
Received April 29, 2019, accepted May 17, 2019, date of publication May 22, 2019, date of current version June 4, 2019.

Digital Object Identifier 10.1109/ACCESS.2019.2918281

Fast Beam Search for Massive MIMO Based on
Mainlobe Overlapping State of Training Beam
WEIXIA ZOU1,2, MINGYANG CUI 1, AND CHAO GUO1
1Key Laboratory of Universal Wireless Communications, MOE, Beijing University of Posts and Telecommunications, Beijing 100876, China
2State Key Laboratory of Millimeter Waves, Southeast University, Nanjing 210096, China

Corresponding author: Weixia Zou (zwx0218@bupt.edu.cn)

This work was supported in part by the NSFC under Grant 61571055, in part by the SKL MMW under Grant K201815, and in part by the
Important National Science and Technology Specific Projects under Grant 2017ZX03001028.

ABSTRACT To reduce beam search complexity without decreasing feedback efficiency for millimeter-
wave communication in the LoS environment, this paper proposes a fast beam search scheme based on joint
judgment, which requires a masterly design of the training beams and let their mainlobe overlap according
to certain rules. As a consequence, its state utilization efficiency has been improved to 100% while keeping
feedback efficiency is still 100%. In this paper, through theoretical analysis, we find that to encode the index
of every subinterval Aq using the Gray mapping can decrease the possibility and the impact of misestimating,
compared with using a binary index, which is adopted. The transceiver emits the training beam in turn and
then jointly determines optimal communication beampair according to the relationship between the receiving
power and the threshold. The simulation results show that our proposed scheme is more efficient and its
search complexity has been further decreased while its FE remains 100%. Especially, this method has more
obvious advantages in multi-user simultaneously beam search scenarios.

INDEX TERMS Fast beam search, millimeter-wave, Gray mapping, state utilization efficiency.

I. INTRODUCTION
To meet the rapid growth of high-speed wireless transmis-
sions and mitigate severe spectrum resource scarce in the
low frequency bands, millimeter wave (mmWave) commu-
nication has become a research hotspot [1], [2]. One merit
promised by high frequency bands is the integration of more
antennas. The large-scale antenna array not only greatly
improve the spectrum utilization, but also obtain the consid-
erable array gain, which can be beneficial to remedy the bad
link quality aroused by tremendous propagation attenuation
in mmWave bands [3]–[5]. However, with the number of
array antennas increases, acquisition of the channel state
information (CSI) will become amajor obstacle, as it requires
lots of feedback which is unaffordable in term of the time-
consumption and energy efficiency. Moreover, the channel
maybe already change when the transmitter obtains chan-
nel information, that is, the channel has been aging (aging
channel) [6], [7]. Therefore, in order to ensure the timeliness
of acquired channel information, it is necessary to design
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a more efficient and faster channel estimation scheme, espe-
cially for super-large scale antenna array.

In principle, the beamforming technique can be divided
into two types, namely adaptive beamforming [8]–[11] and
switching beamforming [12]–[16].Adaptive beamforming
can automatically start to search process of optimal com-
munication beam according to the change of the channel.
Specifically, the authors of [10], [11] propose training designs
to reduce training overhead via interleaving training and feed-
back. However, the high computational complexity and the
high demand for hardware design, to some extent, may limit
its practical application. In contrast, switching beamforming,
which probes on a predefined codebook and searches the best
antenna weight vector, seems to be more practical for low
complexity scenarios [11]. The acquisition of CSI is actually
a beam search process for beam switching system. Owing
to both the low complexity and cost, the current standards
on mmWave wireless local area network (WLAN) adopt this
beam steering structure. In the emerging 5GmmWavemobile
communication and future high speed mmWave WLAN,
it will use the hybrid analog and digital beamforming tech-
nology [17], [18], which also involves the fast beam search
process.
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FIGURE 1. Block diagrams of the system.

At present, IEEE 802.15.3c [12] standard recommends a
two-level search scheme, i.e., the sector-level following by
the refined beam-level, and the search complexity can be
proportional to antenna number square. The search com-
plexity in 802.11ad [13] is reduced to a linear relationship
with the antenna number. The dichotomy search scheme
has been proposed in [14], whereby the complexity can be
reduced to a logarithmic relationship with the antenna num-
ber (The search complexity refers to the time slots spent
in the beam searching). Reference [15] considers a binary-
search like (BSL) scheme, which further decreases the search
complexity and improves the search efficiency. The authors
of [16] propose the channel estimation scheme using sidelobe
overlapping state, and the complexity is further reduced, but
its feedback amount is a little big. Furthermore, in the existing
beamforming system, the number of communication beams is
usually 2 times that of antennas and is the integer power of 2.
However, the number of communication beams generated
in [16] is odd, and it is not a power relation between K and N
in [16]. The amount of estimation stage needs to be rounded
up, namely

⌈
logKN

⌉
, which causes the estimated sub-region

does not exactly coincide with the region covered by the
actual communication beam. So, its applicability is limited.

For these reasons, this paper proposes a beam search
scheme from a new perspective to further reduce the search
complexity without increasing the feedback amount. The
contribution of the paper is summarized as follows.
• The concept of state utilization efficiency (SUE) and that
of information representation efficiency (IRE) are first
proposed, which is used to explain the reason of high
search complexity of these methods mentioned above
from the perspective of information theory. In addition,
the concept of feedback efficiency (FE) is introduced to
evaluate the performance.

• We discover that the number of training beams depends
on the amount of minimum feedback required in order
to obtain 100% SUE by theoretical analysis. Further-
more, the range covered by the training beam mainlobe
can be determined by the index of subintervals, which
is encoded respectively according to the number of
communication beam and Gray mapping codes. Lastly,
we discover that the index of subintervals can be coded
with Gray mapping to reduce the mainlobe number of
the training beam as much as possible.

• The joint judgment based on mainlobe overlapping state
of all the training beams for beam search is proposed for
the first time.

