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ABSTRACT An efficient hybrid SIE-KA-FMMmethod is presented to analyze the electromagnetic scatter-
ing from combined conducting and dielectric objects above the rough surface. In this approach, the induced
electric current on the rough surface is obtained by the Kirchhoff approximation (KA). The single integral
equation (SIE) method is utilized to efficiently compute scattering from the composite target with markedly
reducing the numbers of unknowns compared with the conventional coupled integral equation method. The
fast multi-pole method (FMM) is incorporated for faster operation and less memory requirement. Several
examples verify the validation of the hybrid SIE-KA-FMMmethod. The composite scattering characteristics
of diversiform targets above the rough surface are obtained. Moreover, the numerical results with the
different permittivity of dielectric part, polarization mode, working frequency, root mean square (RMS) and
correlation length of rough surface, incident pitching/azimuth angle, and target height and target category
have been analyzed to provide some useful conclusions.

INDEX TERMS Kirchhoff approximation, single integral equation, fast multi-pole method, combined
conductor and dielectric objects, rough surface, composite scattering.

I. INTRODUCTION
In recent years, the characteristics of electromagnetic scat-
tering from three-dimensional objects with complex geo-
metrical structure or composite material have been widely
studied [1]–[6] due to its wide application prospects in both
civil and military field. Typical calculation methods have
been proposed to solve the scattering from object, including
finite-difference time-domain (FDTD) method [7], [8], finite
element method (FEM) [9], [10] and method of moment
(MOM) [11], [12]. Many relevant applications for solving
scattering from perfect electrical conductor (PEC) target have
been proposed, which verify the efficiency of numerical
algorithm. Most of these methods could be applied to analyze
more complicated target such as combined conducting and
dielectric object, but their performance in accuracy and effi-
ciency aspects would be restricted by various factors. Several
attempts have been made to deal with the scattering problems
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of combined conducting and dielectric objects. For instance,
FEM is the core algorithm in commercial software High Fre-
quency Simulator Structure (HFSS), which has strong adapt-
ability to most of scattering problem, but huge unknowns
will be created when analyzing three-dimensional electrically
large composite object. FDTDmethod has the sameweakness
when solving this kind of problem. Previous researches have
shown that integral equation method could solve this problem
efficiently, including surface integral equation method [13]
and volume integral equation method [14]. Volume inte-
gral equation method is very suitable for calculating the
scattering of inhomogeneous dielectric material, but due to
its volumetric dissection pattern, the number of unknowns
will seriously increase with the increase of electrical size
or dielectric constant. In the past decades, several acceler-
ation strategies have been proposed to improve this method,
which can be generally classified into two categories: The
first category is accelerating the process of matrix equations
by virtue of mathematical operations, e.g., fast multi-pole
method (FMM) [15] and multi-level fast multi-pole
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method (MLFMM) [16]. The second category is utilized high
order basic functions to discretize vector integral equations
aiming at obtaining a much compressed linear scalar matrix
equation. This kind of method can greatly decrease the
number of unknowns in the final matrix equations, e.g., char-
acteristic basis function method (CBFM) [17] and synthetic
functions expansion (SFX) [18]–[20]. Even if introducing
some acceleration strategies above, its calculation efficiency
and capability will be severely restricted. However, in gen-
eral, actual dielectric materials are always homogeneous
or segmented uniform. Hence, we choose surface integral
equation method and we can analyze the scattering char-
acteristics of dielectric material more efficiently. The basic
operation of surface integral equation method is divided into
two parts: firstly, formulating electric field integral equation
(EFIE), magnetic field integral equation (MFIE) or com-
bined field integral equation (CFIE) for conducting region;
secondly, formulating Poggio-Miller-Chang-Harrington-Wu-
Tsai (PMCHWT) equations [21]–[23] for dielectric region.
Therefore, the equivalent electric current and equivalent
magnetic current have to be calculated. In Ref. [24], instead
of using general integral equation, the single integral equa-
tion (SIE) method is firstly utilized to solve the scattering
problem of dielectric bodies, because only single effective
current needs to be calculated and half of unknowns could
be cut down. In Ref. [25] and Ref. [26], these studies provide
fresh insights into solving scattering from combined conduct-
ing and dielectric object using SIE method.

Such approach has only focus on the scattering character-
istics of target. However, in actual target detection process,
the background environment is also an important factor to
effect on the total scattering field. Recently, researchers have
shown an increased interest in studying the composite scat-
tering characteristics owning to its wide applications such as
radar detection, remote sensing and SAR imaging [27]–[29].
When the background environment is considered, numeri-
cal methods have to deal with huge number of unknowns.
Previous researches have shown that the hybrid method of
numerical algorithm and high frequency approximation algo-
rithm could have a great performance in solve the composite
scattering problems, such as KA-MOM [30], PO-MM [31],
combined KA with the hybrid finite element-boundary inte-
gral method (FE-BI-KA) [32]. Among them, the hybrid
KA-MOM method is the most representative and widely
applied, which provides an efficient way to model the interac-
tion between target and underlying environment. The hybrid
KA-MOM method has less time consumption and smaller
memory occupancy than traditional MOM. Previously pub-
lished studies have tended to focus on single target rather
than composite target. However, actual target always has both
conducting part and dielectric part. Therefore, we choose this
kind of algorithm framework, combined with the SIE method
mentioned before, to make some attempts of analyzing scat-
tering from combined conducting and dielectric objects above
rough surface. Meanwhile, efficient acceleration strategy is
introduced to speed up calculating processes.

This paper is organized as follow: In Section II, the the-
oretical formulations of hybrid SIE-KA method are derived
in detail. The fast multi-pole method (FMM) is introduced to
accelerate the calculation processes and corresponding oper-
ation processes are given. Several examples verify the val-
idation of the hybrid SIE-KA-FMM method. In Section III,
the differences of electromagnetic scattering fromPEC target,
dielectric target and composite target above rough surface
are compared. The influences of permittivity of dielec-
tric part, polarization mode, working frequency, root mean
square (RMS) and correlation length of rough surface, inci-
dent pitching or azimuth angle, target height and target cat-
egory on scattering characteristic are discussed in detail.
In Section IV, a summary of this new method is made and
a proposition for further investigation is given.

II. FORMULATION
A. HYBRID SIE-KA METHOD
The geometrical models of target and environment are dis-
serted by triangulation. N1 denotes the total number of edges
in PEC region S1 of target, which contains the common
edges in the contacting boundary between PEC region S1 and
dielectric region S2. N2 denotes the total number of edges in
dielectric region S2 of target, and it doesn’t contain the com-
mon edge. The contacting surface between PEC region and
dielectric region is surface S3. N3 denotes the total number of
edges in contacting surface S3. The inner surface of dielectric
region of target is defined as surface Sd = S2 + S3. Gauss
spectrum [33] is widely used to model ground rough surface,
whose statistic property is determined by RMS height hrms
and correlation length lx and ly in x and y direction. The rough
surface model is established based on the Gauss spectrum.N4
denotes the total number of edges in Gauss rough surface S4.

