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ABSTRACT The finite-time stabilization for stochastic high-order nonlinear systems is considered in this
paper using output feedback. The power orders in the system nonlinearities are relaxed to be rational number
greater than one. A new constructive output-feedback, finite-time controller is designed based on a finite-
time observer together with the homogeneous domination. The stochastic finite-time stability analysis is

given rigorously for the closed-loop stochastic system.

INDEX TERMS Stochastic, feedforward systems, finite-time, output feedback control.

I. INTRODUCTION

Stabilization of feedforward systems is of practical impor-
tance [1], [2]. There are many deterministic results on feed-
forward systems, see [3]-[12] and the references therein.
In recent years, some stabilization results have been achieved
for stochastic nonlinear feedforward systems

dni = (14, +fi(niza, -+ 2 N V)L
+81T(77i+2’ B 77n7V)da)a = lv 7n_27
dnut = ("™ + fum1 )t + g, (Wdw, n(0) = no,
dn, = Wrdr,
y =1, (1

wheren > 2,andn = (1, --- , )" € R",v € R,y = 1y and
no € R are the system state, input, output and initial value.
o is an m-dimensional standard Wiener process defined on
the complete probability space (2, F, P). Fori =1,--- ,n,
pi € Rfdld £ (2 ¢ RT: p and ¢ are odd integers, p > g},
system (1) is ca(IJIed as high-order system if one p; > 1, f; :
R"™1xR— Rand g, : R""~! x R — R™ are continuously
differential with £;(0, 0) = 0, g;(0, 0) = 0.

For instance, [13] studied the stochastic stabilization of
nonlinear systems in feedforward form with noisy out-
puts. [14] constructed a state feedback stabilized controller
for stochastic high-order nonlinear feedforward systems.
Reference [15] considered the global stabilization of feedfor-
ward systems with time-delay. However, all of these results
only consider the asymptotic stabilization.

The associate editor coordinating the review of this manuscript and
approving it for publication was Feiqi Deng.

Recently, more attention have been paid on the finite-
time stabilization of deterministic feedforward systems [9],
stochastic lower-triangular systems [17], [18], switched
stochastic nonlinear systems [19], [20]. For stochastic non-
linear feedforward systems, the finite-time stabilization is
considered in [21] but where only a finite-time state feedback
stabilized controller is designed.

In this paper, we will design a finite-time output feed-
back controller for stochastic high-order nonlinear feedfor-
ward systems (1). Based on stochastic Lyapunov theorem
on finite-time stability in probability established in [22],
by using the homogeneous domination method, the adding
one power integrator and sign function method, constructing a
C? Lyapunov function and verifying the existence and unique-
ness of solution, a continuous output feedback controller
is designed to guarantee the closed-loop system finite-time
stable in probability. The effectiveness of control method is
showed by a simulation example.

Il. PRELIMINARIES
The following notations are to be used in this paper.
Notations: R" denotes the n-dimensional Euclidean space,
R stands for the set of all nonnegative real numbers. For a
vector or matrix X, X | denotes its transpose, Tr{X} denotes
its trace when X is square. ||X| denotes Euclidean norm
O3y xl.z)% and Frobenius norm (Tr{X "X})2 for vector X
and matrix X, respectively. A functionf : R" — RisC'ifitis
i-times differential. X denotes the set of all functions: RT —
R that are continuous, strictly increasing and vanishing at
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zero, Koo denotes the set of all functions that are of class
K and unbounded. sgn(x) is the sign function defined as:
sgn(x) = lifx > 0, sgn(x) = 0if x = 0, and sgn(x) = —
ifx <O.

For system

dx = f(x)dr + g (0)dw, x(0) = xo € R", )

where f'(x), g(x) are continuous in x, £ (0) = 0, g(0) =
the initial value, we have the following three lemmas.

