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ABSTRACT Underwater acoustic sensor network (UASN) has become one of the enabling technologies
for the development of future ocean observation systems (OOSs). However, the UASN could be severely
damaged because of the harsh environment that causes the simultaneous failure of many sensor nodes,
thus leading to the partition of the network into multiple disconnected segments. In this paper, we studied
the crucial issue to reestablish the network connectivity with the least quantity of employed relay nodes.
To achieve a clear understanding of the issue, we present its integer nonlinear programming formulation,
which is generally NP-hard. So, with the aim of solving the problem efficiently, an original heuristic scheme
is proposed in this paper. Two fundamental algorithms are integrated into the scheme, namely, alternating tree
construction and Fermat-point selection (ATCFS) as a whole. The results of extensive simulation experiment
have confirmed that the ATCFS can solve this problem simply and effectively.

INDEX TERMS Computer network performance, network reliability, relay control systems, underwater
acoustic communication.

I. INTRODUCTION
Underwater Acoustic Sensor Networks (UASNs) are envi-
sioned to enable a growing list of potential applications, such
as environmental monitoring, ocean’s resources exploration,
disasters prediction, and so on. An UASN comprises of a
set of underwater sensor nodes (SNs) that communicate via
acoustic link and are spread throughout the body of water.
The inter-connectivity of those SNs is crucial for the data
collection as well as their collaborative operation. In our
previous work [1], we have discussed the strategy of pro-
longing the network lifetime, i.e. the time duration that the
UASN connectivity could maintain. However, due to the
harsh underwater environment, limited on-board energy or
hostile destruction by an enemy, the network may suffer from
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failure of sensor nodes and is then divided into several iso-
lated partitions. Therefore, the UASNs should be able to deal
with such damages and reestablish the network connectivity
in an efficient manner.

In UASNs, there are two major categories of sensor node
failures, single SN failures and multiple SN failures [2].
In this work, we focus on restoring connectivity in the case
of multiple SN failures, which is much more complicated
than the single SN failures. To restore the damaged UASN
topology, two classes of methods can be adopted. One is
the proactive strategy that can provide additional resources
to the network which could be used to relieve the effects of
sensor node failures. The other is the reactive strategy which
attempts to recover the lost connectivity when node failures
took place. For multiple SN failures, proactive strategies,
such as forming a k-connected network [3] or setting backups
for critical nodes [4], [5], are not effective since the network
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topology established by these techniques cannot tolerate col-
located failures of many nodes [2]. Therefore, researchers
had to develop reactive connectivity restoration strategies
which fall into the following three categories.

A. RESTORATION THROUGH NODE RELOCATION
Some previous works, such as [6]–[8], have attempted to
recover the network connectivity by moving some healthy
nodes to specific positions or directions. For instance,
Autonomous Repair (AuR) is an algorithm for WSN which
try to restore connectivity based on the idea of Coulomb’s
law between charges. The neighbor nodes of the failed SNs
initiate the restoration procedure. Theymove toward the dam-
aged area and then toward the center of the WSN’s working
area [8]. In [9], two algorithms have been designed for UASN
connectivity restoration whose nodes model is similar to
ours. The proposed two algorithms can reestablish UASN
connectivity by adjusting the depth of the sensor nodes. Such
kind of strategies support network self-healing. The main
challenge for them is to identify the scope of the failure nodes
and coordinate the movement of the healthy nodes. However,
the damage area may be too large to be restored by only
repositioning some alive nodes in the network. Furthermore,
the node relocation may change the sensor’s coverage area,
which could make the network ‘useless’ even if the connec-
tivity is successfully restored.

B. RESTORATION WITH MOBILE NODES
In a mobility-assisted strategy, a mobile node serves as one
or more following roles: a mobile relay node (MRN) which
forwards data among the disjoint partitions, a mobile base
station (MBS) which acts as a mobile destination of the
sensor data, or a mobile data carrier (MDC) which accesses
the isolated partitions and carries the data they produced
to the base station [2]. In [10], authors have tried to recover
the connectivity of individual partitions by employing some
resource-rich MRNs. They have studied the influence of the
number of the MRNs and the travel route selection on the
data delivery latency. Work [11] has proposed a strategy to
find an appropriate movement pattern for the MDCs with
the purpose of minimizing the average delay of the overall
network. The work [12] has studied the optimized movement
pattern of the mobile nodes which served as MDCs and also
MBSs. Seah et al. have proposed a solution in [13] that uses
multiple Underwater Unmanned Vehicles (UUVs) as MRNs
in UASNs to enhance connectivity by carrying the sensor
data from the disconnected partitions to the connected par-
titions. Mobile nodes can carry the collected data and make
the network capable of transient communication. However,
the network topology cannot get stably repaired. Moreover,
underwater mobile entities, such as UUVs, are very expensive
and cannot be widely applied in engineering.

