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ABSTRACT We present a novel modulation recognition for weighted-type fractional Fourier transform
(WFRFT)-based systems using the fourth-order cumulants. First, the constellation characteristics of the basic
digital modulations ASK, PSK, and QAM are analyzed, and the corresponding relationships between the
neighboring constellation points’ distance and the constellation size are deduced. Second, the closed-form
expressions of the fourth-order cumulants (C42) for the WFRFT-based systems with ASK, PSK, and QAM
are derived. Finally, through the first- and second-order derivatives of the C42, we prove that the optimal
WFRFT order αr can be obtained through the minimization of the C42. The simulation results show that the
novel recognition for the WFRFT-based system is feasible and can reach an accuracy of almost 90% when
energy per bit-to-noise power spectrum density ratio (Eb/N0) is greater than 6.

INDEX TERMS Weighted-type fractional Fourier transform (WFRFT), modulation recognition, order
optimization using 4th-order cumulants.

I. INTRODUCTION
The Weighted-type Fractional Fourier Transform (WF-RFT)
has become a promising communication technology since
C.C. Shih firstly proposed it in 1995 [1]. The WFRFT-based
system can be regarded as the convergence of Multi-Carrier
(MC) and Single Carrier (SC) systems, and can be compatible
with the current communication systems [2], [3], such as Sin-
gle Carrier with Frequency Domain Equalization (SC-FDE),
Orthogonal Frequency DivisionMultiplex(OFDM) and Long
Term Evolution (LTE) [4]. The WFRFT-based system has
the property to make the original signal bit energy dis-
tributed in frequency-time domain [2], and exhibits better per-
formance on anti-interference [5]–[8] and anti-interception
abilities [9]–[13] than other MC or SC systems. Since
WFRFT-based system can be regarded as a novel hybrid
carrier scheme that can converge the current SC and MC
schemes [2], it’s difficult to recognize the WFRFT signals by
using the traditional recognition methods that apply to the SC
andMCmodulation recognitions. In addition, the modulation
recognition is an important technology in the demodula-
tion and further recovery of the received signal, especially
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when the communication systems are working in the non-
cooperative way [14], [15]. However, there are few studies
on the WFRFT modulation recognition. Thus, as for non-
cooperative communication situations, finding an appropriate
way to recognize WFRFT-based signals is a crucial issue that
must be solved.

The modulation recognition methods can be classified into
two categories: likelihood-based(LB) and feature-based(FB)
methods [16]. By calculating the likelihood function of
received signals for all modulation types, the LB algorithms
can achieve accurate classification results, but also suffer
from heavy computational cost [17]. The FB methods consist
of two processes, namely, feature extraction and modulation
classifier. And the classifier can identify different modula-
tion types in accordance with the specific feature parameters
extracted from the received signals [18]. As opposed to LB
methods, the FB methods are computationally little, while
may not be theoretically optimal [19]. Thus, more and more
attention are paid to the FB methods. In the FB methods,
kinds of features are extracted and have be validated effective
on the modulation recognition, such as cyclic spectrum [20],
cumulants [21], instantaneous features(amplitude, phase, and
frequency) [22], and Gabor feature [23], etc. Among them,
the signal statistics-based feature, especially the Higher
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Order Cumulants (HOC), owing to its inherent immunity to
Gaussian noise [24], have gained many researcher’s atten-
tion. And HOC has also been widely implemented in all
kinds of communications, i.e. Multiple-Input and Multiple-
Output (MIMO) [25], multi-path fading [26], Cognitive
Radio(CR) [27], and satellite communications [28]. Thus,
it’s tempting to recognize the WFRFT-based signals based
on HOC.

