending on the operating frequency, PLC technology can

The associate editor coordinating the review of this manuscript and
approving it for publication was Khaled Rabie.

be broadly grouped as narrowband (NB) or broadband (BB)
[2]. NB PLC typically operates in the 3-500kHz range and is
accompanied by low data rates. NB PLC is appropriate for
smart metering, smart homes, monitoring, and control appli-
cations [2]. To meet the high data demands in multimedia
services, BB PLC which operates in the 1.8-250MHz range
offers high data rates and typically employed in in-home
applications (e.g., high-speed internet access) [2]. In view
of this, several PLC standards have been proposed for
SG applications [3]–[5].

However, the data rates and the reliability of the PLC
network are affected by increased impulsive noise, inter-
ference, multipath effects, and signal fading over long
cable lengths. To overcome these challenges, multiple-
input multiple-output (MIMO), orthogonal frequency divi-
sion multiplexing (OFDM), non-orthogonal multiple access
(NOMA), and relaying have been proposed for the
PLC network [6]–[9]. In [6], by combining MIMO and
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OFDM with a power allocation algorithm, precoded spatial
multiplexing increases the PLC channel capacity and link
reliability for different levels of quantized channel state infor-
mation (CSI). Compared to conventional PLC systems that
utilize orthogonal multiple access (OMA) schemes, NOMA
PLC has been recently proposed for DF cooperative PLC
networks to increase the system capacity, reduce electromag-
netic emissions, and improve the fairness between different
users [7].

With hybrid PLC/wireless (HPW) diversity, PLC nodes
are equipped with additional wireless capabilities to offer
performance enhancements [10], [11]. Results show an HPW
system guarantees reliable transmission even when the link
quality of either medium deteriorates. Owing to its versatility,
the application of other PLC performance-enhancing tech-
niques to HPW systems follows directly. The achievable rate
performance of an HPW energy harvesting relay is analyzed
in [12]. The physical layer security issue in OFDM based
HPW is highlighted in [13], where artificial noise is used
to compromise eavesdropper attacks. The design of a dual-
interface relay for HPWapplications is themain focus of [14].
Here, the relay selects an interface (PLC or wireless) accord-
ing to the CSI to enhance system performance in terms of the
bit-error rate (BER), average capacity, and outage probability.

In cooperative networks, relaying is shown to increase
link reliability and extend coverage, especially when there is
no direct link between a transmitting node and a receiving
node [15]. Compared to a one-way relay (OWR), a two-
way relay (TWR) has the potential to increase the spectrum
efficiency (SE) as duplex communication can be achieved
in two time slots by employing physical-layer network
coding (PNC) or analog network coding (ANC) at the
relay [16]–[22]. Considering the data exchange in the SG,
next-generation electric power grids with two-way
communications are expected to increase the data rate, system
reliability, and security [23]. The two common relaying pro-
tocols are the amplify-and-forward (AF) and the decode-and-
forward (DF) protocols. An AF relay simply amplifies the
received signal and retransmits, whereas theDF relay decodes
the received signal before retransmission to the destination.
Comparing the two protocols, the AF relay suffers from noise
amplification, while the DF relay has a higher processing
cost [24]–[28].

In PLC, the AF and DF protocols for the OWR have
been studied to a great extent. More specifically in [8],
the authors analyzed the performance of cooperative schemes
for a dual-hop single relay based on in-home PLC channel
measurements. The achievable rates for the AF and the
DF protocols are derived for different diversity combining
techniques. It is shown that the DF protocol can improve
the performance of in-home PLC networks compared to the
AF protocol. To improve the energy efficiency of coop-
erative PLC, the outage probability of an AF and a DF
OWR with energy harvesting is derived in [29] and [30],
respectively. The work in [31] presents an analog full-duplex
AF relay, where optimizing the analog circuit parameters

leads to an increase in the communication rate. The authors
of [32] analyzed multihop DF relaying to include the
effects of Rayleigh fading and Bernoulli-Laplacian noise in
PLC networks. The spectral efficiency and outage probability
of incremental relaying in PLC networks are significantly
improved by optimizing relay usage and power allocation
in [33].

Considering the inherent spectral efficiency loss associated
with OWR, it is imperative to study the performance of TWRs
in PLC. However, few works have studied the TWR in PLC
systems [34]–[37]. Performance analysis of an AF TWR in
PLC is carried out in [34], where the authors derived closed-
form expressions for the outage probability, the symbol error
rate, and the average capacity. However, the DF relaying
protocol and the effect of PLC channel attenuation are not
accounted for. The authors of [35] studied the capacity per-
formance of an OWR and a TWR by considering both AF
and DF schemes in a bottom-up channel model. Here, the
DF protocol is shown to provide more robust performance in
terms of SE. Relay power optimization for an AF TWR in an
indoor broadband PLC setting is investigated in [36]. The pro-
posed alternating optimization algorithm reduces the power
consumption associated with a TWR. In [37], the authors
presented a PLC network with PNC to boost the capacity of
TWRs. However, performance analysis of the protocols was
not considered in [36] and [37].

Motivated by this, we analyze the performance of a half-
duplex PLC TWR for both relaying protocols and networking
coding schemes in realistic channel environments, and we
further propose a technical solution leveraging channel diver-
sity. Based on the result that the PLC channel characteristics
can be approximated by log-normal fading, we consider the
PLC channel with log-normal distribution [38]–[40]. The
power line induced noise is modeled as a combination of
background and impulsive noise [41]. Moreover, unlike the
work in [34], we account for the distance-dependent sig-
nal attenuation. We analyze the average sum capacity and
the outage probability of an AF and a DF TWR in PLC.
In particular, for the DF protocol, we apply the two network
coding schemes, ANC and PNC to increase the average sum
capacity. The derived analytic expressions are shown to be
tight in comparison with Monte Carlo simulations. Since the
PLC channel suffers from impulsive noise, its impact is
accounted for in the analysis. The results show that higher
impulsive noise probability leads to lower average capacity
and a higher outage probability across all protocols. In addi-
tion, a comparison is performed to ascertain the gain of
the PLC TWR over the PLC OWR. The numerical results
also reveal that the outage probability of the DF protocol is
severely limited by the decoding strategy at the relay. Based
on the analytic results, we propose an HPW diversity tech-
nique where all nodes are equipped with PLC and wireless
capabilities to enhance the reliability of the TWR. Data trans-
mission occurs over the two parallel links where the wireless
link is modeled as a Rayleigh fading channel. Compared to a
single transmission medium (i.e., PLC only or wireless only),
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TABLE 1. Summary of abbreviations.

the HPW system performs better in terms of the outage
probability.

The rest of the paper is organized as follows: Section II
describes the system model for the PLC TWR network.
Analytic expressions for the average sum capacity and the
outage probability for the AF and DF protocols are derived in
Section III. In Section IV, we propose a hybrid PLC/wireless
system and analyze the outage probability for the AF and
the DF TWR. The simulation results are discussed in
Section V. Conclusions follow in Section VI.
Notation: fX (·), FX (·), and F̄X (·) denote the probability

density function (PDF), the cumulative distribution function
(CDF), and the complementary CDF (CCDF) of the random
variable (RV) X , respectively. FX (·) and F̄X (·) are related
by F̄X (·) = 1 − FX (·). MX (·), E[·], Pr(·), Q(·), and min(·)
denote the moment generating function (MGF) of a RV X ,
the expectation, the probability, the Q function, and the mini-
mumoperators, respectively. Some of themajor abbreviations
used in this paper are predefined in Table 1.