The remainder of this paper is organized as follows.
In section II, we not only define SUE, IRE and FE, but also
analyze that of the existing search methods. In section III,
an efficient beam search method based on the joint judgment
is proposed. Performance analysis is given in section IV. The
conclusions are drawn lastly in section V.

II. ANALYSIS OF THE EXISTING BEAM
SEARCH METHODS
A. PROBLEM DESCRIPTION
Without loss of generality, we consider an mmWave commu-
nication system with half-wavelength uniform linear arrays
(ULAs) of Nt and Nr elements equipped at the transmitter
and receiver, respectively, as shown in Fig. 1. In order to
obtain better communication quality, it is necessary to search
the optimal beam-pair to communicate. The transmitter needs
to estimate the angle of departure (AoD) and the receiver
similarly needs to estimate the angle of arrival (AoA) of the
signal. The AoD or AoA is usually estimated based on the
feedback by transmitting different training beams.

The objective of beam searching is to select the opti-
mal transmit and receive weight vectors in Fig. 1 of
transceiver to optimize the link quality. In this paper,
we assume that Nt = Nr , the number of beams is Q and
Q = 2Nt . The Q beams (which are used for communication,
so referred to as communication beams in this paper) cover
the entire AoD range (−90◦, 90◦) at both the transmitter and
receiver. It means that the Q communication beams actually
divide the entire AoD range into Q AoD intervals, and the
intervals are denoted by Aq(q = 0, 1, 2, . . . ,Q−1), as shown
in Fig. 2. Let AF denote the power of received signals in
different directions, which is defined as

AF(θ ) =
∣∣∣wHa(θ)

∣∣∣ = ∣∣∣∣∣
P−1∑
n=0

wne−jπn sin θ
∣∣∣∣∣ , (1)

whereP is the number of antennas,w = [w0,w1, . . . ,wP−1]T

denotes the beam weight vector and a(θ ) = [1, e−jπ sin θ ,

· · · , e−jπ (P−1) sin θ ] represents the array response vector.
When the AoD interval estimated by the transmitter

belongs to some interval Aq, the beam located in this interval
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FIGURE 2. Communication beams with Q = 8 and corresponding
interval Aq.

is chosen as the optimal communication beam, and the corre-
sponding beam index q is denoted as q(opt). That is, the opti-
mal interval is Aq(opt). In present beam switching systems,
AoD estimation is usually performed in conjunction with the
optimal beam search. The search mechanism and character-
istics of several existing methods are described below.

B. BRIEF INTRODUCTION TO THE EXISTING
BEAM SEARCH METHODS
For the traversal search method, training signals are trans-
mitted through theQ different communication beams respec-
tively. The receiver detects and compares all the received
signals and feeds back the beam index with the strongest
signal strength to the transmitter. It can be seen that, feedback
times is 1, the feedback amount is log2 Q bits, and the times
of transmitting training signals are Q. Here, training beams
are the same as communication beams.

The dichotomy method in [14] needs to design beams for
fast search (referred to as the training beam in this paper).
The mainlobe of the training beam at the beginning is the
widest, and it will become narrower as the search process
continues until it becomes the same wide as communication
beam at the last search stage. The beam width at each stage is
approximately twice the width of the beam at the next stage.
That is, the search range at each stage is divided into two
subintervals, which are covered respectively by two training
beams. The transmitter sequentially transmits the training
signal through the two beams and the receiver feedbacks
the index of the beam with the higher signal strength to
transmitter. That is to say, its corresponding subinterval is
judged as Aq(opt) at this stage. Then this subinterval is used
as the beam search range of the next stage. Through this
cyclic operation, the granularity of the AoD is refined step
by step until a sufficiently fine Aq(opt) is found, whose corre-
sponding beam is determined as the optimal communication
beam. As shown in Fig. 3, the dichotomy search process is
divided into log2 Q phases. At each stage, the transmitter

FIGURE 3. Dichotomy search process.

needs to transmit 2 training signals, with 1 bit binary number
to express the beam index, so the amount of feedback is 1 bit.
After log2 Q stages, the total feedback amount is log2 Q bits,
and the times of transmitting training signals are 2× log2 Q.

The overall search process in [16] is also carried out in
stages. Similar to the dichotomy method, the AoD interval
determined at each stage is used as the search range at the
next stage, which is divided into K (K+1 is an integer power
of 2) subintervals. In theory, this algorithm requires logK Q
cycles, and the number of bits required for K subintervals to
be expressed in binary at each stage is log2 K bits. Therefore,
the theoretical total amount of feedback is log2 K× logK Q =
log2 Q bits. As previously analyzed, because the relation of
Q and K is not a power relation, the amount of estimation
stage needs to be rounded up. Furthermore, amount of actual
training beam at each stage is log2(K+1), so the actual times
of transmitting training signals are log2(K + 1) ×

⌈
logKQ

⌉
and the actual feedback amount is log2(K + 1) ×

⌈
logKQ

⌉
,

which is bigger than log2Q bits. We take K = 3 and Q = 8
as a specific example to illustrate the search process of [16].
This algorithm requires

⌈
log38

⌉
= 2 stages, and the number

of training beam required in each stage is log2(3 + 1) = 2.
Therefore, the actual feedback amount is

⌈
log38

⌉
× log2

(3+ 1) = 4, which is bigger than log28 = 3.
According to the above analysis, the communication beam

is the same as the training beam in the traversal search,
the training beam only at the last stage is the same as the com-
munication beam in the dichotomy method. So the optimal
beam final estimated must be actual communication beam
for these two methods. However, the training beam is not
always the same as the communication beam in [16], so the
estimated optimal beam should be different from the actual
communication beam. Furthermore, for Q communication
beams, the minimum amount of feedback required is log2Q
bits after the receiver selects the optimal communication
beam. Whether the traversal search or the dichotomy search,

VOLUME 7, 2019 66009



W. Zou et al.: Fast Beam Search for Massive MIMO Based on Mainlobe Overlapping State of Training Beam

TABLE 1. The state of S(1)
beam for traversal search.

their actual total feedback bit is both log2 Q bits, but total
feedback bit in [16] is bigger than log2 Q bits. This is another
drawback of [16].

