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ABSTRACT This paper focuses on anti-synchronization and synchronization of a stochastic multi-coupled
chaotic system with ring connection and control schemes. First, the system is simplified by means of the
formula deformation technique and the controller. Based on the Lyapunov method and stochastic differential
theory, some sufficient conditions are obtained by some control methods. At last, the Chen system, Lorenz
system, and Lii system with stochastic perturbations are used to verify the correctness of the conclusions.

INDEX TERMS Anti-synchronization, synchronization, stochastic, coupled chaotic system, ring

connection.

I. INTRODUCTION

Chaotic systems exist widely in nature and human soci-
ety,such as Lorenz system, Chen system, Lii system and
Hyperchaotic Chua Systems and so on.It is an interesting
and challenging issue to make more chaotic systems achieve
synchronization and anti-synchronization.

Up to now, many methods for the synchronization and
anti-synchronization of chaotic systems have been investi-
gated mainly including the adaptive control [1]-[6], nonlinear
control [1], [7], sliding mode control [8], active con-
trol [9], [10], impulsive control [11], intermittent adjust-
ment feedback control [12], [13], nonlinear parametric
variation [14], nonlinear delay control [15]-[17], etc.

In [18], the two systems can be obtained synchro-
nization and anti-synchronization by the coupling method.
In [19], [20], the authors investigate the complete synchro-
nization and anti-synchronization behavior in an array of
coupled chaotic systems with I’iI/lg connection.

Example 1: The systems: xl}l = A,‘(Xil ), i=1,2.

X Xi2

), the eigenvalues of A; are —% + 41’.

Let A; = (:21

The associate editor coordinating the review of this manuscript and
approving it for publication was Giovanni Angiulli.

We know the solution of the vertex systems is globally asymp-
totically stable.
Consider the following linearly coupled system

xil X1 2x21 — X11
L =4 + ,
x|, X12 0
xél x21 2x11 — Xx21
. ] =A2 + ;
Xy x22 0
whose coefficient matrix
-3 2 2 0
-2 1 0 0
A=l 2 o =3 2
0 O -2 1

has a positive eigenvalue 0.2361, and thus the zero solution
of the coupled system is unstable.

However, a real system is usually affected by external
perturbations which in many cases are of great uncertainty
and hence may be treated as random. Noise is unavoidable
and should be taken into consideration in modeling. Noise
disturbance is a major source of instability and may lead to
poor performances in networks.
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FIGURE 1. Chaotic coupled systems with ring connection for Eq. (1).

Example 2: For the system
x(t) = ax(t) (a > 0),

it is easy to know the equation is a unstable system. Let us
look at the scalar linear Ito equation

dx(t) = ax(t)dt + Y bix(1)dBy(t).

i=1

m
Ifa— % > bi2 < 0, the stochastically perturbed system can

be stable in Ref. [21].

From the above two examples and some backgrounds,
we consider the chaotic coupled models with ring connection
and stochastic perturbations in the following:

x(t) =ax() (a>0),

@
4 4

3 P "\ .'4
o SN ~
i o o
s =
=
$

FIGURE 2. Chaotic coupled systems with ring connection and the
controllers for Eq. (2).

by, = 0; C = diag(ci,c2,---,cy) is R" x R" constant
matrix; w(t) is n dimension Brownian motion.

This paper is organized as follows. In section 2, we intro-
duce some necessary notations which will be used later.
In section 3, some sufficient conditions are obtained for anti-
synchronization and synchronization of chaotic coupled sys-
tem with stochastic perturbations. In Section 4, an example
and it’s simulations are given to show the effectiveness of the
obtained results.

