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ABSTRACT In this paper, a scheme for cyclic hybrid double-channel quantum communication is proposed
by using the product state of three Bell states and three Greenberger-Horne-Zeilinger (GHZ) states as the
quantum channel. It shows that Alice teleports a single-qubit state to Bob and prepares a single-qubit
state for Charlie, Bob teleports a single-qubit state to Charlie and prepares a single-qubit state for Alice,
while Charlie teleports a single-qubit state to Alice and prepares a single-qubit state for Bob. The quantum
channel is constructed by using Hadamard (H) and Controlled-NOT (CNOT) operations. Participants recon-
struct the desired states by performing Bell-state measurements, single-qubit measurements, and unitary
transformations. Compared with existing schemes, this new scheme improves the efficiency and capacity
of quantum communication because it constructs a cyclic and bidirectional quantum communication and
simultaneously supports two communication protocols, quantum teleportation and remote state preparation.
Only single-qubit measurements, two-qubit measurements, and basic unitary transformations are utilized in
the scheme, so our operation complexity is lower than others. Thus, the scheme is likely to be implemented
through physical experiments in the future. Besides this, we discuss the impact of noisy environments
(amplitude-damping, phase-damping noise, bit-flip noise, and phase-flip noise) in the scheme and calculate
the fidelities of the output states. It is demonstrated that the fidelities only depend on the coefficients of the
initial state and the decoherence rate.

INDEX TERMS Amplitude-damping noise, bell-state measurement, phase-damping noise, quantum tele-

portation, remote state preparation, single-qubit measurement.

I. INTRODUCTION
As a unique quantum phenomenon, quantum entanglement

The first QT scheme was proposed

in 1993 by

plays a crucial role in quantum communication because it
could transmit information between places far apart without a
channel connection [1]. Two typical applications of quantum
entanglement are quantum teleportation (QT) and remote
state preparation (RSP).

QT is a technique for transmitting the information of
an unknown quantum state from a sender to a spatially
remote receiver by using a pre-shared quantum entangled
state as the quantum channel and some classical information.

The associate editor coordinating the review of this manuscript and
approving it for publication was Muhammad Ali Imran.
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Bennett et al. [2] who found that a single-qubit state could be
transmitted from a sender (Alice) to a receiver (Bob) by using
an Einstein-Podolsky-Rosen (EPR) as the quantum channel.
The scheme required two bits of classical information to
complete the transmission; this scheme was experimentally
demonstrated in 1998 [3]. Since then, the technique has
attracted a great deal of attention from researchers, and
various related schemes have been presented [4]-[7].
To improve the capacity and security of quantum commu-
nication, many variants of QT schemes were put forward,
such as controlled QT (CQT) [8], [9], bidirectional QT
(BQT) [10]-[13], and controlled BQT (CBQT) [14], [15].
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In 2019, Zhou et al. [16], [17] proposed two schemes. One
realized bidirectional transmitting of three-qubit state and
single-qubit by using a six-qubit cluster state [16]. The other
presented a cyclic and bidirectional information transmission
among three users [17].

As a variant of QT, the RSP scheme was first introduced
in 2000 by Lo et al. [18]. Different from QT, the sender
knows the complete information of the quantum state in
RSP, but the quantum state is not required for measure-
ment [19]. Thus, the cost of classical communication is
lower. For this reason, considerable effort has been devoted
to the study of this technique from researchers, producing
a number of schemes [20]-[27] and many variants of
RSP schemes, such as controlled RSP (CRSP) [28]-[30],
controlled bidirectional RSP (CBRSP) [31]-[33], and joint
RSP (JRSP) [34], [35]. However, these schemes only focus on
one-way directional or bidirectional quantum state prepara-
tion. In 2018, Zhang et al. [36] and Sang et al. [37] presented
two schemes for cyclic RSP by respectively using three
multi-qubit GHZ-type states and a ten-qubit entangled state
as the quantum channel. In 2018, Fang et al. [38] and
Wu et al. [39] each presented one scheme for bidirectional
and hybrid quantum communication, which allowed the
sender and receiver to exchange their states with each other,
whether they knew the state or not. Different from QT
or RSP schemes, these two schemes are hybrid protocols
for quantum communication, and the channels are multi-
purpose. However, they are only available for two-party
communications.

Based on the schemes in [15], [17], [36]-[39], we propose
a scheme for hybrid double-channel quantum communica-
tion for three parties by using the product state of three
Bell-state and three GHZ-state as the quantum channel. The
three participants, Alice, Bob, and Charlie, are all senders
and receivers, and there are two communication channels,
QT and RSP, between each pair of them. In QT, Alice could
teleport a single-qubit state to Bob, Bob could teleport a
single-qubit state to Charlie, and Charlie could teleport
a single-qubit state to Alice. In RSP, Alice could prepare a
single-qubit state for Charlie, Charlie also could prepare a
single-qubit state for Bob, and Bob also could
prepare a single-qubit state for Alice. Compared with QT
or RSP schemes, the scheme is more efficient because it
constructs a cyclic hybrid double-channel quantum commu-
nication protocol by simultaneously supporting QT and RSP.
Also, the scheme is likely to be implemented through phys-
ical experiments because only single-qubit measurements,
two-qubit measurements, and basic unitary transformations
are employed. By increasing the Bell-state and GHZ-state
in the quantum channel, the scheme could become a new
N-party scheme (N>3). In addition, we discuss the scheme
in four noisy environments including amplitude-damping,
phase-damping noise, bit-flip noise, and phase-flip noise.
The fidelities of the output states are calculated, and it is
demonstrated that the fidelities only depend on the coeffi-
cients of the initial state and the decoherence rate.
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The rest paper is organized as follows. In Section II,
we present the scheme in detail, including the construction of
the quantum channel, quantum measurement operations, and
unitary transformation operations. In Section III, the scheme
is discussed in four noisy environments (amplitude-damping,
phase-damping noise, bit-flip noise, and phase-flip noise).
In Section IV, we analyze the efficiency of the scheme
and make a comparison with some existing schemes.
Finally, some conclusions and further work are given
in Section V.