In [24], it has been proved that OFDM modulation does
follow a Gaussian law and HOC of the OFDMmodulated sig-
nals approach zero, which will not happen for SC modulated
signals. The recognition methods based on HOC are often
used to distinguish MC modulations from SC modulations.
Considering that the WFRFT-based system can be adjusted
flexibly between SC and MC systems when the WFRFT
order α is set properly, we can’t directly adopt the traditional
modulation recognition methods based on HOC to recognize
the WFRFT modulations. It has also been pointed out that
there is a relationship between HOC and WFRFT order [29],
whereas the quantitative relationship function hasn’t been
put forward. This paper mainly focuses on the quantitative
relationship between HOC and WFRFT modulations, and
detailed analyses are also carried out for different baseband
modulations, such as ASK, PSK, and QAM.

This paper is organized as follows: In Section 2, the frame-
work of WFRFT-based systems using 4th-order Cumulants
is provided, and the related works about WFRFT are also put
forward. In Section 3, the expressions of 4th-order Cumulants
C42 with ASK, PSK, and QAM for WFRFT modulations
are deduced. Through optimization theory, it has also been
proved that the optimal WFRFT order αr could be obtained
through the minimization of C42. In Section 4, numerical
simulations are conducted to evaluate the performance of the
proposed system. Conclusions and future works are drawn in
the final section.

FIGURE 1. Framework of WFRFT-based systems using 4th-order
cumulants.

II. FRAMEWORK OF WFRFT-BASED SYSTEMS
The basic framework of WFRFT-based systems is depicted
in Fig. 1. After baseband modulation and αt -th WFRFT,
the original sequence c = [c0, c1, · · · , cN−1]T are trans-
mitted in the Additive White Gaussian Noise(AWGN) chan-
nel. As for the receiving process, we calculate 4th-order
Cumulants of the receiving signal and get the variable, C42.
By minimizing C42, we can get the optimal αr . Finally,
we can recover the received signal through αr -thWFRFT and
baseband demodulation.

The classical 4-WFRFT of X0 can be described as [2]

Wα(X0) = ω0(α)X0 + ω1(α)X1

+ω2(α)X2 + ω3(α)X3, (1)

where α is the WFRFT order, X1, X2 and X3 are the 1-3 times
normalized Discrete Fourier Transform (DFT) ofX0. And the
expression of ωl (l = 0, 1, 2, 3) is given by [3]

ωl(α) = cos
[
(α − l)

4

]
cos

[
2(α − l)

4

]
exp

[
3(α − l)j

4

]
,

(2)

where j is the basic imaginary unit, and j =
√
−1.

Then in the form of matrix, the normalized WFRFT can be
also expressed as

Wα
= ω0(α)F0

+ ω1(α)F1
+ ω2(α)F2

+ ω3(α)F3, (3)

where F denotes the normalized DFT, the (m, n)-th element
of which is given by

Fm,n =
1
√
N

exp(−j2πmn/N ),m, n = 0, 1, · · · ,N−1. (4)

As shown in Fig. 1, we can write the received signal’s expres-
sion as follows

rk = W1α
k s+Wαr

k n, k = 0, 1, . . . ,N − 1, (5)

where, s is the basebandmodulated sequence,W1α
k is the k-th

row of the normalized WFRFT matrix, and n is the AWGN
vector( n = [n0, n1, · · · , nN−1]T). 1α denotes the WFRFT
order offset, and 1α = αr + αt . For the perfect receiving,
1α = 0, that is, αr = −αt .

To describe the distribution properties of Gaussian dis-
tributed random variables nk (the k-th element in n), we use
the short notation nk ∼ N

(
µ, σ 2

)
, where µ and σ 2 are the

expected value and the variance of nk respectively. As the nor-
malized WFRFT is a unitary linear transformation,Wαr

k n has
the same distribution properties with nk , that is W

αr
k n ∼

N
(
µ, σ 2

)
[30]. Then we can simplify the problem as the

optimization program to minimize 1α in Eq.(5), which will
be discussed in the next section.

III. THEORETICAL ANALYSES ON WFRFT-BASED SYSTEM
As for the digital communication system, ASK, PSK and
QAM are the most commonly adopted. Related analyses on
ASK, PSK, and QAM can provide a sound basis for other
complex systems and communication situations. Then, our
works mainly focus on the three modulations.