FIGURE 1. Illustration of the composite target above rough surface.

As shown in Figure 1, when electromagnetic wave illumi-
nates target or rough surface, the equivalent electric/magnetic
current will be stimulated on the surface in different region.
J1 denotes the equivalent electric current on the PEC region
S1 of target. J2 and M2 denote the equivalent electric and
magnetic current respectively on the dielectric region S2 of
target. Assume the Gauss rough surface as PEC surface. JKA
denotes the equivalent electric current onGauss rough surface
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S4. J1, bf J2, M2 and JKA can be expanded by RWG basis
functions [11]:

PEC region S1 η0J1 =
N1∑
j=1

ajf1j (1)

Dielectric region S2


η0J2 =

N2∑
j=1

bjf2j

M2 =

N2∑
j=1

cjf2j

(2)

Environmental surface S4 η0JKA =
N4∑
j=1

djf4j (3)

According to Ref. [24], effective electric current Jeff2e will
be stimulated on the inner surface Sd. The effective electric
current Jeff2e be expanded by the RWG basis functions:

Inner surface Sd − η0Jeff2e =

N2∑
j=1

gjf2j +
N3∑
j=1

hjf3j (4)

In which, f1j, f2j, f3j and f4j are RWG basis function. aj
denotes the expansion coefficient of J1 on the PEC region
S1 of target. bj and cj denote the expansion coefficient of
J2 and M2 on the dielectric region S2 of target respectively.
dj denotes the expansion coefficient of JKA on Gauss rough
surface. According to the Huyghens’ equivalence principle,
induced electric current JKA on rough surface can be written
as JKA = n̂4 × Hsur, where n̂4 denotes the unit normal
vector of arbitrary point of rough surface and Hsur presents
the total magnetic field. When there is no target above the
rough surface, total magnetic field Hsur is determined by
the incident magnetic field Hi and scattering magnetic field
Hs

sur. If there is a target above rough surface, the influence of
mutual coupling between them must be taken into consider-
ation. Meanwhile, the total magnetic field of rough surface
can be written as follow:

Hsur = Hi
+Hs

sur +Hs
t-sur (5)

In which,Hs
t-sur presents the incident magnetic field from

the secondary incidence resource: combined conducting and
dielectric target. Its expression is written as follow:

Hs
t-sur = −K01(J1)−

1
η0

L02(M2)−K02(J2) (6)

Here η0 is the characteristic impedance in free space. L0z(·)
and K0z(·) present electric field integral operator (EFIO) and
magnetic field integral operator (MFIO) respectively, which
are taken in the form:

L0z(X) = jk0

∫
Sz

[
G0(r, r′)X(r′)+

1

k20
∇G0(r, r′)∇ ′ · X(r′)

]
dS ′

z = 1, 2 or 4 (7a)

K0z(X) =
∫
Sz

[
X(r′)×∇G0(r, r′)

]
dS ′ z = 1, 2 or 4 (7b)

where G0(r, r′) is the Green function in free space, and
its expression is G0(r, r′) = e−jk|r−r

′|/(4π
∣∣r− r′

∣∣). When
radius of curvature ρ of every point on the rough surface and
incident wavelength λ meet the relationship:ρ >> λ, this
rough surface meets the Kirchhoff approximation condition.
The Equation of Hs

sur is taken in the form:

Hs
sur

=
1
η0

k̂r× (0‖Ei
‖̂
ei‖+0⊥Ei

⊥
êi⊥+0‖Es

t-sur‖êi‖+0⊥E
s
t-sur⊥êi⊥)

(8)

where the local reflection direction is presented as k̂r = k̂i −
2n̂(n̂ · k̂i); the local orthogonal system is (êi‖, êi⊥, k̂i); the
vector of horizontal/vertical polarization can be presented as:
êi‖ =

(
n̂× k̂i

)/∣∣∣n̂× k̂i
∣∣∣, êi⊥ = êi‖ × k̂i; the local incident

angle is determined by expression cos θ ′ = −n̂·k̂i;0‖ and0⊥
are horizontal and vertical polarization component of Fresnel
reflection coefficient, which is taken in this form:

0‖ =
cos θ ′ −

√
εrµr − sin2 θ ′

cos θ ′ +
√
εrµr − sin2 θ ′

(9a)

0⊥ =
εr cos θ ′ −

√
εrµr − sin2 θ ′

εr cos θ ′ +
√
εrµr − sin2 θ ′

(9b)

Considering the influence of secondary incidence resource by
target, incident magnetic field can be presented as

Hi
=

1
η0

k̂i× (Ei
‖
êi‖+Ei

⊥
êi⊥+Es

t-sur‖êi‖+E
s
t-sur⊥êi⊥) (10)

Substitute (8) and (10) into (40), the expression of (40) can
be transformed as follow:

Hsur =
1
η0

k̂i × (Ei
‖
êi‖ + Ei

⊥
êi⊥ + Es

t-sur‖êi‖ + Es
t-sur⊥êi⊥)

+
1
η0

k̂r × (0‖Ei
‖
êi‖ + 0⊥Ei

⊥
êi⊥ + 0‖Es

t-sur‖êi‖

+0⊥Es
t-sur⊥êi⊥) (11)

Based on (11), the expression of JKA can be transformed as
follow:

JKA

=
1
η0

n̂4 ×
{
k̂i ×

[
(Ei
+ Es

t-sur) · ¯̄ei‖ + (Ei
+ Es

t-sur) · ¯̄ei⊥
]

+ k̂r×
[
0‖(Ei

+Es
t-sur) · ¯̄ei‖+0⊥(E

i
+Es

t-sur) · ¯̄ei⊥
]}

(12)

where ¯̄ei‖ and ¯̄ei⊥ present the dyadic of horizontal/vertical
polarization: ¯̄ei‖ = êi‖êi‖, ¯̄ei⊥ = êi⊥êi⊥. Substitute (1)-(3)
and (6) into (12), then both sides of (12) are tested by n̂4×f4i,
the expression of (12) can be written in vector matrix form as
follow:

{d} = [D41] · {a} + [D42] · {b} + [F42] · {c} + {W} (13)

where the expressions of matrix elements are taken in these
forms:

D4q(i, j)=−
∫
T4i

f4i(r) ·[ k̂i×
(
L0q(fqj) · ¯̄ei‖ + L0q(fqj) · ¯̄ei⊥

)
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+k̂r ×
(
0‖L0q(fqj) · ¯̄ei‖ + 0⊥L0q(fqj) · ¯̄ei⊥