Il. PRELIMINARIES

Assumed that A; # A;, ¥i() # ¥;(), (0 # ), ¥ilx) =
fix)—Aix;, i,j=1,2,--- ,N.A;is R" x R" constant matrix.
Substitute the controllers uy, us, - - - , uy—1 into the Equ.(1),
then the Equ.(1) can be described as follows:

N
N
dxy = Ax1+y¥1(x)+ ) Bin(xp—x1) pdi+Cxid (1),
dxp = (fi(x1) + ZBlh(xh —x1))dt + Cxidw(1), { hZ::l }
h=1 N
N dxy={Aoxy + ¥2(x2) + ) Bop(xn — x2) + uy }dt
dxy = (fr(x2) + ZBZh(xh —x2))dt + Cxad (1), ;
h=1 +Cxadw(t),
N N
dxy = (fv () + D Bunon — xn))dt + Cxydo(t), dxy = {Anxy +YnCw)+ Y BnCen—xn)+u- Jdt
h=1 h=1
) +Cxydw(t),
, 2
where x; is the state vectors,and x; = (xj1, Xi2, **+ , Xin)" ;
. . Let the error be
Bih = dlag(bihlvbihza“' abih,l) (l = 1’27"' 7Nah =
1,2,---,N) is n dimensional coupled diagonal matrix, and ei(t) = xiy1() + xi(1),
M M; Ms; My - Mny—> BN
By A3z —Bx 0 o - 0 0
Fi = 0 By, A4 —Bys o --- 0 0
0 0 0 0 -+ Bw-_nw-2 My

VOLUME 7, 2019

76903



IEEE Access

C. Zhang et al.: Anti-Synchronization and Synchronization of Coupled Chaotic System

and F1, as shown at the bottom of the previous page, where
My =A — (—DN"'Biy — By, M; = —(=DV By, (j =
2,3,---,N—1), My = Ay — By(v—1), F2, as shown at the
top of the next page, and

c 0 0 0 0
0O C 0 -~ 0 0

H=|0 0 c - 0 of,
o 0 0 . 0 C

Then the error dynamic system can be described in the
following:

de = (Fie + F»)dt + Hedw(t) 3)
where e = (eq, e, - - - ,eN_l)T.
Let
up=vy — [((—1 — (=DY)Biy +2B2 — (42 —Al))xl
N-1
+Y2(x2) + Y1) + Y Bualen — x1)
h=1
N £
+ ZBZh(Xh - Xz)],
h=2
up =vy — [( —2(B21 — B3) + (A2 — A3))x2
N
HY3() + Ya) +ur + Y Bolv — x2)
h=2,h#1
N
+ Z B3p(xp — X3)],
h=1,h#2

UN—1 = VN—-1 — [( —2(Bw-1nwv-2) — Bvev—1))
+AN-1 — AN))XNfl +UnGaN) + Un—1(v—1)

N
fuy 2+ Y Bov—nn(n —xv-1)
h=1,h#N -2
N
+ Z BNh(xh—xN—l)]~

h=1,h#N—1
So, the error system (3) can be rewritten as follows:
de = (F1e + v)dt + Hed w(t), 4)

where v = (v1, va, -+, vy_1)!.

Definition 1: The chaotic coupled system (4) is
anti-synchronization under the controller u;(#)(i =
1,2,3,---,N — 1), if the trivial solution of the error system
(4) is asymptotically stable,i.e.

lim Elle;(0)[| = lim Elx(r) + xiy1(1)] = 0,
—>0o0 1—>00
i=12,---,N—-1.

Definition 2: The chaotic coupled system (4) is
complete synchronization under the controller u;(¢),
(i=12,3,---,N — 1), if the trivial solution of the error
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system ¢;(¢) and ex () is asymptotically stable, i.e., if N is
odd,
lim |le;()]| = lim [lx;42(7) — xi()]] = 0,
—00 t—00
(l= 173157"' 7N_2);
lim [lex@)| = lim |lxk42() — xx (@) = 05
—0o0 —00
k=2,4,6,---,N —23).
And, if the trivial solution of the error system ¢;(¢) and e (¢)
is asymptotically stable, i.e.,if N is even,
lim [le;()[| = lim |[lx;42(7) — x (D)) = 0,
11— 00 11— 00
(l= 193755"' aN_3);
lim [lex ()| = lim_ [lxx42() — xx(1)[| = 0,
t—>00 t—00
k=2,4,6,--- ,N —2).
For the stochastic system:
dx(t) = f(x, t)dt + g(x, t)dB(t).