Thus, under the premise that the feedback amount is not
greater than log2 Q bits, how to design a beam search scheme
to further reduce the complexity is considered in this paper.
To analyze essential problems, we will define the concept of
SUE, IRE and FE from new perspective below.

C. INTRODUCTION AND ANALYSIS OF SUE, IRE AND FE
1) DEFINITION OF SUE AND IRE
If the beam search process is divided into Nlevel stages,
the amount of training beam in the nth(n = 1, 2, . . . ,Nlevel)
stage is N (n)

beam, which can divide the search range of this stage
into N (n)

area subintervals. Then in the search procedure of this
stage, one of N (n)

area subintervals is chosen as Aq(opt) based on
N (n)
beam training beams. Here we use N (n)

beam bits binary number,
denoted as S(n)beam, to represent the selected subinterval at this
stage, which is one of N (n)

area. Each bit of S(n)beam is ‘1’ or ‘0’,
depending on whether the receiver is located in the mainlobe
range of corresponding training beam. If in, then the bit is ‘1’,
otherwise the bit is ‘0’.

In the nth stage, although S
(n)
beam has 2N

(n)
beam states, onlyN (n)

area
states are used. We introduce the concept of SUE to describe
the state utilization efficiency. SUE in the nth stage can be
defined as η(n) =(number of used states) / (number of all
states), that is

η(n) =
N (n)
area

2N
(n)
beam

, n = 1, . . . ,Nlevel . (2)

For Nlevel stages, the total efficiency is

η=

Nlevel∑
n=1

N (n)area

Nlevel∑
n=1

2N
(n)
beam

. (3)

If the search method for each stage is the same, then we
can get

η =
Nlevel × N

(n)
area

Nlevel × 2N
(n)
beam

=η(n), n = 1, . . . ,Nlevel . (4)

Similarly, although the information expressed by S(n)beam
are N (n)

beam bits, N (n)
area subintervals only need log2 N

(n)
area bits

when expressed in binary, which is also the feedback amount
required.

So we define IRE in the nth stage as γ (n)
= (the required

feedback information amount when express N (n)
area in binary)

/ (the information amount represent by S(n)beam), that is

γ (n)
=
log2N

(n)
area

N (n)
beam

, n = 1, . . . ,Nlevel . (5)

For Nlevel stages, the total IRE is

γ =

Nlevel∑
n=1

log2N
(n)
area

Nlevel∑
n=1

N (n)beam

. (6)

Whatever the method, the total amount of feedback
required is all log2 Q bits forQ communication beams. So for
each beam search method, IRE can be written as follows

γ =
log2Q

Nlevel∑
n=1

N (n)beam

. (7)

According to (2) and (5), we can get the relationship
between SUE and IRE as follows

γ (n)
=

log2 η
(n)
numerator

log2 η
(n)
denominator

. (8)

2) SUE AND IRE OF BEAM SEARCH METHODS
The traversal search process has only one stage. Using
Q beams, it divides the search range into Q subintervals,
so Nlevel = 1, N (1)

beam = Q, N (1)
area = Q. That means that

it uses one state of Q bits binary number to represent the
optimal beam position information. For example, the receiver
is located in the qth Aq, which means that the qth beam is
the optimal beam, then the qth bit of S(1)beam is ‘1’, while the
other bits are all ‘0’, as shown in Table 1. Although the Q
bit binary number can represent up to 2Q kinds of states,
but the traversal search method only uses Q states, such
as ‘00 . . . 01’, . . .,‘10 . . . 00’. Therefore, its SUE and IRE
respectively are

η =
Q
2Q
, (9a)

γ =
log2Q
Q

. (9b)

Generally, Q is a power of 2 and Q ≥ 4, so η(γ ) < 50%.
The search process of dichotomy method is divided into

log2 Q stages, and the search range is divided into 2 subin-
tervals by using 2 training beams at each stage, so Nlevel =
log2 Q, N

(n)
beam = 2, N (n)

area = 2. The useful states of S(n)beam are
two states, ‘01’ and ‘10’. SUE and IRE respectively are

η = η(n)=2/22=50%, (10a)

γ =
log2Q
2log2Q

=
1
2
=50%. (10b)
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FIGURE 4. Influence on IRE caused by rounding up.

In [16], the amount of training beam transmitted in each
stage is log2 (K + 1), the search range is all divided into K
subintervals, and the actual amount of stages is

⌈
logKQ

⌉
.

So N (n)
beam = log2 (K + 1), N (n)

area = Narea = K , the used states
of S(n)beam are K , not including the state of ‘00 . . . 00’. Its SUE
and IRE respectively are

η =
N (n)area

2N
(n)
beam

=
K

(K + 1)
< 1, (11a)

γ =
log2Q

log2(K + 1)×
⌈
logKQ

⌉ . (11b)

When we get rid of the rounding up of the denominator in
(11b), we can get the following equation

γ̄=
log2Q

log2(K + 1)× logKQ
=

log2K
log2(K + 1)

. (12)

When Q is the integer power of K or the amount of
estimation stage is not rounded up, (8) is also true for [16].
So the relation between IRE and SUE is always like (8) for
each method. Next, we analyze the effect of rounding up
operations on IRE in [16], and the results are shown in Fig. 4.
Therefore, we can get the following conclusions.
• Rounding up causes a jitter on IRE of [16], whether
K = 3 or K = 7. Let’s take K = 7 as an example.
When Q = {16, 32},

⌈
log7Q

⌉
is always 2, so the IRE

will increase with the increase of Q. When Q = 64,⌈
log7Q

⌉
changes from 2 to 3, so the curve appears to

fall. If the rounding up is removed, the IRE of [16] has
always been a fixed value.