)]
dS,

i ∈ [1,N4], j ∈ [1,Nq], q = 1, 2. (14a)
F42(i, j)

=

∫
T4i

f4i(r) ·
[
k̂i ×

(
K02(f2j) · ¯̄ei‖ +K02(f2j) · ¯̄ei⊥

)
+ k̂r ×

(
0‖K02(f2j) · ¯̄ei‖ + 0⊥K02(f2j) · ¯̄ei⊥

)]
dS,

i ∈ [1,N4], j ∈ [1,N2] (14b)
W(i)

=

∫
T4i

f4i(r) ·
[
k̂i ×

(
Ei(r) · ¯̄ei‖ + Ei(r) · ¯̄ei⊥

)
+ k̂r ×

(
0‖Ei(r) · ¯̄ei‖ + 0⊥Ei(r) · ¯̄ei⊥

)]
dS, i∈ [1,N4]

(14c)

The expression of integral equation in PEC region S1 of target
is taken in this form:

n̂1 × Es
t = −n̂1 × (Ei

+ Es
sur-t)r ∈ S1 (15a)

The expression of integral equation in dielectric region S2 of
target is taken in this form:

n̂2 × Es
t = −n̂2 × (Ei

+ Es
sur-t)r ∈ S2 (15b)

where Es
t presents the scattering electric field of target, which

have the expression as follow:

Es
t = −η0L01(J1)− η0L02(J2)+K02(M2) (16)

When the incident wave illuminates the PEC rough surface,
induced electric current Es

sur-t is stimulated on the surface
which will illuminate the target as the secondary incidence
resource.

Es
sur-t = −η0L04(JKA) (17)

Substitute (16) and (17) into (15a) and (15b), the expression
of (15a) and (15b) can be written as follow:

n̂1 × Ei
= n̂1 ×

[
L01(η0J1)+ L02(η0J2)− K̃02(M2)

+ L04(η0JKA)] (18a)

n̂2 × Ei
= n̂2 ×

[
L01(η0J1)+ L02(η0J2)− (1

/
2)M2

−K̃02(M2)+ L04(η0JKA)] (18b)

Substitute (1)-(3) into (18a) and (18b), then, both sides
of (18a) are tested by n̂1 × f1i, both sides of (18b) are tested
by n̂2 × f2i, the expression of (18a) and (18b) can be written
in vector matrix form as follow:[

Q11
]
·{a}+

[
Q12

]
· {b}+[P12] ·{c}+[R14] ·{d} = {S1}

(19a)[
Q21

]
·{a}+

[
Q22

]
· {b}+[P22] ·{c}+[R24] · {d} = {S2}

(19b)

where the expressions of matrix elements are taken in these
forms:

Qpq(i, j) =
∫
Tpi

fpi(r) · L0q(fqj)dS, i ∈ [1,Np], j ∈ [1,Nq]

p, q = 1, 2. (20a)

P12(i, j) = −
∫
T1i

f1i(r) · K̃02(f2j)dS, i ∈ [1,N1],

j ∈ [1,N2] (20b)

P22(i, j) = −
δij

2
−

∫
T2i

f2i(r) · K̃02(f2j)dS, i, j ∈ [1,N2]

(20c)

Rp4(i, j) =
∫
Tpi

fpi(r) · L04(f4j)dS, i ∈ [1,Np], j ∈ [1,N4]

p = 1, 2. (20d)

Sp(i) =
∫
Tpi

fpi(r) · Ei(r)dS, i ∈ [1,Np], p = 1, 2 (20e)

In (20c), if i = j, δij = 1;if i 6= j, δij = 0. If we substitute (13)
into (19a) and (19b), we just need to calculate {a}, {b} and
{c}. To solve for {a}, {b} and {c}, we have to consider the
fields within the dielectric region of target. Hence, the SIE
method is introduced to solve this problem. The fields in
the dielectric region are generated by the effective electric
current, whose expression refers to (4). The effective electric
current Jeff2e on the inner surface Sd generates the electric field
Ed and magnetic fieldHd, whose expressions are taken in this
form:

Ed = −η1L1d(Jeff2e ) (21a)

Hd = −K1d(Jeff2e ) (21b)

where η1 denotes characteristic impedance, whose expres-
sion is η1 =

√
µ1/ε1; µ1 and ε1 present conductivity and

permittivity respectively. The operator L1d (·) and K1d (·) are
the same as by changing the medium parameters and the
integration over the inner surface of dielectric region Sd. The
relationship between induced electric current and induced
magnetic current on surface S2 and effective electric cur-
rent Jeff2e can be determined by the boundary conditions as
follow:

J2 = n̂2 ×Hd = −
1
2
Jeff2e − n̂2 × K̃1d(Jeff2e ) (22a)

−M2 = n̂2 × Ed = −n̂2 × η1L1d(Jeff2e ) (22b)

The tangential electric field component on the contacting
surface S3 will vanish, and the relational expression between
Ed and Jeff2e is taken in this form:

0 = n̂3 × Ed = −n̂3 × η1L1d(Jeff2e ) (22c)

The effective electric current Jeff2e on the inner surface Sd
can be expanded by RWG basis function as (4). The expan-
sion coefficient gj and hj of equivalent current can be
approximated by average value of edge electric current as
follow:

gj =
1
l2j

∫
l2j
(l̂2j × n̂2j) · (−η0Jeff2e )dl (23a)

hj =
1
l3j

∫
l3j
(l̂3j × n̂3j) · (−η0Jeff2e )dl (23b)

Substitute (2) into (22a) and (22b), then, both sides of (22a)
and (22b) are tested by n̂2× f2i, both sides of (22c) are tested
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by n̂3 × f3i, the expression of (22a)-(22c) can be written in
vector matrix form as follow:

{b} =
[
M̃22

]
· {g} +

[
M̃23

]
· {h} (24a)

{c} =
[
Ñ22

]
· {g} +

[
Ñ23

]
· {h} (24b)

{0} =
[
B̃32

]
· {g} +

[
B̃33

]
· {h} (24c)

where the expressions of matrix elements are taken in these
forms:

M̃22(i, j) =
δij

2
+

∫
l2i

l̂2i
l2i
· K̃1d(f2j)dl, i, j ∈ [1,N2] (25a)

M̃23(i, j) =
∫
l2i

l̂2i
l2i
·K̃1d(f3j)dl, i ∈ [1,N2], j ∈ [1,N3] (25b)

Ñ2q(i, j) =
∫
l2i

l̂2i
l2i
·
η1

η0
L1d(fqj)dl, i ∈ [1,N2], j ∈ [1,Nq]

q = 2, 3. (25c)