C. RESTORATION WITH STATIONARY NODES
After the network getting separated into multiple isolated
segments, stationary relay nodes (RNs) could be used to

restore the inter-segment connectivity. Taking into account
the cost of restoration, minimizing the use of RNs has been
an instinctive objective. Therefore, the connectivity recovery
problem could be mapped to a classic NP-hard problem,
the construction of a Steiner Minimum Tree with Minimum
number of Steiner Points and Bounded Edge Length (SMT-
MSPBEL) [14]. As a result, heuristic algorithms have been
studied in the previous literature to find approximate solu-
tions to this problem. In work [14], authors also have pre-
sented a heuristic algorithm. Firstly, the algorithm constructs
a minimum spanning tree of the disjoint partitions. Then,
along each edge of the tree, relay nodes are placed at every
communication radius Rc. This algorithm can restore the
network connectivity, but considers little about reducing the
employment of RNs. In work [15], authors have proposed
a bio-inspired heuristic algorithm named SpiderWeb which
tries to restore the network connectivity and considers the
factor of coverage and load balance. However, saving the
employed relay nodes is not the main goal of this algorithm.
Some other algorithms, such as Incremental Optimization
based on Delaunay Triangulation (IO-DT) [16] and Federat-
ing network Segments via Triangular steiner tree Approxi-
mation (FeSTA) [17], deploy RNs and recover the network
connectivity by finding local suboptimal solutions to the
problem. Compared to work [14], these algorithms provide
mechanisms to reduce the total quantity of necessary RNs.
However, none of them has considered the characteristic of
the three dimensional (3D) underwater scenario.

Motivated by the goal to repair a multiple node failure and
reestablish the network connectivity of the UASNs, this work
investigated the problem of Constrained UASN Connectivity
Recovery (CUCR). The ‘constrained’ not only means the
deployment points of the RNs on the surface of the water
are predefined, but also means the maximal distance between
any two directly connected nodes is limited. The objective
of this research is to reconnect the partitioned network with
the minimum number of RNs. The main contributions of this
article can be summarized as follows.

1) The CUCR problem for 3D UASNs is defined and
formulated. To the best of our knowledge, this is the first
research work that raises and tries to solve the CUCR
problem. As a major contribution we make in this work,
the problem formulation of CUCR is presented in details.
It is an integer nonlinear programming (INLP) and is a known
NP-hard problem.

2) To efficiently solve the CUCR problem, an original
heuristic scheme has been designed in this work, which is
named as Alternating Tree Construction and Fermat-point
Selection (ATCFS). The scheme consists of two fundamental
algorithms including Tree Construction Algorithm (TCA)
and Fermat-point Selection Algorithm (FSA). The TCA is a
constrained steinerized minimum spanning tree construction
algorithm, which is to establish connected topologies for the
UASN. The FSA is a mixed tetrahedron and triangle based
Fermat point selection algorithm which tries to reduce the
total number of employed RNs. The above two algorithms
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could be executed alternately because adding RNs on the
Fermat points may change the construction of the constrained
steinerized minimum spanning tree. The results of the simu-
lation experiments have demonstrated the effectiveness of the
ATCFS scheme.

This article is structured as below. The system model
and the CUCR problem definition is presented in the next
section. The heuristic scheme, ATCFS, is described in details
in section III. Section IV provides the convergence and com-
plexity analysis of the proposed scheme. The performance of
the ATCFS is evaluated through simulation and presented in
Section V. The major contributions of this paper are summa-
rized and the directions of future work are discussed in the
last section.

II. SYSTEM MODEL AND PROBLEM DEFINITION
A. SYSTEM MODEL AND ASSUMPTIONS
The problem based on the 3D underwater architecture is
investigated in this article. It is modeled that the shape of
the water body is a cuboid with length, width and depth as
L, W and D, respectively. A 3D coordinate system with the
axis of coordinates illustrated in Fig.1a was used to describe
it. Generally, the nodes in the UASN can be categorized as
sensor nodes (SNs) and relay nodes (RNs). It is assumed that
both two types of nodes have an identical communication
radius Rc. The establishment of an acoustic link between each
pair of nodes can be achieved on the condition that they are
within the communication radius of each other.

We deploy the SNs in the water body based on a given sens-
ing application such as intrusion detection. Their underwater
locations are predetermined and not adjustable. Because the
operation of UASN normally happens in harsh environments,
it prompts the easy and frequent malfunction of SNs. Large
scale malfunction may separate the network into many sepa-
rated partitions. In the scenario of this paper, the UASN has
been split into N disjoint partitions. It is assumed that each
partition i is represented by one SN hi, which is called a
head node (HN). The set of all HNs is denoted as H . The
distance between each pair of HNs must be larger than Rc
due to their disconnected property. The basic objective of this
paper is to restore the connectivity of these HNs and thus the
connectivity of the UASN can be reestablished.

RNs, capable of communication only, are applied to restore
the connectivity of the UASN. Considering the engineering
factor, the RNs are carried by an Unmanned Surface Vehi-
cle (USV) which patrols on the surface of the water [18].
It can deploy RNs along its route on demand at the predefined
candidate deployment point as shown in Fig.1b. The RNs
can adjust their depth in the vertical direction [19]. Let S be
the set of all candidate deployment points on the surface of
the water. The distance between the two adjacent candidate
deployment points is d in the x axis direction and r in the y
axis direction. The value of d and r must not be larger than
Rc in order to guarantee the connectivity recovery function.
For each candidate deployment point i, ki RNs are actually

FIGURE 1. The system model.

deployed. R is the set of all actually deployed RNs. The size
of R is denoted as |R|, |R| =

∑
S
ki.

Definition 1: If a set of RNs R is needed to reestablish the
connectivity of a set of nodes A by mechanism T , the size of
R, |R|, is called the cost to connect A by T and is denoted as
CostT (A) = |R|.