A. CONSTELLATION CHARACTERISTICS
In Fig.1, c(c = [c0, c1, · · · , cN−1]T) are the original signal
whose element ci, i = 0, 1, · · · ,N − 1 are generated from
the integers between 0 andM−1.M is the modulation cardi-
nality, i.e. the baseband constellation size. Usually,M should
be an integer power of 2. For the three typical baseband mod-
ulations, ASK, PSK and QAM, the corresponding conversion
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FIGURE 2. Diagram of the baseband modulation constellations: (a) ASK,
(b) PSK, (c) QAM.

processes can be expressed by Eq.(6), (7) and (8) respectively.
Then, as for the modulated signal s(s = [s0, s1, · · · , sN−1]T),
according to the different baseband modulations, the element
si, i = 0, 1, · · · ,N − 1 can be generated based on Eq.(6),(7)
and (8) respectively. When ci is decided, there exists a unique
si(equals to

√
Sxi,
√
Syi or

√
S(pi+jqi) ) of the baseband mod-

ulation constellations in Fig.2. Fig. 2(a), (b) and (c) display
the basic constellations of ASK, PSK, and QAM respectively.
Let d be the basis distance unit. Then signals of these three
baseband modulations can be expressed by [31]

XASK =
√
Sxi, xi = (2m+ 1−M )d,

m = 0, 1, · · · ,M − 1, (6)

XPSK =
√
Syi, yi = exp

(
j2π (m− 1)

M

)
,

m = 0, 1, · · · ,M − 1, (7)

XQAM =
√
S(pi + jqi), pi, qi = ±(2m− 1−

√
M )d,

m =
√
M/2+ 1,

√
M/2+ 2, · · · ,

√
M . (8)

In Eq.(6), (7), and (8), S denotes the average power of the
baseband signal, and M is the total number of the constella-
tion points.

To make the average power of the signal equal to S, taking
ASK for example, we can derive the basic distance unit,
dASK for ASK

2 ·
[
12 + 32 + · · · (M − 1)2

]
· d2ASK · S = M · S. (9)

Then, according to the related sequence square summation
formula, dASK is calculated by

dASK =
√
3/(M2 − 1) . (10)

Based on the same theory and methods, we can also derive
the basic distance units for PSK and QAM [32]

dPSK = sin(π/M ), (11)

dQAM =
√
3/ [2(M − 1)]. (12)

In Eq.(11), we assume M ≥ 4 mainly because it is the same
with 2ASK when M = 2.

B. CALCULATIONS OF C42 for ASK, PSK, QAM
For ASK, PSK, and QAM, due to the constellations’ sym-
metry and the baseband modulated signals’ randomness,
with different WFRFT order offset 1α, the correspond-
ing values of the 2th-order cumulants remain unchanged,

while the ones of the 3th-order or other odd order cumu-
lants exhibit instability. Therefore, to achieve a better trade-
off between the computations’ complexity and recognition
effectiveness, we decide to realize the modulation recogni-
tion for the WFRFT-based systems by employing 4th-order
cumulants(C42).
In a matter of clarity, when calculating only C42 for dif-

ferent baseband modulation signals, XASK, XPSK and XQAM,
we will skip the subscripts ASK, PSK, and QAM in Eq.(6),
(7) and (8) respectively. In the following deductions, the cal-
culation of C42 will be conducted for different baseband
modulations.

1) C42 FOR ASK
According to [33], let X be a random variable, whose avail-
able value comes from s in Fig. 1. the 4th-order Cumulants
of X , C42 is expressed by

C42(X ) = E
[
(XX∗)2

]
−

∣∣∣E(X2)
∣∣∣2 − 2

[
E(XX∗)

]2
, (13)

where E(·), |·|, (·)∗, and (·)2 denote the expected value,
the magnitude, the conjugate value, and square of the signal
respectively.