• When Q is small, the rounding up operation has a
greater impact on IRE, resulting in a large jitter. As Q
increases, the influence of

⌈
logKQ

⌉
on the IRE is grad-

ually reduced, so the volatility decreases. When Q is
large enough, the IRE of [16] tends to be fixed, that is,
the operation of the rounding up is removed.

• The smaller Q is, the stronger the jitter is, furthermore,
it is more obvious for K = 7. Therefore, the IRE of
K = 3 intersects the IRE of K = 7 when Q is small.
But asQ increases, the two curve will gradually separate
and there will be no crossover whenQ is equal or greater
than 512. Moreover, the IRE is higher for the larger K .

Rounding up not only causes a jitter, but increases the
search complexity and feedback amount in some extent.
When Q is large enough, the IRE of [16] tends to be fixed,
it can achieve the values that are close to not rounded up. For
the convenience of analysis, we will analyze the performance
of [16] by removing the rounding up.

3) DEFINITION OF FE
We already know log2 Q is minimum amount of feedback
required for Q communication beams, and the denominator
of (11b) is the actually feedback amount, so IRE of [16] also
expresses physical significance of the feedback efficiency in
finite state feedback. For further analysis, we define FE as
λ = (minimum amount of feedback) / (the actually feedback
amount). The feedback amount is both log2Q bits for the
traversal search and the dichotomy search, so their FE is both
100%. Obviously, FE is the same as IRE for [16], namely,

λ = γ̄ =
log2Q

log2(K + 1)logKQ
=

log2K
log2(K + 1)

. (13)

4) ANALYSIS OF SUE, IRE AND FE
We analyze the IRE, SUE and FE of different beam search
algorithms, and the results are shown in Fig. 5. Q should be
respectively less than 4 and 8 for K = 3 and K = 7 in [16].

According to Fig. 5(a) and Fig. 5(b), the following conclu-
sions can be drawn.
• It can be seen from (9) that SUE and IRE of the traversal
search are all reduced as the Q increases. Therefore,
the trends of SUE and IRE are similar, which is also
confirmed in (8).

• According to (10) and (11), both SUE and IRE of the
dichotomy search and [16] can be converted into con-
stants independent of Q.

For convenience, we focus on SUE in the next analysis.
The traversal search uses Q states of all 2Q kinds of states,

so its SUE is the lowest and is approaching 0 with the increase
of Q; Dichotomy method uses 2 states of all 4 kinds of states
at each stage, not using ‘00’ and ‘11’ states in each stage,
so its SUE is always equal to 50% and still low. In [16], its
SUE is improved and far greater than that of the traversal
search and the dichotomy search. But the way of judgment
in [16] determines that all-zero state is not used in every stage,
so its SUE still has room for improvement.

In Fig. 5(c), for the FE of [16] neglects rounding up in (13),
so the FE of [16] in this figure is bigger than the actual FE.
Even so, it is still lower than the FE in the traversal search
and the dichotomy search.

According to the above analysis, in order to obtain 100%
SUE (IRE) and further reduce complexity without increasing
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FIGURE 5. The IRE, SUE and FE of different methods.

the amount of feedback, we must use all the states at each
stage. Based on this idea, this paper proposes a new method
to estimate the channel AoD quickly for the LoS environ-
ment. The proposed scheme is only applicable to the LoS
environment, and the beam search algorithm for the NLoS
environment will be our future research direction.

III. A FAST BEAM SEARCH SCHEME BASED ON
MAINLOBE OVERLAPPING STATE
In this section, the coverage area Aq of the communication
beam is firstly encoded, and then the shape of the training
beam is designed according to the codes. Finally, optimal
beam-pair is found by utilizing mainlobe superposition state
information of multiple beams based on joint judgment.

As mentioned above, the minimum feedback amount
required by either method is all log2 Q bits for Q commu-
nication beam, so not only to obtain 100% SUE, but also
for 100% FE, the number of training beams required should
be log2 Q. Then these training beams need to be designed
cleverly and let them cover the entire AoD range (−90◦, 90◦),
which is bound to lead to the mainlobe of training beams
overlay according to some regular. To illustrate the principle,
we take eight communication beams (Q = 8) as an example.

A. A FAST SEARCH SCHEME BASED ON BITC
1) BINARY INDEX TO CODE AQ (BITC)
According to the above analysis, the number of training
beams required is 3 for eight communication beams, and
the three training beams need to cover the range of eight
communication beams. The indexes of the eight communica-
tion beam are ‘000’, ‘001’, ‘010’, ‘011’, ‘100’, ‘101’, ‘110’,
‘111’, respectively, and subintervals that they cover corre-
spondingly are shown in Fig. 2. For the sake of description,
the communication beam binary index is also used as the
index of eight subintervals Aq, that means it is using binary
index to code Aq, referred to as BITC.

2) DESIGN OF THE TRAINING BEAM BASED ON BITC
According to the definition of SUE and IRE, we know that
three training beams correspond to 3 bits binary number
S(3)beam, which happens to be consistent with the index number

of subintervals. So we can design training beam according to
the communication beam index to cover 8 subintervals.

Let training beam 1,2,3 respectively correspond to the
leftmost bit, themiddle bit and the rightmost bit of subinterval
index. If the leftmost bit of subinterval index is 1, let train-
ing beam 1 cover this subinterval, otherwise training beam
1 doesn’t cover this subinterval. So training beam 1 coversA4,
A5, A6, A7. Similarly, training beam 2 covers A2, A3, A6, A7
and training beam 3 covers A1, A3, A5, A7. For eight commu-
nication beams, the training beam is designed as Fig. 6. In this
paper, we define the coverage regions of the training beam as
the mainlobe and the other areas as the sidelobes. Therefore,
training beam 1, 2 and 3 have 1 mainlobe, 2 mainlobes and
4mainlobes, respectively.Moreover, Fig. 6 is a schematic dia-
gram in which the amplitudes are different only to distinguish
different training beams, which are actually the same.