B. PROBLEM DEFINITION AND ANALYSIS
Considering the cost of RNs, the following problem needs to
be addressed: Given N disconnected underwater partitions,
which is represented by the set of HNsH , determine the least
number of needed RNs to reestablish the connectivity of these
partitions, i.e. using the minimum amount of RNs to form a
connected graph G spanning H , such that every edge in G
has length at most Rc and the x-y coordinates of RNs can
only be selected from a predefined set S. In the context of this
paper, the above problem is denoted as a Constrained UASN
Connectivity Recovery (CUCR) problem.

The CUCR problem could be defined more formal as
follows. The objective of the CUCR problem is min(|R|),
i.e. to minimize the cost to connect H , and form a graph
G = (V ,E) where V = H

⋃
R, i.e. V is the union of the

set of all HNs H and deployed RNs R, and E is the set of
links between two nodes of V . G should satisfy the following
three properties.

1) G is a connected graph and can span all HNs, i.e.
for ∀a, b ∈ H , a path Path(a, b) = (a, p1, p2, · · · , pk , b)
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can be found in G where p1, p2, · · · , pk ∈ V and
(a, p1), (p1, p2), · · · , (pk−1, pk ), (pk , b) ∈ E .
2) The edge length of any e in E is smaller than Rc, i.e. for
∀e = (i, j) ∈ E , the 3D Euclidean distance d(i, j) ≤ Rc.
3) The x-y coordinates of RNs can only be selected from S,

i.e. for ∀r = (xr , yr , zr ) ∈ R, ∃s ∈ S, s.t. s = (xr , yr ).
The CUCR problem can be formulated as below:

min(|R|) = min(
∑
S

ki) (1)

subject to: ki ≥ 0, ki ∈ I (2)

(xr , yr ) ∈ S, ∀r = (xr , yr , zr ) ∈ R (3)

0 ≤ zr ≤ D, zr ∈ I (4)

d(i, j) =
√
(xi − xj)2 + (yi − yj)2 + (zi − zj)2,

∀i, j ∈ H ∪ R (5)

aij =

{
1 d(i, j) ≤ Rc
0 d(i, j) > Rc , ∀i, j ∈ H ∪ R

(6)

A = (aij)(N+|R|)×(N+|R|) (7)

B = (bij)(N+|R|)×(N+|R|) =
N+|R|−1∑

i=1

Ai (8)

bij 6= 0, ∀i, j ∈ {1, 2 . . . ,N + |R|} (9)

The Equation (1) presents the optimization goal of CUCR
which is to minimize the total RNs employed. The constraint
expressed by (2) is the number of RNs at each candidate
deployment point is a non-negative integer (I denotes integer
numbers). Constraint (3) is the x-y coordinates’ constraint of
RNs. Constraint (4) point out that the z-coordinates of RNs
must be a non-negative integer and cannot exceed the depth
of the water body. The equation (5) is the three dimension
Euclidean distance computation formula between two nodes
of the UASN. The equations (6) and (7) construct an adjacent
matrix A. The value of its elements is determined by the
distance between the corresponding two nodes. If they are
within the communication radius Rc, the value is 1, otherwise
the value is 0. Based on the judgment criterion of a graph
connectivity described in work [20], the equation (8) con-
structs a judgment matrix B, which is calculated by the matrix
operation of A. If there is no zero element in B as constraint
(9), the graph whose vertex is composed of all HNs and the
deployed RNs is a connected graph.

The formulation of the CUCR problem is in the form of
integer nonlinear programming (INLP), which is generally
NP-hard [21]. Current algorithms for general INLPs include
outer approximation, branch and bound, branch and reduce,
and generalized benders decomposition, (just to name a few).
Some software packages can solve INLPs to proven opti-
mality, such as BARON, GloMIQO, LINDO-Global, α-BB,
and Couenne. However, a reasonably good solution could be
found by these tools only for a small number of variables [22].
To tackle the CUCR problem effectively, we propose the
heuristic scheme in the following section.

FIGURE 2. The procedure of ATCFS.

III. ATCFS: A HEURISTIC SOLUTION
Based on the definition and formulation of the CUCR prob-
lem, to recover the network connectivity is the basic objec-
tive that needs to be guaranteed. Under the condition of
implementing the connectivity reestablishment, RNs should
be used as few as possible, while the connectivity property
of the UASN still remains. However, it is hard to achieve the
two objectives simultaneously especially under the situation
that the number of isolated partitions is large. So our basic
idea to solve the problem is to optimize the two objectives
alternately.

First, Tree Construction Algorithm (TCA), a constraint
steinerized minimum spanning tree construction algorithm,
is executed. The objective of TCA is to restore the UASN con-
nectivity. Certainly, the cost to restore the connectivity may
not be optimal. So a relay-node optimization algorithm FSA,
a mixed tetrahedron and triangle based Fermat point selection
algorithm, is then invoked trying to reduce the total number of
employed RNs. The above two algorithms could be executed
alternately because adding RNs on the Fermat points may
change the construction of constraint steinerized minimum
spanning tree. So the overall integrated heuristic scheme is
named as Alternating Tree Construction and Fermat-point
Selection (ATCFS). Fig. 2 illustrates the procedure of the
ATCFS in a sequence flow diagram. The ATCFS ends if no
new Fermat points could be selected to further reduce the cost
and returns the connected graph G as its output.
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A. TREE CONSTRUCTION ALGORITHM (TCA)
To reestablish the network connectivity, the most intuitive
idea is forming a steinerized minimum spanning tree (MST)
with the RNs deployed on its steiner vertexes. For WSN, Lin
et al. [14] have proposed an algorithm called the Minimum
Spanning Tree Heuristic (MSTH) which populates RNs at
a distance of at most Rc apart on the edges of the MST.
However, this algorithm cannot be directly applied in this
paper, not only because the 3D underwater scenario is dif-
ferent from 2DWSN, but also the predefined x-y coordinates
should be considered when RNs are used as steiner vertexes.
So an algorithm named Tree Construction Algorithm (TCA)
is proposed and have the following steps to work.

