IEEE Access

Multidisciplinary : Rapid Review : Open Access Journal

Received May 20, 2019, accepted June 17, 2019, date of publication July 1, 2019, date of current version July 25, 2019.

Digital Object Identifier 10.1109/ACCESS.2019.2925912

Further Stability Analysis of Generalized Neural
Networks With Time-Varying Delays Based on a
Novel Lyapunov-Krasovskii Functional

BIN YANG ~, JUNJUN CAO, MENGNAN HAO™, AND XUEJUN PAN

School of Control Science and Engineering, Dalian University of Technology, Dalian 116024, China
Corresponding author: Bin Yang (yangbin@dlut.edu.cn)

This work was supported in part by the National Key Research and Development Program of China, under Grant 2018YFB1702200.

ABSTRACT This paper focuses on the stability analysis of generalized neural networks with time-varying
delays. First, a novel augmented Lyapunov-Krasovskii functional (LKF) is constructed by introducing a
couple of integral vectors. Second, by utilizing the novel augmented LKF and a generalized free-weighting-
matrix integral inequality, two further stability criteria are presented in this paper. Third, a less conservative
stability condition by refining the allowable delay set is introduced. Finally, the four well-known numerical
examples are given to demonstrate the effectiveness and improvements of the proposed methods.

INDEX TERMS Generalized neural networks, Lyapunov-Krasovskii functional, stability, time-varying

delays.

I. INTRODUCTION

In past few decades, neural networks (NNs) have attracted
great concerns for their extensive application in sig-
nal processing, image processing and pattern recognition,
etc. [1]-[3]. It is two factors that require extra attention during
the implementations of NNs. For one thing, the dynamic
behavior of equilibrium point of NNs greatly influences on
its applications. Thus, it is a premise and fundamental to
ensure the stability of NNs. For another, time delays fre-
quently occur in many NN due to the finite switching speed
of amplifiers and the inevitable communication time among
neurons. As we all know, time delays can give rise to poor sys-
tem performance, such as oscillations and instability [4], [5].
Therefore, stability analysis of NN, especially stability anal-
ysis of delayed neural networks (DNNG5), has been a research
hotspot in recent decades and a lot of stability results have
been obtained [6]-[12].

The existing stability criteria include delay-independent
criteria and delay-dependent ones. Compared with the
delay-independent criteria, the delay-dependent criteria can
derive less conservativeness. Thus, this paper mainly con-
cerns in delay-dependent stability criteria for DNNs. The
maximum delay bounds, which is an important performance
index to evaluate conservatism, can be used to confirm the
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effectiveness of stability criteria. It is very meaningful to
employ some excellent methods to obtain stability criteria
with larger maximum delay bounds. According to Lyapunov
stability theory, estimating tight the derivative of LKF is the
major way for obtaining stability results with less conser-
vatism. In the past few decades of research, Jensen inequality
has been widely applied to the estimation of the single integral
term [13]-[16]. Wirtinger inequality which presents a tighter
estimation of single integral term than Jensen inequality is
proposed in [4] and has been the most popular method in
stability analysis of DNNs [17]-[20]. A free-matrix-based
inequality (FMBI) is proposed in [21] and applied to reduce
conservatism of stability criteria for DNNs [22], [23]. How-
ever, some slack matrices in FMBI have no effect on reduc-
ing conservatism. In [24], a new integral inequality which
is more general than Jensen inequality, Wirtinger inequal-
ity, and FMBI is proposed and less conservative stability
results are derived. Recently, several improved reciprocally
convex inequalities which encompass reciprocally convex
inequality [25] are employed in [26]-[28]. In [30], a general
free-weighting-matrix-based inequality (GFWMBI) is devel-
oped to deal with augmented integral terms. Several new less
conservative stability results for the DNNs are presented by
applying GFWMBI [31].

The construction of suitable LKFs is another impor-
tant way to derive less conservative criteria [32]. Most
LKFs used for stability analysis of DNNs usually contain
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three terms: the nonintegral quadratic term, the activa-
tion function-based term, and the integral quadratic term.
In [33], an augmented nonintegral quadratic term includ-
ing integral of state vectors has been confirmed to achieve
the advantage of the Wirtinger-based inequality. It is
pointed out [15], [31], [34], [35] that augmented single inte-
gral quadratic terms and double integral quadratic terms with
necessary state vectors are very important in stability analysis
of DNN:s. In [23], [36], LKFs with triple integral quadratic
terms are constructed and some improved stability/passivity
conditions for DNNs are derived. Additionally, the infor-
mation of activation functions of the NNs plays a crucial
role in reducing the conservativeness for stability analysis
of DNNs [37], [38]. Recently, a novel LKF is constructed in
stability analysis for linear systems by adding state integral
vectors and less conservative results are obtained in [29].
In general, the LKF containing more information usually
achieves a less conservative result. Thus, constructing a more
proper augmented LKF involving more key state information
is a very meaning work. This is the main motivation for this
paper.

In the previous literature, there is less attention on the defi-
nition of the allowable delay sets. Recently, several improved
allowable delay sets are introduced in stability analysis of lin-
ear systems [39], [40]. In [41], the improved allowable delay
sets are first introduced in stability analysis of DNNs, which
obviously enlarge the maximum delay bounds. Extending this
idea to our paper is another motivation.

In this paper, stability analysis for generalized NNs with
time-varying delays is investigated.

1) A novel augmented LKF is constructed by augmenting
a couple of integral vectors [’ , x (u)du, [, X (u) du. The
novel LKF involves more key information of state vectors and
can obtain less conservative stability criteria.