Il. SCHEME FOR CYCLIC HYBRID DOUBLE-CHANNEL
QUANTUM COMMUNICATION

In this section, we present the scheme for cyclic hybrid
double-channel quantum communication. In this scheme,
three participants, Alice, Bob, and Charlie, are assumed to
be located at three places. Alice has an unknown single-qubit
state |¢), and a known single-qubit state |£1) as follows:

l$)g = @l0) + a1]1) (1
&) = ape™®|0) + are!|1) 2)

where «g, a1, ag, ai, 6y, and 6 (6, 01 € [0, 27r) ) are real
numbers with the normalization conditions || + |t |2 = 1
and Iaol2 +la; |2 = 1. Alice wants to teleport |¢), to Bob and
prepare |&1) for Charlie.

Simultaneously, Bob possesses two arbitrary single-qubit
states |¢), and |&2), where |¢),is an unknown state and |£;)is
a known state. They are presented as follows:

)5 = Fol0) + Bill) 3)
£2) = boe™10) + b1e 1) o

where Bo, B1, bo, b1, €0, and €1(gg, &1 € [0, 27) )are real
numbers, satisfying the normalization conditions |/30|2 +
1B11> = 1 and |bg|> + |b1|> = 1. Bob would like to send
|¢),, to Charlie and help Alice prepare|&;).

Furthermore, Charlie also owns the following two
single-qubit states:

[9)e = 20l0) +21[1) 5)
£3) = coe™10) +cre 1) (©)

where |¢),. not known by Charlie is to be transmitted to
Alice, and |&3) known by Charlie is to be prepared for
Bob. In (5), A9 and A; are real numbers with the normal-
ization condition|Ao|®> + |A1|> = 1. In (6), co, c1, Yo, and
y1(yoy1 € [0, 2) ) are real numbers, where ¢ and ¢ satisfy
the normalization condition |co|* + |¢1|*> = 1.

To realize the cyclic hybrid double-channel quantum
communication, first, three participants need to pre-share
a quantum channel, which is the product state of three
Bell-state and three GHZ-state as shown:

1

) = §(|00)+|11>)1,2® (100) +11))3 4 ® (100) + [11))s5 6
® (1000) + [111))7,g9 ® (1000) + [111))10.11,12
® (1000) + [111))13.14.15 - @)
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A: The construction of
the quantum channel
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FIGURE 1. The schematic of the scheme, where BSM denotes Bell-state measurement, SM denotes single-qubit measurement,

and UT denotes unitary transformation.

We assume that qubits 1, 6, 7, 8, and 15 belong to Alice,
qubits 2, 3, 12, 13, and 14 belong to Bob, and qubits 4, 5,
9, 10, and 11 belong to Charlie. The quantum channel can be
rewritten as follows:

1

V)= §(|OO>+|11))A182® (100) +111),c, &(100) + [11))c, 4,
®(1000) + [111))a345¢5 ® (1000) + [111))c5c485
® (1000) + [111));B,45- ®)

Thus, the quantum state of the whole system can be expressed
as follows:

lw)1s
= |¢a) ® lpn) ® lgc) @ [¥)
= %(O‘Olo>+al|l>)a®(,80|0)+.31|1>)b® (A0l0)+A1[1))c
® (100)+[11))a, 8, ®(100) +11))5,c, ®(|00) +[11) ¢, 4,
®(|000) + [111))aza,c5 @ (1000) + [111))c5¢,85
®(1000) + [111))B;B,445- ©)

Next, three participants carry out Bell-state measurements
and single-qubit measurements on their own particles, and
broadcast the measurement results to others. Finally, they
recover the desired states by implementing appropriate
unitary transformations. This scheme is schematically illus-
trated in Fig. 1. The scheme can be divided into three
stages including the construction of the quantum channel,
the quantum measurement and the unitary transformation.

A. THE CONSTRUCTION OF THE QUANTUM CHANNEL

In the scheme, the product state of three Bell-state and three
GHZ-state is used as the quantum channel, which can be
constructed by Hadamard (H) and Controlled-NOT (CNOT)
operations. The H operation can change a single state into a
superposed state as follows:

1 1
0) > — (0)+ 1), [1) > —(10)—[1)). (10
I>—>\/§(I>+|>) |>_)ﬁ(|) ). (10)
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The CNOT is a two-qubit gate: one is the control qubit and
the other is the target qubit. If the control qubit is set to 0,
the target qubit would be left alone. If the control qubit is set
to 1, the target qubit would be reversed. The function of the
CNOT operation can be illustrated by Equation (11):

|00) — 100), |01) —|01), [10) — |11), |11) — [10). (11)

The construction process of the quantum channel is detailed
as follows:

Step 1: The product state of fifteen-qubit states initialized
to |0) is used as the input state |y ¢)in the quantum circuit,
which can be expressed as:

[¥0) =10); ®[0)2--- ®[0)y5 - (12)

Step 2: We perform some H operations on qubits 1, 3, 5,7,
10, and 13, and then the quantum state [y¢) is converted to
|[v1) as follows:

1

V1) = §(|00)+|10>)1,2®(|00)+|10))3,4®(|00> +[10))s.6
® (1000) + [100))7 39 ® (1000) + [100))10,11,12
® (1000) + [100))13 14,15 - (13)

Step 3: Several CNOT operations are performed on the
following qubit pairs (1, 2), (3, 4), (5, 6), (7, 8), (7, 9), (10,
11), (10, 12), (13, 14), and (13, 15), where qubits 1, 3, 5, 7,
10, and 13 are used as control qubits, and qubits 2, 4, 6, 8, 9,
11, 12, 14, and 15 are target qubits. Afterwards, the quantum
channel is reconstructed as follows:

1
1Y) = 3000 +111)1.2 @ (100) +]11))3.4 @ (100)+[11))s.6

® (1000) + [111))7,89 ® (1000) + [111))10,11,12
® (1000) + [111))13 14,15 - (14)
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The process of the construction of the quantum channel is
illustrated by Fig. 2.
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FIGURE 2. The construction of the quantum channel.