Definition 3: For each V € CZ!(R" x R*; RT), we define
an operator £V from R" x RT to R by LV(x,t) =
Vi, 1) + Vilx, 0f (x, 1) + étrace[g%, OV (x, Dglx, 1],

where Vi(x,t) = (%XI’Z), 9 a(x);’t), SRR %);’I))’Vxx(xv 1 =
92 V(x,0)

0x;0x; )nxn :

lll. CONCLUSION
Theorem 1: Assumed that the following condition holds,

1
elv<—elFie— Etrace[eTHTHe],

then (4) is asymptotically stable,i.e.,the chaotic systems (2) is
anti-synchronization under the control schemes.
Proof: Consider the Lyapunov function as follows:

1
V= —eTe,
2

then LV can be computed by trajectory of (4),
1
LV = el (Fle +v) + Etrace[eTHTHe],

by the condition of Theorem 1, we know LV < 0.
Therefore, (4) is asymptotically stable,i.e.,the chaotic sys-

tems (2) is anti-synchronization under the control schemes.
Let

1
v = Ke, Etrace[eTHTHe] < AeTe, A >0,
then the following conclusions are established.
Theorem 2: Assumed that the following condition holds,

and
Fi+K+ M <0,

then (4) is asymptotically stable,i.e.,the coupled chaotic sys-
tems (2)is anti-synchronization under the control schemes.
Proof: Consider the Lyapunov function as follows:
17

V==¢e,
2
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N-1

h=1

h=2,h#1

h=1,h#2

F =
h=1 h#3

N

+ >
h=1,h#N—3
N

h=1,h#£N—2

+
h=1,h#£N—2
N

h=1,h£N—1

[(=1 = =D¥Buy + 2821 — (A3 — 4D )y
+¥2(x2) + Yi(x1) +

+ Z Bip(xp — x1) + ZBzh(xh - x2)]’

[( —2(By1 — B3) + (A2 — A3))x
+¥3(x3) + Y2(x2) +u2 + uy
N

+ Z By (xp, — x0) + Z BSh(xh_XS)],

[( —2(B32 — Bg3) + (A3 — Ag))x3
+Ya(xa) + Y3(x3) + uz + up
N

+ Z B3 (xp — x3) + Z Bup(xp — x4)],
[( — 2(B43 — Bss) + (Ag — As)) x4 + ¥5(xs) + Ya(xs) + ug + u3

N N
+ Z Bup(xp, — x4) + Z Bsh(Xh—Xs)],

[( — 2(Bv—2(v—3) — Bow—1yv—2)) + (An—2 — AN—1))xn—2
+UN-1G6N=1) + YN -2(xn-2) + un—2 + uUn—3

B _2yn(xp — xn—2)
+ Y Bw—uulo - fol):Iy

[( —2Bv-1)wW-2) — Bnw-1)) + (An—1 — AN))XN—l
+YnOon) + Yv—1(ev—1) +un—1 +un_2
N

B —1yn(xn — xn-1)

+ Z BNh(Xh—XN—l)],

N

h=2

N

h=1,h#£2

N

h=1,h#3

h=1,hs4

then LV can be computed by trajectory of (4), LV =
el (Fre +v) + Strace[e’ HT He| = e (F + K + M)e < 0,
by the condition of Theorem 2, we know LV < 0.

Therefore, it is asymptotically stable for Equ.(4),i.e.,the
coupled chaotic systems (2) is anti-synchronization under the
control schemes.

Let’s consider the complete synchronization behavior for
such chaotic systems under the anti-synchronization con-
trollers. According to the number of the systems, two cases
are discussed.

Case I: If the number of chaotic systems N(N > 3)is odd,

let
el(t):xl+2(t)_xl(t)7 l=1’3757'.' 7N_2;
er = xp2(t) —xe(t), k=2,4,6,---,N-3. (5

VOLUME 7, 2019

Theorem 3: Assumed that (3) is asymptotically stable, for
the errors (5), then
lim e, = lim [lx;42(1) —x ()| = 0,
t—00 t—00
(l=13,5---,N-=2)
lim flex() = lim |lxg42(r) — xx ()]l = 0;
—00 t—00
k=2,4,6,---,N —23).

i.e., for the chaotic coupled system (2), the x; and xj;2(j =
[, k) is the complete synchronization under the controller

u;(1).