B̃3q(i, j) =
∫
T3i

f3i(r) ·
η1

η0
L1d(fqj)dS, i ∈ [1,N3],

j ∈ [1,Nq] q = 2, 3. (25d)

In (26a), if i = j, δij = 1;if i 6= j, δij = 0. Combined
with (24a), (24b) and (24c), (19a) and (19b) can be written
in matrix equation as follow:A11 A12 A13

A21 A22 A23
0 A32 A33

 ·
 a
g
h

 =
 S̃1
S̃2
0

 (26)

where the expressions of matrix elements are taken in these
forms:

[A11] =
[
Q11

]
+ [R14] · [D41] (27a)

[A12] =
([
Q12

]
+ [R14] · [D42]

)
·

[
M̃22

]
+ ( [P12]+ [R14]

· [F42] ) ·
[
Ñ22

]
(27b)

[A13] =
([
Q12

]
+ [R14] · [D42]

)
·

[
M̃23

]
+ ( [P12]+ [R14]

· [F42] ) ·
[
Ñ23

]
(27c)

[A21] =
[
Q21

]
+ [R24] · [D41] (27d)

[A22] =
([
Q22

]
+ [R24] · [D42]

)
·

[
M̃22

]
+ ( [P22]+ [R24]

· [F42] ) ·
[
Ñ22

]
(27e)

[A23] =
([
Q22

]
+ [R24] · [D42]

)
·

[
M̃23

]
+ ( [P22]+ [R24]

· [F42] ) ·
[
Ñ23

]
(27f)

[A32] =
[
B̃32

]
(27g)

[A33] =
[
B̃33

]
(27h)[

S̃1
]
= {S1} − [R14] · {W} (27i)[

S̃2
]
= {S2} − [R24] · {W} (27j)

B. ACCELERATION OF THE HYBRID SIE-KA METHOD
USING FAST MULTIPOLE ALGORITHM
If we directly adopt the surface integral equation method to
solve the composite scattering problem, the dimension of the
impedance matrix depends on the number of total unknowns
N1+N2+N3+N4, where N4 >> N1+N2+N3. By utilizing
the hybrid SIE-KA method, the dimension of impedance
matrix only depends on the number of target’s unknowns
N1 + N2 + N3. To further accelerate the computing speed
and reduce memory requirement of hybrid SIE-KA method,
FMM is introduced to solve the equation (26) efficiently. The
essence of FMM is expression of Green function, which is
based on the vector addition theorem [16]:

G(ro, ro′ ) =
e−jk|ro−ro′ |

4π |ro − ro′ |

=
−jk
(4π )2

∮
d2k̂e−jkromT (k̂, r̂mm′ )ejkro′m′ (28)

where

T (k̂, rmm′ ) =
L∑
l=0

(−j)l(2l + 1)h(2)l (krmm′ )Pl(k̂ · r̂mm′ ) (29)

Correspondingly, the dyadic expression of Green function
can be written as follow:

¯̄G(ro, ro′ ) = (¯̄I−
∇∇
′

k
)
e−jk|ro−ro′ |

4π |ro − ro′ |

=
−jk
(4π )2

∮
d2k̂(¯̄I− k̂k̂)e−jkromT (k̂, rmm′ )ejkro′m′

(30)

Here, ro resides in cube m centered at rm, ro′ resides in
cube m′ centered at rm′ , and their relationships are: rom =
ro − rm00, ro′m′ = ro′ − rm′ . h

(2)
l (·) denotes the spherical

Hankel function of the second kind; Pl(·) denotes the Leg-
endre polynomial of degree l; L is the number of multi-pole
expansion terms, and it can ensure high precision when set
as L = kd + 2 ln(kd + π ). According to the Green function
expressed in FMM, the matrix elements for far-region groups
in matrix (13) D41, D42 and F42 can be written as:

D4q(i, j) =
∫ ∫

d2k̂
[
UD44
im · Tmm′ (k0, rmm′ )V

Dqq
jm′

+ MD44
im · Tmm′ (k0, rmm′ )N

Dqq
jm′

]
, q = 1, 2. (31a)

F42(i, j) =
∫ ∫

d2k̂
[
UF44
im · Tmm′ (k0, rmm′ )V

F22
jm′

+ MF44
im · Tmm′ (k0, rmm′ )N

F22
jm′

]
(31b)

The expressions of every element in (31a) and (31b) are given
in appendix (1-6). WhereU (·)

im/M
(·)
im , Tmm′ (·) and V

(·)
jm′/N

(·)
jm′ are

the disaggregation, translation and aggregation matrices on
the concrete level respectively. Apply FMM to the integral
equation of target, the matrix elements for far-region groups
in matrix (19a) and (19b) Q11, Q12, Q21, Q22, P12, P22, R14
and R24 can be written as:

Qpq(i, j) =
∫ ∫

d2k̂U
Qpp
im · Tmm′ (k0,rmm′ )V

Qqq
jm′ , p, q = 1, 2.

(32a)
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P12(i, j) =
∫ ∫

d2k̂UP11
im · Tmm′ (k0, rmm′ )V

P22
jm′ (32b)

P22(i, j) =−
δij

2
+

∫ ∫
d2k̂UP22

im ·Tmm′ (k0, rmm′ )V
P22
jm′ (32c)

Rp4(i, j) =
∫ ∫

d2k̂U
Rpp
im ·Tmm′ (k0, rmm′ )V

R44
jm′ , p = 1, 2.

(32d)

The expressions of every element in (32a)-(32d) are given
in appendix (7-12). Where U (·)

im , Tmm′ (·) and V (·)
jm′ are the

disaggregation, translation and aggregation matrices on the
concrete level respectively. In terms of Green function in
dielectric region, the specific implementation process of
FMM has to change according to the electromagnetic param-
eters of dielectric region particularly. Hence, in SIE method,
the matrix elements for far-region groups in matrix (25a),
(25b) and (25c) M̃22, M̃23, Ñ22, Ñ23, B̃32 and B̃33 can be
written as:

M̃22(i, j) =
δij

2
+

∫ ∫
d2k̂U M̃22

im · Tmm′ (k1, rmm′ )V
M̃22
jm′ (33a)

M̃23(i, j) =
∫ ∫

d2k̂U M̃22
im · Tmm′ (k1, rmm′ )V

M̃33
jm′ (33b)

Ñ2q(i, j) =
∫ ∫

d2k̂U Ñ22
im · Tmm′ (k1, rmm′ )V

Ñqq
jm′ , q=2, 3.

(33c)

B̃3q(i, j) =
∫ ∫

d2k̂U B̃33
im · Tmm′ (k1, rmm′ )V

B̃qq
jm′ , q=2, 3.