B. THE QUANTUM MEASUREMENTS
From the schematic given in Fig. 1, there are nine measure-
ment operations in the scheme, namely, the Bell-state
measurements and six single-qubit measurements.

Op. 1: Alice performs a Bell-state measurement on her
qubits a and A based on the following basis:

1
= — (100 11
o) ﬁu )+ [11))

1
)= —(|00) — |11
lo7) ﬁu) |11))

1
= —(01 1
[y ) ﬁ(|o>+|o>)

1
ly~) = 7001) — 110)) (15)

The measurement result has four possibilities, }qﬁ )( Ay
|¢ >a A |¢+)a AL and |1p )a A If the measurement operator

is |¢)+)aA1(¢+|aA , then the measurement result is }d)*)am,
and the remaining qubits might collapse into a new state as
follows:

l®)16

1
= 00[+(11[)aa, 0)+a111))a®@(00) +[11))4, 5,
Wi« |4+ (111)aa, @ (@010} +11))a ®(|00) +[11))a, B

® (Bol0)+B111))p® (A0]0) + A1[1))e ® (100)+ [11))B, ¢,
® (100) + [11))cya, ® (1000) + [111))a;4,c5
® (1000) + [111))cy¢,8;©(]000) + [111))B,B,45

1
= ﬁ((ool + (11Daa; ® (0|00)|0) + r|O1)[ 1)

+ 1]10)[0) + a1 [11)[1))aa;8, ® (Bol0) + Bil1))s
® (20[0) +21[1))c®(|00) +[11))B,c, ®(|00) + [11))cy 4,

® (1000) + [111)aza4cs @ (1000) + [111))cscy85
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1
® (1000) +[111))B;Bsas = g_ﬁ(a0|o) +a1[1)s,

® (Bol0)+B111)p @ (A0l0)+21[1))c® (100) 4 [11))B, c,
® (100) + [11))ca, ® (1000) + [111))a344¢5
® (1000) + [111)csc485 ® (1000) + |111))p3B4as-  (16)

Op. 2: Bob carries out a Bell-state measurement on his
qubits b and By based on the same basis. The outcome also has

+ - + -

>bB|’ ¢ )bBl’ )bBl’ and |y >b31'
If the result is |¢+>bBl, then the rest qubits would collapse
into the following state:

)14 = B((OOI + (11Dps; ® (Bol0) + B1[1))s ® (100)
+111),.c; ® (@0|0) +a1[1))B, ® (A0|0)+A1]1)c
® (100) + [11))cya, ® (1000) + [111))a34,c5
(21>(|000> + [111)csc485 @ (1000) 4 [111))B;8,445

= 1—6((00| + (11Dss, ® (Bol00)[0) + Bol01)[1)

+ B1110)[0) + B1[11)[1)pB,c, ® (20]0) + et11))B,
® (20[0) + A1[1))e ® (100) + [11))c,a,

® (1000} + [111))4344cs
® (1000) + [111))c;¢,85; ®(]000) + [111))B;B,45
= 1—16(ﬂ0|0)+,31|1))c2®(ao|0)+a1|1))32
® (A0l0) 4+ A1]1))e ® (100) + [11))c,4,
® (1000) + [111))a34,c5 ® (1000) + [111))c;c,B5
® (1000) + [111))p;B44s - a7

Op. 3: Charlie carries out a Bell-state measurement on his
qubits ¢ and Cbased on the same bases, and the result can
be |¢+>CC|’ _)CC], }CC], or |1//‘_>CCI. If |¢+>CC1 is the
result, then the corresponding collapsed states of other qubits
would be as follows:

)12 = %GOOI + (1Dec; ® (20l0) + Aq[1))e
® (100) + 111)cy4, ® (Bol0) + Bill))c,
® (0l0) + a11))p, @ (1000) + [111))a34,¢5
®(|000) + [111)csc485 @ (1000) + [111))B38,445

=1 [ (00] + (11Dccy ® (20100)]0) + 20[01)[1)

+A1110)[0) + A 11} [1))ecya, @ (Bol0) + Bil1))c,
® (00) + 1 11)B,@(1000)+(111))a34,c5
® (1000) + [111))csc485 @ (1000) + [111))5;8,4

1
= 16«/§(A0|0)+M|1))A2®(ﬂ0|0>+ﬂ1|1>)cz

® (a0|0) + a11))s,
® (|OOO) + |11]>)A3A4C5 ® (|OOO> + |111>)C3C4Bs
® (1000) + [111))p;B,45- (18)

Op. 4, 5: Alice performs the first single-qubit measurement
on his qubit A3 based on the orthogonal basis:

[n1) = aol0) + ay|1)
[72) = a1|0) — apl1). (19)
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The outcome is |n1) A;0T [n2) A3with equal probability. If the
outcome is |11)4,, then the collapsed states of other qubits
can be written as:

)1 = 16 \/—(ao (Ol+a1(1Da; ® (20l0) + A111))a,

® (Bol0) + B1l1))c,

® (0l0) + a1 [1))p, ® (1000) + [111))az4,¢5
® (1000) + [111))c5c48

®(|000) + [111))B;B445

= 16\/_(ao (Ol+a1(1Da; ® (10)]00) + [1)[11))a345cs

® (20l0) + A1]1))4,

® (Bol0) + Bil1)c, ® (ol0) + a1]1))B,
® (1000) + [111))c5cyBs

® (1000) + [111))B3B,45

1
= —=®(ao|00)+a1|11)a,cs ® (Aol0) + A1[1))a,

16+/2
® (Bol0) + Bi1l1))c,

® (0[0) + a1 [1)), ® (1000) + [111))c5cyB5
® (1000) + [111))B;B,445 (20)

Subsequently, Alice carries out the second single-qubit
measurement on her qubit A4, where the basis is related to the
first measurementresult. If itis [171) 4, , then the corresponding
measurement basis can be constructed as follows:

[ol) = = (e ®10) + 1))

Ne
lod) = % (e7™10) — e~ 11)). @)

Otherwise, the measurement basics should be chosen as:

|0?) = % (7100 + 7))

|03) = % (e7™10) — e~ 11)) (22)

After the two single-qubit measurements are performed,
the remaining qubits are collapsed into a new state. If the two
measurement results are [71) 4, and | ,0]1 ) " then the collapsed
states would be:

é (001 + €™ (1) @ (@0l0)[0)+ar 1) 1) ,cy
® (10l0) + A1 11))4,

® (Bol0) + A1I1)c, ® (@0]0) +a1]1))p,

® (1000) + [111) 5,5

® (1000) + [111)) ;5,45

1 i0 i0
=5 (aoel 010)+are’ 1|1>)C5 ® (A0l0) + A1[1))4,

® (Bol0) + B1l1))c,
® (a0l0) +a1[1))p, ® (1000) + [111))c5c,Bs
® (1000) + [111))p;p, 45 - (23)

lw)19 =

80534

Op. 6, 7: At the same time, Charlie carries out two
single-qubit measurements on his qubits C3 and C4 based
on the appropriate measurement basis. The first measurement
basis can be written as:

161) = col0) +c1]1)
162) = ¢110) — col1). (24)

Also, the second measurement basis can be constructed
according to the first measurement result. If the first
basis is |81) c,, then the measurement basis is given as:

\ui} = % (e"'V°|0> e |1>)

ub) = % (e m10) -

If the first basis is |82)¢,, then the measurement basis is
constructed as:

\M%) = % (e*"” 10) + e*"V°|1>)

13) = % (e7m10) -

If the two measurement results are [81)c, and |/L%)C4, then
the rest states of the whole system can be collapsed into the
following state:

ein |1>) . (25)

eN) 1>) . (26)

o)y = — (e"VO(0|+e"V1<1|) ¢ ® (co(0] + c1 (1))
8 322 4 G

® (10)10)[0) + [DI1)) cycy8s

® (a0e ™10+ 1) | ® (ol0) + 2111,

® (Bol0) + Bil1))c,

® (a0l0) + 1[1))p, ® (1000) + [111))p,p,a;

1 l. .
= coe'™|0) + c1e|1
75 (00 +ere )

® (a0e™10)+are™ 1)) ® (h0l0) + 21 1),
5

® (Bol0) + B1l1)c, ® (0l0) +a1[1))p,
® (1000) + [111))p;p, 45 - 27)

Bs

Op. 8, 9: Like Alice and Charlie, Bob also needs to imple-
ment two single-qubit measurements on his qubits B3 and Bj.
The first measurement basis can be given as:

IT1) = bol0) + b 1)
|T2) = b1]0) — bol1). (28)

If the measurement result is |71) 5, then the second measure-
ment basis can be expressed as:

t) = % (7010 + 7))

) = % (e 010y = 71 11)) (29)
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TABLE 1. Partial possible measurement results AND THE corresponding unitary transformations.

Alice’s Bob’s Charlie’s  Alice’s Bob’s Charlie’'s Alice’s  Bob’s Charlie’s Unitary operation
BSM BSM BSM SPM1 SPM1 SPM1 SPM2 SPM2 SPM2 Alice Bob Charlie
o h g WL el nen ek
n T, )
e, 8, ), neel  nes  ieo
9 19 10 , ,
' ! ' 2>A ‘,1/]>B ‘,u;>c 1,80 1, ®0; I, ®c
‘772>,43 ‘T2>B3 ‘52 >(73 S 4 4 4 ~
2_>A4 "%2>34 ‘#22>Q IAz ®O_:<Z ]Bz ®O_:r; [('2 ®o,
>A4 ! >H | >C4 o ®l, o ®l, o ®I,
‘771 >,<13 ‘Tl>133 ‘é‘l>(} | |
>A4 ‘ ;(2>B4 ,U2>C4 0'; ®0'; o, ® o 0': ® o,
[ ¢ ¢
) 19 19 T T T R v a——
P (A LY - - ; - - -
D 2, lw),  eleer e o e
>A‘ ‘ZII>34 ‘,u,'>c4 o' ®lI, o, ®l, o ®I
m),  lmh,1), ] :
>A4 ;{2>B4 ‘ /12>Q ol ®a ol ®a o ®0’
+ + +
. W ., . wee oes oo
m),  |m)y 18 ; ; : :
>.44 ‘Zz >,'x4 'uz_>c4 O-: ®O‘: o, ®O-:Z O-:z ®O-:
oo ), ), etern.  oreln  orel
‘77l>/1x ‘TI>B; ‘51>C§ 1 | -
ol le),  er®el  orecl  oleo
Wl Wl ). 7). W),  oes. oles oeo
7, 5,).
‘ 2>A3 ‘Tz>33 ‘ >L3 >A4 ‘122>34 ‘#22>Q o‘f ®0": 0': ®GR O':Z R0

Otherwise, the measurement basis can be written as:
1 ) )
2\ _ —ip1 —iBo
12) = == (710 + e o))
’ 2

3) = % (e7110) = 7o)