According to the constellation distribution of Fig. 2(a),
the constellation points are evenly distributed in the horizon-
tal axis. For the sake of clarity, we only take the positive
axis into consideration. Then C42 for ASK can be derived as
follows

C42(X ) = E
[
(XX∗)2

]
−

∣∣∣E(X2)
∣∣∣2 − 2

[
E(XX∗)

]2
=

2
M

∑M−1

m=M/2
(2m+ 1−M )4 · d4

−

(
2
M

∑M−1

m=M/2
(2m+ 1−M )2

)2

· d4 − 2S2.

(14)

According to the statistical theory, we can easily deduce
that E(XX∗) equals to the average power of s. After substitut-
ing Eq.(10) into Eq.(14), we can get the following expression

C42(X ) =
(
3[3L3 + 12L2 + 8L − 8]

5(L + 2)2L
− 3

)
S2, (15)

where L = M−1.More detailed deduction about Eq.(14) will
be given in Appendix A. With M = 4, 8, 16, . . ., in Eq.(15),
C42(X ) varies in the range [−2,−1.2]S2. And when M gets
larger, C42(X ) gets closer to −1.2S2.

2) C42 for PSK
As shown in Fig. 2(b), the constellation points of PSK are
evenly distributed on the boundary line of a circle, then we
only pay our attention to the first quadrant of Fig. 2(b).
E[(XX∗)2] can be calculated as follows

E[(XX∗)2] =
4
M

∑M/4−1

i=0
(x2i + y

2
i )

2
. (16)
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According to Eq.(11), x2i + y2i = r2. After substituting
Eq.(11) into Eq.(16), we can obtain the following expression

E[(XX∗)2] =
4
M

∑M/4−1

i=0
(r2)

2
= r4. (17)

Considering that S is the average power of the baseband
signal, we can deduce that r2 = S. We can find that∣∣E(X2)

∣∣2 = 0 due to the strict symmetry of the constellation
in Fig. 2(b). E[(XX∗)2] is equal to the square of average
power of s, E[(XX∗)2] = S2. Then we can easily obtain C42
for PSK as follows

C42(X ) = E
[
(XX∗)2

]
−

∣∣∣E(X2)
∣∣∣2 − 2

[
E(XX∗)

]2
= (1− 2) · S2 = −S2. (18)

3) C42 for QAM
As for QAM, considering that QAM has a strict symmetric
constellation, we only pay our attention to the first quad-
rant. Through baseband modulation, c is transformed into s,
according to Eq.(8), we can obtain the following expression

si =
√
S(xi + jyi), xi, yi ∈ (2m− 1−

√
M )d, (19)

where, xi and yi are the real and imaginary part of the complex
signal respectively.

According to Eq.(12), d =
√
3/(2(M − 1)). In the first

quadrant, there are M/4 constellation points. In the form of
matrix, themagnitude square of each element in the constella-
tion is expressed in (20), as shown at the bottom of this page.
Then E[(XX∗)2] can be calculated by

E[(XX∗)2]=
4
M
·

∑√
M

i=
√
M/2 +1

∑√
M

j=
√
M/2 +1

(x2i +x
2
j )

2
d4.

(21)

After substituting Eq.(20) into Eq.(21), E[(XX∗)2] can be
calculated through summation operations

E[(XX∗)2] =
7(H + 1)2 − 13
5H (H + 2)

S2, (22)

where H =
√
M − 1. More detailed deduction about Eq.(22)

will be given in Appendix B.
We can also find that

∣∣E(X2)
∣∣2 = 0 due to the strict

symmetry of the constellation in Fig. 2(c). Considering that
[E(XX∗)]2 = S2, depending on Eq.(13), we can work out the
value of C42 as follows

C42(X ) = E
[
(XX∗)2

]
−

∣∣∣E(X2)
∣∣∣2 − 2

[
E(XX∗)

]2
= (E[(XX∗)2]− 2) · S2, (23)

where E[(XX∗)2] corresponds to Eq.(22). With M =

4, 16, 64, . . ., in Eq.(23), C42(X ) varies in the range
[−1,−0.6]S2. And when M gets larger, C42(X ) gets closer
to −0.6S2.