FIGURE 6. Design training beam based on 3-BITC.

3) FAST ESTIMATION OF AOD
During the AoD estimation, transmitter transmits the training
beam 1, 2 and 3 in sequence and the receiver receives by
an omnidirectional antenna. If the received power of only
training beam 1 and 3 are bigger than the preset threshold
(how to set the threshold will be given in IV-C), then the
first and third bits of Aq(opt) code are both set to be 1, while
the second bit of Aq(opt) code is set to be 0, that is, Aq(opt)
is ‘101’. The optimal beam index is 5. The receiver feeds
back the Aq(opt) code to the transmitter. Next, the receiver
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transmits three training beams in sequence to transmitter. And
the transmitter uses the communication beam determined
above, namely 5th beam, to receive and feeds back the index
of the optimal training beam to the receiver. Then the trans-
mitter and receiver communicate with the selected optimal
communication beam-pair.

4) DISADVANTAGES OF BITC
Because the edge of the mainlobe of the training beam actu-
ally generated is not steep enough, it will cause potential
misjudgment. For example, in Fig. 6, if the AoD is located
close to the right edge in region ‘001’, and it is also close
to the left edge of the training beam 2. If the gain of the
training beam 2 here does not drop to a sufficiently low level,
the receiver misjudges the second bit of the Aq(opt) as ‘1’,
which come to decode the Aq(opt) as ‘011’. Therefore, in order
to reduce the misjudgment probability based on mainlobe
overlapping, the edge number of the mainlobe of the training
beam should be minimized, that is mainlobe number of each
training beam should be minimized. So a new method to
design training beam needs to be proposed.

B. A FAST SEARCH SCHEME BASED ON GMTC
1) GRAY MAPPING TO CODE AQ (GMTC)
In order to make the training beam mainlobe as few as
possible and find a better way to design a training beam,
we first analyze the Hamming distance (HD) d(xi, xj) of the
communication beam index (or subinterval index), which
represents amount of different characters corresponding to
the positions between two equal-length strings. The HD of
BITC is analyzed and shown as the following Fig. 7.

FIGURE 7. The HD of BITC.

By comparing Fig. 6 and Fig. 7, it can be found that when
the HD between the indexes of two adjacent subintervals
in Fig. 7 is n, there are n beam edges between these corre-
sponding two adjacent subintervals in Fig. 6. For example,
the HD of the subintervals ‘001’ and ‘010’ in Fig. 7 is 2, then
the edge number between the corresponding training beams
in Fig. 6 is also 2. We define the sum of the edges of all train-
ing beams as the Total Edge (TE), half of which is actually
the number of mainlobes, for one mainlobe corresponds to
two edges. The number of mainlobes is 7 in Fig. 6 and the TE
is 14, which equals to sum of HD (SHD) in Fig. 7.

According to the above analysis, the smaller the mainlobe
number of training beams, the lower the probability of mis-
judgment. Therefore, the criterion to design training beam is
to minimize TE or SHD. Obviously, to minimize SHD must
minimize each HD. Because the indexes of 8 subintervals are
different, the HD between the adjacent subinterval indexes is
at least 1. That is to say that we need encode the index of

each subinterval again and let the HD between the indexes of
two adjacent subintervals always equals to 1. The codewords
that satisfy this requirement are only Gray code. That is,
8 subintervals covered by 8 communication beams need to
be encoded by Gray code. The minimum value of SHD is
8, namely TE is also 8, which means the mainlobe number of
three training beams is 4 at least. (It should be noted that these
8 subintervals are actually connected end to end in space,
so 8 subintervals have 8 boundaries). So at least one training
beam has two mainlobes and the other two training beams
each have one mainlobe, which is the best case.

There are many kinds of Gray code. For the 3-bit Gray
code, when 8 codewords are connected end to end and still
meet the Gray code rule, there are 12 kinds. Through analysis,
it can be found that the training beams designed based on
these Gray codes are essentially the same. Therefore, this
paper uses the most representative typical Binary Gray Code
as an example to design the training beams. Its HD is shown
as the following Fig. 8.

FIGURE 8. The HD of GMTC.

FIGURE 9. Design training beam based on 3-GMTC.

The proposed method is using Gray mapping to code Aq,
and the corresponding training beam shape designed is shown
in Fig. 9. There are four mainlobes indeed for three training
beams and the third beam has two mainlobes, which is com-
pletely consistent with the above analysis. Eight communica-
tion beams need 3 bits to code, referred to as 3-GMTC. The
method of estimating AoD for GMTC is the same as that of
BITC.

For BITC, the training beam 2 and 3 has 2 and 4mainlobes,
respectively. In the scheme of GMTC, mainlobe numbers of
training beams 2 and 3 are reduced by half. So Gray map-
ping Aq coding indeed reduces mainlobe numbers of training
beams, thereby reducing the misjudgment probability.

2) ADVANTAGES OF GMTC
Compared with BITC, GMTC has two other advantages:
• Reduce the possibility of multiple bit misjudgment
simultaneously.
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According to the HD of BITC and GMTC, we can see
that the probability of multi-bit misjudgment in GMTC
is much lower than that of BITC. For example, in Fig. 6,
the border between Aqs numbered ‘001’ and ‘010’ is at
not only the left edge of the training beam 2, but also
the right edge of the training beam 3. The second bit and
the third bit of the Aq(opt) code may be misjudged at the
same time when the device is located at this boundary.
However, this is not the case in GMTC.Therefore, only
one-bit misjudgment will occur, thus reducing the pos-
sibility of multi-bit misjudgment.