Lemma 1 [23]: Suppose continuous functions f (x) and g(x)
satisfy ||f (x)]|? + lg(x)||? < K(1 4 x?) for a constant K > 0,
then for any xo € R", system (2) has a solution.

Lemma 2 [17]: If one nonnegative, radially unbounded and
C? function V (x) satisfies LV (x)|2) < 0for all x € R", then
system (2) has a solution for any xy € R".

Lemma 3 [22]: Suppose system (2) admits a unique solu-
tion, if there is a C2 function V : R" — RT, Koo functions
y1 and y,, real numbers A > 0 and O < y < 1 such that
forallz > Oand x € R", yi(llx]) = V@) = »a2(lxID,
LV(x) < —AV?(x), then the trivial solution of system (2)
is finite-time stable in probability.

Lemma 4 [25]: Forx,y € R,if p > 1 € R, then

0, xg is

1
(x| + Iyl)" < Ixl7 + yl7.
3)

x4+ ylP < 207N P,

Ifp e Rozdld, then
—y| < p(1+ 21’*3)|x —y(x =y +h, @
e —ylP < 2P 1P —yP). Q)

Lemma 5: Let real numbers p > 1 and g > 1 satisfy 11_7 +
é = 1, then for any x, y € R and any given positive number
_4
v > 0.0y < yIxlP + 3 ()7 Iyl
Lemma 6 [26]: For any real numbers p = b—‘ € R— g With
b1 > bg > 1 and a > 1, there hold

1-L i
— ] <27 P |sgn(x)x [Pt — sgn)ly|”' [P0, (6)

i — yla. )

Lemma 7 [27]: If r > 1 is any given rational number, then
there are two constants co(r) > Oand 1 > d(r) > 0 both
dependent on r such that for any x, y € R,

1 1
sgn()lx|« — sgn(y)lyla| < 2!

|a7d).

®)

Isgn(x)|x|“ —sgn()[yl] < colx — yI*(Ix—y|“ +y

1Il. DESIGN OF FINITE-TIME OUTPUT
FEEDBACK CONTROLLER
A. PROBLEM FORMULATION
To obtain the stochastic finite-time output feedback stabil-
ity of system (1), in this paper, the nonlinear functions are
assumed to satisfy the following conditions:

Assumption 1: There exist real numbers M; > 0 and
M> > 0, and a rational number T € (—m, 0)

77084

such thatfori=1,--- ,n—2,

i+t ri+t
lﬁ(ni+27"' 771n7V)| <M]( Z |n]| i +|V|rn+])

Jj= 1+2

2r,+1’ 2rit+t
Igi(niza. ==+ s VIl <M2< Z Il %7 +|v|2’n+l)

Jj=i+2
rp—1+7t 2rp_1+T
a1t =Milv] "+t [lge—1 (W Mg |v] *n+t , (9)
where
1 r+T
==, il =— ,i=1,---,n (10)
2 pi

Remark 1: Assumption 1 holds for system (1) with n > 2.
It’s worth noting that, when n = 2, system (1) reduces to

dn = (b +fA)dr + g (Vdw,

dnp = P2de,
y=. (11)
For this case, system (11) just needg to satisfy the condi-
Tp—1+7 Tp—1+7

tion Mi[v| "1 | |lgpa1(M)] < Malv| ¥»+1 with n = 2 in
Assumption 1.

Remark 2: For the finite-time stabilization of stochastic
nonlinear systems by output feedback, several latest results
such as [29]-[31] have been achieved. However, all of them
consider the systems in feedback form. To our knowledge,
there is no stochastic output feedback finite-time stabilization
result on feedforward systems, so Assumption 1 is the weak-
est until now. To ensure that Assumption 1 holds, one must

find a constant T € (—s-——r1———, 0) such that fi and
2005 7 p1-pi_1)’
( 21_21715 Pi-1)

g satisfy (9). For system dny = n; df + n$dw, dn, = nidt,
dnz = vdr, where a takes any real constant inside (5, %),

by choosing T = ]35“:1165a, Assumption 1 holds due to g1 <
2r+t

In3l* =In3| >3 .
There are a variety of nonlinearities satisfying Assump-
tion 1. For example, if there is T such that T +r; = ajyoriyo +
-+ ayry, then f; = 17;:’_*22 -yt satisfies Assumption 1.
It’s worthy to note that some nonlinearities such as sin,
In(1 + |n]) can be bounded by |n|. O