C. OPTIMISATION OF αr BY MINIMISING C42
As for WFRFT modulation, when N is larger enough, we can
regard X0, X1, X2 and X3 as four unrelated random variables.
As depicted in Fig. 1, let X0 = s. According to Eq.(1),
C42(W1αs) can be calculated by

C42(W1αs) = |ω0|
4C42(X0)+ |ω1|

4C42(X1)

+|ω2|
4C42(X2)+ |ω2|

4C42(X3). (24)

Considering X0 and X2 have the same statistical prop-
erties [34], besides, X1 and X3 are the normalized DFT
of X0 and X2 respectively, Then X1 and X3 are asymptot-
ically Gaussian when N is large enough [24]. C42(X1) and
C42(X3) approach zero because the HOC of Gaussian signal
is equal to zero. Then we mainly focus on the summation
of |ω0|

4C42(X0) and |ω2|
4C42(X2). Because X0 and X2 have

the same distribution properties, we can define C as the
value C42(X0), then C42(X0) = C42(X2) = C. When
the WFRFT order 1α is set, we can rewrite C42(W1αs) as
follows

C42(W1αs) = (|ω0|
4
+ |ω2|

4)C. (25)

After substituting Eq.(2) into Eq.(25), we can get the follow-
ing functions

C42(W1αs)

= (|ω0|
4
+ |ω2|

4) · C

=


∣∣∣∣cos [ (1α − 0)π

4

]
cos

[
2(1α − 0)π

4

]∣∣∣∣4
+

∣∣∣∣cos [ (1α − 2)π
4

]
cos

[
2(1α − 2)π

4

]∣∣∣∣4
 · C

= 0.5
[
(cos(π1α/2 ))4 + (cos(π1α/2 ))6

]
· C. (26)

Then the optimization of Eq.(26) is equal to the optimization
of the following functions

f (u) = (cos(u))4 + (cos(u))6, (27)

where u = π1α/2 .
We can solve the optimization of Eq.(27) by taking deriva-

tives, and the first and second derivative of f (u) are given by

f ′(u) = − sin(u)
[
4(cos(u))3 + 6(cos(u))5

]
, (28)

Q1 =


12 + 12 12 + 32 · · · 12 + (

√
M − 1)

2

32 + 12 32 + 32 · · · 32 + (
√
M − 1)

2

...
...

...
...

(
√
M − 1)

2
+ 12 (

√
M − 1)

2
+ 32 · · · (

√
M − 1)

2
+ (
√
M − 1)

2

. (20)
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f ′′(u) = 12(cos(u))2(− sin(u))2 − 4(cos(u))4

+ 30(cos(u))4(− sin(u))2 − 6(cos(u))6. (29)

Let f ′(u) = 0, and f ′′(u) < 0, we can get the optimal solution
is u = π1α/2 = 0, i.e. the optimal solution for Eq.(26) is
1α = 0. In addition, according to the theoretical analyses in
Eq.(15), (18), and (23),C is a negative number. Thus, through
the optimization of Eq.(26), when C < 0, C42(W1αs) can
reach the minimum at1α = 0. That’s the reason why we can
get the optimal αr by minimizing the 4th-order Cumulants of
the receiving signal, C42.

IV. NUMERICAL RESULTS
We simulate our WFRFT-based system in Fig. 1, with block
length N = 4096. The WFRFT order 1α is in [0, 1], with
the searching step 0.03. Without loss of generality, we make
S = 1, and −S2 can be omitted to simplify the descriptions
of Eq.(15), (18) and (23). And we define C̃42 = C42/(−S2) .

FIGURE 3. C̃42 of WFRFT-based systems for different parameters
with ASK.

FIGURE 4. C̃42 of WFRFT-based systems for different parameters
with PSK.