II. SYSTEM MODEL
Consider a three-node TWR system model which consists of
two source nodes and a relay node as illustrated in Fig. 1.
The source nodes A and B transmit their data to each other
through the intermediate relay R due to the absence of a
direct link. All nodes operate in the half-duplex mode. Data
transmission occurs in two phases, i.e., the multiple access
(MAC) phase and the broadcast (BC) phase. In the MAC
phase, the source nodes A and B transmit their data to the
relayR simultaneously. After receiving the transmitted data,

FIGURE 1. System model of a half-duplex PLC TWR.

the relay employs the AF or DF protocol with PNC (or ANC).
In the BC phase, the relay retransmits the received data to
the destination nodes A and B. Since nodes A and B know
their own transmitted signals, they can subtract the back-
propagating self-interference (SI) signal before decoding.

The node A to relay, node B to relay, relay to node A,
and relay to node B channel coefficients are denoted as hAR,
hBR, hRA, and hRB, respectively. We assume that the MAC
channels and BC channels are reciprocal in a time division
duplex (TDD) protocol [42]1. It is also assumed that the CSI
is perfectly known at the destination nodes for SI cancellation
in the BC phase [46]. The amplitude of the channel coefficient
hi, ∀i ∈ {AR,BR,RA,RB} is subjected to the log-normal
distribution with PDF

fhi (z) =
ξ

√
2πσiz

exp

[
−
(10 log10(z)− µi)

2

2σ 2
i

]
, z > 0,

(1)

where ξ = 10/ ln(10) is a scaling constant, µi, and σi
(both in decibels) are the mean and standard deviation of
10 log10 hi, respectively [30]. To account for the signal atten-
uation, we introduce a distance-dependent cable attenuation
which is modeled by ai = exp (−(b0 + b1f k )di), where
di is the distance between the nodes, f represents the oper-
ating frequency in MHz, k is the exponent of the attenuation
factor, b0, and b1 are the attenuation constants obtained from
measurements [47].

In practical PLC networks, the channel is affected by a
combination of background and impulsive noise. In decoding
the received signal, all noise samples have to be consid-
ered. In this paper, we adopt the Bernoulli-Gaussian random
process model which captures the combined effect of the
background noise and the impulsive noise. Considering the
independence of the background noise and impulsive noise,
the total noise sample for any node has a PDF that is written
as [48]

fn(n) = (1− p)N (n, 0, σ 2
G)+ pN (n, 0, σ 2

G + σ
2
I ), (2)

whereN (n, 0, σ 2
G) represents a Gaussian PDF of a RV nwith

mean zero and variance σ 2
G, N (n, 0, σ 2

G + σ
2
I ) represents a

Gaussian PDF of a RV nwithmean zero and variance σ 2
G+σ

2
I ,

and p is the impulsive noise parameter that determines its

1In TWRs, the channels are estimated through various training based
designs namely linear minimum mean square error estimation (LMMSE),
maximum likelihood (ML) estimation, and Bayesian estimation [43]–[45].
With perfect synchronization between nodes, pilot sequences are transmitted
and the transmit CSI can be acquired by assuming channel reciprocity in
TDD operation.
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probability of occurrence. The variances σ 2
G and σ 2

I denote
the input signal-to-background noise ratio (SNR) and the
signal-to-impulsive noise ratio (SINR), respectively.

In the MAC phase, both nodesA and B transmit their own
signals to the relay simultaneously. Let PA, PB, and PR denote
the transmit powers of node A, node B, and the relay R,
respectively. The received signal at the relay is expressed as

yR =
√
PAaARhARxA +

√
PBaBRhBRxB + nR, (3)

where xA and xB are the messages of node A and node B,
respectively, with E[|xA|2] = E[|xB|2] = 1. Also, nR is the
noise at the relay with zero mean and variance σ 2

R .
In the BC phase, the relay retransmits to nodes A and B

after applying the AF or DF protocol. Finally, the signals
received at the two nodes A and B, are respectively, given
by

yA = aRAhRAxR + nA, (4)

and

yB = aRBhRBxR + nB, (5)

where xR is the transmitted signal of the relay. nA and nB
denote the noise components at nodes A and B with zero
mean and variances σ 2

A and σ 2
B , respectively. In the next

subsections, we look at the signal processing at the relay with
the AF and the DF relaying strategies.

A. AMPLIFY-AND-FORWARD RELAYING
In the MAC phase, the relay receives the transmitted signals
from the source nodesA andB, amplifies the received signals
and then retransmits to the nodesA and B. At the destination
nodes, since the nodes A and B know their own transmit-
ted signals, they can perfectly subtract the back-propagating
SI signal from the received signals before decoding. In the
BC phase, by employing the AF protocol, the relay transmits
the signal xR = βyR, where β is the constant relay gain
defined as [35], [49]2

β =

√
PR

(PA E [a2ARh
2
AR]+ PB E [a2BRh

2
BR]+ σ

2
R)
. (6)

If γA0 represents the instantaneous SNR under only back-
ground noise and γA1 represents the instantaneous SNR under
both background and impulsive noises, the resulting instan-
taneous SNRs of the AF TWR at nodes A and B are, respec-
tively, written as

γAj =
PBβ2a2BRa

2
RAh

2
RAh

2
BR

β2a2RAh
2
RAσ

2
Rj + σ

2
Aj

, ∀j ∈ (0, 1), (7)

and

γBj =
PAβ2a2ARa

2
RBh

2
ARh

2
RB

β2a2RBh
2
RBσ

2
Rj + σ

2
Bj

, ∀j ∈ (0, 1). (8)

2In [50], the performance of fixed gain AF relays is comparable to the
more complex variable gain AF relays. In this paper, we consider a fixed
relay gain for simplicity.

B. DECODE-AND-FORWARD RELAYING
Here, we consider the network coding schemes, i.e., PNC and
ANC. We consider an ideal case where the relay successfully
decodes the received signals in the MAC phase [16]. With
PNC, the relay applies a linear combination usually a bit-level
exclusive OR (XOR) operation to the two received symbols
to generate a new symbol [18]. The network coded symbol is
transmitted to the nodes A and B. In other words, after the
relay decodes the signals received from the source nodes A
and B, it implements PNC and forwards the XOR-based re-
encoded data to nodesA and B (now destination nodes). The
signal transmitted by the relay in the BC phase is expressed as

xR =
√
PRxC , (9)

where xC = xA ⊕ xB and ⊕ is the XOR operator. After
decoding xC from the received signals, the nodes A and B
can perform the XOR operation of xC with xA and xB, respec-
tively, to obtain the desired signals, i.e., xB = xC ⊕ xA for the
node A and xA = xC ⊕ xB for the node B. The instantaneous
SNR of the signals received at the relayR, nodesA, andB for
both the MAC and BC phases are written as [18], [51], [52]

γRj = γARj + γBRj , (10)

γARj =
PAa2ARh

2
AR

σ 2
Rj

, γBRj =
PBa2BRh

2
BR

σ 2
Rj

, (11)

and

γRAj =
PRa2RAh

2
RA

σ 2
Aj

, γRBj =
PRa2RBh

2
RB

σ 2
Bj

, (12)

where γRj denotes the sum SNR of the signals from the
node A and node B to the relay. γARj and γBRj indicate the
SNR of the links from node A to the relay and node B to
the relay, respectively. γRAj and γRBj represent the SNR of
the links from the relay to node A and the relay to node B,
respectively.