After the two single-qubit measurements are performed,
the remaining states are collapsed into a new state. If two SM
results are |t1)p, and | X11)34» then the collapsed state can be
written as:

(30)

|w)s = 6i4<e"ﬂ° (0l + ¢ (1)), ® (bo(0] + b1 (1])g,
® (10)[0)10) + [1)[1)[1))5,8,45
® (coe™10)+c1e”'[1))p; ® (ape™®[0)+a;e™ 1)),
® (20l0) + A1]1))a,
® (Bol0) + B111)c, ®(e0]0) + a1]1))g,
= G010 + by )y,

® (coe™10)+c1e1[1))p; ® (age™|0)+are |1))cy
® (1010) + A1]1))a, ® (Bol0) + B1[1))c,

® (0l0) + a11))B,. €1y
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Notably, for each participant, after completing the measure-
ment operations, they need to announce their outcomes to the
others via the classical channels. It is worth emphasizing that
secret transmissions of the results is unnecessary as the results
make no sense to any parties other than the receiver.

C. THE UNITARY TRANSFORMATIONS

After receiving all of the measurement results from the others,
each participant reconstructs the desired quantum state by
performing appropriate unitary transformations. To realize
the end, several basic unitary transformations are employed,
such as I, 0%, and o*. Their matrix expressions and functions
are presented as follows:

[t o . [0 1 . [1 0
r=fo ][] efo 4]

110) — 10), I|1) — |1)
o 0) — |1), oF[1) — |0)
o*0) — 10), oY1) — —|1). (32)

The quantum circuit of the scheme is presented in Fig. 3.
Fig. 3 shows nine quantum measurements that are

performed in this scheme, which produce46 measure-

ment results. For all outcomes, the appropriate unitary
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Alice |9)
Bob |9)
Charlie| ¢,

A

¥

Quantum)
channel

FooEE FrOF

=
£z
3

SFz

FIGURE 3. The quantum circuit of the scheme.

transformation could always be found to reconstruct the
desired state. That is, the scheme could achieve a unit success
possibility. However, the possible outcomes are too many
to be presented entirely in this paper. Partial measurement
results and the corresponding unitary transformations are
presented in Table 1. For instance, if the nine measurement
results are|¢+)a’Al, ¢" )5, |¢+>C,C1’ 1) 45> |,01]>A4, I71)B;,
Ix! )34, 181)¢,, and | /*”ap respectively. The unitary trans-
formation /g, ® Ip, needs to be implemented by Alice to
reconstruct the desired states |¢),. and |€),, the unitary trans-
formation /g, ® I, should be performed by Bob to recover the
desired states |¢), and |£),., meanwhile, Charlie obtains the
states |¢), and |£), by completing the unitary transformation
1, G ® ]CS .

Ill. THE SCHEME IN NOISY ENVIRONMENTS

In the actual communication, it is impossible to have an
ideal environment (noiseless environment). The communi-
cation channel is bound to be disturbed by noises. In this
section, we discuss our scheme in four noisy environments,
including amplitude-damping, phase-damping noise, bit-flip
noise, and phase-flip noise. They can be expressed by Kraus
operators [41] given in (33)- (36).

Aa_ |1 0 A_[0 Pa
E —[om] El—[o 0 ] (33)
H=Vi=hly V] H=vEy o)

0 0
E§=,/Pp[0 1} (34)
EE=\/1—Ppl =/1—P Lo
0 B B 0 11
B 0 1
Ey = PpX =+/Pp 1 0 35)
EY = 1—PW1=,/1—PW[(1) ?}

1 0

EY = /Pwz =Py [0 _1} (36)

where P4 (P4 € [0, 1]), Pp(Pp €[0,1]) Pp(Pp € [0, 1)),
and Py (Pw € [0, 1])are the decoherence rates for amplitude-
damping noise, phase-damping noise, bit-flip noise, and
phase-flip noise, respectively. If the quantum channel
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pre-shared by participants is constructed by an institu-
tion named the qubits distribution center (QDC), the QDC
distributes qubits A1, Az, A3z, A4, and As to Alice, qubits By,
B», B3, B4, and Bs to Bob, and qubits Cy, C,, C3, C4, and
Cs to Charlie, after the preparation of the quantum channel.
The quantum channel |y), considered in previous sections,
is in a noiseless environment. The channel is a pure state, and
its density matrix could be written as p = |¢) (¥ |. However,
when it is affected by noisy environments, the pure state could
be converted to a mixed state. The corresponding density
matrix can be written as follows:

I (p)

=2 (En)a, (B, (En)g, (En)c, (En)c, (En)y,

X (Er’;l)A3 (EI;)A4 (E;z)CS (Ertz)33 (Er;)m (Errn)As
% (En) e, (En)e, (Bn)g, 0 (ER) (ER)T (1)
< () e e E)! et )

<(En)! ED E) el @)t el e
wherer € {A, P, B, W}.If r = A, i.e., for amplitude-damping
noise, then m = 0, 1; if r = P, i.e., for phase-damping noise,
then m = 0, 1, 2; if r = B, i.e., for bit-flip noise, then m =
0, I; and if r = W, i.e., for phase-flip noise, then m = 0, 1.
Four concrete density matrices are shown as follows:

" (p)
1

x [|00) + (1 — Pa) [11)]p,c,
X [100) + (1 = Pa) [11)]cya,

x [1000) 4/ (1 — P4)?|111)

L JA3A4Cs
x | 1000) + /(1 — P4)3|111)

L _B3B4A5
x 1000y + /(1 — Pa)3|111)

L dC3CyBs

x[{00]+(1 = Pa)(11]a,B, x [{00] + (1 — P4){11]]B,c,
x [(00] + (1 = Pa) (11]]¢; a,

x [ (000] ++/(1 = P4)3(111]