B. OUTPUT FEEDBACK CONTROLLER OF SYSTEM (1)
The design of output feedback controller of system (1) con-
sists of three parts. In Part I, the output feedback controller
of the nominal system for system (1) based on a observer is
designed. Part II determines the observer gains 1, - - - , £,,_1.
In Part III, a dynamic gain I' is introduced into system (1)
by the transformation, the output feedback controller of
system (1) with the dynamic gain is obtained.

Part 1. Output feedback controller of nominal system

In this subsection, we design a homogeneous output feed-
back controller for the nominal system:

dy =x{\dr, i=1,---,n—1,
dx, = uPdt,
y = Xi. (12)
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Denote sgn(x)|x|* £ [x]¢ for any a € R+ X €R.
’2/’1

Step 1: Choose Vi(x1) = my [’ [s] - ds withm; > 0
being a constant, and define z; = [x1] ’1 . Obviously, V1(x1)is
C? since 4 — rop1 > 1. The infinitesimal generator1 of
V1 along (12) satisfies LV (x1)l12) = my[z1]4 2P (xé71 -
a’l")—ki?u[zl]“_’zp‘a’l’l.Choosing ap = —B7[z1]? with B =
(‘jjl—'ll)ﬁ and a1 being a positive constant to be designed,
one has LV, (x))|(12) < —ai,12} +mi[z 12715 — o).

Step k (k = 2,---,n): We demonstrate this step by
Proposition 1 whose proof is placed in the Appendix.

Proposition 1: Suppose that there is a C2, positive defi-
nite and radially unbounded function Vi_1(xx—1), and vir-
tual controllers «y, - - - Olk—] defined by o:o = 0,01 =

,3 1[Z] 117,
such that

LVi_1Gr-1Dla2)
k=3 k=1
. _ _ N4
<= (@i—aj—apj— Y @)z
=1 I=j12
- - 4
—(Ak—2,k—2 — Qk—1,k—2 — Qk—1,k—2)%f_2
4 4 reprt g Ph— P
— a1, k=1Z5—1 + mp—1lzx—11" T — o ),
(13)

Z]l—[x] 1] [aj 2]"7]—1 ,k,

1 1
then by defining zx = [xx]* — [ok—1]'%, there is a virtual
controller o = —B;**'[zx]"+! such that the kth Lyapunov
function

Vi) = Vim1Gie—1) + me Wi (),

X 0 1A TPk
Wi (Xk) =/ [[S]’k - [ak—1]’k} ds (14)
a1
satisfies
k-2 k
LVi(xla2) < — Z (aj,j —Ajt1j = Q1) — Z C_lz,j)Z;l
j=1 I=j+2

~ - 4
—(Qg—1,k—1 — Qi k—1 — A k—1)Tp— L

4 4- Pr
—ar ik zp + mila] PR — o),

15)

where my_1, mg, Gjy1j, Giylj, Qljs Gkk—1s Gkk—1, ] =
I,---,k—2,1 = j+ 2,---,k, are positive constants,
ai1,- -+, ak—1.k—1, Ak k are positive constants to be designed,
Bi1, -+, B are positive constants dependent on ay i, ---,
Ak—1,k—15 Ak k-

At step n, choose Vy,(x) = Yy _ miWi(X¢) with my, - - -,
m, being positive constants and design

I/t* — rn-H[Z ]rn+1

3j [j]j _[ajfl]j’r.
0= 05 a]f] = _ﬂ]j_l[z‘]fl]r]a J= 17 R (2 (16)