(33d)

The expressions of every element in (33a)-(33d) are given
in appendix (13-18). Where U (·)

im , Tmm′ (·) and V (·)
jm′ are

the disaggregation, translation and aggregation matrices on
the concrete level respectively. Based on the above theory
and formulations, the hybrid SIE-KA method with FMM
are formed to calculate electromagnetic scattering from
three-dimensional arbitrarily shaped combined conducting
and dielectric target above rough surface. The bi-conjugate
gradient (Bi-CG) method [34] is utilized to solve the matrix
equation (26) iteratively. When the relative error of unknown
electric/magnetic current between the n-th step and (n-1)-th
step is less than 10−4, the iterative computation stops.
In section A, when we introduce the SIE method to

reduce the number of unknowns, the matrix condition num-
ber of EFIE is also improved. The MFIO K(·) is the Fred-
holm operator of second kind, which is a compact operator.
By contrast, the EFIO L(·) is the Fredholm operator of first
kind, which is a non-compact operator. The matrix condition
number deduced by compact operator is superior to that
of non-compact operator [35-36]. The compact operator of
EFIE will cause worse matrix condition number. However,
by introducing the SIE method, the hybrid SIE-KA-FMM
method contains dual operator L0 · L0, L0 · K̃1 and K̃0 · L1.
There are two important conclusions in [36]: first, the product
of compact operator and non-compact operator is compact
operator; second, the product of two non-compact operators
is compact operator. Therefore, these dual operators in hybrid

SIE-KA-FMM are compact operator, which will improve the
matrix condition number in dielectric part and accelerate the
convergence speed of iteration solution.

C. VERIFICATION OF HYBRID SIE-KA-FMM METHOD
Firstly, we consider a small computation example to validate
the efficiency of FMM. We choose the conventional MOM
with LU scheme as the reference algorithm. Working fre-
quency is set as 1GHz; Size of environment isLx × Ly :
10λ×10λ; Gauss rough surface is PEC surface; Here, statistic
parameters of Gauss rough surface are: hrms = 0.1λ and
lx = ly = 2.0λ; The radius of PEC sphere is 0.8λ; The
height of sphere above the rough surface is 2.0λ. In this paper,
a tapered incident beam is introduced in order to circumvent
artificial truncation effects [37], and the 3-D form of it [38]
is given as follow

E inc = G(x, y, z)

·exp[−jk0(cos θiz−x sin θi cosϕi−y sin θisinϕi)] (34)

where

G(x, y, z) = exp[−jk0(cos θiz− x sin θi cosϕi
−y sin θi sinϕi)w(x, y, z)] exp(−tx − ty) (35a)

tx = (cos θi cosϕix + cos θi sinϕiy+ sin θiz)2

/(g2x cos
2 θi) (35b)

ty = (− sinϕix + cosϕiy)2/g2y (35c)

w(x, y, z) =
[
(2tx−1)/(g2x cos

2 θi)+(2ty−1)/g2y
]
/k20 (35d)

where the factors of beam width in x and y direction are set
as gx = Lx/4, gy = Ly/4 in this paper. The incident angles
are set as θi = 45◦ and ϕi = 0◦. The observation angle
ranges from θs = −90◦ to θs = 90◦; Polarization mode is
vertical-to-vertical (VV) polarization. The simulation results
are determined by one surface realization. Figure 2 shows
the bi-static scattering coefficient of the PEC sphere and
PEC rough surface based method of conventional MOM and
FMM, where it can be seen that they are in good agreements.
The corresponding numbers of the unknowns in target region
and environment region are 5528 and 29833. In conventional
MOM, the memory requirement and computation time are
3.93 GB and 1.03 h. However, in FMM, the memory is
reduced to 2.34 GB, and the computation time only needs
0.24 h. The result shows the effectiveness and accuracy of
FMM.

Secondly, for verify the hybrid SIE-KA-FMM method,
consider an example of a combined conducting and dielectric
sphere above Gauss rough surface. Working frequency is set
as 1GHz; Size of environment is Lx × Ly : 30λ× 30λ; Gauss
rough surface is PEC surface; Here, statistic parameters of
Gauss rough surface are: hrms = 0.1λ and lx = ly = 2.0λ;
The radius of combined sphere is 2.0λ; Combined sphere
is comprised of a PEC hemisphere and a dielectric hemi-
sphere with the permittivity εr = 4.0; Height of combined
sphere above the rough surface is 5.0λ; The incident angles
are set as θi = 45◦ and ϕi = 0◦; The observation angle
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FIGURE 2. Compariso of bi-static scattering coefficient based on
conventional MOM and FMM.

ranges from θs = −90◦ to θs = 90◦; Polarization mode is
VV polarization. We choose two reference algorithms: FMM
based on conventional coupled integral equation method and
SIE-FMM to compare with the hybrid SIE-KA-FMMmethod
in aspects of memory requirement and computation time. The
bi-static scattering coefficient (BSC) of the composite scat-
tering model is calculated by FMM, SIE-FMM and SIE-KA-
FMM respectively. The simulation results are determined by
one surface realization. In this paper, the computing platform
is AMD processor of 2.3 GHz with 64 kernels and 64 GB
RAM.

The corresponding numbers of the unknowns in target
region and environment region are 43187 and 268497 by
using FMM based on conventional coupled integral equa-
tion method. However, by introducing SIE, the number of
unknowns for composite target reduces to 31228. As men-
tioned previously, by utilizing the hybrid SIE-KA method,
the dimension of impedancematrix only depends on the num-
ber of target’s unknowns rather that the total number, which
will greatly reduce the memory requirement and computation
time. The simulation results are shown in Figure.3. As we see,
the simulation results by SIE-KA-FMM fairly well agree with
FMM and SIE-FMM, meanwhile a discrepancy exists in the
large scattering angle region. This inconsistency is unsurpris-
ing, primarily due to the fact that the KA method [30]–[32]
has limitation in computing scattering from rough surface
in the large scattering angle region. Table 1 gives the com-
parison of memory requirement and computation time of
FMM, SIE-FMM and SIE-KA-FMM respectively. The mem-
ory requirement of SIE-KA-FMM is 24.43% of SIE-FMM,
17.65% of FMM. The consuming time of SIE-KA-FMM is
19.81% of SIE-FMM, 13.96% of FMM. The new hybrid
method is efficient and accuracy for analyzing the electro-
magnetic scattering from combined conducting and dielectric
target above rough surface.

Finally, we will give other two examples like composite
cube and composite cylinder above Gauss rough surface,
in order to verify the validation that this hybrid method can
solve scattering problems of combined target for different

FIGURE 3. Compariso of bi-static scattering coefficient with different
algorithm.