2) New augmented zero equalities which introduce more
cross terms are proposed to reduce conservativeness of
stability criteria. Combining the novel augmented LKF
with the proposed augmented zero equalities, an improved
delay-dependent stability criterion is given in Theorem 1.

3) Based on Theorem 1, a less conservative delay-
dependent stability criterion is presented in Theorem 2 by
relaxing the positiveness of nonintegral quadratic term.

4) Inspired by the [40],[41], a further improved
delay-dependent stability criterion is derived in Theorem 3 by
refining allowable delay set.

Finally, the superiority and effectiveness of the developed
stability criteria will be shown by comparing with the previ-
ous results.

Notations: Throughout this paper, X represents the trans-
position of matrix X; R" denotes the n dimensional Euclidean
space; R™*" represents all m x n real matrices; Q > 0 means
that Q is positive definite; Symbol * represents the symmetric
terms of a symmetric block matrix; diag{- - - } denotes a block
diagonal matrix; X denotes a right orthogonal complement
of X, Sym(Y) stands for (Y + YT) and Co {ri, r»} represents
a polytope with two vertices r; and r;.
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Il. PROBLEM FORMULATION
Consider the following generalized NN with time-varying
delay. (The equilibrium point is converted into the origin.)

X(1) = —Ax(1) + Wof (Wax(0)) + Wif (Wax(t — h(1))), (1)

where x(-) = [x1(-), -+, x,(-)]7 € R" is the neuron state
vector, £(-) = [fi(-), -+, fu()]" € R" denotes the neuron
activation function, A = diag{ay, -- - , a,} is positive defi-
nite, W; € R™" (i = 0, 1, 2) are the interconnection weight
matrices between neurons.

The time-varying delay A(¢) satisfying

0 <h(t) <h, h{) <hp, 2)

where h is a positive scalar and &p is any scalar.

The activation functions f;(-)(i = 1, - - - , n) are continuous

and bounded, which satisfy the following inequalities
ki gw <k u#vi=1,--,n, 3
where k;~ and k;r are known constants.

We will utilize the following lemmas to derive the main
results.

Lemma 1 ( [30]): For a symmetric matrix R > 0, a dif-
ferentiable vector function w: [a, b)] — R", any vector § €
Rk, and any appropriate dimensions matrices N and N,
the following inequality

b
— / ! (s)Rew(s)ds
<&T(b-a) (NlR_lNlT + %NQR_1N2T> £

+Sym(ETN&| + ETN2&), )

is satisfied, where

b
& = / w(s)ds,

b ) b b
— / w(s)ds + —— / / w(u)duds.
a b—a a s

Lemma 2 ( [42]): Let & € R", symmetric matrix X €
R™" and H € R™*" such that rank(H) < n. The following
inequalities
() &'x¢ <0,

) (HHTXHL < 0.
are equivalent for all HE = 0, & # 0.

Lemma 3 ( [15]): For a symmetric matrix R > 0, a differ-
entiable function w: [a, b] — R", the following inequalities
hold:

&

b
/ o’ (s)Rw(s)ds

1 b
> m (L a)(s)ds)

b rb
f / o’ (u)Rw(u)duds

T

b
R ( / a)(s)ds) , 5)
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) b b T b b
> o )2 (/ / w(u)duds) R(/ / w(u)duds).
—da a Js a Js

(6)

IIl. STABILITY ANALYSIS
In this research, three improved delay-dependent stabil-
ity criteria for generalized NN (1) are presented. And

block entry matrices are defined as eg = Oianxn, € =
[Onxi—tyn In Onx(14_i)n]T(i =1, -, 14). The other related
notations are defined as follows:
_ x () _
x(t—h(1))
x({t—=nh)
£ () = col x (1) ,
x(@—nh)
ftt_ iy X(8)ds
L 50 x(s)ds

r 1 t t
0] f"h’}%) Js :(()“) duds
1 t—h(t t—h(t
—h(t) szh tfs x (u) duds
0] ftfh(;l)())c(s)ds
1 t—h(t ,
=hD) Jiop x(s)ds
S (Wax (1))
f (Wax (t — h(1)))
L | Wax (t — h)) ]
K, = diag k" &, - KT},

Ky = diag {k; k3 .-k, },
Qaugl=Q1
0007 - g07
+ Sym 0710 Pl —1000 ,
ya | £ 000 |
Qaug2:Q1
0007 £ g07
+ Sym 070 Py 1000 ,
ya | 1 000 |

err = [e1, €2, €3, €4, €5, €6, €7,

eg, €9, €10, €11, €12, €13, €14] ,
T = [e1, e2, e6, €7, €10, e11] s
Diny) = Sym{ler, e3, e + e7,

h(t)es + (h — h(1))(es + e9)]
x Rles, es, e1 — e3, hey — e — e7]" },

@) = [es, e1, e12]N[es, e1, e12]”
—[es, e3, e14lN{es, e3, e1a]”
+ Sym{(e12 — 61W2TKm)D]W2631w
+ (el Wi K, — e12)DyWael )
+ Sym{(e14 — E3W2TKm)D3 erg
+(e3WJ K, — e14)DsWael ),

@3 = [e1, ep, €, €1 — €3, €6 + €7]
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D31y =

Dy
Qatpney =

Qainey =

Pa3(ny) =

Dyy =

Otrhey =

O2(hry) =

x Giler, eo, eo, e1 — 3, e6 + e7]"

— (1 —hp)lez, e1 — €2, €6, €2 — €3, €7]

x Gilez, e1 — €2, €6, €2 — €3, e7]"

+ [e1, e12] Galer, ern]”

— (1 —hp) [e2, e13] Galer, e13]”,

Sym{[eg, h(t)e1 — eq, h(t)eg, e — h(t)es3,
h(t)(es + €7 — €3)]Gileo, es, e1, —es, —e3]" },