L JA3A4Cs
x | (000] + /(1 — Pa)3(111]

L dB3B4As
x [ (000] ++/(1 — Pa)3(111]

L dC3CyBs

+ P (1000000000000000)

<000000000000000 | )A 1B2B1C2C1A2A3A4C5B3B4A5C3CyBs5 }
(38)
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' (p)
= é {(1 —P,) " [100) + [11)14,5, x [100) + [11)15,c,
x [100) + [11)]¢,a, X [1000) + [111)]4,0,c
x [1000) + |111)]g,5,45 x [1000) + [111)]¢;c, 5
x [(00] + (11[14,5, x [{00] + (11]1p,c,
% [(00] + (11]1¢,4, x [{000] + (111[]44,c
x [{000] + (111{1g,5,45 x [(000] + (111]1¢;c, 5
+ P! (1000000000000000)
(0000000000000001) 4, B, B, C,C AyA3As CsB3BsAsC3 CaBs
+ PP (UITT1TT1111111)
(LLIXLLIINLLINLL]) 4, gy By €y €y AsAsAaCs BsBadsCs CaBs |
(39)
' ()
= < [0 2)"1000) +111714,5, % 1100) +111)1p,c,
x [100) + [11)] ¢4, x [1000) + [111)] 44,05
x [1000) + [111)1,p,a5 x [1000) + [111)]¢,c,5
x [{00] + (11]14,5, x [{00] + (11]15,c,
x [(00] + (11[1¢,4, X [(000] + (111 {1434,
x [(000] + (111[1p,p,45 x [{000] + (111[1c,c,s5
+ P, [111) +100)]4,5, X [I11) +[00)15,c,
X [111) 4100}y, x [1111) +1000)] 44,5
x [|111) + [000)]5,5,45 x [I111) + [000)]¢;c, 55
x [(L1] + (00[14,, x [{11] + (00]1,c,
X [(11] + (00[1 ¢4, X [(111] + (000[144,c5
X [(111] 4 (000[15,5,45 X [(111] + (000[1c,c,5,} (40)
" (o)
= < 0= Pu) T 100) + 111)14,5,  100) + 111715,
x [100) + [11)] ¢4, X [1000) + [111)] 44,05
% [1000) + [111)1g,,45 x [1000) + [111)]¢; ¢,
x [(00] + (11[14,5, x [(00] + (11[I,c,
X [(00] + (11[1¢,4, X [(000] + (111 (143,
x [(000] + (111[1p,p,45 x [{000] + (111[1c,c,s5
+ P [100) + [11)]4,5, X [100) + [11)15,c,
x [100) + [11)] ¢y, x [1000) — [111)] 44,5
[1000) — [111)]p, 5,45 x [1000) — [111)]¢,c,z5
[€00] + (11]14,, X [{00] + (11|15,
[{00] + (11|]¢,a, x [{000] — (111|]A3A4€5
[(000] — (111{1p,5,45 x [(000] — (111]]¢,c,p5} (41)

X
X
X
X

For reconstructing the desired state, three participants have to
perform three Bell-state measurements, and six single-qubit
measurements based on appropriate measurement bases.
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The desired states were then reconstructed via unitary trans-
formations. If the nine measurement bases are (’¢+><¢+ DaA "
(1996 Do (8716 Do G mbiass (o1o! g
(e (Tibays (I )xi ), (180G1Dc,, and ([iq)eei])c,s
then the corresponding unitary transformations would be
Iy, ® Ins ® Ip, ® Ip; @ Ic, ® Ics to recover the
desired states. If the scheme is implemented in amplitude-
damping, phase-damping, bit-flip, and phase-flip noisy
environments, then the output states can be obtained as

A P B
(00ut) o psa5 05 (p"“’)AzAsBzBsCz_CS g (pom)AzAsl?zBSCzcs’
and (o) A,A5B,BsC, s After performing these operations.

(v0u)
out A2A5ByB5sC>Cs

= {[a0|0)+(1 — Pa)a1|1) ], X [Bol0)+(1 — Pa)B1[1)]c,
X [20]0) + (1 — Pa) A1]1)14,

x | ape'®]0) + V(1= Py)lare 1)
L dcs

x | bpe'®]0) + 1/ (1 — P4)3b1e1|1)
L dAs

x | c0e™]0) + 1/ (1 — Pa)cre|1)
1Bs

X[(_YO(O|+(1_PA)O[1<1|]BZ X[Bo(0] + (1 = Pa)Bi(1llc,
X [A0{0] + (1 — Pa) A1 (1|4,

X aoei90(0| +4/ (1 — PA)3a16i91(1|

L 4Cs
x | boe™™0 (0] 4 /(1 — Pa)*b1 e (1]

L JdAs
x | coe™ (0] + /(1 — Pa)3cie (1]

L 1Bs

15 2p242 232 2
+ P32 8232a2b2c2 (1000000) (000000]) 5, ¢, 4, 555 }
(42)

(ohu)
out A2A5ByB5C,Cs

={(1=P,) " [a0l0) + c111)15, x [B010) + Bi 1D,

X [h0l0) + 211114, x [a0e™[0) +are™ )]

5

x [boef€0|o> 4 by 1>]A

5

x [c0e™10) + cre 1) |
X [Bo(0] + Bi(1llc,
X D00l 4+ 21 (Lllg, x [a0e™™ (0] +are™ (1]

x [ao{0] + a1 (1],

5

5

X [boe_is(’ (O] + bre~1(1]

| S—

As
x [coe*%(m Feremi(l |]B
5
15 20242 272 2
+PP Ol0/30 )»anboco (|OOOOOO><OOOOOO|)BQC2A2C5A535
15 .2p242 272 2
+ P62 2020207 (|111111)(111111|)32C2A2CSA535}
(43)
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B
(p"“’ )A2A53235 C,Cs
= {(1=P,) " 1@0l0) + 11115, x [5ol0) + BiI1)]c,