Similar to the PNC, in the ANC, the relay first decodes
the signals received from the source nodes A and B. How-
ever, unlike PNC, the relay applies a power allocation fac-
tor θ , where θ ∈ (0, 1) [18]. The relay sends its data with
power allocation θPR and (1 − θ )PR, to the nodes A and
B, respectively. Subsequently, the relay transmits the signal
xR =

√
PRxC , where xC =

√
1− θxA ⊕

√
θxB. At the

destination nodes, the nodes subtract their previous transmit-
ted data before decoding. For the PLC DF TWR with ANC,
the instantaneous SNRs of the signals received at the relay,
nodes A, and B are, respectively, expressed as

γRj = γARj + γBRj , (13)

γARj =
PAa2ARh

2
AR

σ 2
Rj

, γBRj =
PBa2BRh

2
BR

σ 2
Rj

, (14)

and

γRAj =
θPRa2RAh

2
RA

σ 2
Aj

, γRBj =
(1− θ )PRa2RBh

2
RB

σ 2
Bj

. (15)
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In the next section, we analyze the average sum capacity and
the outage probability for the PLC TWR network.

III. PERFORMANCE ANALYSIS
In this section, we analyze the average sum capacity and the
outage probability for the AF and DF schemes of the PLC
TWR network in subsections III-A and III-B, respectively.
We derive the analytic results by utilizing the properties of
the log-normal distribution [53], [54]. The channels h2AR and
h2BR are represented by the RVs, X and Y , respectively.

A. AVERAGE SUM CAPACITY
The average sum capacity of an AF TWR configuration is
determined as the sum of the individual capacity of each
source-relay link. By using (7) and (8), the average sum
capacity of the PLC AF TWR is given by

CAF =
1
2

1∑
j=0

pjE
[
log2(1+γAj )

]
+
1
2

1∑
j=0

pjE
[
log2(1+γBj )

]
,

(16)

where p0 = 1− p, and p1 = p. The pre-log factor 1
2 exists as

the communication is completed in two phases.
Theorem 1: By using the AF TWR, and under the assump-

tion of a log-normal fading channel in the presence of impul-
sive noise, the average sum capacity of the PLC network is
approximated using the Gauss-Laguerre quadrature as

CAF ≈
1

2 ln(2)

1∑
j=0

M∑
m=1

pj
%m

ιm

(
1−MY (δmj )

)
MXj (δmj )

+
1

2 ln(2)

1∑
j=0

M∑
m=1

pj
%m

ιm

(
1−MK(εmj )

)
MZ j(εmj ), (17)

where δmj = ιm/ηj, εmj = ιm/ωj. %m and ιm denote
the weights and zeros of the M -order Laguerre polynomial,

respectively, tabulated in [55, Table 25.9]. The terms
ηj,MX j(·),MY (·), ωj,MK(·), and MZ j(·) are defined
in (60), (65), (66), (68), (70), and (71), respectively,
in Appendix A.

Proof: Please refer to Appendix A
Next, we derive the average sum capacity of the PLC DF

TWR with PNC which is defined as [16]

CDF,PNC = E[min(CMAC ,CA + CB)], (18)

where

CMAC =
1
2

1∑
j=0

pj log2(1+ γRj ), (19)

CA =
1
2

1∑
j=0

pjmin
(
log2(1+γBRj ), log2(1+γRAj )

)
, (20)

and

CB =
1
2

1∑
j=0

pjmin(log2(1+ γARj ), log2(1+ γRBj )). (21)

As can be seen from the equations above, the average
capacity is constrained by both the MAC and the BC stages.
Theorem 2: Under the assumption of a log-normal fading

channel in the presence of impulsive noise and by using the
DF TWRwith PNC, the average capacity of the PLC network
is given by

CDF,PNC = min (E[CMAC ],E[CA]+ E[CB]) , (22)

where E[CMAC ], E[CA], and E[CB] are approximated in (23),
(24), and (25), as shown at the bottom of this page, respec-
tively. The RVs γARj and γBRj are respectively distributed
as γARj ∼ N (2µX + ξ ln(PAa2AR/σ

2
Rj ), 4σ

2
X ) and γBRj ∼

N (2µY + ξ ln(PBa2BR/σ
2
Rj ), 4σ

2
Y ). The RVs γRAj and γRBj are

E[CMAC ] ≈
1

2 ln(2)

1∑
j=0

K∑
k=1

pj
wk
√
π
ln

1+ exp


√
8σ 2
χj
sk + 2µχj

ξ

 , (23)

E[CA] ≈
1

2 ln(2)

1∑
j=0

pj
2
3

[
81j

(
µγBRj

)
+82j

(
µγRAj

)]
+

1
6

[
81j

(
µγBRj +

√
3σγBR

)
+82j

(
µγRAj +

√
3σγRA

)]
+

1
6

[
81j

(
µγBRj −

√
3σγBR

)
+82j

(
µγRAj −

√
3σγRA

)]
, (24)

E[CB] ≈
1

2 ln(2)

1∑
j=0

pj
2
3

[
83j

(
µγARj

)
+84j

(
µγRBj

)]
+

1
6

[
83j

(
µγARj +

√
3σγAR

)
+84j

(
µγRBj +

√
3σγRB

)]
+

1
6

[
83j

(
µγARj −

√
3σγAR

)
+84j

(
µγRBj −

√
3σγRB

)]
, (25)

81j (x) = ln
(
1+ exp

(
x
ξ

))
Q
(x − µγRAj

σγRA

)
,82j (x) = ln

(
1+ exp

(
x
ξ

))
Q
(x − µγBRj

σγBR

)
, (26)

83j (x) = ln
(
1+ exp

(
x
ξ

))
Q
(x − µγRBj

σγRB

)
,84j (x) = ln

(
1+ exp

(
x
ξ

))
Q
(x − µγARj

σγAR

)
. (27)
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distributed as γRAj ∼ N (2µX + ξ ln(PRa2RA/σ
2
Aj ), 4σ

2
X ), and

γRBj ∼ N (2µY + ξ ln(PRa2RB/σ
2
Bj ), 4σ

2
Y ), respectively.

Proof: Please refer to Appendix B
Corollary 1: From Theorem 2 and by combining (13), (14),

and (15), the average sum capacity of the PLC DF TWRwith
ANC is found as

CDF,ANC = min (E[CMAC ],E[CA]+ E[CB]) , (28)

where E[CMAC ], E[CA], and E[CB] are approximated in
(23), (24), and (25), respectively. For calculating the aver-
age sum capacity of the PLC DF TWR with ANC,
the RVs γARj and γBRj are distributed as γARj ∼

N (2µX + ξ ln(PAa2AR/σ
2
Rj ), 4σ

2
X ) and γBRj ∼ N (2µY +

ξ ln(PBa2BR/σ
2
Rj ), 4σ

2
Y ), respectively. Also, the RVs γRAj

and γRBj are distributed as γRAj ∼ N (2µX + ξ

ln(θPRa2RA/σ
2
Aj ), 4σ

2
X ), and γRBj ∼ N (2µY + ξ ln((1 −

θ )PRa2RB/σ
2
Bj ), 4σ

2
Y ), respectively.

B. OUTAGE PROBABILITY
For the TWR, both data symbols must be successfully
decoded at both the destination nodes otherwise an outage
occurs. Let γth = 22Rth − 1, where γth and Rth are the target
SNR and rate thresholds, respectively. To correctly decode
the received signal in the MAC phase for the DF protocol,
the relay applies successive interference cancellation (SIC)
[46]. The decoding process occurs iteratively, where one data
symbol is considered as an interference to the other. For
instance, to decode the signal from node A, the signal from
nodeB is considered as noise. After successfully decoding xA,
it is subtracted from the received signal and xB can now be
decoded.