Proof: By the conclusion of Theorems 1 and 2, we have
lim [le;(t)| = lim |lx;41(2) + xi()]| = 0,
11— —> o0

@i=1,23,---,N—-1). 6)
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In view of (5), we have

el(t) = xp42(8) —x1 (1) =x142() +x141() — Cop1(2) + x5 ());
e = xp42() — x (1) = x42(2) + X1 (2)
— (1 (1) + 2k (2)).
By (6),

lim [[e;(D)]| = lim_[lx;42(7) — x(2)]
—00 —00
lim lxg42(2) + xi41 (1)l
—0o0
+ lim [0 (0) +x (0l
11— 00
=O’ (l=193755""N_2)’

IA

and

lim [lex(H)|| = lim |lxg42(8) — xx (D)l
11— 00 11— 00
< lim (5200 + 21 (0]
+ lim [lxg41(8) + 2 (0]
11— 00
=0, (=2,4,6,---,N—3).
Therefore, the errors e; and e converge to 0, i.e.,the x;;2 and
xj (j = [, k) is complete synchronization.
Case II: If the number of chaotic systems N(N > 3) is
even, let
[=1,3,5---,N—3;
k=2,4,6,---,N—2. @)

ei(t) = xi42(t) — xi(1),
ex = xp42(1) — Xk (1),
Theorem 4: Assumed that (3) is asymptotically stable, for
the errors (7), then
lim el = lim_[lx42(7) —x(0)]| = 0,
—>00 11— 00
(l=13,5---,N—=3);
lim [lex(@)] = Hm [lxg42(t) —x (D] = 0,
—00 11— 00

k=2,4,6,---,N —=2).

i.e., for the chaotic system (2), the x; and xj42(j = I, k) is the
complete synchronization under the controller u;(¢).

Remark : The proof of Theorem 4 is similar to Theorem 3.
Therefore it’s proof is omitted here.

IV. APPLICATION
Here we give many different chaotic systems to verify those
results, such as Lorenz System, Chen System, Lii System.
Let N =3,
dx) = (Alxl + Y1(x1) + Bra(x2 — x1)
+B13(xs — x1)>dt + Crido(?),
dxy = (A2 + Va(x2) + Bt — 22)
+B23(x3 = x2) )i + Cxadeo(n),
dxz = <A3X3 + ¥3(x3) + B31(x1 — x3)
+B3(x2 — x3) )i + Cxdoo(n),

®)
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where x1 = (x11,x12,x13)", 2 = (21, %2, x3)", 13 =
(31, x32, x33)7
—10 10 0 0
Al = 28—l g . Yix) = | —xuxz |,
0 0o — X11X12
3
-35 35 0 0
Ay =| -7 28 01, Y@ =| —x2x23 |,
0 0o -3 X21X22
-36 36 0 0
Az = 0 20 0], v3(x3)= —x31x33 |,
0 0o -3 X31X32

By = diag(b1a,, b12,, b12;), Biz = diag(b13,, b13,, b13;),

By = diag(ba,, b21,, b21,), Bz = diag(bys,, ba3,, b23,),

B3y = diag(b31,, b31,, b315), B3z = diag(bsy,, b3,, b3y),

C = diag(cy, c2, ¢3).

Substitute the controllers u; = (u11, Ui, u13), up =
(u21, uny, u23)T into the Equ.(8), we can obtain

dx; = (Am + Y1(x1) + Bra(x2 — x1)

+Bi3(x3 — X1))dt + Cxid (1),
dxy = (Azxz + Y2(x2) + Ba1(x1 — x2)

+B3(x3 = x2) + w1 )df + Crodao(0),
dxz = (A3X3 + ¥3(x3) + B31(x1 — x3)

+B32(x2 = X3) + 2 ) dif + Crsdo(0).