X [2010) + 111Dy, x [a0e™10) +ane )]
x [boe10) + bre i |
x [e0e™10) + 1™ 1)) x lao (0] + e (11n,
x B0l + Ai(11c,

X (0] + A1 (1L, x [aoe™ (0] +are™™ (1]

5

x [boe*iso (O] + bye (1|]
As

x [coe—%<0| t e <1|]B + P [a0]0) + a1 1)1,
5

x [Bol0) + Bil1)]c,

X [0l0) + 211114, x [a0e™10) +are™ 1]

5

x [boei80|o> + by |1>] x [coe%|o> 2 |1)]
As Bs

x [ao(0] + a1 (1], x [Bo(O] + Bi1{1l]c,

X [h0f0] + 21 (11a, x [aoe™ (0] +are™ (1]

5

x [boe*iso (O] + bre~®1(1 |]

As
x [coe™ (0] + ere™ (1] } (44)
Bs
w
(pom)AzAsBzBSCzCs
= [(1 = Py) " 0010} + a1l1)1s, x 4010} + Bl

X [0l0) + 211114, x [a0e™10) +are™ 1]
5

x [ boe®|0) + by e® |1>]A

5

x [c0e™10) + 1™ 1)] a0 0]+ (111s,
L s
X 8001 + B (1llc, x [2o(0] + 21 (11,

x [age= (0| +a1e—f91<1|]
Cs

x [ boe=0 (0 +b1e—"81<1|]

As
x [coe™ 001+ c1e™ (11| + P13 La0l0) + el 1)1,
5
x [Bol0) + Bil1)]¢c, X [10l0) + A1]1)]4,
x [aoei90|o> — a1 |1)] x [boei€0|0) — b |1>]
Cs

5
x [0e™10) = 1 1)] x lao(0] + (1115,
L s

X [Bo(0] + Bi(1llc, % [20(0] + A1(1]]a,

x [ape= (0] — aye= <1|]

Cs
x [ boe™i0 (0] — bye~ (1|]A

5

x [coe*fV0<0| — e <1|]BS } (45)
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As shown in Section II, in an ideal environment, the desired
state can be reconstructed determinately as:

lw) = (boefﬁ0|o> + b |1>) ® (CoeiV°|0) + cre! I1>)
As Bs

® (ac™10)+a1e™ 1) @ (ol0) + 211,
® (Bol0) + il)c, ® @l0) +erllp, . (46)

However, in noisy environments, the desired state may fail
to be recovered. The fidelity of the output state can be
calculated as:

FA = (w]ph, o)

_ [053 + (1 — Py)? oglz] X [ﬂoz + (1 — Py)? /312]

[,\g + (1= Py)? A]Z] x [ag +/( - PA)3a12|l)i|
x [b§+\/(l —PA)3bI2|1)} x [cg

2
+/d —PA>3c$|1>]}

X

+Patphtalvici) (47)

FP = (w]p?,|o) = {(1 —P)" 4+ Plagtatatpict
+ Pl patalvict] (48)
F? = (lpf,lo) = [(1-P,)" + PIF} (49)

15 2
FV = (wlp) |o) = {(1 —Py)” +P) <a§ - a’f‘)

x (b2 - b{)2 (2- c%)2} (50)

From the above calculation results, it can be found that in
the amplitude-damping, phase-damping, and phase-flip noisy
environments, the fidelity of the output state depends on
the coefficients of the initial state and the decoherence rate.
However, in the bit-flip noisy environment, the fidelity of the
output state depends only on the decoherence rate. In order
to research the trend of the fidelity of the output state, with
the change of the decoherence rate in four types of noisy
environment, a specific case is given in Fig. 4. We assume
thatg = o = Ao = a0 =byp =co =1 = B1 =1 =
aj=by =c; =1/+2and Py = Pp = Pg = Py = P.

Fig. 4 demonstrates that in the amplitude-damping, phase-
damping, and phase-flip noisy environments, the fidelity of
the output state decreases as the decoherence rate increases.
The fidelity (F4, F¥, FW) of the output state reaches 1 when
P = 0 and reaches 0 when P = 1. Furthermore, in the
bit-flip noisy environment, the fidelity (F By of the output
state decreases initially and then increases as the decoherence
rate increases. FZ reaches 1 when P = 0 or P = 1 and reaches
0 when P = 0.4.

Fig. 5 shows the variations of the fidelities with different
coefficients of the initiated state and decoherence rate.
From Fig. 5 (a)-(d), it can be clearly observed that in
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FIGURE 4. The trend of the fidelity of the output state with the change of
the decoherence rate in four types of noisy environments.

the amplitude-damping, phase-damping and phase-flip noisy
environments, the fidelity (F4, F¥, FW) of the output state
decreases as the decoherence rate (P4,Pp,Pw) increases.
While in the bit-flip noisy environment, the fidelity (FZ ) of
the output state decreases initially and then increases as the
decoherence rate (Pp) increases. Fig. 5 (e) and (f) illustrate
that in the amplitude-damping, phase-damping noisy environ-
ments, the fidelity of the output state slowly increases with the
coefficients of the initiated state.

IV. ANALYSIS AND COMPARISON

The most notable innovation of our scheme is that it
constructs a cyclic hybrid double-channel quantum commu-
nication of QT and RSP for three parties, where QT is used
to transmit unknown quantum states, and RSP is used to
prepare known quantum states. That is, the qubit could be
sent through our scheme whether it is known or not.