The outage probability of the PLCAFTWR in the presence
of impulsive noise is defined as

PAFout = p0 · Pr
(
min(γA0 , γB0 ) < γth

)
+ p1 · Pr

(
min(γA1 , γB1 ) < γth

)
. (29)

Theorem 3: Considering the PLC with log-normal fading
channels in the presence of impulsive noise, the outage prob-
ability of the AF TWR is determined as

PAFout =
1∑
j=0

pj(IAj + IBj − IABj ), (30)

where IAj , IBj , and IABj are expressed in (31) - (38) shown at
the bottom of the next page where ε1 = PBa2BR, ε2 = β

2a2RA,
ϑ1 = PAa2AR, and ϑ2 = β2a2RB. 3Xj , and 3Yj , are defined
in (101), and (102), respectively, in Appendix C. For (31),
as shown at the bottom of the next page, the RVs Y and Xj
are distributed as Y ∼ N (2µY + ξ ln(ε1ε2), 4σ 2

Y ), and Xj ∼

N (−2µX+ξ ln(σ 2
Aj ), 4σ

2
X ), respectively. For (32), as shown at

the bottom of the next page, the RVsK and Zj are distributed
as K ∼ N (2µX + ξ ln(ϑ1ϑ2), 4σ 2

X ), and Zj ∼ N (−2µY +
ξ ln(σ 2

Bj ), 4σ
2
Y ), respectively.

Proof: The proof is given in Appendix C

Next, we derive the outage probability of the PLC DF TWR
system. With SIC decoding, the instantaneous SNRs of the
PLC DF TWR with PNC are determined as [18]

γDFARj =
PAa2ARh

2
AR

PBa2BRh
2
BR + σ

2
Rj

, γ SICARj =
PAa2ARh

2
AR

σ 2
Rj

,

γDFBRj =
PBa2BRh

2
BR

PAa2ARh
2
AR + σ

2
Rj

, γ SICBRj =
PBa2BRh

2
BR

σ 2
Rj

,

γDFRAj =
PRa2RAh

2
RA

σ 2
Aj

, γDFRBj =
PRa2RBh

2
RB

σ 2
Bj

. (39)

The outage probability of the DF TWR with PNC is obtained
as [46]

PDF,PNCout =

1∑
j=0

pjP
DF,PNC
outj (40)

where

PDF,PNCoutj = 1− Pr({{γDFARj ≥ γth} ∩ {γ
SIC
BRj ≥ γth}

∩{γDFRAj ≥ γth} ∩ {γ
DF
RBj ≥ γth}}

∪{{γDFBRj ≥ γth} ∩ {γ
SIC
ARj ≥ γth}

∩{γDFRAj ≥ γth} ∩ {γ
DF
RBj ≥ γth}}). (41)

Theorem 4: For PLC log-normal channels in the presence
of impulsive noise, the outage probability of the DF TWR
with PNC is written as

PDF,PNCout = 1−
1∑
j=0

pj

 2∑
ζ=1

∞∫
1ζj

fζ�ζj

 . (42)

The terms11j ,12j , f1, f2,�1j , and�2j are expressed, respec-
tively, as

11j =
σ 2
Bjγth

PRa2RB
, (43)

12j =
σ 2
Ajγth

PRa2RA
, (44)

f1 =
ξ

y
√
8πσ 2

X

exp

(
−
(ξ ln(y)− 2µX )2

8σ 2
X

)
, (45)

f2 =
ξ

x
√
8πσ 2

Y

exp

(
−
(ξ ln(x)− 2µY )2

8σ 2
Y

)
, (46)

�1j = Q


ξ ln

(
γthPBa2BRy+γthσ

2
Rj

PAa2AR

)
− 2µY

2σY

 dy, (47)

and

�2j = Q


ξ ln

(
γthPAa2ARx+γthσ

2
Rj

PBa2BR

)
− 2µX

2σX

 dx. (48)

Proof: The proof is given in Appendix D

VOLUME 7, 2019 97269



R. K. Ahiadormey et al.: Performance Analysis of Two-Way Relaying in Cooperative PLCs

Corollary 2: By utilizing Theorem 4, the outage probability
of the PLC DF TWR with ANC in the presence of impulsive
noise is obtained as

PDF,ANCout = 1−
1∑
j=0

pj

 2∑
ζ=1

∞∫
1ζj

fζ�ζj

 . (49)

For the PLC TWR with ANC, the terms f1, f2, �1j , and �2j
are the same as the PNC case. However, 11j and 12j are
defined as

11j =
σ 2
Bjγth

(1− θ )PRa2RB
, (50)

and

12j =
σ 2
Ajγth

θPRa2RA
. (51)

It is worth mentioning that the derived outage probability
expressions for the AF and DF TWR contain integrals that
are difficult to be expressed in closed-form because of the
intractable form of the Q function expressions in (35), (37),
(47), and (48).3

IV. HYBRID PLC/WIRELESS PERFORMANCE ANALYSIS
To improve the reliability of the PLC network, we investigate
the performance of an HPW network in the TWR where the
source nodes transmit their signals through two independent
communication links, i.e., PLC and wireless communica-
tions. For the wireless link, we assume the Rayleigh fading,

3In [33], [56], integrals involving the product of an exponential and
Q function are solved by the use of an appropriate change of variable and
approximating either the exponential function or the Q function. However,
in (35), (37), (47), and (48), the Q function in the integrals is difficult to
approximate due to the complicated form of the embedded (ln) expression.

IAj = 1−
2
3
Q
(
85j (µXj )− µY

σY

)
−

1
6
Q

(
85j (µXj +

√
3σX )− µY

σY

)
−

1
6
Q

(
85j (µXj −

√
3σX )− µY

σY

)
, (31)

IBj = 1−
2
3
Q
(
86j (µZj )− µK

σK

)
−

1
6
Q

(
86j (µZj +

√
3σZ )− µK

σK

)
−

1
6
Q

(
86j (µZj −

√
3σZ )− µK

σK

)
, (32)

85j (x) = ξ ln
(
γth exp

(
x
ξ

)
+ γthηj

)
,86j (x) = ξ ln

(
γth exp

(
x
ξ

)
+ γthωj

)
, (33)

IABj = I1j + I2j , (34)

I1j =
2
3
Q
(
87j (2µX )− 2µY

2σY

)
+

1
6
Q

(
87j (2µX + 2

√
3σX )− 2µY

2σY

)
+

1
6
Q

(
87j (2µX − 2

√
3σX )− 2µY

2σY

)

−
2
3
Q
(
88j (2µX )− 2µY

2σY

)
−

1
6
Q

(
88j (2µX+2

√
3σX )−2µY

2σY

)
−
1
6
Q

(
88j (2µX−2

√
3σX )−2µY

2σY

)

−
1
2

[
Q
(
89j (3Xj )− 2µY

2σY

)]2
+

∞∫
3Xj

ξ

x
√
8πσ 2

X

exp

(
−
(ξ ln(x)− 2µX )2

8σ 2
X

)
Q


ξ ln

(
γth
ε1

(
σ 2
Rj+

σ 2Aj
ε2x

))
− 2µY

2σY

 dx.

(35)

87j (x) = ξ ln

(
3Yj

3Xj
exp(x/ξ )

)
,88j (x) = ξ ln

(
γth

ε1

(
σ 2
Rj +

σ 2
Aj

ε2 exp(x/ξ )

))
,89j (x) = ξ ln

(
3Yj

3Xj
x

)
, (36)

I2j =
2
3
Q
(
811j (2µY )− 2µX

2σX

)
+

1
6
Q

(
811j (2µY + 2

√
3σY )− 2µX

2σX

)
+

1
6
Q

(
811j (2µY − 2

√
3σY )− 2µX

2σX

)

−
2
3
Q
(
812j (2µY )−2µX

2σX

)
−
1
6
Q

(
812j (2µY+2

√
3σY )−2µX

2σX

)
−
1
6
Q

(
812j (2µY−2

√
3σY )−2µX

2σX

)

−
1
2

[
Q
(
813j (3Yj )−2µX

2σX

)]2
+

∞∫
3Yj

ξ

y
√
8πσ 2

Y

exp

(
−
(ξ ln(y)−2µY )2

8σ 2
Y

)
Q


ξ ln

(
γth
ϑ1

(
σ 2
Rj +

σ 2Bj
ϑ2y

))
− 2µX

2σX

 dy.