TABLE 1. Memory requirement and computation time of three solvers.

shape. Working frequency is set as 1GHz. Concrete param-
eters of environment are the same as above example. Com-
posite cube is comprised of a PEC cuboid and a dielectric
cuboid with the permittivity εr = (4.0, −j2.0) (which is the
dark region in Figure 4). The side length of composite cube
and its height above surface is 4.0λ and 5.0λ respectively.
The cylinder is evenly divided into PEC part and dielectric
part with the permittivity εr = (4.0, −j2.0) (which is the
dark region in Figure 5). The cylinder’s height and radius of
cylinder’s bottom is 4.0λ and 2.0λ respectively. The height
of cylinder above the surface is 5.0λ. The incident angles are
set as θi = 45◦ and ϕi = 0◦; The observation angle ranges
from θs = −90◦ to θs = 90◦; Polarization mode is VV polar-
ization. The results of them calculated respectively by FMM,
SIE+FMM and SIE+KA+FMM are given in Figure 4 and
Figure 5. As we see, the simulation results by SIE-KA-FMM
fairly well agree with FMM and SIE-FMM, meanwhile a
discrepancy exists in the large scattering angle region, and the
reason causing this inconsistency is given in the computation
example above.

III. NUMERICAL RESULTS AND ANALYSIS
In this section, the electromagnetic scattering characteristics
of combined conducting and dielectric target above rough
surface are analyzed by hybrid SIE-KA-FMM method. The
differences of electromagnetic scattering from PEC target,
dielectric target and composite target above rough surface
are compared. The influences of permittivity of dielectric
part, RMS and correlation length of rough surface, incident
pitching or azimuth angle and target category on scattering
characteristic are discussed.
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FIGURE 4. Comparison of bi-static scattering coefficient for composite
cube above rough surface with different algorithm.

FIGURE 5. Comparison of bi-static scattering coefficient for composite
cylinder above rough surface with different algorithm.

To begin with, we introduce the common simulation condi-
tions of following computation examples:Working frequency
is set as 1 GHz (except for example C); Polarization mode
is VV polarization (except for example B). Rough surface
model is generated by using Gauss spectral function, and the
surface’s material is PEC; The rough surface model is located
in xoy plane and its size is Lx × Ly : 30λ × 30λ; The height
of target in following computation examples is set as 5λ. The
following numerical simulations obtained by hybrid SIE-KA-
FMM method are determined by averaging 30 Monte Carlo
realizations.

A. INFLUENCE OF RELATIVE PERMITTIVITY ON
SCATTERING CHARACTERISTIC
The effect of dielectric part in composite target is the core
problem. Its electromagnetic attributions play a determinant
role in scattering characteristic of target, which also has effect
on the composite scattering in some degrees. The side length
of composite cube is 4.0λ. As shown in Figure 6, composite
cube is comprised of a PEC cuboid and a dielectric cuboid;
Set the incident angle as: θi = 45◦, ϕi = 0◦. The viewing

angle θs is from −90◦ to 90◦. Statistic parameters of Gauss
rough surface are: hrms = 0.1λ and lx = ly = 2.0λ. The
abbreviation Die1 and Die2 in Figure 6 presents relative
permittivity εr1 = (4.0,−j2.0) and εr2 = (8.0,−j4.0) respec-
tively. In Figure 6, the shadow part presents the dielectric
region of composite target.

FIGURE 6. Bi-stati scattering coefficients with different combination of
composite cube.

In Figure 6, there is an obvious peak value at the spec-
ular scattering position in every curve, and this peak value
including its corresponding position would not vary with
the change of target’s property because the specular scat-
tering characteristic of composite scattering mainly depends
on the environment’s properties. Due to the existence of
cube, there is a strong backscattering existing near the scat-
tering angle 45◦. By comparison, the backscattering from
pure PEC target above rough surface is the strongest. Cor-
respondingly, the backscattering from pure dielectric tar-
get above rough surface is weak, and the pure dielectric
target with smaller permittivity has weaker backscattering.
Based on these two conclusions, comparing the curve of
combination ‘‘Die1+PEC’’ and ‘‘Die2+PEC’’, an impor-
tant can be obtained that the backscattering of combination
‘‘Die2+PEC’’ is stronger than ‘‘Die1+PEC’’, because com-
posite target’s dielectric part with bigger permittivity will
cause stronger backscattering.

B. INFLUENCE OF POLARIZATION MODE ON
SCATTERING CHARACTERISTIC
The selection of polarization mode has important effect on
the scattering characteristic. The geometrical parameters of
combined target are the same as computation example A. Set
the permittivity of cube’s dielectric part is εr = (4.0, −j2.0).
Set the incident angle as: θi = 45◦, ϕi = 0◦. The viewing
angle θs is from −90◦ to 90◦. And the statistic parameters of
rough surface are the same as computation example A.

In Figure 7, the bi-static scattering coefficient of
cross-polarization ismuch smaller than that of co-polarization
at all scattering angles. There is an obvious peak value at
the specular scattering position in every polarization mode.
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FIGURE 7. Bi-static scattering coefficients with different polarization
mode.

The curve trend of horizontal-to-horizontal (HH) mode is
similar to VV mode, and the curve value of VV mode is
smaller than HH mode at the scattering angle from 60◦ to
90◦. In both HH and VV polarization mode, there is a strong
backscattering existing near the scattering angle 45◦ due to
the existence of cube, but in horizontal-to-vertical (HV) and
vertical-to-horizontal (VH) polarization mode, the backscat-
tering from target is not obvious.

C. INFLUENCE OF FREQUENCY ON SCATTERING
CHARACTERISTIC
The EM scattering characteristics of combined cube above
rough surface will be different when the working frequency
is changed. Thus, we consider a smaller scattering model:
Size of Gauss rough surface is Lx × Ly : 6m × 6m; Statistic
parameters of Gauss rough surface are: hrms = 0.03m and
lx = ly =0.6m; The side length of composite cube is 0.9m;
The height of composite cube above the rough surface is
0.9m; Set the permittivity of cube’s dielectric part is εr =
(4.0, −j2.0). Set the incident angle as: θi =45◦, ϕi = 0◦.
The viewing angle θs is from −90◦ to 90◦. Set the working
frequency as: f1 =500MHz, f2 =1.0GHz and f3 = 3.0GHz.
In Figure 8, with the increase of working frequency,

the scattering energy near the specular scattering direction
becomes dispersive. The reason causes this phenomenon is
that the statistic parameters of rough surface are invariant
with the increase ofworking frequency, but the relative rough-
ness of rough surface will increase. On the other hand, with
the increase of working frequency, the scattering energy of
backscattering becomes stronger.