For €2 function V(x), the infinitesimal generator of V(x) along system
(2) is defined as LV(x) = (&) Tr(x) + 1Tr{g(x)" VO‘) g1 (x)}, where

2
%Tr{g(x)%g-r(x)} is called the Hessian term of L.
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then there are positive constants f1, - - -, 8, such that

n—2 n
. _ _ N\
LVl < =) (aj,j — i1 — a1 — Y az,j)zj
J=1 I=j+2
~ _ 4
- (an—l,n—l —Apn—1 — an,n—l)znf]

— Ayt MLz )P P — Py, (17)

where f, = 0, gn = 0, @jy1, Gj11,> G1js nn—1> Ann—1-J =
1,---,n—=2,1=j+72,---,n, are positive constants, aj 1,
, an,n are positive constants to be designed.
Introduce a homogeneous reduced-order observer:
. Tk

Xk = [§x + Li—1Xg—11%1,  (18)
where k = 2, - - - , n. Using the certainty equivalence princi-
ple together with (16), one obtains the implementable output
feedback controller for system (12):

Tnt1
=&, = ﬂ’"“[[x]wZ(]"[ﬂ,)[xl ] . (19
i=1

) Erlz—l
— f(]fkil ] "kPk—1 and

d?;'k = —{_ 1xpk dr,

Part Il. Determination of observer gains £1, - -

Fork = 2,---,n, define ex = [x{*""
choose
4—rgp—1

n [l "k Tk—1
V=V, + Z/ 4=rkpi ([S] TR

[k +x—1xx—1] k-1

n
— G+ o) ds 2 3 UV (20)
k=2

Obviously, 4_r’;fk‘] > 4_:5:‘_1 > 1 imply that > }_, Uk

iscl. Using (12), (18), (20) yields

LU
4 — rppr— k=1 N 4=rkPk—1—"k
= %([Xk] e — (& +€k—1xk—1))|xk| "k
4=rkpi—1 2/ S
‘xfil—ﬁk—l[ek]r“"'“([Xk] o —[X] %
ATkP—1 4=rkPk—1
S G (A R E R e |

21

where x,+1 = u.

We can easily verify the following Proposition 2 directly
by Lemmas 3,6, we omit the proof here.

Proposition 2: For k = 2,---,n, there holds

4Pk 4=rkPk—1
I G I C A
2T TPk 62.
To further estimate (21), we give the following Proposi-
tion 3-Proposition 5 whose proofs are in the Appendix.

) < —€k—1

Proposition 3: For k = 2,--- ,n4— 1, there holds
4 -1 n —TkPk—1""k
M([xk] TG el Xh

< bl Z k lz +c1 k€f +hi g (€x—1)e}_,, where by and ¢
are posmve constants, sy is a positive constant related to
Lr_q.
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Proposition 4: For k = 3,.---,n, there holds
A—rgpk—1 A—rkPk—1

_Zkfkl le Pt ([Xe] & = [&k + Le—1xk—1] 1 ) <
by Zj:k_l z.j‘»‘+cz,k62 +hy k (Lg—1 )ei_l, where by and ¢; . are
positive constants, /iy x is a positive constant related to £x—1.

Proposition 5: There holds m([x @+

4=rnpy_1—n
b))l W < b3 Y e Y e +
h3(€n_1)ei_1, where b3 and c3 are positive constants, A3 is a
positive constant related
to £,—1.

We estimate m,[z,]*+1P»(uP» — w*Pr) in (17) by the
following proposition whose proof is in the Appendix.