• Reduce the negative impact of misjudgment.
When an error occurs for GMTC, the misjudged Aq is

actually adjacent to theAq(opt). It means that sub-optimal
communication beam is found, which can still provide
relatively significant gain. For example, in Fig. 9, when
AoD is located close to the right edge of Aq coded ‘011’.
If the receiving power of the training beam 3 does not
reach the threshold, the receiver will judge the third bit
of the Aq as ‘0’, then the result of the wrong judgment
is ‘010’, which is right next to the correct subinter-
vals ‘011’.

C. CASES FOR ARBITRARY Q VALUES
Next, we analyze the case of Q = 4 and Q > 8. Without
loss of generality, in practical applications, the number of
communication beams is usually an integer power of 2, that
is, Q = 2M (M is positive integer).

FIGURE 10. Design training beams based on 2-GMTC.

1) CASE FOR Q = 4
Using the above method, it is easy to design two training
beams for Q = 4 in Fig. 10, referred to as 2-GMTC.

2) CASE FOR Q > 8
When Q = 16, if Aq is encoded according to the 4-bit Gray
Code of the index of the communication beam, then four
training beams can be designed, as shown in Fig. 11.

As discussed in section III-A 4), smaller mainlobe number
of each training beam is, lower the misestimate probability
of channel is. But the training beam 1 and 3 in Fig. 11
have respectively 2 and 3 mainlobes, so the misjudgment
probability may be a little high. So for Q = 16, the search

FIGURE 11. Design training beams based on 4-GMTC.

FIGURE 12. Search process carried out in two stages for Q = 16.

process is recommended to be conducted in stages and the
search range at each stage is divided into four subintervals by
two training beams, which is designed as shown in Fig. 12.
Each training beams only has one mainlobe. Whether 4-bit
Gray mapping (only one stage) or 2-bit Gray mapping (two
stages), times of transmitting training signal is both 4 and
the amount of feedback information is both 4 bits. The only
difference is that the latter feeds back two times and the
former only feeds back one time.

When Q is other values, the following method is applied.

• When M is an integer multiple of 2 (that is M = 2 ×
M2, where M2 is positive integer), the whole process is
divided intoM2 stages and the search range at each stage
is divided into 4 subintervals. The method 2-GMTC is
used at each stage. After M2 times cycles, the training
signal will be transmitted 2 × M2 times and amount of
actual feedback is 2×M2 = M bits.

• WhenM is an integer multiple of 3 (that isM = 3×M3
where M3 is positive integer), the whole process is
divided intoM3 stages and the search range at each stage
is divided into 8 subintervals. The method 3-GMTC is
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carried outM3 times. The training signal will eventually
be transmitted 3×M3 times and amount of actual feed-
back is 3×M3 = M bits.

• WhenM = 2×M2+3×M3, the whole process is divided
into M2 + M3 stages. The method 2-GMTC is carried
out M2 times, the method 3-GMTC is carried out M3
times. The training signal will eventually be transmitted
2×M2 + 3×M3 times and amount of actual feedback
is 2×M2 + 3×M3 = M bits.

Therefore, it can be seen that no matter what Q is, beam
search scheme proposed in this paper is feasible. Further-
more, the amount of feedback is always log2 Q = M bits,
which is the same conclusion as before.

When the communication beam is greater than 8, the esti-
mation of AoD needs to be carried out in stages. In every
stage, the operation is similar. We take sixteen communica-
tion beams as an example. In the first stage, the transmit-
ter transmits the wider training beam 1 and 2 in sequence.
The receiver obtains the optimal interval of the first stage
according to the above judgment method, for example, ‘10’,
and feeds the value back to the transmitter. In the second
stage, the transmitter sends the finer training beam 1’ and 2’
in turn in the optimal interval determined in the first stage.
The receiver judges that the optimal interval of the second
stage, for example, ‘11’, and feeds the value back to the
transmitter. The transmitter determines the optimal interval
number ‘1011’, and then determines the optimal communi-
cation beams. The operation of the receiver is similar to that
of the transmitter.

For the method proposed in this paper, it all needs to
design training beams with one or multiple mainlobes, whose
mainlobes are superimposed with each other. A feasible beam
design method has been proposed in [19], [20], which has
strong control on the beam shape and can generate arbitrary
shape beam. In this paper, we will generate training beams
with desired shape according to the method in [19], [20].

In order to facilitate the understanding of our algorithm,
we use pseudo code to explain the whole process in detail for
the case of Q = 2M (M = 2×M2 + 3×M3).

IV. PERFORMANCE ANALYSIS
A. SUE AND FE OF THE PROPOSED METHOD
1) SUE OF THE PROPOSED METHOD
Using the definition of Section II-C, SUE of the proposed
scheme is analyzed for any Q values.

• WhenM is an integer multiple of 2 (that isM = 2×M2,
where M2 is positive integer), the whole process is
divided into M2 stages and the search range at each
stage is divided into 4 subintervals. So Nlevel = M2,

N (m)
beam = 2,N (m)

area = 4, then SUE is η = η(m) = N (m)
area

2N
(m)
beam
=

4
22
= 100%, (m = 1, 2, · · · ,M2). For M2 = 1, it is the

case of Q = 4.
• When M is an integer multiple of 3 (that is M = 3 ×
M3, where M3 is positive integer), the whole process

Algorithm 1 Fast Beam Search for Millimeter-wave Com-
munication Based on Gray Mapping
Input: M2, M3, the initial AoD ranges of the transceiver in

[−90◦, 90◦].
1: for m = 1 toM2 do
2: 2-GMTC is executed at transmitter according to the

corresponding AoD ranges.
3: The receiver determines the A(t,m)q(opt) ( that is the Aq(opt)

in the mth cycle of the transmitter) according to the rela-
tionship between the received power and the threshold,
and feeds the index of subinterval back to the transmitter.

4: 2-GMTC is executed at receiver according to the
corresponding AoD ranges. And the transmitter receives
the signal through the AoD range of A(t,m)q(opt).

5: The transmitter determines the A(r,m)q(opt) ( that is Aq(opt)
in themth cycle of the receiver) according to the relation-
ship between the received power and the threshold, and
feeds back the index to the receiver.