(37)

811j (x) = ξ ln

(
3Xj

3Yj
exp(x/ξ )

)
,812j (x) = ξ ln

(
γth

ϑ1

(
σ 2
Rj +

σ 2
Bj

ϑ2 exp(x/ξ )

))
,813j (x) = ξ ln

(
3Xj

3Yj
x

)
. (38)
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where the channel gain |hi|2 has the PDF given as [49]

f|hi|2 (z) =
1
λi

exp
(
−
z
λi

)
, z ≥ 0, (52)

where the mean λi is modeled as λi =
√
d−αi and α is the

pathloss exponent. Consequently, the outage probability of
the HPW AF TWR and the HPW DF TWR are expressed,
respectively, as

PAFout,HPW = PAFout,P · P
AF
out,W , (53)

and

PDFout,HPW = PDFout,P · P
DF
out,W , (54)

where PAFout,P, P
AF
out,W , PDFout,P, and P

DF
out,W indicate the outage

probability of the AF PLC link, AF wireless link, DF PLC
link, and DF wireless links, respectively.

For the AF TWR, the gain of the wireless link is given as

κ =

√
PR

(PAE[h2AR]+ PBE[h
2
BR]+ σ

2
R0
)
. (55)

In the BC phase, the resultant SNRs at the nodesA and B are,
respectively, given by

γA =
PBh2RAh

2
BR

h2RAσ
2
R0
+ ψ1

, (56)

and

γB =
PAh2ARh

2
RB

h2RBσ
2
R0
+ ψ2

, (57)

where ψ1 = σ
2
A0
/κ2 and ψ2 = σ

2
B0
/κ2.

The outage probability of the AF TWR in the wireless link
is given by [57]

PAFout,W = 1+ exp
(
−
X0
λX
−
Y0
λY

)

− exp
(
−
γthψ2

PAλX

)√ 4γthσ 2
R0

PAλXλY
K1

√ 4γthσ 2
R0

PAλXλY


− exp

(
−
γthψ1

PBλY

)√ 4γthσ 2
R0

PBλXλY
K1

√ 4γthσ 2
R0

PBλXλY


+

2∑
c=0

H(c)
X ,Y (vX )

c!(c+ 1)

(
(VX − vX )c+1 − (−vX )c+1

)
+

2∑
c=0

H(c)
Y ,X (vY )

c!(c+ 1)

(
VY − vY )c+1 − (−vY )c+1

)
,

(58)

where X0, Y0, HX ,Y (·), VX , vX , HY ,X (·), VY , and vY are
defined in [57, eq. (11)] and K1(·) is the modified Bessel
function of the second kind.

FIGURE 2. Average capacity versus input SNR for PLC AF relays
(µAR = µBR = 0dB and σAR = σBR = 1dB).

For the DF TWR, we consider only the PNC case, for
brevity. For the wireless link, the outage probability of DF
TWR in a Rayleigh fading is expressed as [18]

PDFout,W

= 1−
PAλX

PAλX + PBλY γth

× exp

−γth
(
PAλXσ 2

B0
+ PRλYσ 2

R0
+ PBλYσ 2

B0
γth

)
PAPRλXλY


−

PBλY
PBλY + PAλXγth

× exp

−γth
(
PBλYσ 2

A0
+ PRλXσ 2

R0
+ PAλXσ 2

A0
γth

)
PBPRλXλY

 .
(59)

In the next section, we provide numerical results to corrobo-
rate our analysis.

V. SIMULATION RESULTS
This section presents the numerical results to validate our
analysis through Monte Carlo simulations averaged over 106

channel realizations. Here, we set the power of the nodes as
PA = PB = PR = 1W and the node noise variances as
σ 2
Aj = σ 2

Bj = σ 2
Rj . The SINR is set as −10dB where SNR

= 10 log10(1/σ
2
G) and SINR = 10 log10(1/σ

2
I ) [30]. The

power line attenuation model has the following parameters:
b0 = 9.4×10−3, b1 = 4.2×10−7, k = 0.7, and f = 30MHz
[30]. Unless otherwise stated, the distance between node A
and the relay R, and the relay R and node B are set to be
equidistant, that is, dAR = dBR = 50m. For the AF TWR,
the relay gains, β and κ , are chosen to be 1.

Fig. 2 shows the average capacity of the AF scheme versus
the input SNR for different values of impulsive noise prob-
ability p. For all channels, we use µAR = µBR = 0dB,
σAR = σBR = 1dB. It can be observed that our analytic
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FIGURE 3. Average capacity versus input SNR for PLC DF relays
(µAR = µBR = 0dB and σAR = σBR = 1dB).

results obtained by (17) are highly accurate compared to the
Monte Carlo simulations. Also, p has a debilitating effect on
the average capacity of the system. Higher p leads to lower
average capacity since more of the received data is corrupted
by the impulsive noise. Comparing the OWR and the TWR,
significant gains can be obtained by the bidirectional com-
munication used in our system. For example, at SNR = 30
dB and p = 0.01, the TWR achieves a rate gain of about
3.5bps/Hz over its OWR counterpart.

Next, Fig. 3 compares the average capacity for the PLC
DF TWR and OWR. In particular, we compare PNC and
ANC for the DF protocol using (22) and (28), respectively.
Due to the symmetric nature of the proposed PLC TWR,
we set the ANC power allocation factor as θ = 0.5. We use
the following parameters: µAR = µBR = 0dB, σAR =
σBR = 1dB. We observe that, in the low SNR region,
i.e., 0-15dB, the PNC scheme outperforms ANC since the
data symbols are transmitted with full power at the relay.
However, the performance gap reduces as the SNR increases
and the two schemes subsequently achieve the same per-
formance. This is because, at low SNR, the average capac-
ity is limited by the BC phase where the power allocation
occurs. However, as the SNR increases, the average capacity
is limited by the MAC phase. Since the power allocation is
not implemented in the MAC phase, the average capacity
achieved by the PNC and ANC schemes becomes equal.
As expected, the PLC DF TWR outperforms the PLC DF
OWR in terms of the average capacity.

Fig. 4 depicts the average capacity comparison between
the OWR and the TWR for the various protocols. For all
channels, we have µAR = µBR = 3dB and σAR = σBR =

2dB and dAR = dBR = 100m. It can be observed from
the figure that, in the low SNR region, the PLC DF TWR
outperforms the PLC AF TWR. This is, however, not the
case in the high SNR regime where the AF TWR achieves a
higher average capacity than the DF TWR. This is because
the joint decoding of both data symbols transmitted in the

FIGURE 4. Average capacity versus input SNR for various PLC relays
(µAR = µBR = 3dB and σAR = σBR = 2dB).

MAC phase for the DF TWR limits the achievable capacity
in the high SNR regime. Due to the fact that the average
capacity of the DF protocol is always limited by one of the
two phases, the DF TWR only shows a marginal gain over its
OWR counterpart. However, the average capacity of the AF
TWR is two times the average capacity of the AF OWR since
it is not subjected to this limitation. Also, there exists a cross-
over point where the AF protocol begins to outperforms the
DF protocol, i.e. 12dB for p = 0.01. It is therefore vital to
design relays that employ a hybrid AF/DF protocol in PLC
networks.

The outage probability of the AF protocol versus the input
SNR for different values of p is demonstrated in Fig. 5. Here,
the rate threshold for the OWR and TWR is set as Rth =
1bps/Hz and µAR = µBR = 3dB and σAR = σBR = 5dB.
It is shown that the analytic results obtained by using (30)
are tight compared with the Monte Carlo simulations. We can
observe that the outage probability performance of the PLC
AF TWR is inferior to its OWR counterpart. This is because,
in the TWR, either γA < γth or γB < γth will cause an outage.
However, the performance gap reduces as the SNR increases.