D. INFLUENCE OF ROUGH SURFACE’S STATISTIC
PARAMETERS ON SCATTERING CHARACTERISTIC
The property of rough surface mainly depends on its statistic
parameters. The geometrical parameters of combined target
are the same as computation example A. Set the permittivity
of cube’s dielectric part is εr = (4.0, −j2.0). Set the incident

FIGURE 8. Bi-static scattering coefficients with different working
frequency.

FIGURE 9. Bi-static scattering coefficients with different RMS.

angle as: θi = 45◦, ϕi = 0◦. The viewing angle θs is from
−90◦ to 90◦. The correlation length of rough surface is set
as lx = ly = 1.0λ. The curves of composite scattering
with different RMS hrms1 = 0.1λ and hrms2 = 0.3λ are
given in Figure 9. As shown in Figure 9, with the increase
of RMS, the peak value at the specular scattering direction
disappears. Meanwhile, the backscattering becomes weaker
than before. The reason causes the phenomenon is that the
larger RMS determines rougher surface. The strong diffuse
scattering characteristic makes the peak value disappear and
the backscattering weaker.

Set the RMS as hrms = 0.1λ. The curves of composite
scattering with different correlation length 2.0λ and 4.0λ
are given. In Figure 10, with the increase of correlation
length, the peak value at the specular scattering direction
becomes bigger. Meanwhile, the backscattering becomes a
little stronger than before. The reason causes the phenomenon
is that the larger correlation length determines relatively flat-
ter surface. Therefore, the specular scattering energy becomes
more concentrated and the backscattering effect becomes
stronger.
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FIGURE 10. Bi-static scattering coefficients with different correlation
length.

FIGURE 11. Bi-stati scattering coefficients with different incident angle.

E. INFLUENCE OF INCIDENT ANGLE ON
SCATTERING CHARACTERISTIC
The geometrical and dielectric parameters of composite target
are the same as computation example B. Statistic parameters
of Gauss rough surface are: hrms = 0.1λ and lx = ly =
2.0λ. (The rough surface’s statistic parameters of following
examples are the same as this computation example.) Set
the incident angle as: θi1 = 30◦, θi2 = 45◦, θi3 = 60◦.
The viewing angle θs is from −90◦ to 90◦. The compos-
ite target is the combination ‘‘Die1+PEC’’ in computation
example A. In Figure 11, with the increase of incident angle,
the peak value decreases and the corresponding angle position
is moved with the incident angle. The backscattering with
incident angle 45◦ is the most obvious among three curves.

F. INFLUENCE OF TARGET’S HEIGHT ON
SCATTERING CHARACTERISTIC
The target’s height will have effects on the mutual cou-
pling between target and rough surface. The geometrical
parameters of combined target are the same as computation
example A. Set the permittivity of cube’s dielectric part is

FIGURE 12. Bi-static scattering coefficients with different target’s height.

εr = (4.0,−j2.0). Set the incident angle as: θi = 45◦, ϕi = 0◦.
The viewing angle θs is from −90◦ to 90◦. And the statistic
parameters of rough surface are the same as computation
example A. Set the target’s height as: H1 = 3λ, H2 = 5λ
and H3 = 7λ.
In Figure 12, with the increase of target’s height, the scat-

tering coefficient near the specular direction decreases. This
phenomenon indicates that if target is closer to the rough
surface, the mutual effect between them is stronger which
has more contributions to the specular scattering. By con-
trast, the change of target’s height has weak effect on the
backscattering, because the target and rough surface structure
an analogous dihedral construction which will lead to strong
backscattering even that target’s height has been changed.

G. INFLUENCE OF TARGET’S CATEGORY ON
SCATTERING CHARACTERISTIC
The target’s shape and electromagnetic properties also plays a
dominant role in its scattering characteristic. Firstly, we con-
sider a composite cylinder with the radius and height of 2.0λ
and 4.0λ, respectively. The cylinder is divided into four isopy-
knic parts which are separately marked as ‘‘1’’ to ‘‘4’’. Their
corresponding positions are shown as in Figure 13. Set the
incident angle as θi = 45◦. The viewing angle ϕs is from 0◦

to 360◦ and θs = 45◦. The abbreviation Die1 and Die2 in
Figure 13 are the same in computation example A.

In Figure 13, the mono-static scattering energy from
PEC target above rough surface distributes approximately
well-proportioned in azimuth angle range. When the part 1 is
altered to Die1, the value of mono-static scattering curve
range fromϕs = 0◦ toϕs = 90◦ dramatically decreases.When
the part 2 is altered to Die1, the value of mono-static scatter-
ing curve range from ϕs = 90◦ to ϕs =180◦ dramatically
decreases. These two remarkable phenomena reflect that the
dielectric part brings weaker backscattering than PEC part.
Comparing the results of combination ‘‘Die1+Die1+PEC+
PEC’’ and ‘‘Die2+Die2+PEC +PEC’’, a conclusion can
be obtained: the dielectric part with bigger permittivity will
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FIGURE 13. Mono-static scattering coefficients in azimuth distribution of
composite cylinder above rough surface.

FIGURE 14. Mono-static scattering coefficients in azimuth distribution of
composite triangular prism above rough surface.

cause stronger backscattering, which is accordance with the
conclusion in computation example A. When the integrated
material of target is altered to Die1, the mono-static scattering
energy in all azimuth angle range dramatically decreases,
which can also be an evidence of the above conclusion.

Secondly, we consider a composite triangular prism. The
height of composite triangular prism is 4.0λ. Both top and
bottom are equilateral triangle with side length of 4.0λ. The
triangular prism is divided into three isopyknic parts which
are separately marked as ‘‘1’’ to ‘‘3’’. Their corresponding
positions are shown as in Figure 14. Set the incident angle
as θi = 45◦. The viewing angle ϕsis from 0◦ to 360◦ and
θs =45◦. The abbreviation Die1 and Die2 in Figure 14 are
the same in computation example A.

In Figure 14, due to the triangular prism’s special struc-
ture, the vertical line of three sides are along the 60◦, 180◦

and 300◦, thus, we can easily observe that there are three
strong peaks existing near the azimuth angle 60◦, 180◦ and

300◦ respectively when the scattering comes from pure PEC
target above rough surface. When the part 1 is altered to
Die1, the value of mono-static scattering curve range from
ϕs = 0◦ to ϕs = 120◦ decreases, among these angles the
decrease of value near the ϕs = 60◦ is remarkable. When the
part 2 is altered to Die1, the value of mono-static scattering
curve range from ϕs = 120◦ to ϕs = 240◦ also decreases,
among these angles the decrease of value near the ϕs =
180◦ is remarkable. The result verifies that it is not the
unique phenomenon existing in composite cylinder which
contains curved surface structure. Compared to the results
of computation example D, the composite triangular prism
containing plane structure has the similar conclusion: the
dielectric part brings weaker backscattering than PEC part.
When the integrated material of target is altered to Die1,
the mono-static scattering energy in all azimuth angle range
decreases.