6: end for
7: Initialize the AoD ranges at the transceivers of the next

stage as A(t,M2)
q(opt) and A

(r,M2)
q(opt) .

8: for n = 1 to M3 do
9: 3-GMTC is executed at transmitter according to the

corresponding AoD ranges.
10: The receiver determines the A(t,n)q(opt) ( that is Aq(opt) in

the nth cycle of the transmitter) according to the relation-
ship between the received power and the threshold, and
feeds back the index to the transmitter.

11: 3-GMTC is executed at receiver according to the
corresponding AoD ranges. And the transmitter receives
the signal through the AoD range of A(t,n)q(opt).

12: The transmitter determines the A(r,n)q(opt) ( that is Aq(opt)
in the nth cycle of the receiver) according to the relation-
ship between the received power and the threshold, and
feeds back the index to the receiver.

13: end for
Output: A(t,M3)

q(opt) and A
(r,M3)
q(opt) .

is divided into M3 stages and the search range at each
stage is divided into 8 subintervals. So Nlevel = M3,

N (n)
beam = 3,N (n)

area = 8, then SUE is η = η(n) = N (n)
area

2N
(n)
beam
=

8
23
= 100%, (n = 1, 2, · · · ,M3). For M3 = 1, it is the

case of Q = 8.
• When M = 2 × M2 + 3 × M3, the whole process is
divided into M2 + M3 stages, and Nlevel = M2 + M3.
For the method 2-GMTC, N (n)

beam = 2,N (n)
area = 4, and

for the method 3-GMTC, N (m)
beam = 3,N (m)

area = 8. So,

η=

M2∑
m=1

N (m)
area+

M3∑
n=1

N (n)
area

M2∑
m=1

2N
(m)
beam+

M3∑
n=1

2N
(n)
beam

=
4M2+8M3

M2×22+M3×23
= 100%. For

M2 = 2,M3 = 0, it is the case of Q = 16.
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Thus, it can be seen that SUE of the proposed method is
indeed improved up to 100%.

2) FE OF THE PROPOSED METHOD
No matter whatQ is, the amount of actual feedback is always
log2 Q bits for our proposedmethod, so its FE is always100%.

B. COMPLEXITY ANALYSIS
If the transmitter and receiver have the same number of
antennas and communication beams,Nsector is sector number,
Nbeam is beam number in each sector, and the amount of
communication beam is Q = Nsector × Nbeam. In this paper,
we define the time period of a training sequence as a time slot
to measure complexity.

The minimum time slot in 802.15.3c is

N3c = N 2
sector × N

2
beam. (14)

The minimum time slot in 802.11.ad is

Nad = 2× Nsector × Nbeam. (15)

The minimum time slot of the dichotomy method is

N2dic= 2× 2× log2 Q. (16)

The search process in [16] is similar to 802.15.3c, so the
time slot is

⌈
logKQ

⌉
× log22(K +1). In fact, if [16] adopts the

method similar to 802.11.ad, the complexity will be lower,
which is also adopted in this paper. Therefore, the minimum
time slot of [16] is

N[16] = 2×
⌈
logKQ

⌉
× log2(K + 1). (17)

For the scheme proposed in this paper, if Q is an integer
power of 2 and greater than 8, then it can be carried out in
stages. Without loss of generality, this paper assumes that
the method 2-GMTC is carried out M2 times, the method
3-GMTC is carried out M3 times. Complexity of the
method 2-GMTC is four and complexity of the method
3-GMTC is six. Therefore, the complexity of the proposed
method is

N = 4M2 + 6M3 = 2× log2(2
M ) = 2× log2Q. (18)

Obviously, the complexity of the proposed method is
reduced to half complexity of the dichotomy method. The
complexity comparison is shown in Fig. 13.

The complexity of the scheme proposed in this paper is
lower than that of all the existing search methods, includ-
ing [16]. Compared with [16], firstly, the FE of the proposed
method is 100%. Secondly, its search complexity is lower
than that in [16]. Finally, since the method of [16] cannot
completely cover the communication beam of integer power
of 2, the estimated optimal subinterval is not covered by the
actual communication beam. So various performances of our
proposed method in this paper are all better than that of [16].

C. SEARCHING SUCCESS RATIO
Consider a room whose length, width and height are respec-
tively 20m, 10m, and 2.4m. One of the corners is used as the
coordinate origin. In the room, the transmitter is located at
coordinates (0.5, 5, 1.3). The transmitter is equipped with one

FIGURE 13. Complexity comparison of different methods.

dimensional linear antenna array consisting of four associated
antenna elements, which are parallel to the Y axis. In the
range of 1 ≤ x < 20, 0.2 ≤ y < 10, 0.2 ≤ z < 2.4, we divide
the entire space into 51205 check points at 0.2m intervals,
which are actually the receiver’s locations. The receiver is
also equipped with four associated antenna elements.

The 16-phase codebook can be used to generate 8 com-
munication beams to cover the whole angle space, which can
be seen in Fig. 2. The desired training beam shape (that is
rectangular signal, which can be referred to Fig. 9) and the
actually generated beams of GMTC and BITC are shown
in Fig. 14. We use the methods in [19], [20] to generate
training beams. It can be seen that the generated beam 1 and
the generated beam 2 of BITC are the same as the generated
beam 1 and the generated beam 3 of GMTC, respectively. The
generated beam 3 of BITC is divided into four equal-width
regions with relatively poor shape.

Firstly, the transmitter transmits three training beams in
sequence to a randomly selected check point. Then the
receiver at this check point determines optimal communica-
tion beam by comparing the relative receiving power with the
threshold and feeds back to the transmitter.