Remark: If By, =0 =1,2,3,h=1,2,3),C =0, then
dx; = (Alxl + Iﬂl(xl))dt,
dxy = (Azxz + Va) ),
dxy = (A3x3 + wg(xg))dt.
are respectively Lorenz system, Chen system, Lii system. It is
well known that the three systems are all chaotic systems.

Let ¢; = x; + xi+1(i = 1, 2), then the error system can be
described in the following:

de = (F1e + Fy)dt + Hedw(t), (10)
where
K 35 0 b3 0 0
-7 K> 0 0 b132 0
0 0 K 0 0 b
Fl — 3 133 ’

boy, 0 0 Ky 36 0
0 boy, 0 0 Ks 0
0 0 b213 0 0 K¢
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Ky = =35 — b3, — b21,, K2 = 28 — by3, — b21,, K3 =

-3 — b13; — b21;,, K4 = =36 — b3, Ks = 20 — b3,,

K¢ = —3 — b3y,

[(2821 = (A2 =40 b1+ e2) + 1 (o) +
+B12(x2 — x1) + Boz(x3 — X2)],

[(=2B21 = Bxo) + (42 = A3)x2 + ¥3(x3)
+Y(x2) + ux + uy + Ba3(x3 — x2)

+B31(x1 — X3)]

The controllers u1 and u; are designed in the following:

ur =i = [(2B21 = (A2 — 4D )1 + ¥2e2) + ¥y (1)
+B12(x2 — x1) + Ba3(x3 — X2)],

uy = vz = [ (= 2(B21 = Bxo) + (A2 — Ap)z + ¥3(x3)

+Yr2(x2) + uy + Bz(x3 — x2) + B31(x1 — X3)]-

Let v, as shown at the bottom of this page.
Therefore, the Equ.(10) can be rewritten as follows:

.r”_(!J, .r__i_fr)

de = (F1e + v)dt + Hedw(t). (11
FIGURE 4. xq5(t), X5, (t) state trajectories.
It is easy to compute that

Fi+K+ Al If those conditions Ky + A = —35 — by3; — by1, + A <0,
Ko+A=28—b13, — b, +A <0, Kz3+A1=-3—-b13, —
Ki+4 35 0 b 0 0 by, +h < 0,Kg +A = =36 b3, +1 <0, Ks 4+ A =
-35 K2 4+ 0 0 b132 0 20—b322+)t < O, K6+)\, = —3.—b.323 +A < 0, hO]dThe con-
ditions of the Theorem 2 are satisfied. Therefore, it is asymp-
0 0 Kz +2 0 0 b3 totically stable for Equ.(11),i.e.,the chaotic systems (9)is
= B ’ anti-synchronization under the control schemes. The state
b3y 0 0 Kath 30 0 trajectories of xy1(7), x21(2), x12(¢), x22(¢) and x13(7), x23(7)
0 —bi3, 0 —36 Ks+ A 0 are shown in Fig.3, Fig.4, Fig.5,respectively. The error state
trajectories of e(¢) are shown in Fig.6, which obviously sup-

0 0 —bi3, 0 0 Ko+ 2 ports our theoretical result.
where Let e; = X3 — X1, by the Theorem 3, for the chaotic
SRR system (9), the x; and x3 is the complete synchronization

A = max{2cy, 2¢3, 2c3}.- under the controller u;(¢) and uy(1).
v=Ke

0 0 0 0 0 O

—28 0 0 0 0 O

0 0 0 0 0 O

| —bis, —bay, 0 0 0 0 off
0 —bi3, — b2y, 0-36 0 O
0 0 —biz;—by; 0 0 O

VOLUME 7, 2019
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X0t
6f 2, (1)

Xpsfth Xyt

‘\W\

o
=

state e(t)

\\‘,{C\{.,‘E

=)

D5H

A | L . L | 5 : L I
0 01 0.2 0.3 0.4 05 0.6 0.7 0.8 09 1

time t

FIGURE 6. Error state trajectories by controller.
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