Proposition 6: my[z,]*~ " 1Pn(uPr — u*Pr) < by e zﬁ +
¢4 Yk €-

From (17), (20), (21) and Propositions 2-6, it follows that

LV]12),(18),(19)
n—2
== (aj,j — Qi1 = 1~ Z aij—2b
Jj=1 I=j+2
—2by — b3 — b4)Z;L - (an—l,n—l - an,n—l - an,n—l

—2by — 2by — by — ba)Zs_| — (@ — 2b1 — 2by — by
1_4=np
— ba)zh — (2 2Ly —c1p — h 3(€2) — hp 3(L2)
n—2 _4-rkpk—1
—c - C4)e§ - Z (21 WP L) — CLk — ok

k=3
—hi g 1k) — hok1(8k) — c3 — C4)ej<‘

s )
- (2 fn=1Pn=2 Ly 5 — C1p—1 — €2,n—1 — M2, n(€n—1)
4 _4=rapp—g
—c3—h3(ly—1) — C4)en—l — (2 mPn—1 £, |
4
—Cyp—C3—C4)e,
By designing constants aj 1, - - -, dn.n, £1, -+ €p—1 @S

n
> +2bi +2b,
I=j+2
+b3+b49 j=11"'9n_11
ann > 14 2b1 +2by + b3 + ba,

4—rapy -1
(I +c2n+c3+ca),

En—l = 2 mPn—1
A—rp_1Pn—2
(I+cin-1+c2n-1+ca
+c3 4+ h3(ly—1) + h2,n(£n—1))’

En_z Z 2 "n—1Pn—2
A—rkpk—1 _1
b1 =2 "=t (1+cip+cop+ hl,k+1(€k)
k=n-2,---,3,

+ ho, k+1(€k) + c3 +ca),

4—ropy

ajj > 1+ajr1j+ a1+

£ =2 (1+C1 2+h13(€2)+ho 3(€2)+c3+ca),
(22)
one obtains
LV12).(18),(19) < — sz Zek' (23)
k=1

77086

Denote X = (xq, -+, Xp, ff—'z, e ’én)—r,
tem (12), (18), (19) can be rewritten as

the closed-loop sys-

dX = O(X)de

=l R = 3T (24)
Introducing the dilation Weight2 A = (ri,-,rn,r, -,
ry—1) for X', we have the following proposition whose proof
is in the Appendix.

Proposition 7: There exist positive constants 1, 72 and 773
such that 7 | X[} < V(X) < mll XI5, LV]gone4) <
3| XN

Part I11. Output feedback controller of system (1)

Introduce the transformation

=T 4p, u=T"d+y j=1... n (25)

then system (1) can be converted into

d; = Dby + filxiga, -+ o X, w)dr
+8& (ig2, - xpwdo, i=1,---,n—2,
Ayt = (T + fu1w)dt + &, (w)do,
dx, = TuPrdt,  x(0) = xo(n0),

y = xi, (26)
where di = 0, d; = pT’ i=2,---,n0<I <1lis
a constant to be determined, f; = ['"%f; and g; = [4ig;,
i=1,-.n—1

In view of (18), the observer of system (26) is constructed
as:

dé’k = —I‘Ek_lfcfk’l dr,
Tk

=&+ hoth-)*1, k=2,---,n, (27

where £, --- , £,_1 are chosen in (22). Then, (19), (26) and
(27) can be rewritten in the compact form:

= (T OX) + F(X))dr + G (X)dw, (28)

where ®(X) is defined in (24), F = (fi,---,0,0,---,0)7,

= (g1,---,0,0,---,0). Noting that ® in (28) has the
same structure as (24), by adopting the same Lyapunov func-
tion V(X)) as in the preceding subsection, one can conclude
from Proposition 7 that

LV| < T3 X% +8VF+1T G V6T
J— 7'[’ —_— [
(19,¢8) = WHIAT X" T2 a2
(29

We now estimate the last two terms on the right-hand side
of (29) by the following proposition whose proof is in the
Appendix.