The threshold setting is most critical part of this method,
so let’s analyze it in detail first. We assume that the trans-
mitting power of each training beam is all PT . We first gen-
erate the desired beams, and then design the training beams.
Finally, the generated beams are normalized to meet the total
transmitting power of PT . The power received by the receiver
at each check point is denoted as Pir (i=1, · · · , 51205), and
the corresponding path loss (PL) is PL ir . In the simulation,
we use the classic PL model, which can be written as

PL ir (dB) = PT (dB)− Pir (dB)

= PL ir (d0)+ 10n lg(
d1
d0

)+ Xσ (dB), (19)

where n represents the path loss index, and Xσ represents
a normal random variable with a standard difference of σ .
d0 is the reference distance, and the d1 indicates the distance
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FIGURE 14. Beam shape of the desired beam and the actual generated beam.

between the transmitter and the receiver. PL ir (d0) indicates
that the path loss at the reference distance, that is

PL ir (d0) = 20 lg(4πd0)− 20 lg(λ), (20)

where λ is the wavelength.
Because the receiving power is not only related to the

transmitting power, but also related to the path loss of each
check point, we do the following setting for the convenience
of comparison. Firstly, we introduce the concept of equivalent
receiving power by adding the corresponding path loss to the
receiving power of each check points, that is Pir = Pir +PL

i
r ,

which is equivalent to placing all the check points on the
surface of a sphere that is centered on the transmitter, thus the
effect of distance on receiving power can be eliminated. Then,

we define the relative receiving power β = Pir
PT

to eliminate
the impact of transmit power. So we can use any value of the
relative receiving power within some range as the threshold to
determine whether it is within the mainlobe of training beam.

In this paper, we define the success ratio as finding the real
optimal beam or suboptimal beam. Then search success ratio
can be calculated by comparing the searched communication
beam with the real optimal or suboptimal communication
beam in 51205 different positions. Through plenty of simu-
lations, we can get the relationship between the success ratio
and the threshold, as shown in Fig. 15.
Through the analysis and comparison of Fig. 15, we can

obtain the following conclusions:

• The green line and the black line indicate the success
ratio of the generated beam based on the Gray code and
based on Binary mapping, respectively. It can be seen
that the search success ratio of the proposed method is
close to 100%, much higher than that of BITC. Accord-
ing to the analysis in III-A, this is due to the excessive
number of mainlobes and imperfect real shape of BITC
training beams. This result will prompt us to design
more efficient codingmethods. Furthermore, the success

FIGURE 15. The relationship between the success ratio and the threshold.

ratio of BITC is more susceptible to the thresholds than
GMTC.

• The success ratio of desired beam based on Gray map-
ping and Binarymapping are both 100%. This is because
the desired beams are ideal, so the success ratio is not
affected by the threshold. This motivates us to design
training beams with better shape.

• For a specific scenario, we should first measure the
parameters of the scene and perform numerous simula-
tions to determine the optimal threshold range, so as to
get the best possible performance.

D. EFFICIENCY OF MULTI-USER AOD
ESTIMATION SIMULTANEOUSLY
For millimeter-wave system, point-to-multipoint star net-
works are a common topology, such as a base sta-
tion communicating with multiple mobile stations in a
cell, or AP (Access Point) communicating with multiple
portable devices in a WLAN. In this scenario, if the center
node uses beamforming technique, it needs to estimate the
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TABLE 2. Dichotomy search process with 8 communication beams in multi-user scenario.

corresponding AoD of each end node, and find the optimal
communication beam pointing to each end node.

To illustrate the advantages of the proposed scheme in
multi-user scenarios, we take 8 communication beams and
three end nodes as an example, and assume optimal beam
index of three users U1, U2, U3 are numbered ‘011’, ‘101’
and ‘111’.

Firstly, for traversal search, the number of training signals
is 8 and the feedback information is 9 bits.

Secondly, dichotomy search and the search scheme in [16]
are carried out in stages. Compared with single-user, the com-
plexity is greatly increased. Taking dichotomy search as an
example, the search process needs three stages, as shown
in Table 2. In the first stage, the training signals are trans-
mitted twice. 3 users determine that their respective Aq(opt)
numbers are ‘0XX’, ‘1XX’, ‘1XX’, and feed back ‘0’,‘1’,‘1’
to the transmitter, respectively; In the second stage, the train-
ing signals are transmitted four times. The Aq(opt) numbers
of 3 users are ‘01X’, ‘10X’, ‘11X’ respectively, and feedback
information received at the transmitter is ‘101’; In the last
stage, the training signals are transmitted six times. 3 users
determine that their respective Aq(opt) numbers are ‘011’,
‘101’, ‘111’, and the feedback is ‘111’; Therefore, the number
of training signals is 12 and the feedback is 9 bits. Through
analysis, we can know that the minimum number of training
signals required by dichotomy search is 8, that is, 3 users are
located in three regions with the same first bit.

Finally, the proposed scheme has great advantages in
multi-user scenarios. Compared with the single-user scenar-
ios, the similarity is that the center node also only sends
3 training signals. The difference is that each end node all
needs to feed back information. Therefore, the amount of
feedback information increases from 3 (log2 8 = 3) bits to
9 (3 × log2 8 = 9) bits. The number of training signals
required in the whole process is still 3, so the search com-
plexity does not increase. Obviously, with the constant com-
munication beams, the number of training signals is always
3 as the number of users continues to increase, only the nec-
essary total feedback information is increased. In summary,
beam search complexity of the proposedmethod inmulti-user
scenario is lowest.

V. CONCLUSION
This paper defines SUE and IRE from a totally new per-
spective and discovers the reason that SUE of the existing

beam search methods is so low. Then a fast beam search
scheme based on the mainlobe overlapping of training beams
is proposed. It can not only ensure high success ratio, but also
improve the search speedwithout increasing FE. In particular,
the greater the number of antennas is, the more complexity
is reduced. Its advantage is also more obvious under the
multi-user scenarios. One drawback of the proposed scheme
is that it can only be used in LoS scenarios. Therefore, our
future work will study a more appropriate method for NLoS
scenarios.
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