H. A COMPOSITE MISSILE MODEL
We build a composite missile model illustrated in Figure 15,
which includes its concrete geometrical parameters. The
working frequency is 1 GHz. The head of composite missile
model is toward the positive direction of x-axis. The nose of
the missile consists of dielectric material with permittivity
εr = (4.0, −j2.0) which is marked as Die1. Set the incident
angle as θi = 45◦. The viewing angle ϕs is from 0◦ to
360◦ and θs = 45◦. Firstly, we have to explain the legends
in Figure 16 orderly: ‘‘Com+Sur’’ denotes scattering from
composite missile above rough surface; ‘‘PEC+Sur’’ denotes
scattering from pure PECmissile above rough surface; ‘‘Sur’’
denotes scattering from rough surface; ‘‘Die1+PEC’’ denotes
scattering from composite missile consisting of dielectric
part with permittivity Die1 and PEC part; ‘‘PEC’’ denotes
scattering from pure PEC missile.

As shown in Figure 16, in the curve of Mono-static scatter-
ing coefficients of composite missile and rough surface, there
is an obvious peak value existing at scattering angle θs = 0◦

because almost of scattering energy comes from rough sur-
face when illuminated vertically. Comparing with the curve
of combination ‘‘PEC+Sur’’, we can find that the change of
nose’s material does not have the dominant effect on the total
field. Both of the curves of combination ‘‘Com+Sur’’ and
‘‘PEC+Sur’’ are similar to the curve of scattering from pure
surface, and only a little difference existing at some scattering
angles. Therefore, a further comparison is made to express
some detailed phenomena.

As shown in Figure 16, when the nose’s material of target
is altered to Die1, there are two phenomena that deserve our
attention: firstly, the backscattering from composite missile
becomes weaker than pure PEC missile in the angle range of
−76◦ ∼ −68◦, −66◦ ∼ −61◦, −58◦ ∼ −49◦ and 7◦ ∼27◦;
secondly, its backscattering from nose core direction (when
θs = 90◦) is weaker than pure PEC target about 5.451dB. The
result demonstrates the conclusion that the dielectric structure
would decrease the energy of backscattering, which is widely
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FIGURE 15. Geometrical parameters and position information of
composite missile model.

FIGURE 16. Mono-static scattering coefficients of composite missile and
rough surface.

applied in the field of stealth technology for cruise missile or
fighter plane.

IV. CONCLUSION
In this paper, an efficient hybrid SIE-KA-FMM method is
developed for analyzing the electromagnetic scattering from
combined conducting and dielectric objects above rough
surface. Several numerical results are presented to demon-
strate the computation efficiency and precision of the hybrid
method. The differences of electromagnetic scattering from
PEC target, dielectric target and composite target above
rough surface are compared. Moreover, the influences of
permittivity of dielectric part, polarization mode, working
frequency, root mean square (RMS) and correlation length
of rough surface, incident pitching or azimuth angle, target
height and target category on scattering characteristic are
discussed. Consequently, the proposed hybrid SIE-KA-FMM
method can be used as an efficient tool to solve the prac-
tical electromagnetic scattering about combined conducting
and dielectric objects in the real environment, during radar
detection remote sensing and stealth technology etc.. The
further work of our research groupwill focus on the scattering

problems about combined conducting and dielectric objects
above dielectric rough surface or layered surface, in order to
make the conclusions close to practical natural situations.

APPENDIX

UD44
im = MD44

im = −
k20

16π2

∫
04i

e−jk0k̂·rim (¯̄I− k̂k̂)f4i × k̂idS

(36)

V
Dqq
jm′ =

∫
0qj

ejk0k̂·rjm′ (fqj(rjm′ ) · êi‖êi‖ + fqj(rjm′ ) · êi⊥êi⊥)dS ′

q = 1, 2. (37)

N
Dqq
jm′ =

∫
0qj

ejk0k̂·rjm′

×(0‖fqj(rjm′ ) · êi‖êi‖ + 0⊥fqj(rjm′ ) · êi⊥êi⊥)dS ′

q = 1, 2. (38)

UF44
im = MF44

im = −
k20

16π2

∫
04i

e−jk0k̂·rim f4i × k̂idS (39)

V F22
jm′ =

∫
02j

ejk0k̂·rjm′ (f2j(rjm′ )× k̂ · êi‖êi‖ + f2j(rjm′ )

×k̂ · êi⊥êi⊥)dS ′ (40)

NF22
jm′ =

∫
02j

ejk0k̂·rjm′ (0‖f2j(rjm′ )× k̂ · êi‖êi‖ + 0⊥f2j(rjm′ )

×k̂ · êi⊥êi⊥)dS ′ (41)

U
Qpp
im =

k20
16π2

∫
0pi

e−jk0k̂·rim fpi(rim) · (¯̄I− k̂k̂)dS,

p = 1, 2. (42)

V
Qqq
jm′ =

∫
0qj

ejk0k̂·rjm′ fqj(rjm′ )dS ′, q = 1, 2. (43)

U
Ppp
im =

k20
16π2

∫
0pi

e−jk0k̂·rim (k̂× fpi)dS, p = 1, 2. (44)

V P22
jm′ =

∫
02j

ejk0k̂·rjm′ f2j(rjm′ )dS ′ (45)

U
Rpp
im =

k20
16π2

∫
0pi

e−jk0k̂·rim fpi(rim) · (¯̄I− k̂k̂)dS,

p = 1, 2. (46)

VR44
jm′ =

∫
04j

ejk0k̂·rjm′ f4j(rjm′ )dS ′ (47)

U M̃22
im = −

1
l2i
·
k21

16π2

∫
l2i
e−jk1k̂·rim (k̂× l̂2i)dl (48)

V
M̃qq
jm′ =

∫
0d(Sq)j

ejk1k̂·rjm′ fqj(rjm′ )dS ′, q = 2, 3. (49)

U Ñ22
im =

1
l2i
·
η1

η0
·
k21

16π2

∫
l2i
e−jk1k̂·rim l̂2i · (

¯̄I− k̂k̂)dl (50)

V
Ñqq
jm′ =

∫
0d(Sq)j

ejk1k̂·rjm′ fqj(rjm′ )dS ′, q = 2, 3. (51)

U B̃33
im =

η1

η0
·
k21

16π2

∫
T3i
e−jk1k̂·rim f3i(rim) · (¯̄I− k̂k̂)dS (52)

V
B̃qq
jm′ =

∫
0d(Sq)j

ejk1k̂·rjm′ fqj(rjm′ )dS ′, q = 2, 3. (53)
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