As depicted in Fig. 3, we can observe that the system
with a lager energy per bit-to-noise power spectrum den-
sity ratio (Eb/N0) has a larger C̃42 under the same base-
band modulation order M . When Eb/N0 is large enough
(Eb/N0 > 20), with the increase of M , C̃42 in Fig. 3, Fig. 4

FIGURE 5. C̃42 of WFRFT-based systems for different parameters
with QAM.

and Fig. 5 approaches the theoretical boundaries 1, 1.2 and
0.6 respectively, which is consistent with Eq.(15), (18),
and (23). We can find that when the WFRFT order 1α
comes closer to 0, C̃42 gets larger, which confirms that it’s
reasonable to get the optimal αr by minimizing the 4th-order
Cumulants of the receiving signal, C42 in Eq.(26). When
1α > 0.5, C̃42 gets smaller(approaching zero). That’s
because, in this situation(1α > 0.5), the WFRFT-modulated
signals exhibit strong Gaussian-like characteristics in Eq.(5).
Besides, in view of the fact that the AWGN sequences have
the pseudo-random characteristics and the OFDM signals
have quasi-Gaussian distribution’s characteristics, the values
of C̃42 will exhibit a slight fluctuation, to some extent, when
the simulations are conducted under the situations with differ-
ent noise’s power σ 2 and DFT block length N . Thus, we can
also find that there exists a slight fluctuation around zero
when 1α is in [0.8, 1].
To explicitly exhibit how WFRFT order offset 1α can

affect the received signals’ characteristics, we also analyze
the received signals’ constellations with different 1α in the
noiseless channel.

For the convenience of analyzing, we take 4QAM
baseband modulation as an example to evaluate the related
performances. Fig. 6(a),(b),(c) and (d) show the different
constellations with 1α = 0,0.3, 0.5, and 0.9 respectively.
In Fig. 6, I and Q denote the Inphase and Quadrature parts of
the constellation points. And the four different colored(red,
blue, yellow, and green respectively) points denote the four
different constellation sources originally generated from four
quadrants in X-Y plane. As depicted in Fig. 6, with differ-
ent 1α, the constellations exhibit splitting and Gaussian-
like characteristics. When 1α gets larger, the Gaussian-like
characteristic gets stronger.

To further analyze the Gaussian-like characteristics for dif-
ferent1α, we evaluate the probability density function(PDF)
of the received signals with different 1α. According to the
symmetric property of 4QAM and WFRFT, the real parts
and imaginary parts of the WFRFT-modulated signal W1α

k s
in Eq.(5) almost have the same statistical properties, so we
only illustrate the PDFs for the real parts in Fig. 7. As shown
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FIGURE 6. Diagram of the baseband modulation constellations for WFRFT
signals with different 1α.

FIGURE 7. PDFs for the real parts of WFRFT signals with different 1α.

in Fig. 7(a),(b),(c), and (d), when 1α gets larger, the contact
ratio between the two PDF curves becomes higher in each
subfigure. Especially, when 1α > 0.5, the two PDF curves
are almost the same, which demonstrates that the WFRFT
signals can be almost regarded as Gaussian noise when 1α
comes close to 1. And the law of the Gaussian-like charac-
teristic along with 1α in Fig. 7 is consistent with the ones
in Fig. 5 and Fig. 6.

In order to analyze the recognition performance of the
designed systems, we also test the system’s recognition rates
with different baseband modulations. The adaptive thresh-
olds are adopted to discriminate different modulation cardi-
nalities. As shown in Fig.8, the system’s recognition rates
are larger than 90% at Eb/N0 > 6. When Eb/N0 is large
enough (Eb/N0 > 11), the values of C42 are easy to be
discriminated(shown in Fig.3-5), and the recognition perfor-
mances are almost the same(approaching 100%) for different
modulation types and cardinalities. Considering the adaptive
thresholds are selected depending on the actual relationship
between the values of C42 and equivalent normalized AWGN
signal’s power, there doesn’t exist a direct recognition perfor-
mance comparison for different modulation types. Thus, for
the same digital modulation types with different modulation
cardinalityM , whenEb/N0 is small, for example,Eb/N0 < 5,

FIGURE 8. Recognition performances for WFRFT-based systems using C42.

there exits an obvious recognition performance deterioration
with the increase of M . And this mainly because the equiv-
alent basis distance d(shown in Fig.2) will get smaller when
the modulation cardinality M gets larger, which will finally
lead to the degradation of the anti-AWGN capability based
on the 4th-order cumulants(C42).