Step1: Using Kruskal’s minimum spanning tree construc-
tion algorithm [23], a MST T = (P,EP) is constructed where
P is the set of the nodes needed to be connected and EP
indicates the set of the edges of the MST. For the first time
TCA runs in ATCFS, P = H , i.e. the set of all head nodes.
Step2: Then for each edge (u, v) in EP whose length is

longer than Rc, it should be subdivided into several short
edges with the length not greater than Rc. Due to the x-y
coordinates constraint of RN, this cannot be done as MSTH
which directly inserts degree-2 Steiner points (RNs) to sub-
divide the edge (u, v) as is shown in Fig.3a. The idea of TCA
is to select appropriate deploy points of RNs from the surface
of the water and adjust the depth of them around the edge
(u, v) to form the shortest path that can connect node u and v
with a fold line. Intuitively, the fold line should be as close as
possible to the straight line because it is the shortest distance
between two points. Connecting the two points of T with the
fold line is shown in Fig.3b.

FIGURE 3. Illustration of connecting the points of T with RNs.

So starting from u and let r0 = u, the algorithm determines
the positions of RNs between u and v one by one. If the

position before ri(i ≥ 0) has been decided and v is not in the
communication radius of ri, the following two tasks should be
accomplished to decide the position of ri+1. Firstly, the set Q
which is the RN’s candidate deployment points on the surface
of the water should be identified by ensuring that the 2D
Euclidean distance between ri and the candidate deployment
point q ∈ Q is smaller than Rc, i.e. D(ri, q) ≤ Rc, where
D(ri, q) indicates the 2D Euclidean distance between ri and
q. Secondly, for each candidate deployment point q ∈ Q,
xri+1 = xq, yri+1 = yq and zri+1 is a non-negative integer
according to the coordinate system of this paper. Then find
a position of ri+1 whose coordinates can minimize the angle
θ between vector−→uv and−−−→ri, ri+1. Note that the position of ri+1
must keep the constraint that it must be in the communication
radius of ri. The objective and the constraints of the selection
of ri+1 can be formulated as follows.

min (θ) = min
(
6
(
−→uv,−−−→riri+1

))
= min

(
arccos

( (
−→uv · −−−→riri+1

)∣∣−→uv∣∣ · ∣∣−−−→riri+1
∣∣
))

(10)

subject to:
∣∣−−−→riri+1

∣∣
=

√(
xri+1−xri

)2
+
(
yri+1−yri

)2
+
(
zri+1−zri

)2
≤ Rc (11)

D (ri, ri+1)=
√(

xri+1−xri
)2
+
(
yri+1−yri

)2
≤Rc
(12)(

xri+1 , yri+1
)
∈ S (13)

0 ≤ zri+1 ≤ D, zri+1 ∈ I (14)∣∣−→uv∣∣=√(xv−xu)2+(yv−yu)2+(zv−zu)2
(15)

−→uv · −−−→riri+1 = (xv − xu)
(
xri+1 − xri

)
+ (yv − yu)

(
yri+1 − yri

)
+ (zv − zu)

(
zri+1 − zri

)
(16)

In the above expression, the variables are the coordinates
of ri+1. Because the number of candidate deployment point
that satisfied (12) is very limited, an analytic solution of ri+1
can be easily obtained and expressed by:

ri+1 =
(
xri+1 , yri+1 , zri+1

)
= argmin (θ) (17)

The procedure to find the next RN’s position ends until v
is in the communication radius of the current RN. The fold
line and the corresponding RNs that connect u and v are
determined. These RNs are then added to R. According to
Definition 1, the cost to connect u and v is the amount of
RNs on the fold line. The edges, (u, r1), (r1, r2), . . . , (rk , v),
are added to E . TCA does not end until all edges in EP
are subdivided into short edges with the length not greater
than Rc. Then all edges that are used to connect the nodes
in P are in set E . Algorithm 1 gives out the corresponding
pseudo-code of TCA.
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Algorithm 1 TCA (Tree Construction Algorithm)
Input: The set of RN’s candidate deployment points on

the water surface, S; The set of nodes that needs to be
connected, P;

Output: The set of edges of the MST, EP; The set of
selected RNs with their locations, R; The set of edges that
made up the connected graph, E ;

1: Construct T = (P,EP) with Kruskal’s minimum span-
ning tree algorithm;

2: for each uv in EP do
3: r0 ⇐ u, i⇐ 0;
4: while (d(ri, v) > Rc ) do
5: Compute the coordinates of ri+1 using

Equ.(10)-(17);
6: Add ri+1 to R;
7: Add riri+1 to E ;
8: i⇐ i+ 1;
9: end while
10: Add riv to E ;
11: end for
12: return R,EP,E ;