T
= hley, e1, e0, e1 —e3] Qiles, e1, €0, €1 — €3],

SymfeLiler — e2, e, h(t)er — eq,

— h(1)e3 + 51"

+ewiMiler + ez — 2e10, —ee + 2eg,

e6 — 2es, —eg + 2es]" ),

Sym{eiiLoles — e3, e7, (h — h(1t)) ey — e7,

— (h—h(t) e3 +e7]”

+ eorMaler + e3 — 2e11, —e7 + 2ey,

e7 — 2e9, —e7 + 2e9]"},

Sym{[he| — ec — e7,

h(t)es + (h — h(1)) (e + e9) ,

(W /2)e1 — h(t)es — (h— h(1)) (e + €9) ,

— (W /2)e3 + h(t)eg + (h — h(1)) (e + €9)]

x Q1 leo, eo, es, —es]” ),

[e1, eo, e1 — €3] Piler, eg, e1 — e3]”

— le2, e1—e2, €2 — e3)Pi[e2, e1—e2, €2 — e3]”
+ [e2, e1—e2, €2 — e3]Pa[ea, e1 —ea, € — e3]”
— [e3, e1—e3, eolP2le3, e1—e3, eol”,
Sym{(h(t)e10 — e) ¥1 YT

+ ((h—h() e11 — e7) 2 YT},

—Sym{(elz — e W2TKm)

X <H1$ +H6h _hh(t))

T
X (612—61W2TKP> }
—Sym{(em —eQWZTKm)
h(t h— h(t
X <H2(—)+H7 ())

h h
T T
X (613 —eaW, Kp> }
- Sym{(€14 —e3 WzTan)

% (HJ% + Hg h _hh(t))

7o \T
X <614 —e3W, Kp) }
— Sym {(612 —e13—(e1 — 62)W2TKm)

X <H4]% + H9h _hh(t))
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T

X (612 —e;3—(e1 — 62)W2TKp) }

—Sym{<€13 —e4—(ex — 63)W2TKm)
(HSM +H10h — h(t))

h h

roN\T
X (613 —e14 — (e2 — e3)W, Kp) 1,
Dipry = Pignay + P2 + 3 + Py + P4
+ @a1pney) + Paziny + Pazinn) + Paa
+ O11a) + O2in(r)
Diotn)) = Py +h @) eror{L1 QaulglLT
+ (1/3) M; QauglMl }etot
+ (h—h (1) eor{L2Qp LT
+ (1/3) MZQaugZMZ }etot’
B= [_A’O’()? 15070’0’0705070’ WO’ W]’O]’
@)
Theorem 1: For given scalars h and hp, the general-
ized NN (1) with h(¢) satisfying (2) is asymptotically
stable, if there exist positive diagonal matrices D; =
diag{dy;, --- ,dni}(i = 1,2,3,4), Hi(i = 1,---,10), pos-
itive symmetric matrices G| € RSx5SR 0 € RAnx4n
N € R¥™3" Gy e R¥ 2" symmetric matrices Pi(i =

1,2) € R¥*3" and any matrices W;(i = 1,2) € R,
M;, L; € R4 (j = 1, 2) satisfying the following LMIs:

[BYH ouBY)  BYHY (hewl) B (hewM)]
* _hQaugl 0 <0,
L * * _3hQaugl
®)
[(BYHY 00BY)  BYHY (hewly)  (BY) (hewiMy) ]
* _hQaug2 0 <0,
L * * _3hQaug2
)
where ®, = Py=n, Po = Piur)=01, B, €ror» Qaugt and

Quuge are given in (7).
Proof: We choose the following LKF

4
V()= Vi), (10)
i=1
where
x (1) T x (1)
x(t—h) x(t—h)
Vi) = ftt_h x(s)ds ftt_h x(s)ds ’
ftt—h f; x (1) duds fltfh f; x (1) duds
. io 7" i (s)
(1) = / x (5) N x (5) ds
=h | f (Wax (s)) S (Wax (s))
n Waix(t)
w23 (an [ 0~ k7 s
i=1 0
91256

Waix(t)
t+d / (k*s —ﬁ(s))ds)
0
n Woix(t—h)
+2 Z (di3 / (fi(s) — k; s)ds
i=1 0

Woix(t—h)
+dus / kFs —ﬁ(s))ds> ,
0

x (s) T x (s)
. f X () du f; x () du
Vi(t) = / f xdu | G| [lx@du |ds
1=h(r) f x () du Ji_p X (u) du
J o x (w) du S, x () du
[ x (5) -TGz- x (5) ]
, woy Lf Wax (90) | T2 f (Wax (99)
x() r i (u)
x (u) x (u)
Va) = [ i / God | D] freya |9
ftfhx(v) dv | WAEIOY.
where W; is ith row vector of W>.
The V; (t) is given as
_ X () T
x(t—h)
P fz o x (8) ds+ ftt "0 (5) ds
1) = ft—h(z) fs x (u) duds
+(h—h(@) ftt—h(z) x (s)ds
L +f,t:hh(t) fst_h(t) x (u) duds
X (1)
x(t—h)
% R x(t)—x({t—h)
hx (1) = [[_ X () ds
lt ht) (8)ds
= £1(1) Pipnen 0, (11

where ®1[(;)) can be found in (7). Similarly, we get

i) 17 % (1)
Va(t) = x (t) N x ()
f (Wax (1)) S (Wax (1))
ie—n " X(t—h
x(t—h) N| x@—h

f (Wax (t — h)) f (Wax (t = h))

+2{f (Wax (1)) — KuWax ()} Dy Wai (1)
+2{KyWax (1) = f (Wax (1)} DaWai (1)