V. CONCLUSION
In this paper, we conducted quantitative and qualitative anal-
yses on the 4th-order Cumulants, C42 with ASK, PSK, and
QAM for WFRFT-based systems. We put forward a novel
modulation recognition and proved that the optimal αr could
be obtained by minimizing C42, which could contribute to
improving the system recognition performance. Future works
will be done on the multiple parameters WFRFT-based sys-
tem over other complex channels, such as multipath and
double-selective channels.

APPENDIX A
DETAILED CALCULATION FOR EQ.(14)
Before deducing Eq.(14), we define the following summation
formulas [35]

S2(n) =
n∑

x=1

x2 =
n(n+ 1)(2n+ 1)

6
, (A.1)

S4(n) =
n∑

x=1

x4 =
n(n+ 1)(2n+ 1)(3n2 + 3n− 1)

30
, (A.2)

where, we assume n is an odd number.
Then we can easily deduce the following formulas

S20(n) =
(n−1)/2∑
x=1

(2x)2 =
n(n− 1)(n+ 1)

6
, (A.3)

S40(n) =
(n−1)/2∑
x=1

(2x)4 =
3n5 − 10n3 + 7n

30
, (A.4)

S21(n) = S2 − S20 =
n(n+ 1)(n+ 2)

6
, (A.5)
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S41(n) = S4 − S40 =
3n5 + 15n4 + 20n3 − 8n

30
. (A.6)

And let sum1 denote the final value of the expression
E
[
(XX∗)2

]
−
∣∣E(X2)

∣∣2 in Eq.(14). Taking Eq.(A.5), (A.6)
into consideration, we can rewrite sum1 as

sum1 =
2
M

[14 + 34 + 54 + · · · + (M − 1)4] · d4

−

(
2
M

[12 + 32 + 52 + · · · + (M − 1)2]
)2

· d4

=
2
M
S41(L) · d4 −

(
2
M
S21(L)

)2

· d4, (A.7)

where L = M − 1.
After substituting Eq.(10), (A.5) and (A.6) into Eq.(A.7),

we can get the final expressions

sum1 =
2
M
·
L(L+1)(3L3+12L2+8L−8)

30
·

(
3

M2 − 1

)2

−

(
2
M
L(L + 1)(L + 2)

6

)2

·

(
3

M2 − 1

)2

=
3[3L3 + 12L2 + 8L − 8]

5(L + 2)2L
− 1. (A.8)

APPENDIX B
DETAILED CALCULATION FOR EQ.(22)
Let sum2 denote the final value of the formula (4/M ) ·∑√M

i=
√
M/2 +1

∑√M
j=
√
M/2 +1

(x2i + x
2
j )

2
· d4. Then, we can

rewrite sum2 as follows

sum2 =
4
M
· d4 ·

√
M∑

i=
√
M/2+1

√
M∑

j=
√
M/2+1

(x4i + x
4
j + 2x2i · x

2
j ).

(B.1)

After substituting Eq.(A.5), (A.6) into Eq.(B.1), we can
deduce the following expression

sum2 =
4
M
· d4 ·

2(
√
M
2

)[14 + 34 + · · · + (
√
M − 1)

4
]

+ 2([12 + 32 + · · · + (
√
M − 1)

2
])
2


=

4
M
· d4 ·


2(

√
M
2

)
[
S41(
√
M − 1)

]
+ 2

[
S21(
√
M − 1)

]2


=
7(H + 1)2 − 13
5H (H + 2)

. (B.2)

where H =
√
M − 1.
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