B. FERMAT-POINT SELECTION ALGORITHM (FSA)
TCA can guarantee the connectivity recovery of the UASN.
However, the amount of RNs that are employed to fill the
gap of the HNs may not be optimal. The main idea of this
work to reduce the number of RNs is to introduce a Fermat
point for each triangular or tetrahedral subset of T , the tree
constructed in the first step of TCA. The Fermat point f is an
inner point that can minimize the sum of Euclidean distance
from itself to the vertexes of a triangle or a tetrahedron [24].
So with the help of the Fermat point, the count of RNs that
need to connect the HNs could be reduced. The examples
that use Fermat point to reduce the required number of RNs
for triangle and tetrahedron are illustrated in Fig.4. For the
convenience of expression, we directly plot the RNs on the
edges that connecting two nodes instead of showing their
actual positions on the fold lines around the edges. Certainly,
if the suitable position of RNs are considered for more HNs
at the same time, the cost to connect these HNs can be
reduced more effectively. Nevertheless, the time complexity
of the algorithm boosts rapidly with the number of ver-
texes increases [17]. So only three vertexes (triangular case)
and four vertexes (tetrahedral case) are considered to find a
sub-optimal solution to connect them. The algorithm includes
the following three steps.

Step1: The triangular and tetrahedral subsets should be
identified from T . It is relatively easy to find a triangular
subset by selecting two edges that share a same vertex. For
example, in Fig.5a, edge (h1, h2) and (h1, h3) share the same
vertex h1, so (h1, h2, h3) is a triangular subset and is added
to the triangle set Tr . To identify the tetrahedral subsets
from T , two cases need to be considered. First, if three edges
of T share a same vertex, the four vertexes of three edges

FIGURE 4. Two examples of how to use the Fermat point to reduce the
employed RNs.

FIGURE 5. Illustration of identifying the triangular and tetrahedral
subsets from T .

form a tetrahedral subset. As is depicted in Fig.5b where
edge (h1, h2), (h1, h3) and (h1, h4) share the same vertex h1,
so (h1, h2, h3, h4) is a tetrahedral subset. Second, if three
edges are linked end-to-end as is illustrated in Fig.5c, they
can also form a tetrahedral subset. For the case illustrated
in Fig.5d, (h1, h2, h3, h4) is a tetrahedral subset, however Fer-
mat point f cannot reduce the cost to connect {h1, h2, h3, h4}.
Because the sum of any two sides of a triangle is greater
than the third one, i.e. d(f , h1) + d(f , h2) ≥ d(h1, h2) and
d(f , h3) + d(f , h4) ≥ d(h3, h4), then d(f , h1) + d(f , h2) +
d(f , h3)+ d(f , h4) ≥ d(h1, h2)+ d(h3, h4) which means the
cost to connect {h1, h2, h3, h4} with f is not less than the cost
without f . As a result, this case is not needed to be considered.
All tetrahedral subsets are added to the tetrahedron set Te.

Step2: In the second step, the coordinates of the Fermat
point should be determined for each triangle or tetrahedron
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in Tr ∪Te. Here we only analyze the tetrahedron case, the tri-
angle case is relatively simple and can be done in a similar
way. According to the definition of Fermat point, it should
be an inner point that minimizes the distance to the four
vertexes of a tetrahedron. However, due to the x-y coordinates
of RNs can only be selected from predefined locations, only
an Approximate Fermat Point (AFP) could be determined.
For a tetrahedron t = (h1, h2, h3, h4) ∈ Te, the objective and
the constraints of the selection of its AFP ft can be formulated
as follows.

min (d(ft , h1)+ d(ft , h2)+ d(ft , h3)+ d(ft , h4)) (18)

subject to: (xft , yft ) ∈ S (19)

0 ≤ zft ≤ D, zft ∈ I (20)

d(ft , u)=
√
(xft−xu)2+ (yft−yu)2+(zft−zu)2,

u ∈ {h1, h2, h3, h4} (21)

As a result, the coordinates of AFP is ft = (xft , yft , zft ) =
argmin(d(ft , h1)+ d(ft , h2)+ d(ft , h3)+ d(ft , h4)). However,
from the formulation of the AFP selection, we can see that
it is also an integer nonlinear programming (INLP) problem.
In order to tackle it effectively, this work follows a Simulated
Annealing (SA) style heuristic algorithm. The algorithm is
connected with a geometric progression T = {T0,T1, . . .TM }
which is also called a temperature series in the classical SA
algorithm. For any Ti ∈ T , Ti = T0αi, T0 > 0, 0 <

α < 1. TM ≤ ε where ε is the termination parameter of the
algorithm. Starting from T0, M + 1 groups of searching is
performed. The initial position of AFP L0 is defined by the
following equation.

L0 = (x0, y0, z0) = (
⌊
xh1 + xh2 + xh3 + xh4

4d

⌋
× d,

×

⌊
yh1 + yh2 + yh3 + yh4

4r

⌋
× r,

×

⌊
zh1 + zh2 + zh3 + zh4

4

⌋
) (22)

Aided by L0, the cost to connect {h1, h2, h3, h4} is C(L0).
For each Ti (each group of searching), K possible positions
of AFP are computed and compared. At any step j (j ≥ 1),
the algorithm randomly selects a new adjacent position of
Lj−1, i.e. Lj = (xj−1 ± d, yj−1 ± r, zj−1 ± 1) which satisfies
that the x, y and z coordinates of Lj are within the water
body. Then we calculates its costC(Lj). The algorithm should
decide whether to move to the new position or to stay with
the current position. The decision is made based on whether
the cost of new solution is smaller than the current one. So,
1Cost = C(Lj) − C(Lj−1) is calculated. If 1Cost < 0,
the new position Lj is accepted. Otherwise, 1Cost > 0,
the new position Lj is accepted with a probability of PA =

e−
1Cost
Ti to avoid the local optimum.