Fig. 6 illustrates the outage probability performance of the
PLC DF OWR and TWR with PNC and ANC as a function
of the input SNR. Also, we set the outage rate threshold as
Rth = 1bps/Hz. Here, we set the mean and variance as µAR =
µBR = 3dB and σAR = σBR = 5dB, respectively. Using (42)
and (49), the results show that the outage probability of the
TWR is degraded and severely interference limited. This is
due to the SIC decoding strategy in the MAC phase where
one data symbol is considered as interference to decode the
other data symbol as shown in (39). The outage probability
for both ANC and PNC, therefore, hits a high error floor
as the SNR increases. Consequently, for all values of p,
the outage probability performance of the OWR is superior to
the TWR. Compared to ANC, PNC can improve the outage
performance of the PLC DF TWR. This is because the relay
transmits at maximum power with PNC. It is also worth
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FIGURE 5. Outage probability versus input SNR for PLC AF relays
(µAR = µBR = 3dB, σAR = σBR = 5dB and Rth = 1bps/Hz).

FIGURE 6. Outage probability versus input SNR for PLC DF relays
(µAR = µBR = 3dB, σAR = σBR = 5dB and Rth = 1bps/Hz).

noting that a higher p will result in higher outage probability
for both the OWR and the TWR.

Fig. 7 compares the outage probabilities of AF and DF
in PLC TWRs. We use the following parameters: µAR =
µBR = 1dB, σAR = σBR = 5dB and Rth = 1 bps/Hz.
From the figure, the PLC DF OWR has the best outage
probability while the PLC DF TWR with ANC has the worst
outage probability. Again, the power allocation impacts the
overall outage probability of the PLC DF TWR with ANC.
Therefore, to achieve lower outage probability in the PLC
DF TWR, PNC is preferred to ANC. In addition, the outage
probability performance of the AF TWR is generally superior
to the DF TWR especially at high SNR where the outage
probability of the DF TWR hits an error floor.

In the following, we investigate the outage probability per-
formance of the HPW TWR. For Fig. 8, we use the following
parameters: p = 0.01, dAR = dBR = 10m, µAR = µBR =

3dB, σAR = σBR = 5dB, α = 2, and Rth = 1bps/Hz. Fig. 8
shows the outage probability comparison of the TWR for

FIGURE 7. Outage probability versus input SNR for various relays
(µAR = µBR = 1dB, σAR = σBR = 5dB and Rth = 1bps/Hz).

FIGURE 8. Outage probability versus input SNR (µAR = µBR = 3dB,
σAR = σBR = 5dB and Rth = 1bps/Hz).

PLC/wireless diversity. The outage probability of the HPW
AF TWR is plotted using (53). As can be observed, the AF
PLC TWR has a lower outage probability than its wire-
less counterpart. This is consistent with the results reported
in [10]. Furthermore, the outage performance is enhanced in
the AF TWR by the introduction of the additional wireless
link. For example at an outage probability of 10−2, the HPW
AF TWR shows a 10dB gain over the PLC only system. The
quality of the HPW TWR is determined by the link with a
lower outage probability, .i.e. the PLC link. We can observe
from the figure that it is convenient to use the HPW TWR
when the input SNR ≥ 20dB since it possesses the best
outage probability performance. The outage probability of
the HPW DF TWR is plotted using (54). Here, the outage
probability performance achieved by the HPW DF TWR is
superior to both the PLC only and wireless only transmission
links. Diversity is achieved by employing the HPW system.
From the results, HPW diversity proves useful in designing
and meeting new QoS requirements in applications where
PLC only systems cannot meet set targets. HPW diversity
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is also a potential solution in the interconnected Internet of
Things (IoT) applications to increase reliability.

VI. CONCLUSION
In this paper, we have analyzed the performance of a PLC
TWR over log-normal channels. Analytic expressions for
the average capacity and the outage probability for both the
AF and the DF protocols have been derived. Our analytic
results have been shown to be very tight when compared with
Monte Carlo simulations. The comparison of OWR and TWR
showed that the average capacity is improved in TWR. Thus,
the spectral efficiency loss incurred by OWR is effectively
compensated by using the TWR. However, the outage prob-
ability of the TWR is inferior to that of the OWR. In the
DF protocol, DF TWR with PNC is the preferred networking
scheme in terms of average capacity in the low SNR regime
and the outage probability. DF TWR with ANC achieves the
same average capacity as PNC in the high SNR region. From
the analysis, it is shown that the impulsive noise severely lim-
its the performance of the PLC network. To further improve
the outage performance of the TWR, we have analyzed the
outage performance of a hybrid PLC/wireless system where
all the nodes are equipped with PLC andwireless capabilities.
The results have shown that the outage probability of the
HPW TWR shows significant improvements compared to
both the PLC only and the wireless only systems.

Imperfect SIC due to imperfect channel estimation and
energy efficiency analysis can be interesting topics for future
research.

APPENDIX A
PROOF OF THEOREM 1
To find the average capacityE[CA], we can write (7) in a form
amenable to analysis. We have

γAj =
Y

Xj + ηj
, (60)

where Y = ε1ε2Y , ε1 = PBa2BR, ε2 = β
2a2RA, Xj = σ

2
AjX
−1,

and ηj = ε2σ
2
Rj. Hence, the average capacity at node A can

be reexpressed as

E[CA] =
1
2

1∑
j=0

pjE
[
log2

(
1+

Y
Xj + ηj

)]
. (61)

To evaluate the average capacity in (61), we use the following.
It is shown in [58] that for any RV u, v > 0,

E
[
ln(1+

u
v
)
]
=

∞∫
0

1
z
(1−Mu(z))Mv(z)dz. (62)

Using the defintion in (62), the average capacity at node A,
E[CA], is obtained as

E[CA] =
1

2 ln(2)

1∑
j=0

pj

∞∫
0

1
z
(1−MY (z))e

(−ηjz)MXj (z)dz.

(63)

According to [53], the Gauss-Hermite representation of the
MGF of any log-normally distributed channel h is given as

Mh(z) '
K∑
k=1

wk
√
π
exp

[
−z exp

(√
2σhsk + µh

ξ

)]
, (64)

where wk and sk denote the weights and zeros of the
K -order Hermite polynomial, respectively tabulated in
[55, Table 25.10]. A higher value of K corresponds to
greater computational accuracy. Using the properties of
the log-normal distribution where X−1 ∼ N (−2µX , 4σ 2

X )
and Y ∼ N (2µY , 4σ 2

Y ), the MGFs of Xj and
Y are determined, respectively, as

MXj (z) '
K∑
k=1

wk
√
π

× exp

[
−σ 2

Ajz exp

(
−
2
√
2σX sk + 2µX

ξ

)]
, (65)

and

MY (z) '
K∑
k=1

wk
√
π

× exp

[
−ε1ε2z exp

(
2
√
2σY sk + 2µY

ξ

)]
. (66)

Substituting (65) and (66) into (63) yields the average
capacity for nodeA. However, the integral in (63) is difficult
to obtain in closed-form. We approximate E[CA] by applying
the Gauss-Laguerre quadrature [59] as

E[CA] ≈
1

2 ln(2)

1∑
j=0

M∑
m=1

pj
%m

ιm

(
1−MY (δmj )

)
MXj (δmj ),

(67)

where δmj = ιm/ηj, %m, and ιm denote the weights and zeros
of the M -order Laguerre polynomial, respectively, tabulated
in [55, Table 25.9].