2For a more precise definition of dilation and homogeneity, please refer
to [28].
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Proposition 8: There exists a positive constant yq such that

AV (X) 2V (X)
X X2

F(X)+ %Tr {G(X) GT(X)}

< nl™*x%. 3o

Substituting Proposition 8 into (29), and choosing I' =
1
min{(2”730)3, 1}, one gets

30
LV (X)|(19),28) < —T(3 — poT)IIX % < —TIIXII‘L-
31)

Up to now, by (19), (25), (27), one obtains output feedback
controller of system (1):

n—1 ,n—1

Tn+1
y = e g [[;cn]rl 3 (1‘[ /s,») [fci]ﬂ L (32)

i=1 N j=i

where X; = n; and X, - - -, X, are observed by (27).

IV. FINITE-TIME STABILITY
We state the main result in this paper.

Theorem I: When Assumption 1 holds, the equilibrium
n = 0 of the closed-loop system (1) with (27), (32) is finite-
time stable in probability.

Proof: With (31), Lemma 2, the closed-loop stochastic
system (19) and (28) has a solution for any initial value
Xy € R". Since T®(X) + F(X) and G'(X) are C! on
R"/{0}, the closed-loop stochastic system obviously has a
unique solution in forward time for any Xy € R"/{0}. When
Xy = 0, the closed-loop stochastic system has a unique zero
solution, that is, when X = 0, P(|| X (¢; Xp)|| = r) = O for
all » > 0 and r > 0, which can be verified by the following
counter-evidence:

Suppose that there are rp > 0 and 7y > 0 such that

P(|| X (t0; Xo)Il = ro) > €o, (33)

where 1 > g9 > 0. By Definition 2.1 and Theorem 2.2 in
[32, Sec. 4.2], one concludes from (31) that the trivial solution
of stochastic system (19) and (28) is stable in probability,
that is, for every pair of ¢ € (0, 1) and r > 0, there exists
ad = d8(e,r) > 0 such that P(||X(t; Xp)|| < r for all
t > 0) > 1 — & whenever |Xy|| < §. This conclusion
implies that for above rg and ¢g, P(|| X (¢; Xp)|| < ro for all
t > 0) > 1 — gg. This contradicts (33).

According to the lemmas of weighted homogeneity
in [28], there is a constant 77y > O such that

3 4
LV(X)|(19),28) < —TFHXHZ < —mV(X)—=. (34)

Since the closed-loop system (19), (28) has a unique solution,
then it follows from 0 < ﬁ < 1, Lemma 3 and Propo-
sition 7 that the origin of the closed-loop stochastic system
is finite-time stable in probability. Since (25) is an equiv-
alent transformation, one concludes that origin of closed-
loop stochastic system (1), (27), (32) is finite-time stable in

probability. O

VOLUME 7, 2019

V. A SIMULATION EXAMPLE
Without loss of generality, we consider a simple example:

3 3 2
dny = |5, +0.2In (1 + |v| 13) dr + 0.05v"dw,

dny = vdr,
y=n. (35)
By choosing 7 = —% € (_2(%171)’ 0) = (—%, 0) and (10),
one has r| = % ry = 15_8’ r3 = 5. Assumption 1 holds with

25 25 nte 2
fi=02In(1 + Pp[B3) = B = [v[ 5, g = 0057 =
ry+t
0.05]v| 3 .
Following the design procedure as in Section III, one con-
structs the finite-time output feedback controller:

8 Br 13 B
v=—I58" [[Xz] 5+ /31[771]2] "
~ 2 R N 5
dé = —Tlix;dt, % =[6 +Lm]°, (36)
where 81 > 0, 8, > 0,€; > 0,0 < I' < 1 are design
parameters. .
Choose (171(0), 12(0), £(0)T = (0.04, —0.002,0.02) ",
' =0.09, ¢, = 500, 81 = 1, Bo = 20. Fig.1 shows the
effectiveness of control method.

0.05 0.2
m(t)
0
-0.05
0 2 4
t(sec)
10
0
-10
0 2 4

t(sec) t(sec)

FIGURE 1. The responses of closed-loop system (35)-(36).