+2{f (Wax (t — h)) — KuWax (t — h)}"

X D3Wox (t — h)

+2{K,Wax (t — h) — f (Wax (¢ — )}

X DyWox (t — h)

=T () @t (1), (12)
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where ®; is defined in (7). V3(t) is calculated as

x (1) r x (1)
0 0
Vi(t) = 0 G 0
x () — x (t-h) x (t) — x (t-h)
ftt—h x (s)ds ftt—h x(s)ds |
x(t—=h(1)) 17
x () —x(t—h())
— (1= i) S X (9) ds
x(t—h@)—x@—h)
tt__hh(t) x (s)ds
x(t—h(@))
x(@)—x@—h@))
x G| ftt_h(t) x (s)ds
x@t—h@)—x@—h)
;:: @ x (s)ds
B ftl_h([) x(s)ds r
h()x (@0) = [y * (9) ds
ol ff_h(t) f; x (u) duds
ft—h(r) x (s)ds — h(t) x (t-h)
ht) [, x(s)ds
i —ftt_h(t) f; x (u) duds
0
x (1)
x Gy x ()
—x(t —h)
—x (t-h)
xn 1" x (1)
+ [f (Wax (s))} @ [f (Wax (s))}
- x@—h@) 1
- (1=hw) [f (Wax (1 — h (;)))}
x (@ —h(@)
X [f (Wax (t — h (t)))}
< &1 @) (D3 + Paipnin) € (0, (13)

where ®3 and @31[;,(;)] are defined in (7). Calculating the
upper bounds of Vy4(t) leads to

T

x () X (1)
v =n 0 0 x
x(t)—x(t—h) x()—x(t—h)
hx (1) — ftl_hx (s)ds
5 frt—h f; x () duds
+ %x (t) — leh f; x (1) duds
—%x (t—h) + fltfh f;x (u) duds
0
0
xOr| . )
—% (th)
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i " i (s)
! x (5) x (5)
- /th f;fc (u) du o fj:)'c (u) du ds
LS, % () du | | [, % () du |
= &7 (1) (P4 + P3pp(ry)) € (1)
O % (5)
t x(s) x(s)
- /,_h "% (u) du a ["% (u) du ds.
Y% (u)du S X (u)du
L /i I I _
(14)

Based on the work of [31], [43]
equalities are introduced for
Pi(i=1,2).

, the following new zero
any symmetric matrices

x (1) T x (1)
0= 0 Py 0
x () — x (t-h) x () — x (t-h)

x(t —h() ’
| x)—xt—h@) | P
x(t—h() —x(th)
x(t—h(@@))
x | x(t)—x(@—h())
x(t —h(t) —x(th)
i) 1°To o o
_2/t x(s) I 0 O
1—h(t) fé;ff(u)du 0 I 0
f;,hjc(u)du 0 0 I
I 0 0 0 "ES;
X (s
xP1|:—11 8 8 8:| f;)'c(u)du ds, (15)
ftsh)'c(u)du
x(t—h(t) ’
O0=| x@)—x(t—h() P,
x(t —h(t)) —x (th)
x(@—h(@))
x | x(@) —x@—h@)
x (t —h(t)) — x (t-h)
x@—n 0 [ xa—h
— | x@) —x(@—h) | P2|x(t)—x(t—h)
0 i 0
i) 1'To o o
o [T x(s) I 0 0
_/t_h fy ¥ ) du 0 I 0
[, xdu]| [0 0 I
I 0 0 0 x(s)
x (s)
xP2|:—II 8 8 8j| fst)'c(u)du ds. (16)
f;h)'c(u)du
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Summing up the two zero equalities presented at (15) and (16) X (s) ! X (s)
leads to (MO X () 0 x () ds
b [ % (u) du aug2 [ % (u) du ’
0= 67 (1) dust () Ji X (u) du Ji X (u) du
= 44 (18)
T
x(s) ? 8 8 where Quue1 and Qg are given in (7). Then, the integral
, N ((s; d 0 1 o0 Py terms in (18) are estimated by using Lemma 1.
t h(r) X () du . .
Y S oiadd ] [0 0 1 i) " i (s)
t
i () - / *(s) YOy
I 0 0 0 X (s) t—h(t) [‘; x'(u) du Qg [; x'(u) du | ¢
X —11 8 8 8 ff[)’c(u)du ds [ % (w) du Ji X (u) du
Jin @0 du = Sym {7 O ewLam () + &7 O ewdin: (0]
. T
i (s) 0 .0 0 +h(®)E" (@) eron
=) x(s) I 0 0 —1 T .7
-2 t—h [ % () du 0 1 0 P {LlQ“”é’l + A/ MO 0 M } €tor$ ()
JiopX@ydu 00 1 = &7 (1) {Parpnio) + 1 (1) eror (L1 Oy LT
I 0 0 o0 () + (1/3) M1 QM Y6 (1), (19)
x|=1 0 0 o0 X6 ds. (17)
;0 o0 ol [Ed i 17 % (5)
f[_h-x (Lt) du t—h(t) X (S) X (S) J
h f; X (u) du Qaug2 fs; X (u) du s
By adding (17) into (14), we have fl‘_h)'c (u) du ft‘_h X (u) du
= Sym {7 ) ewrlans (1) + &7 () ewuMans (0]
Va(t) < &7 (1) (s + Pazpiny + f44)§ () + (h—h®)E" () e
Y o x (L2t d +(1/3) MaQploMT | el (1)
- /th f;;c (u) du Qi [ (u) du ds = &7 (1) {Paopn) + (h = h (1)) eror
Sk odu | L G du X (LoQauiaLd + (1/3) M0 M3 ) el (1) (20)
t X (s) "To o o where
x (s) I 0 O
—2/ o f i (1) du 0 I 0 N (t) = [e1 — ez, e6. h (1) e1 — eq, —h (1) e3 + 6] £ (1),
t 13
[ xdu| |0 0 [ n2 (1) = [e1+e2—2e10,—e6+2es, e —2es,—e6+2es] & (1),
;o0 o0 o % (5) n3(t) = lex—e3,e7, (h—h(t) e —e7,
<Pl 0 0 0 X s —(h—h@®)es+e7l"E @),
I o0 0 ol ki@ dg N4 (1) =[ea+e3—2e11,—e7-+ 29, e7—2e9,—e7+2e017& (1)
Tf’ ot () d From (14) to (20), we give an estimation of Va(t) as follows:
X (s 0o 0 0 .
(—h(0) N ES; I 0 0 Va(t) < &7 (1) (@4 + Parjneey) + Pazjny) + Pazy h(t)]
—2 /,_h [i % (u) du 0 I 0 + Qus}e () +h (D) ET (1) eror {LlQm,g1
JipXGodu] [0 0 1 + (1/3) M1 QM Jel & (1)
I 0 0 0 o + (h=h @) ET (1) ewrl L0y LY
x P —]1 8 8 (0) [} @ du ds + (1/3) M2Q,,n M3 Jetyi () 1)
f, h).c () du where @4, Pai(n()), Pazin))s Pasne)), and Pag are given in
= &7 (1) (P4 + Pazn(ry) + Pas) € () M. ‘
T . Inspired by the work of [31] and [43], we consider the
. x(s) x(s) following two zero equalities in terms of the relationship
_ / f * ((s; e | Qaue Ik * ((S; |45 among some vectors of £(¢).
—h(t) X () du o X () du
X (u) du $ % (udu 0=¢"M)Sym{((h—h(t) e —en) VYT LE(®), (22)
t—h ( ) t—h ( )
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0=¢"Osm{tmen—e T le0. @3
Summing up the zero equalities above leads to