The SA algorithm ends until K possible AFP positions of
TM are searched. At the end of this step, each triangle or
tetrahedron t ∈ Tr ∪ Te has determined the position of AFP
ft and got its corresponding cost CostAFP(t).

Step3: For each triangle or tetrahedron t ∈ Tr ∪ Te,
two approaches could be used to connect the vertexes of t .
CostTCA(t) denote the cost to connect t by the algorithm
TCA. CostAFP(t) is the cost to connect the vertexes of t by
adding AFP to the triangular or tetrahedral subset. Then the
cost difference between CostAFP(t) and CostTCA(t) can be
calculated for each t .Diff (t) = CostTCA(t)−CostAFP(t). The
algorithm iterates over Tr ∪ Te. The triangle or tetrahedron
l which has the highest positive cost difference, i.e. l =
argmax(Diff (t)), t ∈ Tr ∪ Te, is selected and its correspond-
ing AFP fl is the output of FSA. Algorithm 2 presents the
corresponding pseudo-code of FSA.

Algorithm 2 FSA (Fermat-Point Selection Algorithm)
Input: The set of nodes that needs to be connected, P; The

set of the edges of the MST, EP; The set of selected RNs
with their locations, R; The set of the edges that made
up the connected graph, E ; The set of RN’s candidate
deployment points on the water surface, S;

Output: The coordinates of AFP which corresponding tri-
angle or tetrahedron has the largest cost difference, fl ;

1: Identify the triangle set Tr and tetrahedron set Te from
T = (P,EP);

2: MaxDiff = 0, fl = NULL;
3: for each t in Tr

⋃
Te do

4: Determine the AFP ft for t;
5: Diff (t) = CostTCA(t)− CostAFP(t);
6: if Diff (t) > MaxDiff then
7: MaxDiff ⇐ Diff (t);
8: fl = ft ;
9: end if
10: end for
11: return fl ;

IV. ANALYSIS OF THE ATCFS HEURISTIC
A. CONVERGENCE ANALYSIS
First, we need to prove the correctness of the proposed
ATCFS scheme, i.e. the connectivity of the disjoint network
can be reestablished by ATCFS and the alternation between
the two algorithms (TCA and FSA) used in the solution
finally ends.
Theorem 1: ATCFS can connect all disjoint partitions and

the scheme is convergent.
Proof: The conclusion that ATCFS can guarantee the

connectivity restoration is easy to prove. In ATCFS, TCA
construct a steinerized minimum spanning tree of HNs with
finite number of RNs. Based on the definition of a minimum
spanning tree [14], it can connect all HNs and the HNs can
connect with all other sensor nodes in their corresponding dis-
joint partitions. So, ATCFS can reestablish the connectivity
for a partitioned UASN.

To prove the convergence of ATCFS, we need to analyze
the execution procedure of the proposed heuristic. As is
shown in Fig. 2, TCA first runs to connect all HNs and
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M RNs are employed. Then FSA runs. For this algorithm,
0 or 1 Fermat point could be selected as its output. If no
Fermat point is selected, the ATCFS ends. If one Fermat
point is selected, at least one RN can be saved according to
the procedure of FSA. Then for the first round of ATCFS,
the total cost to reestablish the connectivity isM−s1 ≤ M−1
where s1 denotes the number of RNs saved in this round.
If X rounds are executed, the number of employed RNs is

M −
X∑
i=1

si ≤ M−X . One important fact is that the initial

network is disconnected. As a result, the number of RNs that
needed to restore the connectivity must be more than 0, i.e.

M −
X∑
i=1

si > 0. So, M−X ≥ M −
X∑
i=1

si > 0 ⇒ X < M .

This means the total number of rounds that TCA and FSA
runs cannot be larger than the finite number of RNs which is
calculated from the first time that TCA runs. So the proposed
ATCFS scheme is convergent. �

B. COMPLEXITY ANALYSIS
The worst-case time complexity of ATCFS is analyzed in this
subsection and FeSTA-C is used for comparison. The FeSTA
is a typical algorithm for 2DWSN topology reparation, which
iteratively finds the best subsets of nodes of size 3 and estab-
lishes their connectivity with the minimum number of RNs
[17]. The FeSTA-C is a variant of FeSTA, that extends the
FeSTA to a 3D UASN scenario with the x-y coordinates’
constraint of the RNs’ deployment point.

To analyze the time complexity of the ATCFS, the two
algorithms in it are first analyzed respectively. For TCA,
the worst case time complexity of Kruskal algorithm that
constructs the minimum spanning tree is O(|P| log |P|) [23]
where P is the set of nodes that needs to be connected and |P|
is the size ofP. So the time complexity of the first step of TCA
is O(|P| log |P|). For each edge in EP, the time complexity
that determines the positions of RNs that connect its two
endpoints is O(

⌊
RC
r

⌋
×

⌊
RC
d

⌋
). The number of edges in EP

is |P| − 1. So the time complexity of the second step of
TCA is O(|P|). As a result, the worst case time complexity
of TCA is O(|P| log |P|).
For algorithm FSA, the worst-case time complexity of

its first step that identifies the triangle set and tetrahedron
set from the minimum spanning tree is O(|P|2 + |P|3) =
O(|P|3). For each t in Tr