VI. A CONCLUDING REMARK

The finite-time output feedback stabilization in probability
of stochastic high-order nonlinear feedforward autonomous
systems is considered. In this paper, we initially list some
lemmas which will deal with the nonlinearities with powers
being any rational number and bigger than one, then based
on the homogeneous domination and stochastic Lyapunov
finite-time stability theory, the stochastic finite-time output
feedback stabilizer is designed and analysed. A remaining
problem is whether the finite-time stabilization can be estab-
lished for stochastic nonlinear feedforward nonautonomous
systems.

APPENDIX
Proof of Proposition 1: Firstly, Vi (Xx) is positive definite and
radially unbounded, one can see the detailed proof in [27].

77087



IEEE Access

X. Zhang et al.: Stochastic Finite-Time Output Feedback Stabilization of Feedforward Nonlinear Systems

_

D =i P1PI-1

4 — rks1px = 2,k = 1,---, n. This implies that Vj is c2.
1 1

Define zx = [xx]™* — [axk—1]"% , it follows from (13) that
LVi_1Gr-1Dla2)

In view of — < 1 < 0, one deduces that i > 2,

k=3 k—1
~ - = 4
= - Z (aj,j —Ajtlj — Gl T Z au)Zj
j=1 I=j+2

- - 4 4
— (k2 k—2—Qk—1,k—2— Ak —1,k—2)%_3 — Ah—1,k—1%%_]
+ mk[Zk]“*rkJrlPk (xfil _ azk) + my [Zk]4*”k+1pkai’k

_ Wi
+ g [y 1P (! aii]‘)+mk2 ,’L.
37
Lemmas 5,6 yield
my—1[zk—1 1P R — o))

<@g g—12f_ + Meazd, (38)

where a; x—1 is a positive constant, A | is a positive constant
dependent on ay x—1.

With the help of Lemmas 5,6,8 and the integral mean value
theorem, one can deduce that

k—1
Wi P
J
’"kZ 3xj J+1
=

k—1
< Q1P (Il gt 117 (Jgid 97+ [5717)
]_]
Z Ar 2t + Aozl (39)
Where a1, -+, Qg k—1 are positive constants, ¢, Ay o are

appropriate positive constants, Ax 2 is dependenton ay 1, - - -,
Qg k—1-

1
Gk, k+)‘k ) Tk+1Pk

Defining Ay = Ag.1 + Ak.2, choosing By = (——
with ax > 0 being a positive constant to be des1gned and
substituting (38), (39) into (37), one gets (15). ]

Proof of Proposition 3: By (16), (18), Lemmas 4,5,7, one
deduces that

4 — repr—1 Tl L APk -1 ="k
———— (] % = Gk b))
Ik +
4 — ripr-1 %ol %ol
< r—(I[Xk] o= [X] k| A L1 xe—1 — Xk—1])
k
A—rkPk—1—"k
el e P

(clex |dl,krk(|ek |rk—l—d1,krk + |z |rk—1—dl,k"k

—d > _
+ 21 TR by (k=1 ek—1 1Y)
,(le|4*rkPk—1*Vk + |Zk_1|4*rkpk—1*rk)

. (lzk+1|rk+|pk _j’_ |Zk|rk+1pk)

k+1

37 g +erwet +hialliner . (40)
j=k—1

IA
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—1

where ¢ = l) dix ), h1x is a positive

constant related to Zk,l, and throughout this paper we use

c to indicate a general constant. g
Proof of Proposition 4: From (16), (18), Lemmas 4,5,7,

it follows that

4-rkpk—1

— [Ek 4 C—1xx—1] 1)

A—rgpk—1
—Ce—1[ex PR ([xe ] %

I+dy i - _ N d
< bl eoklen ] PR gy — Rp—q [X

N 4=rPk—1—d2 k k-1 1 AP A—rkPk—1 iy
- (x| " (IR TC AR v | I ™)
k
<b 4 & ho (e 4 41
<b Zj oo ke + ho e (k—1eg_y, 41
j=k—1
4—r, 4—r,
where ¢ = Co(%) drx = d(%) hzk is a
positive constant related to £;_. O