0=¢" (1) O1nk (1), 24)

where ® 1)) is defined in (7).
From (3), for any diagonal matrices H;
1,---,10), we consider following inequality

T (1) Oy (1) = 0, (25)

where O2[p(r)] ‘is given in (7). From (11) to (25), we give an
estimation of V (¢) as follows:

V() < ETOPmnE@) +h () ET (1) eior{Li Qg LT
+ (1/3) M1Q, o M Yl & (1)
+ (h=h ) §" (1) eorlLaQ ol s
+ (1/3) M2 QoM Yt (1), (26)

where @51y} is given in (7). Then, a stability condition for
generalized NN (1) is given as

ET (O panE @)
+h () E" (1) el QLT
+ (1/3) M1 Q) M Yl & (1)
+ (= h (@) ET (1) el Ly
+ (1/3) MZQMgZM2 }emtg () <0. 27

Since 0 = B&(¢), the inequality (27) is equivalent to following
inequality by using Lemma 2.

BH @py (BY)
+ BN (1) erorlLi Qi L
+ (1/3) My Qg M Vel (BY)
+ BN (= h (1)) eior{L2Qppr Ly
+ (1/3) Mo QM Y (BH) < 0. (28)

> 0i =

The inequality above depends on A(t). Therefore, the inequal-
ity above is equivalent to following inequalities,

BH ouBh)
+h (BH ew{liO))
+ (1/3)M,Q
BH do(BL)
+h (BT em,{ngm2
+ (1/3) M0 mIyel (BY) < 0. (30)

augl

auglMl }ewt(BL) <0, (29)

aug

Based on Schur complement, if inequalities (29) and (30)
hold, then (8) and (9) hold. Therefore, if (8) and (9) hold,
the generalized NN (1) with A(¢) satisfying (2) is asymptoti-
cally stable, which allows concluding the proof. |

Remark 1: The novel LKF (10) contains the augmented
nonintegral terms, the activation function-based terms,

VOLUME 7, 2019

the augmented single integral terms and the augmented dou-
ble integral terms. The novelty of LKF (10) in this paper is
a couple of integral vectors [, x (u)du, [, % (u)du are
introduced in G| —dependent integral term and integral vector
fts_ »X () du is introduced in Q1—dependent integral term.
These points are main contributions in this paper. Because
of the novel LKF (10), some new cross terms among state
vectors x(t — h), x(t — h) and other vectors are introduced
in the proposed stability conditions. More state marginal
information is utilized to derive the stability criterion with
less conservatism.

Remark 2: In the previous literature such as [31], [43],

and [35], the proposed LKFs included the form of
NONEE x(s)
ff_h([) f;)'c(u) du | G fsifc(u) du | ds, the couple of
f;x(u)du S5 x (u) du

integral vectors [ "x (u)du and / "% (u) du are very effec-
tive in reducing the conservatism. As a result, the time
derivative of the LKFs involves many cross terms about

vector ftt_h([)x(s) ds. However, some cross terms about

lt ho (s) ds are ignored, which may bring conservative-

ness. In this paper, some new cross terms among vectors
ft “hn X (s) ds, - h(l) x (5) ds, and other vectors are included
in V3(t) by 1ntr0ducmg the new couple of integral vectors
J7,x @ du and [’ % (u)du into V3(r). We will demon-
strate the effectiveness of the new couple of integral vectors
in numerical examples.

Remark 3: The conservation of stability condition is
reduced by using the new augmented zero equalities (15)
and (16) in Theorem 1. Note that the new augmented zero
equalities (15) and (16) encompasses several existing zero
equalities of [43], [44].