From (8), we have

γBj =
K

Zj + ωj
, (68)

whereK = ϑ1ϑ2X , ϑ1 = PAa2AR, ϑ2 = β
2a2RB,Zj = σ

2
BjY
−1,

and ωj = ϑ2σ
2
Rj. Following a similar analysis, the average

capacity at node B, E[CB], is expressed as

E[CB] =
1

2 ln(2)

1∑
j=0

pj

∞∫
0

1
z
(1−MK(z))e

(−ωjz)MZj (z)dz,

(69)

where

MK(z) '
K∑
k=1

wk
√
π

× exp

[
−ϑ1ϑ2z exp

(
2
√
2σX sk + 2µX

ξ

)]
, (70)
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and

MZj (z) '
K∑
k=1

wk
√
π

× exp

[
−σ 2

Bjz exp

(
−
2
√
2σY sk + 2µY

ξ

)]
. (71)

E[CB] can also be approximated using the Gauss-Laguerre
quadrature as

E[CB] ≈
1

2 ln(2)

1∑
j=0

M∑
m=1

pj
%m

ιm

(
1−MK(εmj )

)
MZj (εmj ),

(72)

where εmj = ιm/ωj, %m and ιm denote the weights and zeros
of the M -order Laguerre polynomial, respectively, tabulated
in [55, Table 25.9]. This completes the proof.

APPENDIX B
PROOF OF THEOREM 2
To derive the average capacity at nodeA, we first rewrite (20)
as

CA =
1
2

1∑
j=0

pj log2(1+min
(
γBRj , γRAj

)
. (73)

Now letting ϒj = min
(
γBRj , γRAj

)
, the average capacity,

E[CA], is calculated as

E[CA] =
1

2 ln(2)

1∑
j=0

pj

∞∫
0

ln(1+ z)fϒj (z)dz. (74)

When γBRj and γRAj are considered to be independent,
the PDF of ϒj is expressed as

fϒj (z) = fγBRj (z)F̄γRAj (z)+ fγRAj (z)F̄γBRj (z). (75)

From here, we have

E[CA] =
1

2 ln(2)

1∑
j=0

pj

∞∫
0

ln(1+ z)fγBRj (z)F̄γRAj (z)dz︸ ︷︷ ︸
C1

+
1

2 ln(2)

1∑
j=0

pj

∞∫
0

ln(1+ z)fγRAj (z)F̄γBRj (z)dz︸ ︷︷ ︸
C2

, (76)

where

fγBRj (z) =
ξ

z
√
2πσ 2

γBR

exp

(
−

(ξ ln(z)− µγBRj )
2

2σ 2
γBR

)
, (77)

fγRAj (z) =
ξ

z
√
2πσ 2

γRA

exp

(
−

(ξ ln(z)− µγRAj )
2

2σ 2
γRA

)
, (78)

F̄γBRj (z) = Q

(
ξ ln(z)− µγBRj

σγBR

)
, (79)

and

F̄γRAj (z) = Q

(
ξ ln(z)− µγRAj

σγRA

)
. (80)

Using the log-normal distribution properties, the RVs are
distributed as γBRj ∼ N (2µY + ξ ln(PBa2BR/σ

2
Rj ), 4σ

2
Y ), and

γRAj ∼ N (2µX + ξ ln(PRa2RA/σ
2
Aj ), 4σ

2
X ), respectively.

The integral in (76) is difficult to solve. Therefore, we uti-
lize the approximation proposed in [60], [61] to evaluate
E[CA]. From [61, eq. (4)], C1 and C2 are calculated as

C1 ≈
1

2 ln(2)

1∑
j=0

pj
2
3
81j

(
µγBRj

)
+

1
6
81j

(
µγBRj+

√
3σγBR

)
+
1
6
81j

(
µγBRj−

√
3σγBR

)
,

(81)

C2 ≈
1

2 ln(2)

1∑
j=0

pj
2
3
82j

(
µγRAj

)
+

1
6
82j

(
µγRAj+

√
3σγRA

)
+
1
6
82j

(
µγRAj−

√
3σγRA

)
,

(82)

where

81j (x) = ln
(
1+ exp

(
x
ξ

))
Q
(x − µγRAj

σγRA

)
, (83)

and

82j (x) = ln
(
1+ exp

(
x
ξ

))
Q
(x − µγBRj

σγBR

)
. (84)

By combining (81) and (82), we arrive at E[CA] shown
in (24). By following a similar procedure, the average capac-
ity at node B is derived as (25).

The next step is to calculate the average multiple access
capacity at the relay R. The average capacity, E[CMAC ],
is represented as

E[CMAC ] =
1

2 ln(2)

1∑
j=0

pj

∞∫
0

ln(1+ z)fχjdz, (85)

where the PDF fχj represents the PDF of the sum of two log-
normal RVs. The Fenton-Wilkinson approximation is used
to compute the parameters of the approximated log-normal
RV [53], [54]. Following a procedure similar to the one used
in [54], the mean µχj and variance σ 2

χj
are computed as (86)

and (87) found, as shown at the bottom of the next page,
where τARj = PAa2AR/σ

2
Rj and τBRj = PBa2BR/σ

2
Rj . The PDF

fχj is therefore expressed as

fχj (z) =
ξ

z
√
8πσ 2

χj

exp

(
−
(ξ ln(z)− 2µχj )

2

8σ 2
χj

)
, (88)

VOLUME 7, 2019 97275



R. K. Ahiadormey et al.: Performance Analysis of Two-Way Relaying in Cooperative PLCs

By letting t =
(
ξ ln(z)− 2µχj

)
/
(√

8σ 2
χj

)
, (85) is rewritten

as

E[CMAC ] =
1

2 ln(2)

1∑
j=0

pj

∞∫
−∞

H (t)
√
π

exp(−t2)dt, (89)

where

H (t) = ln

1+ exp


√
8σ 2
χj
t + 2µχj

ξ

 . (90)

From here, the average capacity of the MAC phase is attained
in (23) using the Gauss-Hermite quadrature where wk and
sk denote the weights and zeros of the K -order Hermite
polynomial, respectively tabulated in [55, Table 25.10]. This
completes the proof.

APPENDIX C
PROOF OF THEOREM 3
For the PLC AF TWR, the outage probability is written as
[57]

PAFoutj = Pr(γAj < γth)︸ ︷︷ ︸
IAj

+Pr(γBj < γth)︸ ︷︷ ︸
IBj

− Pr(γAj < γth, γBj < γth)︸ ︷︷ ︸
IABj

. (91)

From (91), we have

IAj = Pr
(

Y
Xj + ηj

< γth

)
= Pr

(
Y < γth

(
Xj + ηj

))
(92)

Conditioning on Xj, IAj is further expressed as

IAj = 1− Pr
(
Y > γth

(
Xj + ηj

)
|Xj = z

)
= 1−

∞∫
0

F̄Y
(
γth(z+ ηj)

)
fXj (z)dz (93)

where

F̄Y
(
γth(z+ ηj)

)
= Q

(
ξ ln(γth(z+ ηj))− µY

σY

)
, (94)

and

fXj (z) =
ξ

z
√
2πσ 2

X

exp

(
−
(ξ ln(z)− µXj )

2

2σ 2
X

)
. (95)

The RVs Y and Xj are distributed as Y ∼ N (2µY +
ξ ln(ε1ε2), 4σ 2

Y ), and Xj ∼ N (−2µX + ξ ln(σ 2
Aj ), 4σ

2
X ),

respectively. By using the approximation in [61, eq. (4)],
we evaluate IAj as (31). The outage probability at node B, IBj
can be found in a similar manner using (32) where the RVs
K and Zj are distributed as K ∼ N (2µX + ξ ln(ϑ1ϑ2), 4σ 2

X ),
and Zj ∼ N (−2µY + ξ ln(σ 2

Bj ), 4σ
2
Y ), respectively.