⋃
Te, the time complexity of the

Simulated Annealing algorithm that determines the AFP of t
is K

⌈
logα

ε
T0

⌉
. So the time complexity of the second step of

FSA is O(|P|3). Taken together, the time complexity of FSA
is O(|P|3).
As a result, the worst-case time complexity of ATCFS is

O(N logN )+O(N 3)+O((N+1) log (N + 1))+· · ·+O((N+
X−1)3)+O((N+X ) log (N + X ))+O((N+X )3) = O(XN 3).
In the above expression, the number of disjoint partitions is
denoted by N . X denotes the total number of rounds that the
loop consisting of FSA and TCA are executed. As is analyzed
in IV.A, X < M where M is the number of needed RNs that

TCA runs for the first time. According to the system model
of this work, the number of RNs needed to connect two HNs
cannot be larger than

⌈L
d

⌉
+
⌈W
r

⌉
+

⌈
D
RC

⌉
. So, X < M ≤

(N −1)(
⌈L
d

⌉
+
⌈W
r

⌉
+

⌈
D
RC

⌉
). Therefore, the worst-case time

complexity of ATCFS must be lower than O(N 4).
According to [17], the time complexity of FeSTA-C is

O(N 4) in the worst case. Therefore, the proposed scheme
ATCFS has lower time complexity than FeSTA-C. More-
over, ATCFS can give better performance in compare with
FeSTA-C. The performance advantage of ATCFS can be
shown by the simulation results of the next section.

V. SIMULATION EXPERIMENTS
In this section, simulation experiments are performed to
investigate the performance of ATCFS. These experiments
are completed with MatLab 2012b software. For each data
in the result, 50 instances are simulated and their average is
calculated and output. Section II has described the 3D UASN
model of this work. The water body is a cuboid whose length
L = 5000m, width W = 5000m and depth D = 5000m,
respectively. Two key parameters are considered for each set
of experiments. The first one is N , the number of disjoint
partitions, which is set from 5 to 50. The other one is the com-
munication radius of each node Rc, which is selected between
100m to 1000m. r and d , the distance between two adjacent
rows and two adjacent columns of RN’s candidate deploy-
ment point, are both set to Rc/2. Table 1 lists the detailed
simulation parameters. Other two approaches are compared
to demonstrate the performance advantage of the ATCFS
scheme. Steinerized Minimum Spanning Tree (SMST) is a
baseline algorithm that only uses TCA described in III.A
which calculates the minimum spanning tree of the HNs and
then steinerizes the edges. The other one is FeSTA-C which
has been described in IV.B. In this work, the following three
metrics are used for performance evaluation [17]:
Number of RNs: First of all, the total amount of RNs that are

necessary to reestablish the network connectivity is reported.
Clearly, the primary objective of our work is to repair the
disjoint UASN with the least number of RNs.
Average hop count: Secondly, the average number of hops

between each pair of HNs of the UASN is compared. Obvi-
ously, the smaller average hop count is superior, because it
can reduce the network’s data delivery delay.
Average node degree: Thirdly, the average amount of the

adjacent nodes of each node is studied. The higher node
degree is preferred, since it yields a stronger network connec-
tivity and makes it easier to achieve the traffic load balancing.

Firstly, the number of RNs needed for the connectivity
reestablishment is compared. We first consider the influence
of the number of partitions (HNs). Fig.6a illustrates the sim-
ulation results. The x-coordinate represents the number of
partitions (HNs). It is set from 5 to 50. The y-coordinate is
the number of needed RNs. The communication radius is set
to 500m for all nodes. As the figure shows, the employed RNs
increases with the number of HNs for all three schemes that
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TABLE 1. Parameter settings.

indicates more RNs are necessary to reconnect more parti-
tions. Obviously, the performance of the SMST is the lowest
because it only use steinerized MST to connect the HNs with
few mechanisms to reduce the usage of RNs. The FeSTA-C
has better performance than that of SMST since it deploys
relay nodes and connect partitions by finding local subopti-
mal solutions for 3HNs (triangles). TheATCFS holds the best
performance because it identifies the tetrahedrons and trian-
gles from the network topology and then tries to utilize their
Fermat points to reduce the usage of RNs for connectivity
restoration. Compared with SMST and FeSTA-C, the ATCFS
can save about 24.9% and 17.6% RNs on average.

Fig. 6b shows the relationship between the communication
radius Rc and the number of RNs. The x-coordinate is the
communication radius Rc. It is set from 100m to 1000m.
The y-coordinate is the number of RNs needed for con-
nectivity restoration. The number of HNs is set to 20. It is
easy to understand that the number of RNs for establishing
connected topology decreases along with the increase of the
communication radius in all three schemes. The advantage of
the ATCFS is significant. It can save about 29.4% RNs on
average than SMST and about 24.1% than FeSTA-C.

In ATCFS, TCA reestablishes the network connectivity for
the UASN and FSA tries to reduce the number of employed
RNs. To demonstrate the effectiveness of FSA, we present
the statistical result of the number of RN that can be saved
by the proposed scheme compared with SMST (only the
TCA is executed once). It is defined as the Optimization
Gain (OG) of the ATCFS, i.e. OG = M − |R|. The results
are shown in Fig. 6c and Fig. 6d. In Fig. 6c, the x-coordinate
is the number of disjoint partitions which is set from 5 to
50. The y-coordinate is the percentage of the 4 stages of the
Optimization Gain. The communication radius is set to 500m.
The OG increases along with the increase of the number of
HNs, becausemore HNs give ATCFSmore choices in its FSA
to select a more helpful Fermat point that can reduce the total
number of needed RNs.