Proof of Proposition 5: By (16), (18), (19), Lemmas 4,5,7,
one deduces that

4 — rppn—1

d=rnpp_1—mn

[l 7 — Gt ot Dl o

n
< 53|€n|dl‘”r"(|Zn|4_r"p"_l_r" + |zp—1 |4—r,1p,,_,_rn)

,(|€n|rn—|—d|_nrn + |Zn|rn—l_dl‘nrn + |Zn71|rn—l_dl,nrn)

n n
(Z le;| 1P 4 Z |Zj|rn+lpn) + h3(Cp_)len1]™!

j=2 j=1

. (|Zn|4—rnpn—1—rn + |zn—1 |4—Vnpn—1—rn)
n n
(Z |ej|rn+1pn + Z |Zj|rn+|17n)
j=2 Jj=1

n n
< b3 Zz}‘ +c3 Z e+ h3(lu—1)er_y,

j=1 k=2

where ¢3 is a positive constant, /3 is a positive constant related
to £;1. O

Proof of Proposition 6: With (16), (19) and Lemmas 4,5,7,
one can deduce that

ny [Zn]47rn+lpn (up" - u*p")

n
< E4|Zn|4—r,,+1pn Z |xpk 1 _)/egk—l |a’3qk
k:2r "
ntlbn
_ APk 1T —d
N L = R U e KO
n
< 54|Zn|4*rn+lpn Z |ek|d3.krkpk—l(|ek|rn+lpn*d3.krkpk—l

k=2
+ |er(l|rn+ll7n_d3,k:lkpk—l + |z—1

< by Zzﬁ + C4Zez,
k=1 k=2

where C4, ¢4 are positive constants, d3 j = d( rr”;lf 1”) O
Proof of Proposition 7: Obviously Vis homogeneous of

degree 4 — 7 and the term — ) _ le Yoo zek =—Won
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right-hand side of (23) is is homogeneous of degree 4, which

is verified by
V(A (X))
)kxk
= Zf (L1 — elo_ 1% *~1kd
ko1
4—rgpPk—1
n le"kxe] Tk k-1
+ 2 / : dmnpyy ([P
k=p LR ety kg ] TR
— " (& + Lp—1x5—1))de
— 471’ V(X)
- W(A (X))

k=1 k—1

—¢* Z(s{xk] © o+ S et
i=1 j=i
_ 84 Z(xpk 1

n
+0[E + £1x]71 -
= —*W().

— [ + Ce1[Ex—1 + Lol

k=2 Tk—1 TkPk—1 4
]rkff%]’k—Z] Tk—1 )’kpk—l

Noting that V(X)) and W (X) are both positive definite and
radially unbounded, by the lemmas of weighted homogeneity
in [28], one can find positive constants 7, 72, and 3 such
that Proposition 7 holds. 0

Proof of Proposition 8: By (16), (19), (25), Lem-
mas 4,9 and Assumption 1, |f;| < yi D' |X )54, &) <

2rit+t
P X) 7, where 0 < v = __lmin . {d (r’—H) —d;— 1,
_,'l=7i-¢-’it-f-n;+1
Y1, y2 are positive constants. Then
V(X 1 32\/ X
( )F(X) + 5 Tr AG(X) ( )GT(X)
oX
1
W. 1 a2v T
= —fi+ = Tr{g;
Z Bxﬁ + ) jz_l {gi 3x,~8 }
av ~
< Z gl g
j=1
4- +
< 'Y Z 1y
j—l
14 d—t—ri=r; i Sl
+ Vool Z X105 SR P N
i,j=1
< nl" X, (42)
where 9, Y01, Y02 and yp are appropriate constants. ]
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