The next step is to calculate the outage probability, IABj .
In order to derive IABj , the outage probability is expanded as

Pr

(
Y <

σ 2
Rjγth

ε1
+

σ 2
Ajγth

ε1ε2X
,X <

σ 2
Rjγth

ϑ1
+

σ 2
Bjγth

ϑ1ϑ2X

)
. (96)

From here, we have

IABj =

3Xj∫
0

γth
ε1

σ 2Rj+ σ
2
Aj
ε2x

∫
3Yj
3Xj

x

fX (x)fY (y)dydx

︸ ︷︷ ︸
I1j

+

3Yj∫
0

γth
ϑ1

σ 2Rj+ σ
2
Bj
ϑ2y

∫
3Xj
3Yj

y

fX (x)fY (y)dxdy

︸ ︷︷ ︸
I2j

, (97)

where

I1j=

3Xj∫
0

fX (x)

[
FY

(
γth

ε1

(
σ 2
Rj+

σ 2
Aj

ε2x

))
−FY

(
3Yj

3Xj
x

)]
dx,

(98)

µχj =
ξ

2

ln

 ∑
m∈{AR,BR}

exp(2ξ−1µm + ln
(
τmj
)
+ 2ξ−2σ 2

m)

− 2ξ−2σ 2
χj

 , (86)

σ 2
χj
=
ξ2

4
ln


∑

m∈{AR,BR}
exp(4ξ−1µm + 2 ln

(
τmj
)
+ 8ξ−2σ 2

m)−
∑

m∈{AR,BR}
exp(4ξ−1µm + 2 ln

(
τmj
)
+ 4ξ−2σ 2

m)( ∑
m∈{AR,BR}

exp
(
2ξ−1µm + ln

(
τmj
)
+ 2ξ−2σ 2

m
))2 + 1

 . (87)
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and

I2j=

3Yj∫
0

fY (y)

[
FX

(
γth

ϑ1

(
σ 2
Rj+

σ 2
Bj

ϑ2y

))
−FX

(
3Xj

3Yj
y

)]
dy.

(99)

(3Xj ,3Yj ) is a solution of the following equations [57]
x =

γth

ϑ1

(
σ 2
Rj +

σ 2
Bj

ϑ2y

)
,

y =
γth

ε1

(
σ 2
Rj +

σ 2
Aj

ε2x

)
.

(100)

After solving (100), the solution points (3Xj ,3Yj ) are given,
respectively, as

3Xj =

φ1 +
√
φ21 + 4ε2σ 2

Aj (σ
2
Rj )

2ϑ1ϑ
2
2γth

2ε2σ 2
Rjϑ1ϑ2

, (101)

and

3Yj =

φ2 +
√
φ21 + 4ε2σ 2

Aj (σ
2
Rj )

2ϑ1ϑ
2
2γth

2ε1ε2σ 2
Rjϑ2

, (102)

where φ1 = ε1ε2σ
2
Bj − σ

2
Ajϑ1ϑ2 + ε2(σ

2
Rj )

2ϑ2γth and φ2 =
−ε1ε2σ

2
Bj + σ

2
Ajϑ1ϑ2 + ε2(σ

2
Rj )

2ϑ2γth. From here, I1j and I2j
are rewritten, respectively, as

I1j =

3Xj∫
0

[
FY
(
93j

)
− FY

(
94j

)]
fX (x)dx, (103)

and

I2j =

3Yj∫
0

[
FX
(
95j

)
− FX

(
96j

)]
fY (y)dy, (104)

where

FY
(
93j

)
= 1− Q

(
ξ ln(93j )− 2µY

2σY

)
, (105)

FY
(
94j

)
= 1− Q

(
ξ ln(94j )− 2µY

2σY

)
, (106)

FX
(
95j

)
= 1− Q

(
ξ ln(95j )− 2µX

2σX

)
, (107)

FX
(
96j

)
= 1− Q

(
ξ ln(96j )− 2µX

2σX

)
, (108)

fX (x) =
ξ

x
√
8πσ 2

X

exp

(
−
(ξ ln(x)− 2µX )2

8σ 2
X

)
, (109)

fY (y) =
ξ

y
√
8πσ 2

Y

exp

(
−
(ξ ln(y)− 2µY )2

8σ 2
Y

)
, (110)

and

93j =
γth

ε1

(
σ 2
Rj +

σ 2
Aj

ε2x

)
, 94j =

3Yj

3Xj
x,

95j =
γth

ϑ1

(
σ 2
Rj +

σ 2
Bj

ϑ2y

)
, 96j =

3Xj

3Yj
y. (111)

I1j and I2j can be further expressed as (112), and (113)
as shown at bottom of this page. Using [61, eq. (4)] and

I1j =

3Xj∫
0

ξ

x
√
8πσ 2

X

exp

(
−
(ξ ln(x)− 2µX )2

8σ 2
X

)
Q
(
ξ ln(94j )− 2µY

2σY

)
dx

︸ ︷︷ ︸
J1j

−

3Xj∫
0

ξ

x
√
8πσ 2

X

exp

(
−
(ξ ln(x)− 2µX )2

8σ 2
X

)
Q
(
ξ ln(93j )− 2µY

2σY

)
dx

︸ ︷︷ ︸
J2j

, (112)

I2j =

3Yj∫
0

ξ

y
√
8πσ 2

Y

exp

(
−
(ξ ln(y)− 2µY )2

8σ 2
Y

)
Q
(
ξ ln(96j )− 2µX

2σX

)
dy

︸ ︷︷ ︸
J3j

−

3Yj∫
0

ξ

y
√
2πσ 2

Y

exp

(
−
(ξ ln(y)− 2µY )2

8σ 2
Y

)
Q
(
ξ ln(95j )− 2µX

2σX

)
dy

︸ ︷︷ ︸
J4j

, (113)
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[62, eq. (15)], I1j and I2j are expressed as (35) and (37),
respectively.

Finally, by combining (31), (32), (35), and (37), the outage
probability for the PLC AF TWR is found. This completes
the proof.

APPENDIX D
PROOF OF THEOREM 4
We derive the outage probability of the PLC DF TWR with
PNC in (42). For simplicity, we only consider the high rate
case where γth ≥ 1 [18]. The outage probability of the PLC
DF TWR with PNC is expressed as

PDF,PNCout =

1∑
j=0

pjP
DF,PNC
outj , (114)

From (41), we have

PDF,PNCoutj = 1−

∞∫
σ2Bj

γth

PRa
2
RB

∞∫
γth(PBa

2
BRy+σ

2
Rj

)

PAa
2
AR

fX (x)fY (y)dxdy

−

∞∫
σ2Aj

γth

PRa
2
RA

∞∫
γth(PAa

2
ARx+σ

2
Rj

)

PBa
2
BR

fX (x)fY (y)dxdy. (115)

Finally, the outage probability of the PLCDFTWRwith PNC
is

PDF,PNCoutj = 1−

∞∫
σ2Bj

γth

PRa
2
RB

fX (y)Q
(
ξ ln(0j)− 2µY

2σY

)
dy

−

∞∫
σ2Aj

γth

PRa
2
RA

fY (x)Q
(
ξ ln(4j)− 2µX

2σX

)
dx, (116)

where

0j =
γth

(
PBa2BRy+ σ

2
Rj

)
PAa2AR

, (117)

and

4j =
γth

(
PAa2ARx + σ

2
Rj

)
PBa2BR

. (118)

The PDFs fX (y) and fY (x) are determined using (109) and
(110), respectively. By substituting fX (y) and fY (x) into (116),
we get (42). This completes the proof.
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