In this scheme, without the controller and any auxiliary
qubit, the product state of three Bell-state and three GHZ-
state is used as the quantum channel. The scheme’s efficiency
can be calculated with the following manner proposed by
Banerjee and Pathak [40].

qs
K= ——",
qu + by

where g; denotes the number of states to be transmitted,
gy indicates the quantum resource consumption, and b; means
the classical resource consumption. Based on the equation,
the efficiency of the scheme is:

6
T Thr12

Table 2 presents a comparison with other schemes [15], [17],
[36]-[39] in terms of six aspects, including the type of
scheme (TOS), the number of qubits transmitted (NQT),
the quantum resource consumption (QRC), the classical
resource consumption (CRC), the auxiliary operations (AO),
and the efficiency (k).

From TABLE 2, the following conclusions can be drawn:

1) The efficiency of the proposed scheme is slightly better
than those of the schemes in [15], [36]-[39], but it is no better

61y

~ 22%. (52)
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FIGURE 5. The variations of the fidelities with different coefficients of the
initiated state and decoherence rate: (a) for amplitude-damping noise
with x =ao,ﬂo =)‘0 =dg =bo =Cy= 1/2,

B1 =1 = a; = by = ¢; = +/3/2; (b) for phase-damping noise with

X =cwgo =g =0y =bg=Cco=+3/2, 8y =)y =ay =b; =¢; =1/2;
(c) for bit-flip noise with x = «g,8g =g =ag =bg =co =1/2,

B1 =\ = a; = by = ¢; = +/3/2; (d) for phase-flip noise with
X=l¥o,ﬁo=)~0=ao =b0 =Cy = ]/2,ﬁ| =A.| =a =b| =q =4/§/2;
(e) for amplitude-damping noise withx = ag, y =g, P =1,

Bo =g =bg =g =1/2, By =&y = by = ¢; = 3/2; (f) for
phase-damping noise withx =ag, y =g, P =1,
Bo=1*o=bo=co=+3/2 8y =1y =by =¢; =41/2.

than the scheme in [17]. However, our scheme has a larger
transmission capacity than the scheme in [17] because the
arbitrary state could carry more information via the amplitude
and phase than the special- type state that transmitted in the
scheme in [17].

2) In comparison with the single QT schemes in [15], [17]
and the single RSP schemes in [36], [37], the proposed
scheme and schemes in [38], [39] are more efficient because
they are hybrid protocols for quantum communication, and
the channels are multi-purpose. Furthermore, when compared
with the schemes of two-party communications in [38], [39],
the proposed scheme is superior because it is both cyclic and
bidirectional between three parties.

3) Only single-qubit measurements, Bell-state measure-
ments, and basic unitary transformations are used in the
proposed scheme. Hence, compared with other schemes, its
computational complexity is lower, and it is more likely to be
implemented through physical experiments in the future.

4) Another remarkable advantage of the scheme is that
the impact of four noisy environments (amplitude-damping,
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TABLE 2. Comparison with other schemes, where BSM is short for
Bell-state measurement, SM for single-qubit measurement, and TM for
two-qubit measurement.

Scheme T N Q A K
(0] Q R R (o]
S T C
Ref. [15] QT 1 arbitrary single-qubit, 7 7 3BSM, 21%
1 arbitrary two-qubit 1 SM
Ref. [17] QT 3 two-qubit entangled 12 12 6 BSM 25%
state
Ref. [36] RSP 3 arbitrary single-qubit 9 6 6SM 20%
Ref. [37] RSP 3 arbitrary single-qubit 10 6 6 SM 19%
Ref. [38] QT& 1 arbitrary single-qubit, 7 7 1BSM, 21%
RSP 1 arbitrary two-qubit 2TM,
1 SM

Ref. [39] QT& 2 arbitrary single-qubit 7 6 1IBSM, 15%
RSP 4 SM

Ours QT& 6 arbitrary single-qubit 15 12 3 BSM, 22%
RSP 6 SM

phase-damping noise, bit-flip noise, and phase-flip noise) is
considered. Therefore, the scheme lays a foundation for the
practical application in the future.

5) Besides, based on the proposed scheme, a new scheme
for N-party (N>3) is devised by increasing the Bell-state and
GHZ-state in the quantum channel. The quantum channel is
given as follows:

1 n
) = (5) (100) + [11)); 2
® (100) + [11))3 4 ® --- ® (100) + [11))on 1 .28
® (1000) + [111) oy 11,28 42.2N+3

® (1000) + |111))on 44,28 +5.28+6
® - ® (|000) + [111))sy_2 sn—1.5N- (53)

V. CONCLUSIONS AND FURTHER WORK

In this paper, a cyclic hybrid double-channel quantum
communication scheme among three participants has been
proposed for the first time. In this scheme, each participant
can transmit an unknown single-qubit state and a known
single-qubit state to the other two via QT and RSP, respec-
tively. First, the product state of three Bell-state and three
GHZ-state was constructed by H and CNOT operations and
used as the quantum channel. Second, three participants carry
out Bell-state measurements and single-qubits measurements
on their qubits, and inform the measurement results to each
other via classical channels. Finally, the desired quantum
states were reconstructed by using appropriate unitary trans-
formations on the corresponding qubits with a success
probability of 100%. Compared with the existing schemes,
our scheme is more efficient because it can construct a
cyclic and bidirectional quantum communication and simul-
taneously supports two communication protocols, QT and
RSP. Furthermore, as the only single-qubit measurements,
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two-qubit measurements, and basic unitary transformations
are employed in this scheme, the complexity of this scheme
could be lower than the other existing schemes. Thus,
the proposed scheme could be more likely to be implemented
through physical experiments in the future. In addition,
we assessed our scheme performance in four noisy envi-
ronments (amplitude-damping, phase-damping noise, bit-flip
noise, and phase-flip noise) and presented the fidelities of
the output states. The results showed that the fidelity only
depended on the coefficients of the initial state and the deco-
herence rate. However, the effective solutions of this scheme
in noisy environments were not investigated, which is a part
of our further work.
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