Remark 4: In the previous researches about stability
analysis for DNNs, the presented LKFs usually involve

fl ft [x(u)]TQ [x(u)]dudsorfl ft igz;
=h s | x (u) L () t—hJs f[ &) dv
x (u) !
04 x (u) duds which have effect on reducing the
fut x (v)dv

conservatism of stability conditions. Unlike previous works,
the integral vector fff A X (u) du is introduced in double inte-
gral quadratic term V4(¢) . Based on the new zero equality
(17) and Lemma 1, V4(7) is estimated as shown in (21), which
contains more cross terms and helps the stability conditions
increase maximum delay bounds.

IV. RELAXATION THE POSITIVENESS OF NONINTEGRAL
QUADRATIC TERM

In Theorem 1, in order to make sure that LKF (10) is positive
definite, conditions D; > 0(i = 1,2,3,4), G; > 0(i = 1, 2),
R > 0,N > 0, and Q; > 0 are required. However, by com-
bining the nonintegral term and some integral terms in LKF
(10), the requirement of the condition R > 0 can be relaxed
and less conservative stability criterion will be presented in
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Theorem 2. To simplify computing, block entry matrices are

defined as eg = Os,xn, & = [Onx(ifl)n I, Onx(Sfi)n]T(i =
,5). Assume that D; > 0(i = 1,2,3,4), G; > 0(i =

1,2), N > 0, Q1 > 0. Then we obtain

x (1) !

x(t—=h)
ftt_ R X (8)ds
ftt_ A f; x (1) duds

x (1)
x(t—h)
ftt_ R X (8)ds
flt_ 0 f; x (1) duds

V() >

t x (s) X (s)
+ / x (5) N x (5) ds
=h | f (Wax (s)) J (Wax (s))
X (u) X (u)

T

x(u) x (u)
/t h/ x(v)dv o f;ic(v)dv duds.

ft R X (V) dv ftL—hjC ) dv

3D

The estimation of the integral terms in (31) can be given by
applying Lemma 3:

, o i(s)
/ x (s) N x (s) ds
=h | f (Wax (5)) f (Wax (s))
iw 7" i (u)
x (u) x (u)
/t " / x ) dv Q1 ft x(v)dv duds
fz B X (V) dv ftdjh)'c(v) dv
x(@) —x@th 77 x () — x (t-h)
ftt_h x (s)ds N ftt—h x (s)ds
S nf (Wax () ds [nf (Wax (s)) ds
hx (t) — [, x(s)ds
2 flt_h f;x (uw)duds

1
> _
“h

i h? %x Ok f,t_h f; x (u)duds
S [ x wyduds — % x (t-h)
hx (1) — [}, x (s)ds
[, [ x uyduds
o By — [, [ x (duds
S Ji x wduds — %x (t-h)
where

9(t)—|:x ), x" @t —h), / xT (s) ds,

/ /x (u)duds/ fT (Wox (s))ds] ,
t—h

p [e] — e, €3, 65] N[el — €2, €3, 85]

2 e K2 o h
e €3, 84, —e| — &4, — —e
1 —€3,€4 21 4, €4 22

I = -

h2
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h2 w_ 1"
hey — 3,24, =81 — 3,24 — =& | .
XQI[ el —ée3,e4 261 €4, 4 262}
We can easily know that if the following inequality holds
[¢1, 22,23, 24] R[e1, 22, 83, 24] +T11 >0,  (33)

then the V(¢) is positive definite. Therefore, by replacing the
condition R > 0 in Theorem 1 with the inequality (33),
we obtain the following theorem.

Theorem 2: For given scalars h and hp, the general-
ized NN (1) with h(¢) satisfying (2) is asymptotically
stable, if there exist positive diagonal matrices D; =
diagl{dy;, --- ,dn}i = 1,2,3,4), Hi(i = 1,---,10), pos-
itive symmetric matrices G| € RInxSn 0 € RAnxan,
N € R3mx3n G, ¢ R¥=2n, symmetric matrices R € RAnxdn,
Pi(i = 1,2) € R¥ and any matrices W;,(i = 1,2) €
RO M L € R4 = 1,2), such that LMIs (8), (9),
and (33) are satisfied.

Remark 5: The positive definiteness of the LKF (10) is
relaxed by (33), which is different from Theorem 1. There-
fore, the positive definiteness of the LKF (10) does not
require the condition R > 0, which helps to reduce the
conservativeness of stability criterion. We will demonstrate
the improvements of Theorem 2 in numerical examples.

V. REFINEMENT OF ALLOWABLE DELAY SET

In Theorem 1 and 2, the resulting conditions are affinely
on the independent delay parameters /(t) and A(t). Actually,
inspired of [40], [41], the delay parameters h(t) and h(t) are
interrelated in the real world. Thus, it is necessary to introduce
a refinement allowable delay set. In Theorem 1, 2, and other
stability criteria of previous literature, the general formula of
the delay set for (2) is as follows:

(h(t), h(t)) € Hi = [0, h] x (=00, hp], (34)

where H; is a polytope with four vertices. Let d > 0 be a
scalar, then | can be represented as

Hl = dli)n;o Co {(O» _d) ) (Os hD) s (h’ _d) s (hv hD)} . (35)

If hp > 0, it should be pointed out that the vertices (4, hp)
and (0, —d) in H; are unreasonable because h(t) cannot
be positive when h(r) = h and negative when h(f) =
The details can be found in [40] and [41]. Considering these
cases, the allowable delay set 7{1 can be revised as

H = dlim Co{(0,0), (0, hp), (h, =d), (h,0)}. (36)

The delay set H, provides a more realistic presentation of
time delay function which can enlarges maximum delay
bounds. Hence, the following theorem for the delay set H;
is derived.