In Fig.6d, The x-coordinate is the communication
radius Rc. It is set from 100m to 1000m. The y-coordinate

FIGURE 6. The performance comparison on the number of RNs.

is also the percentage of the 4 stages of the OG. The number
of HNs is set to 20. As the communication radius increases,
the Optimization Gain decreases. This is because the number
of RNs that are employed to repair the network connectivity
reduces alongwith the increase of theRc. So the effect of FSA
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FIGURE 7. The performance comparison on the average hop count.

that tries to optimize the number of RNs is not significant for
the long communication radius scenario.

Secondly, we consider another metric, average hop count.
To get its value, the shortest path between every possible
pair of HNs should be calculated first. In this work, it is
calculated by Floyd–Warshall algorithm [25]. Then, the hop
count of each path is computed and the average is reported.
Fig. 7a illustrates the influence of the number of HNs on the
average hop count. The x-coordinate represents the number
of HNs that changes from 5 to 50. The y-coordinate shows
the average hop count between each two HNs. The com-
munication radius is set to 500m. The average hop count
increases with the number of HNs for all three schemes. This
is because the larger number of HNs is set, the more RNs are
needed to reestablish the connectivity as is shown in Fig. 6a.
So the average number of nodes between two HNs becomes
larger, which naturally leads to more hops between them. The
ATCFS has a better performance because it uses less relay
nodes than the other two schemes in a tetrahedron or a triangle
subset. So the local average hop count is smaller than the
other two approaches. As a result, its overall average hop
count is smaller accordingly. In our simulation, the ATCFS
can reduce about 19.1% and 12.5% hops on average than
SMST and FeSTA-C.

Fig. 7b shows the impact of the communication radius
Rc on the average hop count. The x-coordinate denotes the
communication radius Rc that is set from 100m to 1000m.
The y-coordinate is the average hop count. Twenty disjoint

FIGURE 8. The performance comparison on the average node degree.

partitions (HNs) are set in this group of experiments. As is
illustrated in the graph, the average hop count decreases with
the increase of Rc. The reason behind this phenomenon is
that the larger Rc, the lesser number of RNs are needed
to restore the network connectivity. Thus, the average hops
between two HNs of the network are lesser accordingly. The
other two schemes have lower performance than ATCFS.
The average hop count of the ATCFS is about 76.6% of the
SMST’s and 88.4% of the FeSTA-C’s.

Finally, the average node degree is compared for three
schemes. Fig. 8a shows the relationship between the average
node degree and the number of HNs. The communication
radiusRc is set to 500m. The x-coordinate denotes the number
of HNs. The y-coordinate represents the average node degree.
For all three schemes, the average node degree is enhanced
along with the increase of the number of HNs. Basically,
the less RNs employed, the more other nodes that each node
must connect with, i.e. have a larger node degree. SMST
populates RNs at a distance of at most Rc apart based on the
edges of the MST. As a result, most nodes have a degree of 2.
FeSTA-C trys to identify the triangles and use their Fermat
points to reduce the number of RNs and thus more nodes have
a degree more than 2. So the FeSTA-C has a larger average
node degree than the SMST. The proposed ATCFS considers
the 2D and 3D case simultaneously. It identifies triangles and
tetrahedrons from topology and then tries to further reduce
the usage of RNs. As a result, the average node degree of
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ATCFS is 12.8% higher than SMST and 8.9% higher than
FeSTA-C.

Fig. 8b also demonstrates the performance advantage
of ACTFS over SMST and FeSTA-C. In this figure, the
x-coordinate represents the communication radius, which is
set from 100m to 1000m, and the y-coordinate is the average
node degree. 20 HNs are set in this group of experiments.
It can be clearly observed that the average node degree of
ACTFS is larger than that of SMST and FeSTA-C. It is
about 8.1% and 5.5% higher than the above two schemes,
respectively.

VI. CONCLUSION
In this work, we have investigated the Constrained UASN
Connectivity Recovery (CUCR) problem that attempts to
reestablish the connectivity for a partitioned 3D UASN with
the least number of RNs. Based on the problem formulation,
it is in the form of integer nonlinear programming which
is NP-hard in general. To solve the problem effectively,
we have presented a heuristic scheme, ATCFS, in this paper.
ATCFS integrates two algorithms, Tree Construction Algo-
rithm (TCA) and Fermat-point Selection Algorithm (FSA).
It tries to reach the optimization goal by iteratively construct-
ing the minimum spanning tree to guarantee the connectivity
and selecting helpful Fermat point to reduce the usage of RNs.
Three groups of simulation experiments have demonstrated
the performance advantage of ATCFS. Compared with tradi-
tional schemes, it can save over 17% RNs. The average hop
count can be reduced over 11% and the average node degree
can be increased over 5%. To the best of our knowledge,
it is a pioneering work to solve the CUCR problem. Possible
future research directions include investigating the feasibility
to use a hybrid mechanism, i.e. employing both mobile and
stationary RNs, to repair the connectivity of the 3D UASNs
more efficiently. Moreover, in this work, we employ a single
head node to represent the whole partition in order to simplify
the problem. In the future work, partitions could be repre-
sented by the comprised nodes. So, the connectivity recovery
algorithm could be redesigned and the performance could be
evaluated and compared with ATCFS.
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