Theorem 3: For given scalars h and hp, the general-
ized NN (1) with (h(t),h (1) € H, is asymptotically
stable, if there exist positive diagonal matrices D; =
diag{dy;, -+ ,dpi}(i = 1,2,3,4), Hi(i = 1,---,10), pos-
itive symmetric matrices G; € R Q) e R4
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N € R¥3" Gy € R symmetric matrices R € R¥¥4",
Pi(i = 1,2) € R¥3 and any matrices W;,(i = 1,2) €
RO M;, L; € R4 = 1,2) satisfying (33) and the

following LMIs:

CBYHY duBY)  (BY (hewl))  BY) (hewiM)) ]
* —hQaugi 0 <0,
L * * —3hQaug1
37)
[ BYH 00BY)  (BY (hewiLa)  (BY) (hewoiM) ]
* _hQaugZ 0 <O’
L * * —3hQuug2
(38)

where @ = ®py=n —hpIli, Po = Pur)=01, B €ror» Qaugl
and Qe are defined in (7).

Proof: Based on (10)-(25), we give an estimation of V(t)
as follows:

V) = 670 [ Surpn + (k) —hp) T} €01, (39)
where
M| = [e2, 1 — €2, ¢6, €2 — €3, €7]
x Gilez, e1 — €2, €6, €2 — €3, €7]"
x + [e2, e13] Galen, 3],

and @y (p(r)] is defined in (7).
From (39)2 a stabj}ity condition for the generalized NN (1)
with (h(t), h(t)) € H; is given as

B | Sartnor=o) — ol | B4 <0, (40)
B Diorpny=0)(BH) < 0, 41
dli)ngo (BHT {d%m[h(r):h] —(d + hp) hDﬁl} (BY) <0,
(42)
B | Sartnrom — ot | B4 < 0. 3)

If hp > 0 and [1; > 0, we can clearly see that if (41) holds,
so is (40); and if (43) holds, so is (42). Based on Schur com-
plement, the inequality (41) and (43) are equivalent to (37)
and (38), respectively. Therefore, if inequalities (37), (38),
and (33) hold, the generalized NN (1) with (i (1), h (1)) €
Hy is asymptotically stable, which allows concluding the
proof. |
Remark 6: In most of previous literature, stability condi-
tions of DNNs are affinely on independent delay informations
h(r) and A(t). Actually, the delay parameters h(¢) and h(r)
are interrelated in the real world. The allowable of delay
set (36) which provides a more realistic presentation of the
time-varying delay function is more reasonable than (35).
Compared to Theorem 2, Theorem 3 replaces condition (8)
with the condition (37) by refining the allowable delay set.
As a result, Theorem 3 relaxes the stability conditions of
Theorem 1 and 2. The effectiveness of refining the allowable
delay set will be demonstrated in numerical examples.
Remark 7: In the case that fz(t) is unknown, the Theo-
rems 1, 2, and 3 are still feasible by setting G; = 0(i = 1, 2).
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TABLE 1. Maximum delay bounds h for different hy (Example 1).

methods hp =08 hp =0.9 wunknownhp
[15] 3.7174 2.8339 2.8222
[46](Theorem 3) 4.0918 2.5895 -
[46](Theorem 2) 4.5940 3.4671 3.4504
[22] 4.8167 3.4245 3.4011
[18](Theorem 9) 5.0945 3.4978 3.4506
[47] 5.3611 3.6708 3.5724
[41](Proposition 1)  6.2889 3.7523 -
[31](Theorem 3) 6.7001 4.0707 3.6066
Theorem 1 7.1699 4.2040 3.6146
Theorem 2 7.1718 4.2979 3.7615
Theorem 3 20.4357 7.8157 3.7615

VI. NUMERICAL EXAMPLES
In this part, we give four numerical examples for verifying
the improvements and effectiveness of the proposed stability
criteria.

Example 1: we consider the generalized NN (1), where

2 0 11
w=fo o) w4 L)

0.88 1 1 0
W1=|: ) 1:|, W2=[0 1],
K, = diag{0.4,0.8}, K, = diag{0, 0}.

Under different Ap, the maximum delay bounds derived
by Theorems 1-3 are shown in Table 1. Also, the results
of [15], [18],[22], [31], [41], [46], and [47] are included
in Table 1. It is clearly confirmed that our methods are sig-
nificantly improved, compared with the methods provided in
previous literature, which shows advantage of the novel LKF
and proposed zero equalities. Furthermore, compared with
Theorem 1, Theorem 2 increases maximum delay bounds of
stability condition by relaxing the positiveness of nonintegral
quadratic term. Lastly, we can clearly see that the maximum
bounds derived by Theorem 3 are obviously larger than those
derived by Theorems 1 and 2. This means that the refined
allowable delay set Hyis very useful to reduce the conser-
vatism.

Example 2: we consider the generalized NN (1), where

a_[1s5 o0 Wo — [ 00503 0.0454
1o o070 "°T10.0987 0.2075|

0.2381  0.9320 10
W‘_[ 0.5062:|’ Wz_[o 1]’

0.0388
K, = diag{0,0}, K, = diag{0.3,0.8}.

when hp is 0.4, 0.45, 0.5, and 0.55, the comparison
results on maximum delay bounds are listed in Table 2.
One can see that our results are superior to those obtained
in [17], [18], [30], [31], [35], and [47]. This means that the
proposed methods are efficient in reducing the conservative-
ness of stability criteria.

Example 3: we consider the generalized NN (1), where

7.3458 0 0
A= 0 6.9987 0 |, Wo=0, Wy =1,
0 0 5.5949
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TABLE 2. Maximum delay bounds h for different hy, (Example 2).

methods hp =04 hp =045 hp =0.5 hp =0.55
[17](Corollary 3) 7.4203 6.6190 6.3428 6.2095

[30](Theorem 1)  8.3498 7.3817 7.0219 6.8156
[18] (Theorem 6) 9.3397 8.2439 7.7893 7.5068
[18] (Theorem 9) 9.6800 8.5192 8.0535 7.7707
[47] 10.2367  9.0586 8.5986 8.3181
[31](Theorem 3) 16.8020  11.6745 9.9098 9.0062
[35](Theorem 3) 18.8262  12.8039 10.6230  9.5038
Theorem 1 20.4781 13.9052 11.5450  10.2434
Theorem 2 20.8249  14.0082 11.5834  10.2690
Theorem 3 38.3045  25.1413 19.9996  17.1362

TABLE 3. Maximum delay bounds h for different hp (Example 3).

methods hp=0 hp=01 hp=0.5 hp=0.9
[19](Corollary 1) 1.5575  0.9430 0.4417 0.3632
[48] 1.6409  0.9962 0.4470 0.3803
[22] 1.7250  1.0408 0.4480 0.3946
[30](Theorem 1)  1.7302 1.0453 0.4486 0.3938
[31](Theorem 3)  1.8899 1.1194 0.4599 0.4027
Theorem 1 1.8899 1.1202 0.4605 0.4032
Theorem 2 1.8899 1.1205 0.4605 0.4032
Theorem 3 1.8899 1.8899 1.1461 0.6989
13.6014 —-2.9616 —0.6936
W, = | 7.4736 21.6810 3.2100 ,
0.7920 —2.6334  —20.1300

K, = diag{0,0,0}, K, = diag{0.3680,0.1795, 0.2867}.

This example is frequently used to confirm effectiveness
of the stability conditions in [19], [22], [30], [31], and [48].
In Table 3, for various hp, we show the corresponding
results obtained by our methods and the results of other
literature. Obviously, our methods are better than those
in [19], [22], [30], [31], and [48]. When the delay set #;
is refined as 1, the corresponding result outperforms the
results of Theorem 1 and 2. This means that the delay set 7—21
is very helpful to reduce the conservativeness.

Example 4: we consider the generalized NN (1), where

[1.2769 0 0 0
A= 0 0.6231 0 0
o 0 0 0.9230 0 ’
| 0 0 0 0.4480
[ —0.0373  0.4852  —0.3351 0.2336 |
Wo = —1.6033  0.5988  —0.3224 1.2352
0.3394  —0.0860 —0.3824 —0.5785 |’
| —0.1311 0.3253 —0.9534  —-0.5015 |
[ 0.8674  —1.2405 —0.5325  0.0220 |
Wy = 0.0474  —-0.9164  0.0360 0.9816
1.8495 2.6117  —0.3788  0.8428 |’
—2.0413  0.5179 1.1734  —-0.2775 |

W, = diag{1,1, 1, 1},
K, = diag{0, 0, 0, 0},
K,, = diag{0.1137, 0.1279, 0.7994, 0.2368}.

when hp is 0.1, 0.5, and 0.9, the comparison results
on maximum delay bounds are listed in Table 4.
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TABLE 4. Maximum delay bounds h for different hy (Example 4).

methods hp=01 hp=05 hp=09
[15] 3.7857 3.0546 2.6703
[22] 4.1903 3.0779 2.8268
[30] (Theorem 1)  4.2778 3.2152 2.9361
[17] 4.2993 3.1577 2.8371
[18] (Theorem 6)  4.3711 3.2891 3.0482
[18] (Theorem 9)  4.3726 3.2899 3.0557
Theorem 1 4.4525 3.4855 3.1964
Theorem 2 4.4557 3.4906 3.2000
Theorem 3 4.7763 4.7763 4.7341
_x1(t)
- =%, (1)]]

< -05 . B
b |
-1.5¢ : 22 1
i Z10
1}
_2, ¥ 0 i 4
: 0 20 40 60 80 100
—-2.5F 4 Time (s) i
1
_3 ] L L L L
0 20 40 60 80 100
Time (s)

FIGURE 1. State trajectories of the generalized NN (1) in Example 1.

We can see that our results outperform those obtained
in [15], [17], [17], [18], [22], and [30], which indicates the
improvements of the proposed criteria.

Finally, by setting x(0) = [2, =317, f(x(r) =
[0.4tanh(x; (1)), 0.8tanh(x2(t))]", h(t) = (20.4357/2)(1 +
sin(1.6t /20.4357)), the state responses of the generalized NN
(1) described in Example 1 is shown in Figure 1. We clearly
see that the generalized NN (1) described in Example 1 is
asymptotic stability by the resulting responses.

VIl. CONCLUSION

The stability analysis of generalized NNs with time-varying
delays is revisited in this paper. First, we provide an improved
delay-dependent stability criterion of generalized NNs in
Theorem 1 by constructing a novel augmented LKF. Based on
Theorem 1, we present a less conservative delay-dependent
stability criterion in Theorem 2 by relaxing the positiveness
of the nonintegral quadratic term. Then, a further improved
delay-dependent stability criterion is derived in Theorem 3 by
refining allowable delay set. Finally, four numerical examples
are utilized to clearly demonstrate improvements.

In the future, we will further study the state estimation
problems [49], [50], exponential stability analysis, and pas-
sivity analysis [51] for various NNs by using our methods.
Besides, the methods proposed in the paper can be extended
to analyze the control synthesis problem for many indus-
trial control systems, such as offshore platforms [52], linear
motors [53] and other nonlinear systems.
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